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Abstract. It is known that the hierarchy induced by local decision in
networks where the certiﬁcates may depend on the actual identities of the
nodes collapses at the ﬁrst level [Korman et al., 2010]. We show that, if
the certiﬁcates cannot depend on the actual identities of the nodes, then
the hierarchy also collapses, but at the second level, while the ﬁrst and
second levels are diﬀerent.

1

The Framework

Following the guidelines of [3], we deﬁne a configuration as a pair (G, ) where
G = (V, E) is a connected simple graph, and  : V (G) → {0, 1}∗ is a function
assigning a label (u) to every node u ∈ V . A distributed language L is a Turingdecidable set of conﬁgurations. Note that the membership of a conﬁguration to
a distributed language is independent of the identity that may be assigned to
the nodes. The class LD is the set of all distributed languages that are locally
decidable [3]. That is, LD is the class of all distributed languages L for which there
exists a local algorithm A (i.e., an algorithm A running in a constant number of
rounds in the LOCAL model [6, 8]) satisfying that, for every conﬁguration (G, ),
we have (G, ) ∈ L ⇐⇒ A accepts (G, ), where one says that A accepts if it
accepts at all nodes. More formally, given a graph G, let ID(G) denote the set
of all possible identity assignments to the nodes of G (with distinct non-negative
integers). Then LD is the class of all distributed languages L for which there
exists a local algorithm A satisfying the following: for every conﬁguration (G, ),
(G, ) ∈ L ⇒ ∀id ∈ ID(G), ∀u ∈ V (G), A(G, x, id, u) = accept
(G, ) ∈
/ L ⇒ ∀id ∈ ID(G), ∃u ∈ V (G), A(G, x, id, u) = reject
where A(G, x, id, u) is the output of Algorithm A at node u running on the
instance (G, ) with identity-assignment id.
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The class NLD [3] is the non-deterministic version of LD, i.e., the class of all
distributed languages L for which there exists a local algorithm A verifying L,
i.e., satisfying that, for every conﬁguration (G, ),
(G, ) ∈ L ⇒ ∃c ∈ C(G), ∀id ∈ ID(G), ∀u ∈ V (G), A(G, x, c, id, u) = accepts
(G, ) ∈
/ L ⇒ ∀c ∈ C(G), ∀id ∈ ID(G), ∃u ∈ V (G), A(G, x, c, id, u) = rejects
where C(G) is the class of all functions c : V (G) → {0, 1}∗ , assigning a certificate
c(u) to each node u. Note that the certiﬁcates c may depend on both the network
and the labeling of the nodes, but should be set independently of the actual
identity assignment to the nodes of the network. In the following, for the sake
of simplifying the notations, we shall omit specifying the domain sets C(G) and
ID(G) unless they are not clear from the context.
It follows from the above that NLD is a class of distributed languages that
can be locally verified, in the sense that, on legal instances, certiﬁcates can
be assigned to nodes by a prover so that a verifier A accepts, and, on illegal
instances, the veriﬁer A rejects (i.e., at least one node rejects) systematically,
and cannot be fooled by any fake certiﬁcate.
In [2], NLD was proved to be exactly the class of distributed languages that
are closed under lift. Hence, NLD does not contain all distributed languages.
In contrast, LCP (for locally checkable proofs), deﬁned in [4], is the class of all
distributed languages L for which there exists a local algorithm A verifying L
in the following sense: for every conﬁguration (G, ),
(G, ) ∈ L ⇒ ∀id ∈ ID(G), ∃c ∈ C(G), ∀u ∈ V (G), A(G, x, c, id, u) = accepts,
(G, ) ∈
/ L ⇒ ∀id ∈ ID(G), ∀c ∈ C(G), ∃u ∈ V (G), A(G, x, c, id, u) = rejects.
Note that, in LCP, the certiﬁcates can depend on the identity assignment to
the nodes. It is known that LCP contains all distributed languages, since every
distributed language has a proof-labeling scheme [5].

