Appendix A

Bounded Operators and Classes of Compact
Operators on Hilbert Spaces

Most of the results on bounded or compact operators we use can be found in standard
texts on bounded Hilbert space operators such as [RS1, AG, GK, We].
Let H, H1 , H2 be complex Hilbert spaces with scalar products and norms denoted by ·,·, ·,·1 , ·,·2 and  · ,  · 1 ,  · 2 , respectively.
A linear operator T : H1 → H2 is called bounded if there is a constant C > 0
such that T x2 ≤ Cx1 for all x ∈ D(T ); the norm of T is then defined by


T  = sup T x2 : x1 ≤ 1, x ∈ D(T ) .
Let B(H1 , H2 ) denote the set of bounded linear operators T : H1 → H2 such that
D(T ) = H1 . Then (B(H1 , H2 ),  · ) is a Banach space. For each T ∈ B(H1 , H2 ),
there exists a unique adjoint operator T ∗ ∈ B(H2 , H1 ) such that


T x, y2 = x, T ∗ y 1 for all x ∈ H1 , y ∈ H2 .
The set B(H) := B(H, H) is a ∗-algebra with composition of operators as product,
adjoint operation as involution, and the identity operator I = IH on H as unit.
An operator T ∈ B(H) is said to be normal if T ∗ T = T T ∗ .
An operator T ∈ B(H1 , H2 ) is called an isometry if T ∗ T = IH1 and unitary if
∗
T T = IH1 and T T ∗ = IH2 . Clearly, T ∈ B(H1 , H2 ) is an isometry if and only if
T x, T y2 = x, y1 for all x, y ∈ H1 . Further, T ∈ B(H1 , H2 ) is called a finite-rank
operator if dim R(T ) < ∞. If T ∈ B(H1 , H2 ) is a finite-rank operator, so is T ∗ .
A sequence (Tn )n∈N from B(H) is said to converge strongly to T ∈ B(H) if
limn→∞ Tn x = T x for all x ∈ H; in this case we write T = s-limn→∞ Tn .
A sequence (xn )n∈N of vectors xn ∈ H converges weakly to a vector x ∈ H if
limn→∞ xn , y = x, y for all y ∈ H; then we write x = w-limn→∞ xn .
Now we collect some facts on projections. Let K be a closed linear subspace
of H. The operator PK ∈ B(H) defined by PK (x + y) = x, where x ∈ K and
y ∈ K⊥ , is called the (orthogonal) projection of H on K. An operator P ∈ B(H)
is a projection if and only if P = P 2 and P = P ∗ ; in this case, P projects on P H.
Let P1 and P2 be projections of H onto subspaces K1 and K2 , respectively.
The sum Q := P1 + P2 is a projection if and only if P1 P2 = 0, or equivalently,
K1 ⊥ K2 ; then Q projects on K1 ⊕ K2 . The product P := P1 P2 is a projection if
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and only if P1 P2 = P2 P1 ; in this case, P projects on K1 ∩ K2 . Further, P1 ≤ P2 , or
equivalently K1 ⊆ K2 , holds if and only if P1 P2 = P1 , or equivalently P2 P1 = P1 ;
if this is fulfilled, then P2 − P1 is the projection on K2  K1 .
Let Pn , n ∈ N, be pairwiseorthogonal projections (that is, Pk Pn = 0 for k = n)
on H. Then the infinite sum ∞
n=1
 Pn converges strongly to a projection P , and P
projects on the closed subspace ∞
n=1 Pn H of H.
If T ∈ B(H) and P is a projection of H on K, then the operator P T K is in
B(K); it is called the compression of T to K.
In the remaining part of this appendix we are dealing with compact operators.
Definition A.1 A linear operator T : H → H with domain D(T ) = H is called
compact if the image T (M) of each bounded subset M is relatively compact in H,
or equivalently, if for each bounded sequence (xn )n∈N , the sequence (T xn )n∈N has
a convergent subsequence in H.
The compact operators on H are denoted by B∞ (H). Each compact operator is
bounded. Various characterizations of compact operators are given in the following:
Proposition A.1 For any T ∈ B(H), the following statements are equivalent:
(i)
(ii)
(iii)
(iv)

T is compact.
|T | := (T ∗ T )1/2 is compact.
T ∗ T is compact.
T maps each weakly convergent sequence (xn )n∈N into a convergent sequence
in H, that is, if xn , y → x, y for all y ∈ H, then T xn → T x in H.
(v) There exists a sequence (Tn )n∈N of finite-rank operators Tn ∈ B(H) such that
limn→∞ T − Tn  = 0.

Proof [RS1, Theorems VI.11 and VI.13] or [We, Theorems 6.3, 6.4, 6.5].



Proposition A.2 Let T , Tn , S1 , S2 ∈ B(H) for n ∈ N. If limn→∞ T − Tn  = 0 and
each operator Tn is compact, so is T . If T is compact, so are S1 T S2 and T ∗ .
Proof [RS1, Theorem VI.12] or [We, Theorem 6.4].



Basic results about the spectrum of compact operators are collected in the following two theorems.
Theorem A.3 Let T ∈ B∞ (H). The spectrum σ (T ) is an at most countable
set which has no nonzero accumulation point. If H is infinite-dimensional, then
0 ∈ σ (T ). If λ is a nonzero number of σ (T ), then λ is an eigenvalue of T of finite
multiplicity, and λ is an eigenvalue of T ∗ which has the same multiplicity as λ.
Proof [RS1, Theorem VI.15] or [We, Theorems 6.7, 6.8] or [AG, Nr. 57].



From now on we assume that H is an infinite-dimensional separable Hilbert
space.
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Theorem A.4 Suppose that T ∈ B∞ (H) is normal. Then there exist a complex
sequence (λn )n∈N and an orthonormal basis {en : n ∈ N} of H such that
lim λn = 0 and T en = λn en ,

n→∞

T ∗ en = λn en

for n ∈ N.

Proof [AG, Nr. 62] or [We, Theorem 7.1], see, e.g., [RS1, Theorem VI.16].



Conversely, let {en : n ∈ N} be an orthonormal basis of H, and (λn )n∈N a bounded
complex sequence. Then the normal operator T ∈ B(H) defined by T en = λn en ,
n ∈ N, is compact if and only if limn→∞ λn = 0.
Next we turn to Hilbert–Schmidt operators.
Definition A.2 An operator T ∈ B(H) is called a Hilbert–Schmidt operator if there
exists an orthonormal basis {en : n ∈ N} of H such that
 ∞
1/2
T 2 :=

T en 2

< ∞.

(A.1)

n=1

The set of Hilbert–Schmidt operators on H is denoted by B2 (H). The number
T 2 in (A.1) does not depend on the particular orthonormal basis, and B2 (H) is
a Banach space equipped with the norm  · 2 . Each Hilbert–Schmidt operator is
compact.
An immediate consequence of Theorem A.4 and the preceding definition is the
following:
Corollary A.5 If T ∈ B2 (H) is normal, then the sequence (λn )n∈N of eigenvalues
of T counted with multiplicities belongs to l 2 (N).
Theorem A.6 Let M be an open subset of Rd , and K ∈ L2 (M × M). Then the
integral operator TK defined by
(TK f )(x) =

K(x, y)f (y) dy,

f ∈ L2 (M),

M

is a Hilbert–Schmidt operator on H = L2 (M), and TK 2 = KL2 (M×M) . In particular, TK is a compact operator on L2 (M).
Proof [RS1, Theorem VI.23] or [AG, Nr. 32] or [We, Theorem 6.11].



Finally, we review some basics on trace class operators.
Let T ∈ B∞ (H). Then |T | = (T ∗ T )1/2 is a positive self-adjoint compact operator on H. Let (sn (T ))n∈N denote the sequence of eigenvalues of |T | counted with
multiplicities and arranged in decreasing order. The numbers sn (T ) are called singular numbers of the operator T . Note that s1 (T ) = T .
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Definition A.3 An operator T ∈ B∞ (H) is said to be of trace class if
∞

T 1 :=

sn (T ) < ∞.
n=1

The set B1 (H) of all trace class operators on H is a Banach space equipped with
the trace norm  · 1 . Trace class operators are Hilbert–Schmidt operators.
If T ∈ B1 (H) and S1 , S2 ∈ B(H), then T ∗ ∈ B1 (H), S1 T S2 ∈ B1 (H), and
T  ≤ T 1 = T ∗

1

and S1 T S2 1 ≤ T 1 S1 S2 .

