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PREFACE TO THE FIRST EDITION
The theory of pseudo differential operators has been developed through
the last three decades as a powerful tool to handle partial differential equations. Here the pseudodifferential operators, and more generally the Fourier
integral operators, include as special cases both the differential operators,
their solution operators (integral operators), and compositions of these
types. For equations on manifolds with boundary, Eskin, Vishik and Boutet
de Monvel invented in particular the calculus of pseudodifJerential boundary
operators, that applies to elliptic boundary value problems.
The aim of the present book is to develop a functional calculus for such
operators; i.e. to find the structure and properties of functions of these
operators defined abstractly by functional analysis.
We consider in particular detail the exponential function of the operators, which leads to a treatment of parabolic evolution problems, and the
complex powers of the operators, with applications to spectral theory; and
we determine trace formulas and index formulas. The basic tool is a study
of the resolvent of the operator, and this is worked out in the framework
of a calculus of pseudodifJerential boundary problems depending on a parameter /1 E 114. The original parameter-independent theory is included
as a special case, and our presentation may be used as an introduction to
that theory. A further application of the theory is the treatment of singular perturbation problems; they contain a small parameter 10 going to zero,
corresponding to /1 = 10- 1 going to infinity.
The work was begun during a stay at the Ecole Poly technique in 1979. At
that time, we expected the resolvent analysis to take a few months - with
a sound knowledge of the Boutet de Monvel theory, it should be an easy
matter to establish corresponding results in cases with a parameter - but
the task turned out to be not quite so simple. A first version of our calculus
was written up in a series of reports from Copenhagen University in 1979SO [G79], and much of that is used here (in shortened form). However, it
also had some flaws: On one hand, the hypotheses needed to go beyond the
most classical boundary conditions were incomplete, and on the other hand,
we later found a way to eliminate a certain "loss of regularity!". Brief
accounts of the theory have been given in [GSO-S2], where [GS2] corrects
earlier defects.
The present work contains much more, both in the form of explicit information on the structure of the boundary problems to which the theory
applies, an amelioration of the calculus, and developments of consequences
of the theory. It has taken a long time to complete (partly because of
the author's other University duties), but we hope that this has led to a
maturing of the contents and elimination of disturbing errors.
Various people have been helpful to us during the process. The start of
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the work benefited from conversations with Charles Goulaouic and Louis
Boutet de Monvel in Paris. In 1981, Denise Huet in Nancy told us of the
connection with singular perturbation theory, which led to a clarification
of the hypotheses; and Bert-Wolfgang Schulze and Stefan Rempel in Berlin
showed much interest in the work. When it was in a final stage, Lars
Hormander in Stockholm helped us greatly with criticism and suggestions
for improvements. We are very thankful to these and other colleagues that
have shown interest, and we likewise thank the editor and referees of the
Birkhauser Progress in Mathematics Series for their encouragement.

PREFACE TO THE SECOND EDITION
The first edition came out in the last pre-wordproceEsing era, where
photoreproduction of typed text was still a standard way of producing
books. The present second edition has been completely rewritten in AMS'lEX and takes full advantage of the pleasant layout and readability this
permits.
However, this is not the principal improvement in the new edition; it is
that the content and proofs have been completely reworked., taking into account the progress that has been made since 1986 in the subject. A major
change is the introduction of globally estimated symbols, both in the nonparametrized and the parameter-dependent setting, allowing noncom pact
manifolds. Several results have been improved (e.g., a general loss of regularity ~ is now replaced by a loss of a small c > 0), new methods have been
developed (e.g., in the study of inverses), and the theory has been simplified
(e.g., the global calculus does not need a large system of auxiliary negligible
operators). The basic applications described in the book take advantage
of these improvements. (There was not room to include here some further applications that have been developed, in hydrodynamics, geometric
invariant thery, Lp-theory, etc., that we just refer to.)
The author is grateful to many people for useful comments, ranging
from finding corrections to discussing possible extensions and helping to
clarify the arguments. Special thanks go to Lars Hormander in Lund, Niels
J!lirgen Kokholm and Jon Johnsen in Copenhagen, Vsevolod Solonnikov in
St. Petersburg, Elmar Schrohe in Potsdam, Peter Gilkey in Oregon, Robert
Seeley in Boston, Michael Baranowski in Berlin, and many others.
I am sincerely grateful to Lene Korner and Dita Andersen for doing an
excellent job in bringing the typed text from [G86] into 'lEX-form, as a
basis for the revision. I also thank the editors from Birkhauser for their
encouragement and support.
Copenhagen in October 1995
Gerd Grubb
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