2

Our Contributions

Following up the approach recently applied to distributed graph automata in [7],
we observe that the class LD and NLD are in fact the basic levels of a “local
hierarchy” deﬁned as follows. Let Σ0 = Π0 = LD, and, for k ≥ 1, let Σk be the
class of all distributed languages L for which there exists a local algorithm A
satisfying that, for every conﬁguration (G, ),
(G, ) ∈ L ⇐⇒ ∃c1 , ∀c2 , . . . , Qck , A accepts (G, ) with certiﬁcates c1 , c2 , . . . , ck
where the quantiﬁers alternate, and Q is the universal quantiﬁer if k is even, and
the existential one if k is odd. The class Πk is deﬁned similarly, by starting with
a universal quantiﬁer, instead of an existential one. The certiﬁcates c1 , c2 , . . . , ck
should not depend on the identity assignment to the nodes. Hence, NLD = Σ1 ,
and, for instance, Π2 is the class of all distributed languages L for which there
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exists a Π2 -algorithm, that is, a local algorithm A satisfying the following: for
every conﬁguration (G, ),
(G, ) ∈ L ⇒ ∀c1 , ∃c2 , ∀id, ∀u ∈ V (G), A(G, x, c1 , c2 , id, u) = accept;
(G, ) ∈
/ L ⇒ ∃c1 , ∀c2 , ∀id, ∃u ∈ V (G), A(G, x, c1 , c2 , id, u) = reject.
Our main results are the following.
Theorem 1. LD ⊂ Π1 ⊂ NLD = Σ2 ⊂ Π2 = All, where all inclusions are strict.
That is, Π1 ⊃ Π0 , while Σ2 = Σ1 , and the whole local hierarchy collapses
to the second level, at Π2 . We complete our description of the local hierarchy
by a collection of separation and completeness results regarding the diﬀerent
classes and co-classes in the hierarchy. In particular, we revisit the completeness
results in [3], and show that the notion of reduction introduced in this latter
paper is too strong, and may allow a language outside NLD to be reduced to a
language in NLD. We introduce a more restricted form of local reduction, called
label-preserving, which does not have this undesirable property, and we establish
the following.
Theorem 2. NLD and Π2 have complete distributed languages for local labelpreserving reductions.
Finally, Fig. 1 summarizes all our separation results.
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Fig. 1. Relations between the diﬀerent decision classes of the local hierarchy.

A extended version of this brief announcement can be found in [1].
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A register is a fundamental object that supports Read and Write operations.
Implementing large -bit registers from small k-bit registers in a wait-free manner
is a classic problem in distributed computing. We consider this problem for
single-writer atomic registers shared by n readers. This problem arises naturally
in practice when -bits need to be written atomically on a system that provides
only k-bit registers.
The space complexity of an implementation is the number of shared k-bit
registers that it uses and the step complexity is the number of shared register
operations. Note that Ω(/k) steps are required for Read operations [3]. Also,
any implementation requires Ω(/k) space, since 2 diﬀerent values might need
to be represented.
Peterson [4] presented an -bit single-writer register implementation using
Θ(n/k) space in 1983. Peterson’s implementation uses Θ(/k) steps for Read,
Θ(n/k) steps for Write, and works for all k ≥ 1.
In 1991, Vidyasankar [5] showed that atomic -bit registers can be implemented from two regular -bit registers and one atomic binary register. Write
performs 2 regular writes and 2 atomic writes. Read performs at most 2 regular
reads and 1 atomic read.
Later, Chaudhuri and Welch [3] presented an implementation of regular -bit
registers from regular binary registers with step complexity Θ() for both Read
and Write, using Θ(2 ) space.
Chaudhuri, Kosa and Welch [2] presented an atomic -bit register implementation from atomic binary registers in which each Write operation performs
only one step. However, the step complexity of Read and the space complexity
are both Θ(4 ).
Recently, Aghazadeh, Golab and Woelfel [1] implemented an -bit multiwriter register shared by n processes from k-bit multi-writer registers with
step complexity Θ(/k) for both Read and Write. Their implementation uses
Θ(n2 /k) registers and requires that k ∈ Ω(log n).
Observations. Using Chaudhuri and Welch’s implementation for the regular
-bit registers in Vidyasankar’s algorithm gives an implementation of an atomic
-bit register from regular binary registers and one atomic binary register with
Θ() step complexity and Θ(2 ) space complexity. We call this the CWV implementation.
c Springer-Verlag Berlin Heidelberg 2016
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Aghazadeh et al.’s implementation can be modiﬁed to implement an -bit
single-writer register from k-bit single-writer registers with Θ(/k) step complexity and Θ(n/k) space complexity, provided that k ∈ Ω(log n).
Main Contributions. In this paper, we present an implementation of atomic
-bit single-writer registers from atomic k-bit single-writer registers with Θ(/k)
step complexity that works for all k ≥ 1. Our implementation uses O(n/k)
registers, which is the same as Peterson’s implementation and the single-writer
variant of Aghazadeh et al.’s implementation.
We prove the following result, which shows that our implementation is step
optimal.
Theorem 1. Any regular -bit single-writer register implementation from atomic
k-bit single-writer registers with O(/k) step complexity for Read requires Ω(/k)
step complexity for Write.
Our register implementation is the composition of a tree based implementation and a buﬀer based implementation. Although our tree based implementation
can be replaced by the CWV implementation, we will present it brieﬂy because
it is interesting.
We begin by describing Chaudhuri and Welch’s regular register implementation. They use a complete binary tree where each leaf represents a diﬀerent
register value and each internal node stores a switch, a shared binary register that selects between its two children. Their regular register read operation,
RegRead, traverses down the tree, following the switches, until it reaches a
leaf and returns the value of that leaf. Their regular register write operation,
RegWrite, starts at the leaf with the value it wishes to write and traverses up
the tree, changing each switch on the path to point to that leaf. Note that leaves
are not represented in shared memory.
To make their implementation atomic, we ﬁrst use atomic registers, rather
than regular registers, for the switches at height 1. If α is the value of the leaf
that is currently reachable from the root by following switches and β is the value
of the leaf that is its sibling, then a RegWrite of β would be atomic,
   since it
2
height 1
changes only the switch at their parent. Consider a tree with
2
nodes such that every pair of values are siblings in the tree. To atomically write
the value β to a register containing the value α, the writer ﬁrst changes the
switches to point to a leaf with value α whose sibling has value β. Then the
writer changes their parent’s switch to point to the leaf with value β. Write
operations are linearized when this switch changes. Read performs the same
steps as RegRead.
Using a 2k -ary tree, we can generalise this implementation to use k-bit registers rather than binary registers. The resulting step complexity is Θ(/k) and
the space complexity is Θ(4/k ). The same generalization can be applied to the
CWV algorithm.
Our tree based implementation can be modiﬁed to implement an -bit counter
that supports a single incrementer and any number of readers. Since the value
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can only be incremented, we only need each pair of consecutive values (modulo
2 ) to be siblings in the tree. Hence the space complexity can be reduced to
Θ(2/k ) and the step complexity remains the same. Our counter is a factor of
two faster than the CWV implementation and has the same asymptotic space
complexity.
Our buﬀer based implementation uses this counter as well as known techniques, such as announcement arrays, round robin helping, and handshake
objects, to implement an atomic -bit register with Θ(/k + (log n)/k) step complexity and Θ(n/k + n(log n)/k) space complexity.
A buﬀer is an array of /k k-bit registers used to represent an -bit value.
As in Peterson’s implementation, our buﬀer-based implementation uses an array
of buﬀers G, and a pointer V to the currently active buﬀer in G. However, in our
implementation, G contains 4n buﬀers, instead of 2, and V is implemented using
a log2 4n-bit single-incrementer counter. Like Aghazadeh, Golab and Woelfel’s
implementation, our implementation uses round robin helping, except that it
uses handshaking and completion bits to coordinate the helping.
At a high level, a reader announces the index of the element in G that it
wants to read in a single-reader single-writer array. The writer helps the reader
by writing that element, as well as the most recent value it wrote to two singlereader buﬀers. Each of these arrays is accompanied by a completion bit. The
completion bit is set when the write to the array is ﬁnished to indicate that it
is safe to read from the array.
When  ≤ (log2 n)/2, both our tree based implementation and the CWV
implementation have Θ(/k) step complexity and O(n/4k ) space complexity.
When  > (log2 n)/2, our buﬀer based implementation has Θ(/k) step complexity and uses Θ(n/k) registers. Combining the algorithms based on the value of
 yields the following theorem.
Theorem 2. There is an implementation of an atomic -bit single-writer register from atomic k-bit single-writer registers with Θ(/k) step complexity and
O(n/k) space complexity.
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Abstract. We give a simple deterministic constant-round algorithm in
the congested clique model for reducing the number of edges in a graph
to n1+ε while preserving the minimum spanning forest, where ε > 0 is
any constant. This implies that in the congested clique model, it is suﬃcient to improve MST and other connectivity algorithms on graphs with
slightly superlinear number of edges to obtain a general improvement.
As a byproduct, we also obtain an alternative proof showing that MST
can be computed deterministically in O(log log n) rounds.