(A.2)

Proposition A.7 The set of finite-rank operators of B(H) is a dense subset of the
Banach space (B1 (H),  · 1 ).


Proof [RS1, Corollary, p. 209].

Theorem A.8 (Trace of trace class operators) Let T ∈ B1 (H). If {xn : n ∈ N} is an
orthonormal basis of H, then
∞

T xn , xn 

Tr T :=

(A.3)

n=1

is finite and independent of the orthonormal basis. It is called the trace of T .
Proof [RS1, Theorem VI.24] or [GK, Chap. III, Theorem 8.1] or [AG, Nr. 66]. 
Combining Theorems A.4 and A.8, we easily obtain the following:
Corollary A.9 For T = T ∗ ∈ B1 (H), there are a real sequence (αn )n∈N ∈ l 1 (N)
and an orthonormal basis {xn : n ∈ N} of H such that
∞

∞

T=

αn ·, xn xn ,

T 1 =

n=1

∞

|αn |,

Tr T =

n=1

αn .

(A.4)

n=1

(A.4) implies that T → Tr T is a continuous linear functional on (B1 (H),  · 1 ).
Theorem A.10 (Lidskii’s theorem) Let T ∈ B1 (H). Let λn (T ), n ∈ N, denote the
eigenvalues of T counted with multiplicities; if T has only finitely many eigenvalues
λ1 (T ), . . . , λk (T ), set λn (T ) = 0 for n > k; if T has no eigenvalue, put λn (T ) = 0
for all n ∈ N. Then
∞

∞

λn (T ) ≤ T 1
n=1

and

Tr T =

λn (T ).

(A.5)

n=1

Proof [Ld] or [RS4, Corollary, p. 328] or [GK, Chap. III, Theorem 8.4].



Appendix B

Measure Theory

The material collected in this appendix can be found in advanced standard texts on
measure theory such as [Ru2] or [Cn].
Let Ω be a nonempty set, and let A be a σ -algebra on Ω. A positive measure
(briefly, a measure on (Ω, A)) is a mapping μ : A → [0, +∞] which is σ -additive,
that is,

μ

∞


∞

Mn =

n=1

μ(Mn )

(B.1)

n=1

for any sequence (Mn )n∈N of disjoints sets Mn ∈ A. A positive measure μ is said to
be finite if μ(Ω) < ∞ and σ -finite if Ω is a countable union of sets Mn ∈ A with
μ(Mn ) < ∞. A measure space is a triple (Ω, A, μ) of a set Ω, a σ -algebra A on
Ω, and a positive measure μ on A. A property is said to hold μ-a.e. on Ω if it holds
except for a μ-null set. A function f on Ω with values in (−∞, +∞] is called Ameasurable if for all a ∈ R, the set {t ∈ Ω : f (t) ≤ a} is in A.
 A function f with
values in C ∪ {+∞} is said to be μ-integrable if the integral Ω f dμ exists and is
finite.
A complex measure on (Ω, A) is a σ -additive map μ : A → C. Note that complex
measures have only finite values, while positive measures may take the value +∞.
Let μ be a complex measure. Then μ can written as μ = μ1 − μ2 + i(μ3 − μ4 )
where μ1 , μ2 , μ3 , μ4 are finite positive measures. We say that μ is supported by a
set K ∈ A if μ(M) = μ(M ∩ K) for all M ∈ A. Given M ∈ A, let
k

|μ|(M) = sup

μ(Mn ),

(B.2)

n=1


where the supremum is taken over all finite partitions M = kn=1 Mn of disjoint sets
Mn ∈ A. Then |μ| is a positive measure on (Ω, A) called the total variation of μ.
There are three basic limit theorems. Let (Ω, A, μ) be a measure space.
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Theorem B.1 (Lebesgue’s dominated convergence theorem) Let fn , n ∈ N, and
f be A-measurable complex functions on Ω, and let g : Ω → [0, +∞] be a μintegrable function. Suppose that
lim fn (t) = f (t)

and

n→∞

fn (t) ≤ g(t),

n ∈ N, μ-a.e. on Ω.

(B.3)

Then the functions f and fn are μ-integrable,
lim

n→∞ Ω

|fn − f | dμ = 0,

and

lim

n→∞ Ω

fn dμ =

f dμ.
Ω



Proof [Ru2, Theorem 1.34].

Theorem B.2 (Lebesgue’s monotone convergence theorem) Let fn , n ∈ N, and f
be [0, +∞]-valued A-measurable functions on Ω such that
lim fn (t) = f (t)

and fn (t) ≤ fn+1 (t),

n→∞

n ∈ N, μ-a.e. on Ω.

(B.4)

Then
lim

n→∞ Ω

fn dμ =

f dμ.
Ω



Proof [Ru2, Theorem 1.26].

Theorem B.3 (Fatou’s lemma) If fn , n ∈ N, are [0, +∞]-valued A-measurable
functions on Ω, then


lim inf fn dμ ≤ lim inf
fn dμ.
Ω

n→∞

n→∞

Ω



Proof [Ru2, Lemma 1.28].

Let p, q, r ∈ (1, ∞) and p −1 + q −1 = r −1 . If f ∈ Lp (Ω, μ) and g ∈ Lq (Ω, μ),
then f g ∈ Lr (Ω, μ), and the Hölder inequality holds:
f gLr (Ω,μ) ≤ f Lp (Ω,μ) gLq (Ω,μ) .

(B.5)

Let ϕ be a mapping of Ω onto another set Ω0 . Then the family A0 of all subsets
M of Ω0 such that ϕ −1 (M) ∈ A is a σ -algebra on Ω0 and μ0 (M) := μ(ϕ −1 (M))
defines an measure on A0 . Thus, (Ω0 , A0 , μ0 ) is also a measure space.
Proposition B.4 (Transformations of measures) If f is a μ0 -a.e. finite A0 measurable function on Ω0 , then f ◦ ϕ is a μ-a.e. finite A-measurable function
on Ω, and


f (s) dμ0 (s) =
f ϕ(t) dμ(t),
(B.6)
Ω0

Ω

where if either integral exists, so does the other.
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Proof [Ha, §39, Theorem C].

Let (Ω, A, μ) and (Φ, B, ν) be σ -finite measure spaces. Let A × B denote the
σ -algebra on Ω × Φ generated by the sets M × N , where M ∈ A and N ∈ B. Then
there exists a unique measure μ × ν, called the product of μ and ν, on A × B such
that (μ × ν)(M × N ) = μ(M)ν(N ) for all M ∈ A and N ∈ B.
Theorem B.5 (Fubini’s theorem) Let f be an A × B-measurable complex function
on Ω × Φ. Then




f (x, y) dν(y) dμ(x) =
f (x, y) dμ(x) dν(y). (B.7)
Ω

Φ

Φ

Ω

If the double integral in (B.7) is finite, then we have




f (x, y) dν(y) dμ(x) =
f (x, y) dμ(x) dν(y)
Ω

Φ

Ω

Φ

=

f (x, y)d(μ×ν)(x, y).
Ω×Φ



Proof [Ru2, Theorem 8.8].

Thus, if f is [0, +∞]-valued, one can always interchange the order of integrations. If f is a complex function, it suffices to check that the integral in (B.7) is
finite.
Let μ and ν be complex or positive measures on A. We say that μ and ν are
mutually singular and write μ ⊥ ν if μ and ν are supported by disjoint sets.
Suppose that ν is positive. We say that μ is absolutely continuous with respect to
ν and write μ  ν if ν(N ) = 0 for N ∈ A implies that μ(N ) = 0.
For any f ∈ L1 (Ω, ν), there is a complex measure μ defined by
μ(M) =

f dν,

M ∈ A.

