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O. Timothy O'Meara

Introd uction
to Quadratic Forms
Reprint of the 1973 Edition

Springer

O. Timothy O'Meara
University of Notre Dame
Department of Mathematics
Notre Dame. ID 46556

USA

Originally published as Vol. 117 of the

Grundlehren der mathematischen Wissenschaften

Mathematics Subject Classification (1991): Primary llD04, llD09, llD79,
11088, 11Exx, 11H55, l1Rxx, 11Sxx, 12015, 12Exx, 12Fxx, 12Jxx, 13A15,
13A18, 13A20, 15A03, 15A04, 15A06, 15A09, 15A15, 15A18, 15A21, 15A36,
15A63, 15A66, 15A69, 15A72, 16K20, 17A45
Secondary 13Fxx, 20Gxx, 20Hxx
Cataloging-in-Publication Data applied for
Die Deutsche Bibliothek - CIP-Einbeitsaufnahme
O'Meara, Onorato Timothy:
Introduction to quadratic forms I O. Timothy O'Meara. - Reprint of the 1973 ed.- Berlin; Heidelberg;
New York; Barcelona; Hong Kong; London; Milan; Paris; Singapore; Tokyo: Springer. 2000
(Classics in mathematics)

ISBN-13: 978-3-540-66564-9
001: 10.1007/978-3-642-62031-7

e-ISBN-13: 978-3-642-62031-7

This work is subject to copyright. All rights are reserved. whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication or
parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965, in its
current version, and permission for use must always be obtained from Springer-Verlag. Violations are liable
for prosecution under the German Copyright Law.
©

Springer-Verlag Berlin Heidelberg 2000
Softcover reprint of the hardcover 1st edition 2000

The use of general descriptive names, registered names, trademarks etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws and
regulations and therefore free for general use.
SPIN: 114D3197

41/3111 CK - 5 4 3 2 1 - Printed on acid-free paper

O. T. O'Meara

Introduction
to Quadratic Forms

Third Corrected Printing

With 10 Figures

Springer-Verlag
Berlin Heidelberg New York

1973

O. T. O'Meara
University of Notre Dame, Department of Mathematics,
Notre Dame, ID 46556/USA

Geschaftsftihrende
Herausgeber

B. Eckmann
Eidgenossische Technische Hochschule Zurich

B. L. van der Waerden
Mathematisches Institut der Universitat Zurich

AMS Subject Classifications (1970)
Primary 1002, 10 B 40, 10 C 05, 10 C 20, 10 C 30, 10 E 45,
1202, 12 A 10, 12 A 40, 12 A 45, 12 A 50, 12 A 90, 13 C 10,
t3F05, t3FtO, t502, t5A33, t5A36, t5A57, t5A63,
15 A 66, 20 G 15,20 G 25, 20G 30, 20 G 40, 20 H20, 20 H 25,
20H 30,
Secondary 12 A 65, 12 Jxx

ISBN 3-540-02984-2

Springer-Verlag Berlin Heidelberg New York

ISBN 0-387-02984-2

Springer-Verlag New York Heidelberg Berlin

This work is subject to copyright. All rights are reserved, whether the whole or part of the material
is concerned, specifica\1y those of translation, reprinting, re-use of iIIustrations, broadcasting, reproduction by photocopying machine or similar means, and storage in data banks. Under § 54 of the
German Copyright Law where copies are made for other than private use, a fee is payable to the
publisher, the amount of the fee to be determined by agreement with the publisher. © by SpringerVerlag Berlin· Heidelberg 1963, 1971, 1973. Library of Congress Catalog Card Number 73-10503
Printed in Germany. OfTsetprinting and bookbinding: Bruhlsche Universitatsdruckerei, GieBen