1

Introduction

MST in the Congested Clique. The congested clique [5] is a specialisation of the
standard CONGEST model of distributed computing; in the congested clique,
each of the n nodes of the network can send a diﬀerent message of O(log n) bits to
each other node each synchronous communication round. The congested clique
model has attracted considerable interest recently, as the fully connected communication topology allows for much faster algorithms than the general CONGEST
model.
Minimum spanning tree is perhaps the most studied problem in the congested
clique model, and a good example of the power of the model. The Lotker et al. [5]
paper introducing the congested clique model gave an O(log log n)-round deterministic MST algorithm. Subsequently, even faster randomised algorithms have
been discovered: the O(log log log n)-round algorithm by Hegeman et al. [2], and
the recent O(log∗ n)-round algorithm by Ghaﬀari and Parter [1].
MST Sparsification. Both of the above fast randomised MST algorithms are
based on fast randomised graph connectivity algorithms. To solve MST, they
use a reduction of Hegeman et al. [2] from MST to graph connectivity; this
works by (1) reducing general MST into two instances of MST on graphs with
O(n3/2 ) edges using a randomised sampling technique of Karger et al. [3], and
(2) reducing MST on sparse graphs to multiple independent instances of graph
connectivity.
In this work, we take a closer look at the sparsiﬁcation step of the Hegeman
et al. [2] reduction. Speciﬁcally, we show that it is possible to obtain much
stronger sparsiﬁcation for connectivity problems in constant rounds without
using randomness:
c Springer-Verlag Berlin Heidelberg 2016
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Theorem 1. Given a weighted graph G = (V, E) and an integer k, we can

k
compute in O(k) rounds an edge subset E  ⊆ E with |E  | = O n1+1/2 such
that E  contains one minimum spanning forest of G.
In particular, Theorem 1 implies that graphs with slightly superlinear number of edges are the hardest case for connectivity problems in the congested
clique, as graphs with linear number of edges can be learned by all nodes in constant rounds using the routing protocol of Lenzen [4]. Alas, our sparsiﬁcation
technique alone fails to improve upon the state-of-the-art even for deterministic
MST algorithms, though applying Theorem 1 with k = log log n does give an
alternative deterministic O(log log n) algorithm for MST in the congested clique.