M

Obviously, μ  ν. We then write dμ = f dν.
Theorem B.6 (Lebesgue–Radon–Nikodym theorem) Let ν be a σ -finite positive
measure, and μ a complex measure on (Ω, A).
(i) There is a unique pair of complex measures μa and μs such that
μ = μa + μs ,

μs ⊥ ν, μa  ν.

(B.8)

(ii) There exists a unique function f ∈ L1 (Ω, ν) such that dμa = f dν.
Proof [Ru2, Theorem 6.10].



Assertion (ii) is the Radon–Nikodym theorem. It says that each complex measure μ which is absolutely continuous w.r.t. ν is of the form dμ = f dν with
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f ∈ L1 (Ω, ν) uniquely determined by ν and μ. The function f is called the Radon–
dν
Nikodym derivative of ν w.r.t. μ and denoted by dμ
.
Assertion (i) is the Lebesgue decomposition theorem. We refer to the relation
dμ = f dν + dμs as the Lebesgue decomposition of μ relative to ν.
Let μ be a σ -finite positive measure. Then there is also a decomposition (B.8)
into a unique pair of positive measures μa and μs , and there exists a [0, +∞]-valued
A-measurable function f , uniquely determined ν-a.e., such that dμa = f dν.
Next we turn to Borel measures. Let Ω be a locally compact Hausdorff space that
has a countable basis. The Borel algebra B(Ω) is the σ -algebra on Ω generated
by the open subsets of Ω. A B(Ω)-measurable function on Ω is called a Borel
function. A regular Borel measure is a measure μ on B(Ω) such that for all M in
B(Ω),




μ(M) = sup μ(K) : K ⊆ M, K compact = inf μ(U ) : M ⊆ U, U open .
The support of μ is the smallest closed subset M of Ω such that μ(Ω\M) = 0; it is
denoted by supp μ. A regular complex Borel measure is a complex measure of the
form μ = μ1 − μ2 + i(μ3 − μ4 ), where μ1 , μ2 , μ3 , μ4 are finite regular positive
Borel measures.
Theorem B.7 (Riesz representation theorem) Let C(Ω) be the Banach space of
continuous functions on a compact Hausdorff space Ω equipped with the supremum norm. For each continuous linear functional F on C(Ω), there exists a unique
regular complex Borel measure μ on Ω such that
F (f ) =

f dμ,

f ∈ C(Ω).

Ω

Moreover, F  = |μ|(Ω).
Proof [Ru2, Theorem 6.19].



The Lebesgue measure on Rd is denoted by m. We write simply dx instead of
dm(x) and a.e. when we mean m-a.e. If Ω is an open or closed subset of Rd , then
Lp (Ω) always denotes the space Lp (Ω, m) with respect to the Lebesgue measure.
In the case where ν is the Lebesgue measure on Ω = R we specify our terminology concerning Theorem B.6(i). In this case we write μac for μa and μsing for
μs and call μac and μsing the absolutely continuous part and singular part of μ,
respectively.
Let μ be a positive regular Borel measure on R. A point t ∈ R is called an atom of
μ if μ({t}) = 0. The set P of atoms of μ is countable, since μ is finite for compact
sets. There is a measure μp on B(R) defined
 by μp (M) = μ(M ∩ P ). Then μp
is a pure point measure, that is, μp (M) = t∈M μ({t}) for M ∈ B(R). Clearly,
μsc := μsign − μp is a positive measure. Further, μsc and m are mutually singular,
and μsc is a continuous measure, that is, μsc has no atoms. Such a measure is called
singularly continuous. We restate these considerations.
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Proposition B.8 For any regular positive Borel measure μ on R, there is a unique
decomposition μ = μp + μsc + μac into a pure point part μp , a singularly continuous part μsc , and an absolutely continuous part μac . These parts are mutually
singular.
Let μ be a complex Borel measure on R. The symmetric derivative Dμ of μ with
respect to the Lebesgue measure is defined by


(Dμ)(t) = lim (2ε)−1 μ [t − ε, t + ε] , t ∈ R.
(B.9)
ε→+0

The following theorem relates singular and absolutely continuous parts of a measure and its symmetric derivative. The description of the singular part in (ii) is the
classical de la Vallée Poussin theorem.
Theorem B.9 Suppose that μ is a complex regular Borel measure on R. Let
dμ = f dm + dμsign be its Lebesgue decomposition with respect to the Lebesgue
measure.
(i) (Dμ)(t) exists a.e. on R, and Dμ = f a.e. on R, that is, dμac (t) = (Dμ)(t) dt .
(ii) Suppose that the measure μ is positive. Then its singular part μsign is supported
by the set S(μ) = {t ∈ R : (Dμ)(t) = +∞}, and its absolutely continuous part
μac is supported by L(μ) = {t ∈ R : 0 < (Dμ)(t) < ∞}.
Proof (i): [Ru2, Theorem 7.8].
(ii): The result about μsign is proved in [Ru2, Theorem 7.15].
The assertion concerning μac is derived from (i). Set M0 := {t : (Dμ)(t) = 0} and
M∞ := {t : (Dμ)(t) = +∞}. Because μ is a positive measure, (Dμ)(t) ≥ 0 a.e. on
R. Since dμac = (Dμ) dt by (i) and Dμ = f ∈ L1 (R), we have μac (M0 ) = 0 and
m(M∞ ) = 0, so μac (M∞ ) = 0. Hence, μac is supported by L(μ).

Finally, we discuss the relations between complex regular Borel measures and
functions of bounded variation. Let f be a function on R. The variation of f is
n

Vf := sup

f (tk ) − f (tk−1 ) ,
k=1

the supremum being taken over all collections of numbers t0 < · · · < tn and n ∈ N.
We say that f is of bounded variation if Vf < ∞. Clearly, each bounded nondecreasing real function is of bounded variation. Let NBV denote the set of all rightcontinuous functions f of bounded variation satisfying limt→−∞ f (t) = 0.
Theorem B.10 (i) There is a one-to-one correspondence between complex regular
Borel measures μ on R and functions f in NBV. It is given by


(B.10)
fμ (t) = μ (−∞, t] , t ∈ R.
(ii) Each function f ∈ NBV is differentiable a.e. on R, and f  ∈ L1 (R). Further, if
f = fμ is given by (B.10), then f  (t) = (Dμ)(t) a.e. on R.
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Proof (i): [Cn, Proposition 4.4.3] or [Ru1, Theorem 8.14].
(ii): [Ru1, Theorem 8.18].
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Obviously, if μ is a positive measure, then the function fμ is nondecreasing.
By a slight abuse of notation one usually writes simply μ(t) for the function
fμ (t) defined by (B.10).

Appendix C

The Fourier Transform

In this appendix we collect basic definitions and results on the Fourier transform.
Proofs and more details can be found, e.g., in [RS2, Chap. IX], [GW], and [Vl].
Definition C.1 The Schwartz space S(Rd ) is the set of all functions ϕ ∈ C ∞ (Rd )
satisfying



pα,β (ϕ) := sup x α D β ϕ (x) : x ∈ Rd < ∞ for all α, β ∈ Nd0 .
Equipped with the countable family of seminorms {pα,β : α, β ∈ Nd0 }, S(Rd ) is a
locally convex Fréchet space. Its dual S  (Rd ) is the vector space of continuous linear
functionals on S(Rd ). The elements of S  (Rd ) are called tempered distributions.
Each function f ∈ Lp (Rd ), p ∈ [1, ∞], gives rise to an element Ff ∈ S  (Rd )
by defining Ff (ϕ) = f ϕ dx, ϕ ∈ S(Rd ). We shall consider Lp (Rd ) as a linear
subspace of S  (Rd ) by identifying f with Ff .
For f ∈ L1 (Rd ), we define two functions fˆ, fˇ ∈ L∞ (Rd ) by
fˆ(x) = (2π)−d/2
fˇ(y) = (2π)−d/2

Rd
Rd

e−ix·y f (y) dy,

(C.1)

eix·y f (x) dx,

(C.2)

where x·y := x1 y1 + · · · + xd yd denotes the scalar product of x, y ∈ Rd .
Lemma C.1 (Riemann–Lebesgue lemma) If f ∈ L1 (Rd ), then limx→∞ fˆ(x) = 0.
Proof [RS2, Theorem IX.7] or [GW, Theorem 17.1.3].



