An Introduction to Minimax Theorems and Their Applications
to Differential Equations

Nonconvex Optimization and Its Applications
Volume 52
Managing Editor:
Panos Pardalos
University of Florida, US.A.

Advisory Board:
J.R. Birge
Northwestern University, US.A.
Ding-Zhu Du
University of Minnesota, US.A.

C. A. Floudas
Princeton University, US.A.
J.Mockus
Lithuanian Academy of Sciences, Lithuania
H. D. Sherali
Virginia Polytechnic Institute and State University, US.A.
G. Stavroulakis
Technical University Braunschweig, Germany

The titles published in this series are listed at the end of this volume.

An Introduction to Minimax
Theorems and Their
Applications to
Differential Equations
by

Maria do Rosario Grossinho
ISEG, Universidade Tecnica de Lisboa, Portugal
CMAF, Universidade de Lisboa, Portugal

and

Stepan Agop Tersian
University of Rousse, Bulgaria

Springer-Science+Business Media, B.Y.

A C.I.P. Catalogue record for this book is available from the Library of Congress .

ISBN 978-1-4419-4849-6
ISBN 978-1-4757-3308-2 (eBook)
DOI 10.1007/978-1-4757-3308-2

Printed on acid-free paper

All Rights Reserved

© 2001 Springer Science+Business Media Dordrecht
Originally published by Kluwer Academic Publishers in 2001.
Softcover reprint of the hardcover I st edition 200 I
No part of the material protected by this copyright notice may be reproduced or
utilized in any form or by any means, e1ectronic or mechanical,
including photocopying, recording or by any information storage and
retrieval system, without written permission from the copyright owner.

To our children
Isabel and Luis
and
Takuhi and Lusina

CONTENTS

PREFACE

ix

1. MINIMIZATION AND MOUNTAIN-PASS THEOREMS

1
2
11
22
35

1.1.
1.2.
1.3.
1.4.

Differential Calculus for Mappings in Banach Spaces
Variational Principles and Minimization
Deformation Theorems and Palais-Smale Conditions
Mountain-Pass Theorems

2. SADDLE-POINT AND LINKING THEOREMS
2.1. Saddle-Point Theorems
2.2. Local Linking and Three Critical Points Theorems
2.3. Linking of Deformation Type and Generalized
Saddle-Point Theorems

51
52
61
72

3. APPLICATIONS TO ELLIPTIC PROBLEMS IN
BOUNDED DOMAINS
3.1. Neumann Problem for Semi linear Second-order
Elliptic Equations.
3.2. Existence Results for Hammerstein Integral
Equations with Positive Kernel
3.3. Nontrivial Solutions of Hammerstein Integral
Equations with Indefinite Kernel

101

4. PERIODIC SOLUTIONS FOR SOME
SECOND-ORDER DIFFERENTIAL EQUATIONS
4.1. The Quadratic Form I
4.2. Periodic Solutions of Equation (E)

113
114
126

5. DUAL VARIATIONAL METHOD AND APPLICATIONS
5.1. Legendre-Fenchel Transform and Duality Method
5.2. Applications to Problems for Semilinear Fourth-order
Differential Equations with Continuous Nonlinearity
5.3. Applications to Problems for Semilinear Fourth-order
Differential Equations with Discontinuous Nonlinearity

81
83
93

139
141
149
156

viii

6, MINIMAX THEOREMS FOR LOCALLY LIPSCHITZ
FUNCTIONALS AND APPLICATIONS
6.1. Generalized Gradients
6.2. Mountain-Pass Theorems for Locally Lipschitz Functionals
6.3. Applications to Differential Equations with
Discontinuous Nonlinearities

173
174
184
197

7, HOMO CLINIC SOLUTIONS OF DIFFERENTIAL EQUATIONS 207
7.1. Preliminaries on Dynamical Systems
209
7.2. Positive Homoclinic Solutions for a Class of
214
Second-Order Differential Equations
7.3. Homoclinic Solutions for the Extended
Fisher-Kolmogorov Equations
227
7.4. Nontrivial Solutions to the Semilinear
233
Schrodinger Equation on R n
7.5. Semilinear Schrodinger Equations in
240
Strip-like Domains
7.6. Nontrivial Solutions to a Semilinear Equation
246
relative to a Dirichlet Form
NOTATIONS

265

INDEX

267

PREFACE

This text is meant to be an introduction to critical point theory and its applications to differential equations. It is designed for graduate and postgraduate students as well as for specialists in the fields of differential equations,
variational methods and optimization. Although related material can be
found in other books, the treatment here has the following main purposes:
• To present a survey on existing minimax theorems,
• To give applications to elliptic differential equations in bounded domains and periodic second-order ordinary differential equations,
• To consider the dual variational method for problems with continuous
and discontinuous nonlinearities,
• To present some elements of critical point theory for locally Lipschitz
functionals and to give applications to fourth-order differential equations with discontinuous nonlinearities,
• To study homo clinic solutions of differential equations via the variational method.
The Contents of the book consist of seven chapters, each one divided
into several sections. A bibliography is attached to the end of each chapter.
In Chapter I, we present minimization theorems and the mountain-pass
theorem of Ambrosetti-Rabinowitz and some of its extensions. The concept of differentiability of mappings in Banach spaces, the Fnkhet's and
Gateaux derivatives, second-order derivatives and general minimization theorems, variational principles of Ekeland [EkI] and Borwein & Preiss [BP] are
proved and relations to the minimization problem are given. Deformation
lemmata, Palais-Smale conditions and mountain-pass theorems are considered. The deformation approach and the E-variational approach are applied
to prove the mountain-pass theorem and several extensions. We consider deformation theorems and Palais-Smale type conditions of Cerami (PSC)Cl
Schechter (PS)c,1/J' and (PS»condition in scales of Banach spaces. We
prove the mountain-pass theorem of Ambrosetti & Rabinowitz [ARa] and
its extensions due to Cerami [Ce], Willem [Will], Pucci & Serin [PSI], Rabinowitz [ RaI], Schechter [SchI], Brezis & Nirenberg [BN], Aubin & Ekeland
[AE], Ghossoub & Preiss [GP]. A variant of a three critical point theorem
with (PS)c,1/J condition is proved.