2

Deterministic MST Sparsification

Let S = {S1 , S2 , . . . , S } be a partition of V . For integers i, j with 1 ≤ i ≤ j ≤ ,
we deﬁne


S
= {u, v} ∈ E : u ∈ Si and v ∈ Sj ,
Eij
S
and denote by GSij the subgraph of G with vertex set Si ∪ Sj and edge set Eij
.

Definition 1. For 0 < ε ≤ 1, graph G = (V, E) and partition S =
{S1 , S2 , . . . , S } of V , we say that (G, S) is ε-sparse if  = nε , each S ∈ S has
S
≤ 2n1−ε .
size at most n1−ε and for each i, j with 1 ≤ i ≤ j ≤ , we have Eij
If (G, S) is ε-sparse, then G can have at most 2n1+ε edges. Moreover, we will
now show that we can amplify this notion of sparseness from εto ε/2 in constant

rounds. Observing that for any graph G = (V, E) and S = {v} : v ∈ V , we
have that (G, S) is 1-sparse, we can start from arbitrary graph and apply this
sparsiﬁcation k times to obtain sparsity 1/2k , yielding Theorem 1.
For convenience, let us assume that the all edge weights in the input graph in
distinct, which also implies that the minimum spanning forest is unique. If this
is not the case, we can break ties arbitrarily to obtain total ordering of weights.
Recall that each node in V receives its incident edges in G as input.
Lemma 1. Given a graph G = (V, E) with distinct edge weights and unique
MSF F ⊆ E, and a globally known partition S such that (G, S) is ε-sparse, we
can compute a subgraph G = (V, E  ) of G and a globally known partition T such
that (G , T ) is ε/2-sparse and F ⊆ E  in constant number of rounds.
Proof. To obtain the partition T = {T1 , T2 , . . . , Tnε/2 }, we construct each set Ti
by taking the union of nε/2 sets Sj . Clearly sets Ti constructed this way have
size n1−ε/2 , and this partition can be constructed by the nodes locally. Since
(G, S) is ε-sparse, we now have that

 

 T
S 
Exy
Eij  =
≤ (nε/2 )2 2n1−ε = 2n.
x : Sx ⊆Ti y : Sy ⊆Tj
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We assign arbitrarily each pair (i, j) with 1 ≤ i ≤ j ≤ nε/2 as a label for distinct
node v ∈ V . The number of such pairs (i, j) is at most (nε/2 )2 = nε ≤ n, so this
is always possible, though some nodes may be left without labels. The algorithm
now proceeds as follows:
1. Distribute information about
 the
 edges so that node with label (i, j) knows
T
T
≤ 2n, this can be done in constant rounds
. Since Eij
the full edge set Eij
using the routing protocol of Lenzen [4].
2. Each node with label (i, j) locally computes a minimum spanning forest
FijT for the subgraph GTij using information obtained in previous step. Since
 
|Ti ∪ Tj | ≤ 2n1−ε/2 , we also have FijT  ≤ 2n1−ε/2 .
3. Redistribute information about the sets FijT so that each node knows which
of its incident edges are in one of the sets FijT . Again, this takes constant
rounds.

Taking E  = (i,j) FijT , we have that (G , T ) is ε/2-sparse. To see that E  also
contains all edges of F , recall the fact that an edge e ∈ E is in MSF F if
and only if it is the minimum-weight edge crossing some cut (V1 , V2 ), assuming
T
is in F , then it
distinct edge weights (see, e.g. Karger et al. [3]). If edge e ∈ Eij
is minimum-weight edge crossing a cut (V1 , V2 ) in G, and thus also minimum