Theorem C.2 The map F : f → F(f ) := fˆ is a continuous bijection of S(Rd )
onto S(Rd ) with inverse F −1 (f ) = fˇ, f ∈ S(Rd ). For f ∈ S(Rd ) and α ∈ Nd0 ,
D α f = F −1 x α Ff.
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Proof [RS2, Formula (IX.1) and Theorem IX.1] or [GW, Theorem 19.3.1].



For F ∈ S  (Rd ), define F(F )(ϕ) := F (ϕ̂) ≡ F (F(ϕ)), ϕ ∈ S(Rd ). By Theorem C.2, we have F(F ) ∈ S  (Rd ). The tempered distribution F(F ) is called
the Fourier transform of F . An immediate consequence (see, e.g., [RS2, Theorem IX.2]) of Theorem C.2 is the following:
Corollary C.3 F is a bijection of S  (Rd ) onto S  (Rd ). The inverse of F is given
by F −1 (F )(ϕ) = F (ϕ̌) ≡ F (F −1 (ϕ)), ϕ ∈ S(Rd ).
Since Lp (Rd ) is contained in S  (Rd ), we know from Corollary C.3 that F(f )
and F −1 (f ) are well-defined elements of S  (Rd ) for any f ∈ Lp (Rd ), p ∈ [1, ∞].
The following two fundamental theorems describe some of these elements.
Theorem C.4 (Plancherel theorem) F is a unitary linear map of L2 (Rd ) onto
L2 (Rd ). For f ∈ L2 (Rd ), the corresponding functions F(f ) and F −1 (f ) of
L2 (Rd ) are given by
fˆ(x) := F(f )(x) = lim (2π)−d/2
R→∞

y≤R

fˇ(y) := F −1 (f )(y) = lim (2π)−d/2
R→∞

e−ix·y f (y) dy,

(C.4)

eix·y f (x) dx.

(C.5)

x≤R



Proof [RS2, Theorem IX.6] or [GW, Theorem 22.1.4].

Theorem C.5 (Hausdorff–Young theorem) Suppose that q −1 + p −1 = 1 and
1 ≤ p ≤ 2. Then the Fourier transform F maps Lp (Rd ) continuously into Lq (Rd ).
Proof [RS2, Theorem IX.8] or [Tl, Theorem 1.18.8] or [LL, Theorem 5.7].



Definition C.2 Let f, g ∈ L2 (Rd ). The convolution of f and g is defined by
(f ∗ g)(x) =

Rd

f (x − y)g(y) dy,

x ∈ Rd .

Note that the function y → f (x − y)g(y) is in L1 (Rd ), because f, g ∈ L2 (Rd ).
Theorem C.6 F −1 (F(f ) · F(g)) = (2π)−d/2 f ∗ g for f, g ∈ L2 (Rd ).
Proof [GW, Proposition 33.3.1] or [LL, Theorem 5.8]; see also [RS2, Theorem IX.3].


Appendix D

Distributions and Sobolev Spaces

Let Ω be an open subset of Rd . In this appendix we collect basic notions and results
about distributions on Ω and the Sobolev spaces H n (Ω) and H0n (Ω).
Distributions are treated in [GW, Gr, LL, RS2], and [Vl]. Sobolev spaces are
developed in many books such as [At, Br, EE, Gr, LL, LM], and [Tl].
We denote by D(Ω) = C0∞ (Ω) the set of all f ∈ C ∞ (Ω) for which its support


supp f := x ∈ Rd : f (x) = 0
is a compact subset of Ω. Further, recall the notations ∂ α := ( ∂x∂ 1 )α1 · · · ( ∂x∂ d )αd ,
∂k := ∂x∂ k , and |α| = α1 + · · · + αd for α = (α1 , . . ., αd ) ∈ Nd0 , k = 1, . . . , d.
Definition D.1 A linear functional F on D(Ω) is called a distribution on Ω if for
every compact subset K of Ω, there exist numbers nK ∈ N0 and CK > 0 such that
F (ϕ) ≤ CK

sup

x∈K, |α|≤nK

∂ α ϕ(x)

for all ϕ ∈ D(Ω), supp ϕ ⊆ K.

The vector space of distributions on Ω is denoted by D (Ω).
Let L1loc (Ω) denote the vector space of measurable functions f on Ω such that

1
K |f | dx < ∞ for each compact set
 K ⊆ Ω. Each f ∈ Lloc (Ω) yields a distribution

Ff ∈ D (Ω) defined by Ff (ϕ) = f ϕ dx, ϕ ∈ D(Ω). By some abuse of notation,
we identify the function f ∈ L1loc (Ω) with the distribution Ff ∈ D (Ω).
Suppose that F ∈ D (Ω). If a ∈ C ∞ (Ω), then aF (·) := F (a·) defines a distribution aF ∈ D (Ω). For α ∈ Nd0 , there is a distribution ∂ α F defined by


∂ α F (ϕ) := (−1)|α| F ∂ α ϕ , ϕ ∈ D(Ω).
Let u ∈ L1loc (Ω). A function v ∈ L1loc (Ω) is called the αth weak derivative of u if
the distributional derivative ∂ α u ∈ D (Ω) is given by the function v, that is, if
(−1)|α|

u∂ α (ϕ) dx =
Ω

vϕ dx

for all ϕ ∈ D(Ω).

Ω

In this case, v is uniquely determined a.e. on Ω by u and denoted also by ∂ α u.
K. Schmüdgen, Unbounded Self-adjoint Operators on Hilbert Space,
Graduate Texts in Mathematics 265,
DOI 10.1007/978-94-007-4753-1, © Springer Science+Business Media Dordrecht 2012

405

406

D Distributions and Sobolev Spaces

If u ∈ C n (Ω), integration by parts implies that the αth weak derivative ∂ α u exists
when |α| ≤ n and is given by the “usual” derivative ∂ α u(x) on Ω.
Next, we introduce the Sobolev spaces H n (Ω) and H0n (Ω), n ∈ N0 .
Definition D.2 H n (Ω) is the vector space of functions f ∈ L2 (Ω) for which the
weak derivative ∂ α f exists and belongs to L2 (Ω) for all α ∈ N0d , |α| ≤ n, endowed
with the scalar product


f, gH n (Ω) :=

∂ α f, ∂ α g

|α|≤n


L2 (Ω)

,

and H0n (Ω) is the closure of C0∞ (Ω) in (H n (Ω),  · H n (Ω) ).
Then H n (Ω) and H0n (Ω) are Hilbert spaces.
The two compact embedding Theorems D.1 and D.4 are due to F. Rellich.
Theorem D.1 If Ω is bounded, the embedding H01 (Ω)→L2 (Ω) is compact.


Proof [At, A 6.1] or [EE, Theorem 3.6].

Theorem D.2 (Poincaré inequality) If Ω is bounded, there is a constant cΩ > 0
such that
d

cΩ u2L2 (Ω) ≤

k=1 Ω

|∂k u|2 dx ≡ ∇u2L2 (Ω)

for all u ∈ H01 (Ω).

(D.1)

Proof [At, 4.7] or [Br, Corollary 9.19].



The Poincaré inequality implies that ∇ · L2 (Ω) defines an equivalent norm on
the Hilbert space (H01 (Ω),  · H 1 (Ω) ).
0

For Ω = Rd , the Sobolev spaces can be described by the Fourier transform.
Theorem D.3 H n (Rd ) = H0n (Rd ) = {f ∈ L2 (Rd ) : xn/2 fˆ(x) ∈ L2 (Rd )}.
Further, if k ∈ N0 and n > k + d/2, then H n (Rd ) ⊆ C k (Rd ).
Proof [LM, p. 30] or [RS2, p. 50 and Theorem IX.24].