x

In Chapter II, we present saddle point theorems of Rabinowitz and its
extensions due to Lazer & Solimini [LS] and Schechter [Sch2]. The concept
of local linking and the three critical points theorem of Brezis & Nirenberg
[BN], Li & Willem [LW] are presented. Linking theorems due to E.A. Silva
[EAS] are also considered.
In Chapter III, we consider applications of critical point theorems to elliptic problems in bounded domains. We study the Neumann problem and
Hammerstein equations on a bounded domain 0 eRn, with smooth boundary r, and present some results obtained by applying variational methods.
We characterize the range of the Neumann problem
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where v is the unit exterior normal to rand aij E C 1 (O), aij(x) = aji(x).
Next we consider the problem of finding solutions u E L 2 (O) to the
Hammerstein integral equation

u(t) =

f

k(t, s)f(s, u(s))ds.

n
Under suitable conditions on the nonlinear function f and the kernel k,
we prove existence results using the mountain-pass theorem of AmbrosettiRabinowitz. We prove existence of nontrivial solutions using the saddlepoint theorem due to Lazer-Solimini.
In Chapter IV, we apply variational methods to prove the existence
of periodic solutions of some second-order nonlinear differential equations,
namely in resonance situations. More precisely, we consider the equation

u"+a(x)u+g(x,u) =0,
where the function 9 will be assumed 27r-periodic in x and with superlinear
growth in u and a will be a bounded 27r-periodic function. Situation of
"resonance" or "non-uniform non-resonance" type will be considered. They
are refered to the location of the function a with respect to the eigenvalues
of the linear operator Lu = u" with periodic conditions. We establish some
existence results using mountain-pass theorem of Ambrosetti-Rabinowitz, a
saddle-point theorem due to Silva and a linking theorem of Li-Willem.
In Chapter V, we present the dual variational method and its applications to some problems for fourth-order differential equations. Some preliminaries on convex functions and Fenchel-Legendre transform are presented.
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Then, applications to problems for fourth-order differential equations with
continuous and discountionuous nonlinearities are given.
The purpose of Chapter VI is to present several variants of minimization
and mountain-pass theorems for nondifferentiable functionals. We assume
that the given functionals are locally Lipschitz so that their generalized
gradients can be defined (cf. Clarke [CI]). We present a proof of a generalized mountain-pass theorem for locally Lipschitz functionals based on the
Ekeland's variational principle. Consequently we obtain the mountain-pass
theorems due to Chang [ChI], Ghoussoub & Preiss [GP] and Brezis & Nirenberg [BN]. Further we introduce a variant of Palais-Smale condition. Again,
using Ekeland's variational principle we prove minimization, coercivity and
mountain-pass theorems. The abstract theorems are applied to problems
for fourth-order differential equations with discontinuous nonlinearities.
In Chapter VII, we present several existence results for homoclinic solutions of differential equations via variational method. In recent years,
starting with works of Bolotin [Bol], Coti-Zelati, Ekeland and Sere [CZES],
Coti-Zelati & Rabinowitz [CZRI], [CZR2], Rabinowitz [Ra4], variational
methods have been applied to study the existence of homo clinic and heterOclinic solutions of second-order equations and Hamiltonian systems. The
search of homo clinic and heteroclinic solutions is a classical problem, originated in the work of Poincare. We start Chapter VII with some preliminaries
on dynamical systems.
We apply the variational method to prove existence of positive homoclinic solutions of a second-order equation.
Next we study the existence of homo clinic solutions of the fourth-order
extended Fisher-Kolmogorov equation, that appears in several branches of
Physics.
Further we consider homo clinic type solutions u E HI (Rn) , n ~ 3 of
Schrodinger equations on R n of the form

-b.u+V(x)u=f(u),

xERn ,

where V and f satisfy suitable conditions. We also consider Schrodinger
type equations in a strip-like domain using variational method.
Finally, we generalize the approach considering nontrivial solutions of
the semilinear problem

a (u, v)

+

!x

V (x) u (x) v (x) m (dx)

=!x

f (u) v (x) m (dx) ,

where a is a strongly local, regular Dirichlet form on the topological Hausdorff space X, endowed with the positive Radon measure m. We recall a
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framework of homogeneous spaces, homogeneous dimension and the related
Sobolev inequalities. As an example semilinear Kohn-Laplace equations in
R 3 is considered.
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