weight edge crossing the corresponding cut in GTij , implying e ∈ FijT .
Acknowledgements. We thank Magnús M. Halldórsson, Juho Hirvonen, Tuomo
Lempiäinen, Christopher Purcell, Joel Rybicki and Jukka Suomela for discussions,
and Mohsen Ghaﬀari for sharing a preprint of [1]. This work was supported by grant
152679-051 from the Icelandic Research Fund.
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Brief Announcement: Symmetricity
in 3D-space — Characterizing Formable
Patterns by Synchronous Mobile Robots
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Graduate School of ISEE, Kyushu University, Fukuoka, Japan
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Mobile Robot System. We consider distributed coordination of autonomous
mobile robots moving in the three-dimensional space (3D-space). Each robot
is an anonymous point and executes a common algorithm. It has neither any
access to the global coordinate system nor any explicit communication medium.
Its unit action is a Look-Compute-Move cycle, where it observes the positions of
other robots (Look phase), computes the next position and the route to reach
there by a common algorithm (Compute phase), and moves to the computed
next position (Move phase). In a Look phase, each robot observes the positions
of other robots in its local coordinate system, i.e., x-y-z Cartesian coordinate system. The origin of the local coordinate system is the current position of the robot,
and the directions of the axes and the unit distance are arbitrary. We assume
that all coordinate systems are right-handed. Hence each local coordinate system is obtained by a translation, a rotation, a uniform scaling, or a combination
of them on the global coordinate system. In a Compute phase, if the input to
the common algorithm is the observation obtained in the preceding Look phase,
the algorithm is called oblivious, otherwise non-oblivious. In a Move phase, if all
robots reach their next positions, the movement is called rigid. Non-rigid movement allows the robots to stop en route; each robot moves at least an unknown
minimum moving distance δ, but after that it may stop at any point on the route.
There are three types of synchrony among the robots: We consider discrete time
t = 0, 1, 2, · · · . In the fully-synchronous (FSYNC) model, at each time instant,
the robots execute a Look-Compute-Move cycle synchronously with each of the
Look phase, Compute phase, and the Move phase completely synchronized. In
the semi-synchronous (SSYNC) model, a non-empty subset of the robots execute
a Look-Compute-Move cycle at each time instant, with each of the three phases
completely synchronized. In the asynchronous (ASYNC) model, we do not put
any assumption on the execution of the Look-Compute-Move cycles except that
the length of each cycle is finite.
Pattern Formation Problem. The pattern formation problem requires the robots
to form a given target pattern from an initial configuration.
Y. Yamauchi — This work was supported by a Grant-in-Aid for Scientific Research
on Innovative Areas “Molecular Robotics” (No. 24104003 and 15H00821) of
MEXT, Japan, and JSPS KAKENHI Grant Numbers JP15H02666, JP15K11987,
JP15K15938.
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Let R = {r1 , r2 , . . . , rn } be the set of anonymous robots. We use ri just for
description. We denote the position of robot ri (in the global coordinate system
Z0 ) at time t by pi (t). The configuration of the robots at time t is a set of
points P (t) = {p1 (t), p2 (t), . . . , pn (t)}. We assume that any initial configuration
P (0) contains no multiplicity. An execution of an algorithm ψ from an initial
configuration P (0) is a sequence of configurations P (0), P (1), P (2), · · · . Note
that there exist many executions depending on the local coordinate systems of
the robots in P (0), asynchrony, and non-rigid movement. A target pattern F is a
set of positions of n points observed in Z0 . The pattern formation problem allows
uniform scaling, translation, rotation, and their combinations on F . We say an
algorithm ψ forms F from an initial configuration P (0) if for any execution
P (0), P (1), P (2), · · · , there exists t ≥ 0 such that for any t ≥ t, P (t ) = P (t)
and P (t)  F . When there exists an algorithm that forms F from P , we say F
is formable from P . Our goal is to characterize the formable patterns and reveal
the formation power of the robots.
In the two-dimensional space (2D-space), the set of formable patterns are
characterized by using the notion of symmetricity. For a given set of points P ,
consider a decomposition of P into regular m-gons centered at the center c(P )
of the smallest enclosing circle of P . The symmetricity ρ(P ) of P is the maximum of such m, except that ρ(P ) = 1 when c(P ) ∈ P . It has been shown
that irrespective of obliviousness and asynchrony, the robots can form a target
pattern F from an initial configuration P if and only if ρ(P )|ρ(F ) [1–3]. The
impossibility is shown by the worst case, where both the positions of the robots
and their local coordinate systems are symmetric. Because the observations of
the robots forming a regular ρ(P )-gon are the same, their next positions form
a regular ρ(P )-gon again. Then the robots can never break their symmetricity ρ(P ). This result immediately holds for the oblivious FSYNC robots with
rigid movement, and this fact determines the limit of the formation power of
the non-oblivious ASYNC (thus SSYNC) robots with non-rigid movement since
these models allow initial empty memory content, the FSYNC schedule, and
rigid movement. Regarding the formable patterns, existing papers show oblivious pattern formation algorithms for each of the FSYNC, SSYNC, and ASYNC
models with non-rigid movement [1–3].
On the other hand, the definition of symmetricity is based on the following
simple symmetry breaking algorithm: When c(P ) ∈ P in an initial configuration
P , the robot on c(P ) can translate P to an asymmetric configuration by just
leaving its current position.
Our Results. Symmetricity in 2D-space is essentially the order of the cyclic group
that acts on a given set of points. We extend the notion of symmetricity in 2Dspace to 3D-space by using the rotation groups. In 3D-space, there are five kinds
of rotation groups, the cyclic groups, the dihedral groups, the tetrahedral group,
the octahedral group, and the icosahedral group. Each of the rotation groups
is recognized as the set of rotation operations on a regular pyramid, a regular
prism, a regular tetrahedron, a regular octahedron, and a regular icosahedron,
respectively. Specifically, each rotation group is defined as a set of rotation axes
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and their arrangement. When a rotation axis admits rotations by 2π/k, 4π/k, · · · ,
and 2π, we call the axis k-fold rotation axis. Let S = {Ck , D , T, O, I | k =
1, 2, · · · ,  = 2, 3, · · · }, where Ck (k = 1, 2, · · · ) is a cyclic group with a single
k-fold rotation axes, and D ( = 2, 3, · · · ) is a dihedral group with a single
-fold rotation axis (principal axis) and  2-fold rotation axes perpendicular to
the principal axes. C1 consists of only the identity element. Then we define the
rotation group and the symmetricity of a set of points in 3D-space.
Definition 1. Let P be a set of n points in 3D-space. The rotation group γ(P )
of P is the rotation group in S that acts on P and none of its proper supergroup