The next results require some “smoothness” assumption on the boundary ∂Ω.
Let m ∈ N ∪ {∞}. An open set Ω ⊆ Rd is said to be of class C m if for each point
x ∈ ∂Ω, there are an open neighborhood U of x in Rd and a bijection ϕ of U on
some open ball B = {y ∈ Rd : y < r} such that ϕ and ϕ −1 are C m -mappings,






ϕ(U ∩ Ω) = y  , yd ∈ B : yd > 0 , and ϕ(U ∩ ∂Ω) = y  , 0 ∈ B .
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Here y ∈ Rd was written as y = (y  , yd ), where y  ∈ Rd−1 and yd ∈ R.

It should be noted that, according to this definition, Ω ∩ U lies “at one side
of ∂Ω.” It may happen that ∂Ω is a C m -manifold, but Ω is not of class C m ; for
instance, {(y1 , y2 ) ∈ R2 : y1 = 0} is not of class C 1 . But {(y1 , y2 ) ∈ R2 : y1 > 0}
is C ∞ .
From now on we assume that Ω is a bounded open set of class C 1 . We denote
by ν(x) = (ν1 , . . . , νd ) the outward unit normal vector at x ∈ ∂Ω and by dσ the
surface measure of ∂Ω.
Theorem D.4 The embedding map H 1 (Ω)→L2 (Ω) is compact.
Proof [At, A 6.4] or [Br, Theorem 9.19] or [LM, Theorem 16.1].



Theorem D.5 C ∞ (Rd )Ω is a dense subset of H n (Ω) for n = 1, 2.
Proof [At, A 6.7] or [EE, Chap. V, Theorem 4.7].



The following two results are called trace theorems. Theorem D.6 gives the possibility to assign “boundary values” γ0 (f ) along ∂Ω to any function f ∈ H 1 (Ω).
Theorem D.6 There exists a uniquely determined continuous linear mapping
γ0 : H 1 (Ω)→L2 (∂Ω, dσ ) such that γ0 (f ) = f ∂Ω for f ∈ C ∞ (Rd ). Moreover,
H01 (Ω) = {f ∈ H 1 (Ω) : γ0 (f ) = 0}.
Proof [At, A 6.6] or [LM, Theorem 8.3].



Theorem D.7 Let Ω be of class C 2 and bounded. There is a continuous linear
map (γ0 , γ1 ) : H 2 (Ω) → L2 (∂Ω, dσ ) ⊕ L2 (∂Ω, dσ ) such that γ0 (g) = g∂Ω and
∂g
∂Ω for g ∈ C ∞ (Rd ). The kernel of this map is H02 (Ω).
γ1 (g) = ∂ν
Proof [LM, Theorem 8.3].



The maps γ0 and (γ0 , γ1 ) are called trace maps. Taking fractional Sobolev spaces
on the boundary ∂Ω for granted, their ranges can be nicely described (see [LM,
p. 39]) by




γ0 H 1 (Ω) = H 1/2 (∂Ω), (γ0 , γ1 ) H 2 (Ω) = H 3/2 (∂Ω) ⊕ H 1/2 (∂Ω).
(D.2)
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For f ∈ H 1 (Ω) and g ∈ H 2 (Ω), we consider γ0 (f ) and γ1 (g) as boundary values,
and we also write f ∂Ω for γ0 (f ) and ∂g
∂ν ∂Ω for γ1 (g).
Theorem D.8 (Gauss’ formula) For f, g ∈ H 1 (Ω) and k = 1, . . . , d, we have
∂k f dx =
Ω

(D.3)

f νk dσ,
∂Ω

(∂k f g + f ∂k g) dx =
Ω

f gνk dσ.

(D.4)

∂Ω



Proof [At, A 6.8] or [Br, p. 316].

Theorem D.9 (Green’s formulas) Let Ω be of class C 2 . For all h ∈ H 1 (Ω) and
f, g ∈ H 2 (Ω), we have
d

(−f )h dx =
Ω

∂k f ∂k h dx −
k=1 Ω

(−f )g dx −
Ω

∂Ω



f (−g) dx =
Ω

∂Ω

∂f
h dσ,
∂ν


∂g ∂f
f
g dσ.
−
∂ν ∂ν

(D.5)
(D.6)


Proof [Br, p. 316].

Strictly speaking, the corresponding traces γ0 (f ), γ0 (g), γ1 (f ), γ0 (h), γ1 (f ),
γ1 (g) are meant in the integrals along the boundary ∂Ω in (D.3)–(D.6). Clearly,
(D.3) implies (D.4), while (D.5) implies (D.6).
In the literature these formulas are often stated only for functions from C ∞ (Ω).
The general case is easily derived by a limit procedure. Let us verify (D.5). By
Theorem D.5, h ∈ H 1 (Ω) and f ∈ H 2 (Ω) are limits of sequences (hn ) and (fn )
from C ∞ (Rd )Ω in H 1 (Ω) resp. H 2 (Ω). Then (D.5) holds for hn and fn . Passing
to the limit by using the continuity of the trace maps, we obtain (D.5) for h and f .
The next theorem deals with the regularity of weak solutions of the Dirichlet and
Neumann problems. To formulate these results, we use the following equation:
∇f · ∇h dx +
Ω

f h dx =
Ω

gh dx.

(D.7)

Ω

Theorem D.10 Let Ω ⊆ Rd be an open bounded set of class C 2 , and g ∈ L2 (Ω).
(i) (Regularity for the Dirichlet problem)
Let f ∈ H01 (Ω). If (D.7) holds for all h ∈ H01 (Ω), then f ∈ H 2 (Ω).
(ii) (Regularity for the Neumann problem)
Let f ∈ H 1 (Ω). If (D.7) holds for all h ∈ H 1 (Ω), then f ∈ H 2 (Ω).
Proof [Br, Theorems 9.5 and 9.6].



Appendix E

Absolutely Continuous Functions

Basics on absolutely continuous functions can be found, e.g., in [Ru2, Cn], or [HS].
Throughout this appendix we suppose that a, b ∈ R, a < b.
Definition E.1 A function f on the interval [a, b] is called absolutely continuous if
for each ε > 0, there exists a δ > 0 such that
n

f (bk ) − f (ak ) < ε
k=1

for every finite family of pairwise disjoint subintervals (ak , bk ) of [a, b] satisfying
n

(bk − ak ) < δ.
k=1

The set of all absolutely continuous functions on [a, b] is denoted by AC[a, b].
Each f ∈ AC[a, b] is continuous on [a, b] and a function of bounded variation.
Theorem E.1 A function f on [a, b] is absolutely continuous if and only if there is
a function h ∈ L1 (a, b) such that
x

f (x) − f (a) =

h(t) dt

for x ∈ [a, b].

(E.1)

a

In this case, f is differentiable a.e., and we have f  (x) = h(x) a.e. on [a, b]. The
function h ∈ L1 (a, b) is uniquely determined by f .
Theorem E.2 For f, g ∈ AC[a, b], the integration-by-parts formula holds:
b
a

b

f  (t)g(t) dt +

f (t)g  (t) dt = f (b)g(b) − f (a)g(a).

(E.2)

a

Theorems E.1 and E.2 are proved, e.g., in [Cn, Corollaries 6.3.7 and 6.3.8].
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The Sobolev spaces H n (a, b) and H0n (a, b), n ∈ N, can be expressed in terms of
absolutely continuous functions. That is,


H 1 (a, b) = f ∈ AC[a, b] : f  ∈ L2 (a, b) ,




H n (a, b) = f ∈ C n−1 [a, b] : f (n−1) ∈ H 1 (a, b) ,

H0n (a, b) = f ∈ H n (a, b) : f (a) = f  (a) = · · · = f (n−1) (a) = 0,

f (b) = f  (b) = · · · = f (n−1) (b) = 0 .
In particular, C n ([a, b]) ⊆ H n (a, b) ⊆ C n−1 ([a, b]) for n ∈ N.
Now let J be an unbounded open interval of R, and let J denote the closure of
J in R, that is, J = [a, +∞) if J = (a, +∞) and J = R if J = R. Then


H 1 (J ) = f ∈ L2 (J ) : f ∈ AC[a, b] for [a, b] ⊆ J and f  ∈ L2 (J ) ,


H n (J ) = f ∈ L2 (J ) : f ∈ C n−1 (J ) and f (n−1) ∈ H 1 (J ) ,


H0n (a, ∞) = f ∈ H n (a, ∞) : f (a) = f  (a) = · · · = f (n−1) (a) = 0 ,
H0n (R) = H n (R).
For f ∈ H n (J ), we have f ∈ L2 (J ) and f (n) ∈ L2 (J ) by the preceding formula.
It can be shown that f ∈ H n (J ) implies that f (j ) ∈ L2 (J ) for all j = 1, . . . , n.
The preceding formulas are proved in [Br, Chap. 8] and [Gr, Sect. 4.3], where
Sobolev spaces on intervals are treated in detail.

