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Preface

problems in any area of mathematics is to determine
object under consideration. As for complex-functional
analysis, one is interested, for example, in studying the equivalent representations
of the conformally invariant classes of holomorphic functions. This problem is
addressed here for the holomorphic Q classes.
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sample of the conformally invariant classes
f E Qp and o, E Aut(D) the group

for all

-

automorphisms of D.
The goal of this monograph is to brin&the major features of Qp to light, in
particular, to characterize Qp in different terms. More precisely:
Chapter I contains some (most) basic properties of Qp such as M6bius boundedness, image area and higher derivatives. The aim is to show that the classes
Qp, p E (0, 1) are of independent interest.
Chapter 2 discusses the problem of how a Qp can be embedded into a Blochtype space and vice versa. This problem will be solved by considering'boundedness and compactness of a composition operator acting between two spaces.
Chapter 3 describes the coefficients of either Taylor or random series of functions from Qp. In particular, we'will see that there is a big difference between
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way to understand Qp, that is, p-Carleson
Qp. This simple but important property induces
between Qp and the mean Lipschitz'spaces, as well as the
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deep
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Besov spaces which are conformally invariant, too.
Chapter 5 characterizes the inner and outer functio'ns in

Qp by

means

Poisson

of

meap-Carleson measure and other two conformally invariant measures:
sure and hyperbolic measure.
Chapter 6 gives the boundary value behavior of a Qp-functionfor p E (0, 1).
This allows us to study Qp via those non-holomorphic functions on the unit
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circle T and

even on

the exterior of the unit disk C

consideration of harmonic

\ D,

and hence leads to

a

analysis.

Chapter 7 explores a list of properties of Qp(T) (i.e. Q class,on T). Specially, the Qp(T)-solutions of the O-equation produce a decomposition of Qp
through the bounded functions on T. As applications, the corona theorem and
interpolation theorem related to Qp are established.
Chapter 8 deals with a localization of Qp(T) based on the dyadic partitions
of all subarcs of T. The results enable us to recognize Qp 1rom mean oscillation
to dyadic model, and finally to wavelet basis.
The exposition is at as elementary a level as possible, and it is intended to be
accessible to graduate students with a basic knowledge of complex-functionalreal analysis. The material of this monograph has been collected from a series
of talks that I gave over the past six years most in Canada, China, Finland,
Germany, Greece and Sweden, but also from a lecture course at University of La
Laguna in the fall semester of 1999. The selection of topics is rather arbitrary, but
reflects the author's preference for the analytic approach. There is no attempt
to cover all recent advances (for instance, Q classes of higher
dimensions), and
yet, it is hoped that the reader will be intrigued by this monograph and will, at
some point, read the notes presented at the end of each
chapter as well as the
papers listed in the references, and proceed to a further research.
Here, I owe a great debt of gratitude to the many people who assisted me
with this work. R. Aulaskari and M. Ess6n read the whole manuscript, catched
a number of errors and offered many helpful suggestions. G.
Dafni, P. Gauthier
and K. J. Wirths read parts of the manuscript and contributed, significantly, by
valuable queries and comments, to the accuracy of the final version. M. Anderson, S. Axler, H. Carlsson, D. C. Chang, Y. He, S. Janson, H. Jarchow, F. Jafari,
H. Kisilevsky, L. Lindahl, A. Nicolau, J. Peetre, L. Peng, F. P6rez-GonzAlez, H.
Proppe, S. Ruscheweyh, W. Sander, A. Siskakis, W. Smith, K. Sten, D. Stegenga,
M. Wong, K. Xiong and G. Zhang made friendly advice and warm
encouragement.

The following also gave aid and comfort. The Alexander von Humboldt Foundation, Germany and the Swedish Institute, Sweden supported my work on this
book. The Institute of Mathematics at Technical University of Braunschweig
supplied the computer facilities, and moreover its faculty member H. Weiss kindly
helped me create LaTeX working directory and taught me much knowledge about
computer. The Department of Mathematics and Statistics at Concordia University provided a good place to carry my writing and revising through to the end.
Without their help I would not have gone ahead with publishing this book.
I am grateful to the editors of Springer-Verlag for accepting this monograph
for publication in the LNM series, as well as to S. Zoeller for the efficient handling
of the editing.
Finally, I want to express my special thanks to my wife, Xianli, and my son,
Sa, for their understanding and support.

Montreal, July

2001

Jie Xiao

Contents

1.

Fundamental Material

1

1.2

Inclusion

3

1.3

Image Area
Higher Derivatives

.................................................

...............................................

Notes

I

..................................

Composite Embedding..
Existence of BiBloch-type Mappings
2.2
Boundedness and Compactness
2.3

Geometric Characterizations

Notes

7
11

13
.........................

13

..............................

16

................................

20

.........................................................

22

............................................

23

Power Series

..............................................

23

3.2

Partial Sums

...............................................

24

3.3

Nonnegative

Coefficients

...................................

26

3.4

Random Series

............................................

31

Series

Expansions

.........................................................

Modified Carleson Measures

...............................

4.3

Integral Form
Relating to Mean Lipschitz Spaces
Comparison with Besov Spaces

4.4

Mean Growth

4.1
4.2

An

Notes
5.

6

3.1

Notes
4.

........

.........................................................

2.1

3.

I

Introduction ................................................

1.4

2.

.......................................

1.1

1.

.35

...........................................

36

..............................

39

.............................................

....................................................

41
43

.......................................

45

...........................................

45

Inner-Outer Structure
Factors

35

...........................

*

.....

33

5.1

Singular

5.2

Blaschke Products

5.3

Outer Functions

5.4

Canonical Factorization

.........................................

48

...........................................

51

....................................

Notes ..........................................................

52
55

VIII

6.

Contents

Pseudo-holomorphic Extension
6.1 Boundary Value Behavior
6.2 Weight Condition
6.3 Pseudo-holomorphic: Continuation
6.4 IC-property

...............................

Notes
7.

8.

60
63

...............................................

64

.........................................................

65

................................

67

.......................................

67

...............................................

72

7.2

O-estimates

7.3

Fefferman-Stein

7.4

Corona Data andSolutions

7.5

Interpolating Sequences

Type Decomposition

........................

76

.................................

77

....................................

82

.........................................................

85

Dyadic Localization
8.1
Square Mean Oscil,lation
8.2 Dyadic Model

..........................................

8.3

Wavelets

Notes

87

.

87

.............................................

92

..................................

..................................................

98

.........................................................

104

References
Index

57

...........................

Harmonic Extension

Notes

.......................

.........................................

Representation via 0-equation
7.1

57

I

...........

.......................................................

105

............................................................

111