in S acts on P .
Clearly γ(P ) is uniquely determined for any set of points P . If a rotation
axis of γ(P ) contains some point of P , we say the rotation axis is occupied.
For two groups G, H ∈ S, an embedding of G to H is an embedding of each
rotation axis of G to one of the rotation axes of H so that any k-fold axis of G
overlaps a k  -fold axis of H satisfying k|k  with keeping the arrangement of the
rotation axes of G.
Definition 2. Let P be a set of n points in 3D-space. The symmetricity (P ) of
P is the set of rotation groups G ∈ S that acts on P (thus G  γ(P )) and there
exists an embedding of G to unoccupied rotation axes of γ(P ). If all rotation
axes of γ(P ) are occupied, (P ) consists of C1 .
Then we show the following theorem that characterizes the set of formable
patterns for FSYNC robots in 3D-space.
Theorem 1. Regardless of obliviousness, FSYNC robots can form a target pattern F from an initial configuration P if and only if (P ) ⊆ (F ).
The necessity is clear from the existence of a symmetric initial configuration
with symmetric local coordinate systems for each G ∈ (P ). For the solvable
instances, we designed an oblivious pattern formation algorithm that consists
of a symmetry breaking phase, an embedding phase, and a perfect matching
phase. The symmetry breaking phase is essentially the same as the symmetry
breaking in 2D-space; the robots on rotation axes leave their current positions.
We can show that the rotation group of any resulting configuration is in the
symmetricity of an initial configuration. Because of the condition of Theorem 1,
the robots can agree on a perfect matching between the current configuration
and an embedded target pattern, and complete the pattern formation.
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Introduction, Model and Motivation. One of the main challenges that
arise while handling big-data is not only the large volume, but also the highdimensions of the data. Moreover, part of the information at the diﬀerent dimensions may be missing. Assuming that the true (unknown) data is d-dimensional
points, we suggest representing the given data point (which contains lack information at diﬀerent dimensions) as a k-aﬃne subspace embedded in the Euclidean
d dimensional space Rd . A data object that is incomplete in one or more features
corresponds to an aﬃne subspace (called ﬂat, for short) in Rd , whose dimension,
k, is the number of missing features.
This representation yields algebraic objects, which help us to better understand the data, as well as study its properties. A central property of the data is
clustering. Clustering refers to the process of partitioning a set of objects into
subsets, consisting of similar objects. Finding a good clustering is a challenging
problem. Due to its wide range of applications, the clustering problem has been
investigated for decades, and continues to be actively studied not only in theoretical computer science, but in other disciplines, such as statistics, data mining and
machine learning. A motivation for cluster analysis of high-dimensional data, as
well as an overview on some applications where high-dimensional data occurs,
is given in [3].
Our underlying assumption is that the original data-points, the real entities,
can be divided into diﬀerent groups according to their distance in Rd . Formally,
the data set satisfy the following assumptions: (i) There are m clusters. (ii)
Each cluster is modeled as a ball in Rd . (iii) All k-ﬂats which belong in the same
cluster are intersected with the ball of the cluster. (iv) Each k-ﬂat that belong to
a cluster is selected uniformly among all k-ﬂats that intersect the ball’s cluster.
A data set that satisﬁes these assumptions will be called separable data.
The distance between a ﬂat and a point (the center of the ball) is welldeﬁned, hence, the classic clustering problems, such as k-means or k-centers
(see [2] Chap. 8), can be deﬁned on a set of ﬂats. The clustering problem when
the data is k-ﬂats is to ﬁnd the center of the balls that minimizes the sum of the
distance between the k-ﬂats and the center of their groups, which is the nearest
center among all centers. However, Lee & Schulman [4] argues that the running
time of an approximation algorithm, with any approximation ratio, cannot be
polynomial in even one of m (the number of clusters) and k (the dimension
of the ﬂats), unless P = N P . We overcome this obstacle by approaching the
problem diﬀerently. Using a probabilistic assumption based on the distribution
of the data, we achieve a poly-logarithmic algorithm, which we use to identify the
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ﬂats’ groups. Moreover, the presented probability arguments can help us in better
understanding the geometric distribution of high dimensional data objects, which
is of major interest and importance in the scope of big-data research.
Our Contributions. We face the challenge of mending the missing information
at diﬀerent dimensions by representing the objects as aﬃne subspaces. In particular, we work within the framework of ﬂats in Rd , where the missing features
correspond to the (intrinsic) dimension of the ﬂat. This representation is accurate and ﬂexible, in the sense that it saves all the features of the origin data; it
also allows for algebraic calculation over the objects.
We study the pairwise distance between the ﬂats, and based on our probabilistic and geometrical results, we developed a polylogarithmic algorithm that
achieves clustering of the ﬂats with high probability.
The main result of the study is summarized in the following theorem, while
the precise deﬁnition and the detailed proof are presented in the full paper [1].
Theorem 1. Given the separable data set P of n aﬃne subspaces of dimension k
in Rd , for any  > 0 and for suﬃciently large d (depending on ), with probability
1 − , we can cluster P using their pair-wise distance projection in poly(n, k, d)
time.
Remarks:
– In addition to proving good performance for high dimensions as required in
the scope of big-data, we also show that the algorithm works well for low
dimensions. We addressed this issue through empirical studies.
– Using sampling, we achieve a poly-logarithmic running time. Namely, instead
of running the algorithms with the whole n ﬂats set, we apply the algorithm
with a sample of log n ﬂats that were picked uniformly at random. The reason
we can use sampling is due to our assumption about the distribution of the
data.
Algorithm. Given the set P of n k-ﬂats in Rd , our goal is to cluster the ﬂats
according to the unknown set of balls, namely, to separate P into m groups
such that every group Pi ∈ P contains n/m ﬂats that intersect the same unit
ball Bdci . We suggest the following procedure for the clustering process. The ﬁrst
step is to ﬁnd the distance and the midpoint between every pair of ﬂats in P.
Next, we ﬁlter the irrelevant midpoints using their corresponding distances such
that midpoints with a distance greater than two are dropped and those with
a distance ≤ 2 are grouped together. We justify this step by the observation
that when two ﬂats Pi and Pj arise from the same cluster then the probability
that the distance between them is less than 2 is P (dist(Pi , Pj ) ≤ 2) = 1. Moreover, when Pi and Pj arise from diﬀerent clusters we show that for any  > 0,
lim Pr (dist(Pi , Pj ) ≥ 2 (Δ − )) = 1. In the ﬁnal step of the algorithm we check