Appendix F

Nevanlinna Functions and Stieltjes Transforms

In this appendix we collect and discuss basic results on Nevanlinna functions and
on Stieltjes transforms and their boundary values. For some results, it is difficult to
localize easily accessible proofs in the literature, and we have included complete
proofs of those results.
Let C+ = {z ∈ C : Im z > 0} denote the upper half-plane.
Definition F.1 A holomorphic complex function f on C+ is called a Nevanlinna
function (or likewise, a Pick function or a Herglotz function) if
Im f (z) ≥ 0 for all z ∈ C+ .
We denote the set of all Nevanlinna functions by N.
If f ∈ N and f (z0 ) is real for some point z0 ∈ C+ , then f is not open and hence
a constant. That is, all nonconstant Nevanlinna functions map C+ into C+ .
Each Nevanlinna function f can be extended to a holomorphic function on C\R
by setting f (z) := f (z) for z ∈ C+ .
Theorem F.1 (Canonical integral representation of Nevanlinna functions) For each
Nevanlinna function f , there exist numbers a, b ∈ R, b ≥ 0, and a finite positive
regular Borel measure μ on the real line such that
f (z) = a + bz +

R

1 + zt
dμ(t),
t −z

z ∈ C/R,

(F.1)

where the numbers a, b and the measure μ are uniquely determined by f .
Conversely, any function f of this form is a Nevanlinna function.
Proof [AG, Nr. 69, Theorem 2] or [Dn1, p. 20, Theorem 1].
Often the canonical representation (F.1) is written in the form


t
1
f (z) = a + bz +
−
dν(t), z ∈ C/R,
1 + t2
R t −z
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where ν is a regular positive Borel measure on R satisfying (1 + t 2 )−1 dν(t) < ∞.
The two forms (F.1) and (F.2) are related by the formula dμ(t) = (1 + t 2 )−1 dν(t).
Let now μ be a regular complex Borel measure on R.
Definition F.2 The Stieltjes transform of μ is defined by
Iμ (z) =

R

1
dμ(t),
t −z

z ∈ C\R.

(F.3)

Stieltjes transforms are also called Cauchy transforms or Borel transforms.
Theorem F.2 (Stieltjes–Perron inversion formula) The measure μ is uniquely determined by the values of its Stieltjes transform on C\R. In fact, for a, b ∈ R, a < b,
we have

 1   1  
1
μ (a, b) + μ {a} + μ {b} = lim
ε→+0 2πi
2
2


b


Iμ (t + iε) − Iμ (t − iε) dt,

a

(F.4)



μ {a} = lim −iεIμ (a + iε).

(F.5)

ε→+0

Proof Since μ is a linear combination of finite positive Borel measures, one can
assume without loss of generality that μ is positive. In this case proofs are given in
[AG, Nr. 69] and [We, Appendix B].
(F.4) can be proved by similar arguments as used in the proof of Proposition 5.14.
−iε
→ χ{a} (t) as ε → +0, (F.5) follows from (F.3) by interchanging limit
Since t−(a+iε)
and integration using the dominated convergence Theorem B.1.

From formula (F.4) it follows at once that Iμ ≡ 0 on C\R implies that μ = 0.
However, there are complex measures μ = 0 for which Iμ = 0 on C+ .
The following fundamental theorem, due to I.I. Privalov, is about boundary
values of Stieltjes transforms. Again, we assume that μ is a regular complex Borel
measure on R. Recall that the function μ ≡ fμ defined by (B.10) is of bounded
variation and differentiable a.e. on R by Theorem B.10.
Theorem F.3 (Sokhotski–Plemelj formula)
limε→±0 Iμ (t + iε) exist, are finite, and
Iμ (t ± i0) = ±iπ
where (PV)



dμ
(t) + (PV)
dt

R

The

limits

1
dμ(s)
s −t

Iμ (t ± i0) :=

a.e. on R,

(F.6)

denotes the principal value of the integral.

Proof [Pv] or [Mi].



From now on we assume that μ is a finite positive regular Borel measure on R.
Then Iμ (z) = Iμ (z) on C \ R. Hence, formulas (F.4) and (F.5) can be written as
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 1   1  
μ (a, b) + μ {a} + μ {b} = lim π −1
ε→+0
2
2
 
μ {a} = lim ε Im Iμ (a + iε).

b

Im Iμ (t + iε) dt,

(F.7)

a

(F.8)

ε→+0

Thus, the positive measure μ is uniquely determined by the values of Iμ on C+ .
The Stieltjes transform Iμ of the finite positive (!) Borel measure μ is obviously
a Nevanlinna function, since
Im Iμ (z) = Im z

R

1
dμ(t),
|t − z|2

z ∈ C\R.

The next result characterizes these Stieltjes transforms among Nevanlinna functions.
Theorem F.4 A Nevanlinna function f is the Stieltjes transform Iμ of a finite positive Borel measure μ on R if and only if


(F.9)
sup yf (iy) : y ∈ R, y ≥ 1 < ∞.


Proof [AG, Nr. 69, Theorem 3].

The necessity of condition (F.9) is easily seen:
Since μ(R)<∞, Lebesgue’s convergence Theorem B.1 applies and implies that
μ(R) = limy∈R,y→∞ −iyIμ (iy), which yields (F.9).

Theorem F.5 Let K be a closed subset of R. The Stieltjes transform Iμ (z) has a
holomorphic extension to C\K if and only if supp μ ⊆ K.


Proof [Dn1, Lemma 2, p. 26].

Let us sketch the proof of Theorem F.5:
If supp μ ⊆ K, then (F.3) with z ∈ C\K defines a holomorphic extension of Iμ
to C\K. Conversely, suppose that Iμ has a holomorphic extension, say f , to C\K.
Then limε→+0 Iμ (t ± iε) = f (t), and hence limε→+0 Im Iμ (t + iε) = 0 for t ∈ R\K.
Therefore, by (F.7) and (F.8), μ has no mass in R\K, that is, μ(R\K) = 0.

Since μ is a positive measure, the integral (P V )



in (F.6) is real, and we obtain

dμ
(t) = π −1 Im Iμ (t + i0) a.e. on R.
(F.10)
dt
Obviously, if for some t ∈ R, the boundary value Iμ (t + i0) of Iμ exists, so does
the boundary value (Im Iμ )(t + i0) of Im Iμ and Im(Iμ (t + i0)) = (Im Iμ )(t + i0).
However, (Im Iμ )(t + i0) may exist, but Iμ (t + i0) does not. But we always have
Im(Iμ (t + i0)) = (Im Iμ )(t + i0) a.e. on R.
The next result describes the parts of the Lebesgue decomposition (B.8) of the
measure μ with respect to the Lebesgue measure ν = m in terms of boundary values
of the imaginary part of its Stieltjes transform Iμ .
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Theorem F.6 (i) The singular part μsign of μ is supported by the set


Sμ := t ∈ R : (Im Iμ )(t + i0) = +∞ .
(ii) The absolutely continuous part μac is given by dμac (t) = π −1 (Im Iμ )(t + i0) dt
and supported by the set


Lμ := t ∈ R : 0 < (Im Iμ )(t + i0) < +∞ .
Proof (i): The de la Vallée Poussin theorem (Theorem B.9(ii)) states that μsign is
supported by the set S(μ) = {t ∈ R : (Dμ)(t) = +∞}. From the inequalities
(Im Iμ )(t + iε) =