In Memory of my Parents

Preface
The main purpose of this book is to give an account of the fractional
and integral classification problem in the theory of quadratic forms over
the local and global fields of algebraic number theory. The first book to
investigate this subject in this generality and in the modern setting of
geometric algebra is the highly original work Quadratische Formen und
orthogonale Gruppen (Berlin, 1952) by M. EICHLER. The subject has made
rapid strides since the appearance of this work ten years ago and during
this time new concepts have been introduced, new techniques have been
developed, new theorems have been proved, and new and simpler proofs
have been found. There is therefore a need for a systematic account of the
theory that incorporates the developments of the last decade.
The classification of quadratic forms depends very strongly on the
nature of the underlying domain of coefficients. The domains that are
really of interest are the domains of number theory: algebraic number
fields, algebraic function fields in one variable over finite constant fields,
all completions thereof, and rings of integers contained therein. Part One
introduces these domains via valuation theory. The number theoretic
and function theoretic cases are handled in a unified way using the
Product Formula, and the theory is developed up to the Dirichlet Unit
Theorem and the finiteness of class number. It is hoped that this will be
of service, not only to the reader who is interested in quadratic forms,
but also to the reader who wishes to go deeper into algebraic number
theory and class field theory. In Part Two there is a discussion of topics
from abstract algebra and geometric algebra which will be used later in
the arithmetic theory. Part Three treats the theory of quadratic forms
over local and global fields. The direct use of local class field theory has
been circumvented by introducing the concept of the quadratic defect
(which is needed later for the integral theory) right at the start. The
quadratic defect gives, in effect, a systematic way of refining certain
types of quadratic approximations. However, the global theory of
quadratic forms does present a dilemma. Global class field theory is still
so inaccessible that it is not possible merely to quote results from the
literature. On the other hand a thorough development of global class
field theory cannot be included in a book of this size and scope. We
have therefore decided to compromise by specializing the methods of
global class field theory to the case of quadratic extensions, thereby
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obtaining all that is needed for the global theory of quadratic forms.
Part Four starts with a systematic development of the formal aspects
of integral quadratic forms over Dedekind domains. These techniques
are then applied, first to solve the local integral classification problem,
then to investigate the global integral theory, in particular to establish
the relation between the class, the genus, and the spinor genus of a
quadratic form.
It must be emphasized that only a small part of the theory of
quadratic forms is covered in this book. For the sake of simplicity we
confine ourselves entirely to quadratic forms and the orthogonal group,
and then to a particular part of this theory, namely to the classification
problem over arithmetic fields and rings. Thus we do not even touch
upon the theory of hermitian forms, reduction theory and the theory of
minima, composition theory, analytic theory, etc. For a discussion of
these matters the reader is referred to the books and articles listed in the
bibliography.
O. T. O'MEARA
February, 1962.
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Prerequisites and Notation
If X and Yare any two sets, then X C Y will denote strict inclusion,
X - Y will denote the difference set, X -+ Y will denote a surjection
of X onto Y, X )-0 Y an injection, X :~ Y a bijection, and X -+-- Y
an arbitrary mapping. By "almost all elements of X" we shall mean
"all but a finite number of elements of X".
N denotes the set of natural numbers, Z the set of rational integers,
Q the set of rational numbers, R the set of real numbers, P the set of
positive numbers, and C the set of complex numbers.
We assume a knowledge of the elementary definitions and facts of
general topology, such as the concepts of continuity, compactness,
completeness and the product topology.
From algebra we assume a knowledge of 1) the elements of group
theory and also the fundamental theorem of abelian groups, 2) galois
theory up to the fundamental theorem and including the description of
finite fields, 3) the rudiments of linear algebra, 4) basic definitions
about modules.
If X is any additive group, in particular if X is either a field or a
vector space, then X will denote the set of non-zero elements of X. If H
is a subgroup of a group G, then (G: H) is the index of H in G. If ElF
is an extension of fields, then [E: FJ is the degree of the extension. The
characteristic of F will be written X(F). If IX is an element of E that is
algebraic over F, then irr (x, IX, F) is the irreducible monic polynomial in
the variable x that is satisfied by IX over the field F. If El and E2 are
subfields of E, then EIEa denotes the compositum of El and E2 in E.
If ElF is finite, then N ElF will denote the norm mapping from E to F;
and SElF will be the trace.