d→∞

which group contains O(n/m) ﬂats and output those groups. We argue that these
simple steps provide the expected clustering procedure with high probability.
Our suggested algorithm is executed in a distributed fashion. Given a set of
processors, such that each one of them has an access to the whole set of ﬂats,
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every processor randomly picks a pair of ﬂats and calculate their midpoints. If
the distance between the pair is less than two, the processor saves the midpoint in
shared memory. The processors continue this procedure until enough midpoints
were collected as deﬁned by the given threshold.
Conclusion. The analysis of incomplete data is one of the major challenges in
the scope of big-data. Typically, data objects are represented by points in Rd ,
we suggest that the incomplete data is corresponding to aﬃne subspaces. With
this motivation we study the problem of clustering k-ﬂats, where two objects are
similar when the Euclidean distance between them is small. The study presented
a simple clustering algorithm for k-ﬂats in Rd , as well as studied the probability
of pair-wise intersection of these objects.
The key idea of our algorithm is to formulate the pairs of ﬂats as midpoints,
which preserves distance features. This way, the geometric location of midpoints
that arise from the same cluster, identify the center of the cluster with high
probability. When the dimension d is big enough, the corresponding distance
of ﬂats that arise from diﬀerent clusters approach the mean distance of the
cluster’s center. Using this, we can eliminate the irrelevant midpoints with high
probability.
In addition, using experimental results, we support our claim that the algorithm works well in low dimensions as well. Finally, we achieve a polylogarithmic
running time using a distributed algorithm that involves sampling.
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Abstract. A natural way to measure the power of a distributed computing model is to characterize the set of tasks that can be solved in it. In
general, however, the question of whether a given task can be solved in a
given model of computation is undecidable, even if we only consider the
wait-free shared-memory model. In this paper, we address this question
for a restricted class of models and tasks. We show that the question of
whether a collection C of (j, )-set consensus tasks, for various  (the
number of processes that can invoke the task) and j (the number of
distinct outputs the task returns), can be used by n processes to solve
wait-free k-set consensus is decidable. Moreover, we provide a simple
O(n2 ) decision algorithm, based on a dynamic programming solution
to the Knapsack problem. We then present an adaptive wait-free setconsensus algorithm that, for each set of participants, achieves the best
level of agreement that is possible to achieve using C. Overall, this gives
us a complete characterization of a model equipped with a collection of
set-consensus tasks through its set-consensus power. Therefore, the question of determining the relative power of models deﬁned by set-consensus
collections is decidable and, moreover, has an eﬃcient solution.