R

ε2
dμ(s)
2
2
t−ε (s − t) + ε


dμ(s) = (2ε)−1 μ [t + ε, t − ε]

ε
dμ(s) ≥ ε −1
(s − t)2 + ε 2
t+ε

≥ ε −1

ε2

t−ε

ε2
+ ε2

t+ε

we conclude that (Dμ)(t) = +∞ implies (Im Iμ )(t + i0) = +∞, so S(μ) ⊆ Sμ .
This proves (i).
(ii): From formula (F.10) it follows that
(Dμ)(t) =

dμ
(t) = π −1 Im Iμ (t + i0) = π −1 (Im Iμ )(t + i0) a.e. on R,
dt
(F.11)

so that dμac (t) = π −1 (Im Iμ )(t + i0) dt by Theorem B.9(i). Hence, μac is supported
by the set L̃μ := {t : 0 < (Im Iμ )(t + i0)}. By (F.11) and Theorem B.9(i) we have
π −1 Im Iμ (· + i0) = Dμ = f ∈ L1 (R). Therefore, μac (Sμ ) = 0. (This follows also

from (i).) Hence, μac is also supported by the set Lμ = L̃μ \Sμ .
Theorem F.7 Suppose that f is a Nevanlinna function such that (F.9) holds and


(F.12)
sup Im f (z) : z ∈ C+ < ∞.
Then the function Im f (t + i0) is in L1 (R), and we have
f (z) = π −1

R

Im f (t + i0)
dt,
t −z

z ∈ C+ .

(F.13)

Proof Since we assumed that condition (F.9) holds, Theorem F.4 applies, and hence
f = Iμ for some finite positive Borel measure μ.
We prove that (F.12) implies that μ is absolutely continuous and (F.13) holds.
From (F.8) and (F.12) it follows that μ({c}) = 0 for all c ∈ R. Therefore, by (F.7),


μ (a, b) = lim π −1
ε→+0

b
a

b

Im Iμ (t + iε) dt = π −1

Im Iμ (t + i0) dt, (F.14)

a

where assumption (F.12) ensures that limit and integration can be interchanged by
Lebesgue’s convergence Theorem B.1. From (F.14) we easily conclude that dμ(t) =
π −1 Im f (t + i0) dt. Inserting this into (F.3), we obtain (F.13).
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We close this appendix by stating another related but finer result. It was not used
in this text. Let ν be a positive regular Borel measure on R satisfying
R

1
dν(t) < ∞.
1 + t2

Then the Poisson–Stieltjes transform Pν is defined by
Pν (x, y) =

R

y
dν(t),
(t − x)2 + y 2

x ∈ R, y > 0.

Note that Pν (x, y) is a nonnegative harmonic function on C+ . If the measure ν is
finite, the Stieltjes transform Iν is defined, and obviously Pν (x, y) = Im Iν (x + iy).
If ν is the Lebesgue measure, one computes that Pν (x, y) = π for x + iy ∈ C+ .
Then there is the following Fatou-type theorem; a proof is given in [Dn3].
Theorem F.8 Let t ∈ R.
(i) The limit Pν (t, +0) := limε→+0 Pν (t, ε) exists and is finite if and only if the
symmetric derivative (Dν)(t) (defined by (B.9)) does. In this case we have
Pν (t, +0) = π(Dν)(t).
(ii) If (Dν)(t) = +∞, then Pν (t, +0) ≡ limε→+0 Pν (t, ε) = +∞; the converse is
not true in general.
Suppose that the positive measure ν is finite. Since Pν (x, y) = Im Iν (x + iy), it
is obvious that Pν (t, +0) = (Im Iν )(t + i0). Hence, the assertion of Theorem F.6(ii)
can be derived from Theorem F.8(i), thereby avoiding the use of the Sokhotski–
Plemelj formula (F.10). Indeed, since π(Dν)(t) = (Im Iν )(t +i0) by Theorem F.8(i),
we have dνac (t) = π −1 (Im Iν )(t + i0) dt by Theorem B.9(i). This implies the assertion of Theorem F.6(ii).
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operator monotone, 233
quasi-analytic, 144
G
Gårding inequality, 258, 259
Gauss’ formula, 408
Graph of an operator, 4
Green’s formulas, 408
H
Hamburger moment problem, 363
Hausdorff moment problem, 389
Heinz inequality, 232
Hölder inequality, 398
J
Jacobi operator, 151, 186, 369
Jordan content, 277
K
Kato–Rellich potential, 175
Kato–Rellich theorem, 171
Krein transform, 297
Krein–Naimark resolvent formula, 325, 328
Krein–von Neumann extension, 291, 335
Krein’s trace formula, 213
L
Laplace operator, 169
Lax–Milgram lemma, 252
Linear relation, 307
adjoint, 308
closed, 308
inverse, 308
multivalued part, 307
operator part, 308
resolvent set, 309
self-adjoint, 309, 340
form, 310
spectrum, 309
symmetric, 309
M
Max–min principle, 279
Measure, 397
absolutely continuous, 399
Borel, 400
complex, 397
Lebesgue, 400
regular Borel, 400
atom, 400
pure point, 400

Subject Index
singularly continuous, 400
support, 400
symmetric derivative, 401
total variation, 397
transformation, 398
Min–max principle, 266
Moment, 363
Moment problem, 363
boundary triplet, 381, 390
existence of a solution, 365
Hamburger, 363
Hausdorff, 389
Jacobi matrix, 369
Jacobi operator, 369
Nevanlinna parameterization, 388
solution, 363
Stieltjes, 389
uniqueness, 372
von Neumann solution, 367, 373, 382
Weyl circle, 384
Wronskian, 369
Moment sequence, 363
determinate, 364, 372
indeterminate, 364
N
Nelson theorem, 150
Neumann boundary condition, 236, 241, 321
Neumann Laplacian, 241, 242, 273
Neumann problem
variational, 241
weak, 241, 260
Nevanlinna entire functions, 380
Nevanlinna function, 233, 324, 411
Numerical range, 28, 255
Nussbaum theorem, 149
O
Operator
A-bound, 170, 186
accretive, 48, 50, 56
adjoint, 8
adjoint of symmetric
boundary form, 41
symmetric subspace, 41
associated with a form, 227
closable, 6
closed, 6
modulus, 138
phase, 138
polar decomposition, 138
proper extension, 312
closure, 7
commutant, 20

Subject Index
Operator (cont.)
compact, 394
complex multiple, 4
defect number, 25
deficiency subspace, 25
diagonalizable, 113
Dirichlet, 260
dissipative, 48
domain, 3
eigenvalue, 30
eigenvector, 30
essentially self-adjoint, e.s.a., 8, 42
extension, 4
formally normal, 51, 304
graph, 4, 10, 54
graph norm, 6
Hilbert–Schmidt, 357, 395
invariant subspace, 20
inverse, 4
invertible, 4
irreducible, 20
isometric, 283
deficiency indices, 284
Jacobi, 151
kernel, 4
m-accretive, 48, 50, 56
m-dissipative, 48
m-sectorial, 48, 50, 259
multiplication, 8, 30, 53, 99
n-tuples of strongly commuting normal
functional calculus, 105
joint approximate eigenvalue, 104
joint spectrum, 104
spectral mapping theorem, 105
Neumann, 260
nonclosable, 7
normal, 51, 54, 56, 109, 304
strongly commuting, 101, 105
numerical range, 28
part, 20
product, 4
range, 3
reducing subspace, 20
regularity domain, 25
relatively bounded, 170
relatively compact, 180
resolvent, 28
resolvent set, 28
restriction, 4
Schrödinger, 173
sectorial, 48, 56
self-adjoint, 8, 42
commutant, 101
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compact resolvent, 94
cyclic vector, 99
eigenvalue, 93
form domain, 225
function, 92
functional calculus, 91, 93
generating vector, 99
negative eigenvalue, 270, 279
order relation, 230
positive eigenvalue, 272
resolvent, 93
simple spectrum, 99
spectrum, 93
Stone’s formulas, 96
strongly commuting, 105, 109, 153
spectrum, 28
sum, 4
symmetric, 37
defect numbers, 39
deficiency indices, 39
lower bound, 38
lower semibounded, 37
positive, 38
semibounded, 38
upper bound, 38
upper semibounded, 37
von Neumann’s formula, 42
trace class, 396
Orthogonal polynomials
of first kind, 367
of second kind, 374
P
Partial differential operator, 18, 167
maximal, 19, 168
minimal, 19, 168
Partial isometry, 137, 162, 287
Perturbation determinant, 206
Plücker identity, 354, 390
Poincaré inequality, 235, 406
Poisson–Stieltjes transform, 415
Polar decomposition, 138
Polarization identity, 5, 222
Potential, 173
Putnam’s corollary, 56
Q
Quadratic form, 221
Quasi-analytic vector, 145
R
Rayleigh quotient, 279
Rayleigh–Ritz method, 269
Regular point, 25
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Regularity of weak solutions, 408
Representation theorem
bounded coercive forms, 252
sectorial forms, 256
semibounded forms, 228
Resolution of identity, 61
Resolvent identity, 30
Riemann–Lebesgue lemma, 174, 403
Riesz representation theorem, 400
Rollnik class, 245, 272
S
Schrödinger operator, 173, 176, 244, 269, 271
essential spectrum, 182
Schwartz space, 403
Sesquilinear form, see form, 221
Singular sequence, 178
Sobolev space, 406
trace map, 407
Sokhotski–Plemelj formula, 412
Spectral geometry, 278
Spectral integrals, 73
Spectral mapping theorem, 105
Spectral measure, 66
product, 72
support, 69, 93
transformation, 83
Spectral premeasure, 66
Spectral radius, 32
Spectral shift, 202, 211
Spectral theorem
bounded self-adjoint operators, 85
compact self-adjoint operators, 111
n-tuples of strongly commuting
self-adjoint operators, 103
n-tuples of strongly commuting unbounded
normal operators, 101
normal operators, 103
unbounded self-adjoint operators, 89
Spectrum, 28
continuous spectrum, 30
point spectrum, 30
purely discrete, 32
residual spectrum, 30
self-adjoint operator
absolutely continuous, 191
continuous, 191
discrete, 178
essential, 178
singular, 191
singularly continuous, 191
Stieltjes moment problem, 389
Stieltjes transform, 376, 412
Stieltjes vector, 145

Subject Index
Stieltjes–Perron formula, 412
Stone’s formulas, 96
Stone’s theorem, 119
Sturm–Liouville operator, 237, 343
boundary triplet, 352
gamma field, 353
Weyl function, 353, 355
deficiency indices, 350
Green’s formula, 344
limit circle case, 349
limit point case, 349
regular end point, 345
resolvent, 357
singular end point, 345
Wronskian, 345
Symmetry, 301
T
Temple inequality, 269
Tensor product
of Hilbert spaces, 155
of operators, 158
Theorem
Ando–Nishio, 291
de la Vallée Poussin, 401
Fatou, 398
Fubini, 399
Fuglede, 53
Haussdorf–Young, 174, 404
Hellinger–Toeplitz, 38
Hille–Yosida, 129
Kato–Rellich, 171
Kato–Rosenblum, 216
KLMN, 243
Krasnosel’skii–Krein, 27
Kuroda–Birman, 216
Lax–Milgram, 252
Lebesgue, 398
Lebesgue–Radon–Nikodym, 399
Lidskii, 396
Löwner, 233
Lumer–Phillips, 131
Nelson, 150
Nevanlinna, 388
Nussbaum, 149
Plancherel, 404
Privalov, 412
Rellich, 406
Riemann–Lebesgue, 403
Riesz, 400
Stone, 119
von Neumann, 288
Wüst, 172
Three terms recurrence relation, 371

Subject Index
Trace, 396
Trace formula, 213
U
Uncertainty principle, 55
Unitary group, 117
V
Variational problem, 229
Vector
analytic, 145
bounded, 145
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quasi-analytic, 145
Stieltjes, 145
Virial theorem, 273
Von Neumann’s formula, 42
W
Weak derivative, 18, 405
Weyl’s alternative, 347
Weyl’s asymptotic formula, 277
Weyl’s criterion, 178, 180
Wronskian, 345, 369

Symbol Index

A +̇ s, 243
A ≥ B, 230
A  B, 230
A(z), B(z), C(z), D(z), 380
AC[a, b], 13, 409
A[·,·], 225
A +̇ B, 244
Aα , 97
A1/2 , 95
At , 227
Ap , Ac , Aac , Asing , Asc , 191
BS , 297
C{mn }, 144
CT , 90
E(λ), 61
E1 × · · · × Ek , 72
EA , 89
H 1 (a, b), H 2 (a, b), 13
H n (Ω), H0n (Ω), 406
H n (J ), 410
H0n (a, ∞), H0n (R), 410
Hz , 385
Iμ , 376, 412
J (M), 277
Kz , 384
LD , 260
LN , 260
Lmin , Lmax , 19, 343
M(z), 322
Mx , 365
ND,Ω (λ), 275
PB , 309
Pn (x), 367
Qn (z), 374
Rλ (T ), 28
S ⊆T,4
SB , 297

Sc,θ , 48
T V , 314
T ∗ , 8, 308
T −1 , 4, 308
T0 , T1 , 313
T0 ⊕ T1 , 20
T1  T2 , 156
T1 ⊗ T2 , 158
TN , 291
TV , 285
TZ , 142
TB , 312
Ts , 308
U (t), 117
UT , 138
VT , 284
W (γ , β), 369
W1 (R), 215
ZT , 90, 142
ΔB/A , 206
H1  H2 , 154
H1 ⊗ H2 , 155
Ht , 224
Hs , 365
Θ(t), 255
Θ(T ), 28, 48
αt, 222
αA (B), 170
βt (s), 243
D (T ), 3, 307
D (T ∗ ), 8
D (Ω), 405
D (t), 221
D [A], 225
D  (Ω), 405
D a (T ), 145
D b (T ), 145
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432
D s (T ), 145
D qa (T ), 145
E (T ), 291
F , 403
G (T ), 4, 54
It , 224
M(T ), 307
M(R), 363
N (T ), 3, 307
R(T ), 3, 307
S (Ω, A, E), 75
S (H), 309
S (Rd ), 403

C+ , 411
B(Ω), 400
N, 411
R, 245
γ (z), 322
γ0 , γ1 , 407
qz , 374, 375
s + t, t + α, 222
t∗ , 251
t , 223
tA , 225
tB , 310
fˆ, fˇ, 403
λn (A), 265
μn ˜(A), 265
I(f ), 73, 76, 93
μa , μs , 399
μn (A), 265
μac , μsing , 400
ν(x), 407
νT (y), 290
ωd , 275
T,7
t, 224
π(T ), 25, 38
ρ(T ), 28, 309
σ (T ), 28, 309
σ (T ) = σ (T1 , . . . , Tn ), 104
σess (A), 178
σac (A), 191
σc (A), 191
σd (A), 178
σp (T ), 30
σsc (A), 191

Symbol Index
σsing (A), 191
supp E, 69
ξ(λ; B, A), 211
{T } , 20
{T }c , 153
d+ (T ), d− (T ), 39, 43
dλ (T ), 25
f (A), 92, 93
f ∗ g, 404
mT , 38
mt , 222
p(D), 167
p(D)min , p(D)max , 168
p(T ), 5
r(T ), 32
x ⊗ y, 154
B(H1 , H2 ), B(H), 393
B1 (H), 396
B2 (H), 395
B∞ (H), 394
B(S), 312
D ∞ (T ), 145
L, L+ , 18
Nλ , 311
pz , 371
t[x], 221
Tr T , 396
supp f , 405
Re t, Im t, 251
det(I + T ), 203
sp(ϕ), 54
supp μ, 400
(K, Γ0 , Γ1 ), 311
−ΔD , 239, 240
−ΔN , 241, 242
[·,·]
 T ∗ , 41, 311
f dE, 63
R
f dE, 73
Ω

J f dE, 63
·,·t , 222
·,·s , 365
·,·T , 5
 · t , 222
 · T , 6
|μ|, 397
|T |, 137