1

Motivation

A plethora of models of computation were proposed for distributed environments.
The models vary in timing assumptions they make, types of failures they assume,
and communication primitives they employ. It is hard to say a priori whether
one model provides more power to programmer than the other. A natural way
to measure this power is to characterize the set of distributed tasks that a model
allows for solving. In general, however, the question of whether a given task can
be solved in the popular wait-free model, i.e., tolerating asynchrony and failures
of an arbitrary subset of processes, is undecidable [7].
In this paper, we address this question for a restricted class of models and
tasks. We consider models in which n completely asynchronous processes communicate through shared-memory but in addition can access set-consensus tasks.
A (j, )-set-consensus task solves set-consensus among  processes, i.e., the task
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can be accessed by up to  processes with propose operations that take natural
values as inputs and return natural values as outputs, so that the set of outputs is a subset of inputs of size at most j. Set consensus is a generalization
of consensus, and as well as consensus [8] exhibits the property of universaliyy:
 processes can use (j, )-set consensus and read-write registers to implement j
state machines, ensuring that at least one of them makes progress [6]. In this
paper, we explore what level of agreement, and thus “degree of universality”,
can be achieved using combinations of a collection of set-consensus tasks.
The special case when only one type of set consensus can be used in the implementation was resolved in [3, 4]: (j, )-set consensus can be used to implement
(k, n)-set consensus if and only if k ≥ jn/. Indeed, by splitting n processes
into groups of size  we trivially solve jn/-set consensus.
Characterizing a general model in which processes communicate via an arbitrary collection C of possibly diﬀerent set-consensus tasks is less trivial. For
example, let C be {(1, 2), (2, 5)}, i.e., every 2 processes in our system can solve
consensus and every 5 can solve 2-set consensus. What is the best level of agreement we can achieve using C in a system of 9 processes? One can easily see that
4-set consensus can be solved: the ﬁrst two pairs of processes solve consensus
and the remaining 5 invoke 2-set consensus, which would give at most 4 diﬀerent
outputs. One can also let the groups of the ﬁrst 5 and the remaining 4 each solve
2-set consensus. (In general, any two set-consensus tasks (j1 , 1 ) and (j2 , 2 ) can
be used to solve (j1 + j2 , 1 + 2 ).) But could we do (3, 9)-set consensus with C?

2

Results

We propose a simple way to characterize the power of a set-consensus collection.
By convention, let (j0 , 0 ) be (1, 1), and note that (1, 1)-set consensus is trivially
solvable.
Theorem 1. We show that a collection C = {(j0 , 0 ), (j1 , 1 ), . . . , (jm , m )}
solves(k, n)-set consensus
if and only if there exist x0 , x1 , . . . , xm ∈ N, such

that i i xi ≥ n and i ji xi ≤ k.
Thus, determining the power of C is equivalent to solving a variation of
the Knapsack optimization problem, where each ji serves as the “weight” of an
element in C, i.e., how much disagreement it may incur, and each i serves as its
“value”, i.e., how many processes it is able to synchronize. We describe a simple
O(n2 ) algorithm for computing the power of C in solving set consensus among
n processes using the dynamic programming approach [1].
The suﬃciency of the condition is immediate. The necessity of the condition
is much less trivial to derive. It required a carefully crafted simulation algorithm,
showing that if a collection not satisfying the condition solves (k, n)-set consensus, then k + 1 processes can solve k-set consensus, contradicting the classical
wait-free set-consensus impossibility result [2, 9, 10].
Coming back to the collection C = {(1, 2), (2, 5)}, our characterization
implies that 4-set consensus is the best level of set consensus that can be achieved
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by 9 processes with C. Observe, however, that if only 2 processes participate,
then they can use C to solve consensus, i.e., to achieve the “perfect” agreement.
A natural question is whether we could adapt to the participation level and
ensure the best possible level of agreement in any case?
Theorem 2. Let C be s set-consensus collection, n be an integer. There exist
an optimally adaptative algorithm for C
Intuitively, for the currently observed participation, our algorithm employs the
best algorithm and, in case the participating set grows, seamlessly relaxes the
agreement guarantees by switching to a possibly less precise algorithm assuming
the larger set of participants.
Our results thus imply that the question of whether one model deﬁned by
a set-consensus collection implements another model deﬁned by a set-consensus
collection is decidable and, moreover, it has an eﬃcient solution.

3

Conclusion

We conjecture that the ability of any “reasonable” shared-memory system to
solve set consensus, captured by its j-set-consensus numbers, characterizes precisely its computing power, e.g., with respect to solving tasks or implementing
deterministic objects.
A preliminary version of the full paper is in [5].
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Abstract. This paper shows that the results by Czygrinow et al. (DISC
2008) and Amiri et al. (PODC 2016) can be combined to obtain a
O(log∗ n)-time local and deterministic approximation scheme for Minimum Dominating Sets on bounded genus graphs.

1

Local MDS Approximation Scheme

It is well-known that fundamental graph problems such as the Minimum Dominating Set (MDS) problem cannot be solved eﬃciently by distributed algorithms
on general graphs. However, over the last years, researchers have found several
very fast distributed algorithms for sparse families of networks, such as constantdegree graphs and planar graphs.
This paper presents a deterministic O(log∗ n)-time MDS (1+)-factor approximation algorithm for a more general graph family: graphs of constant genus. The
algorithm relies on: (1) a slight modiﬁcation of the clusting algorithm for planar
graphs presented by Czygrinow et al. [2], and (2) the recent constant approximation result by Amiri et al. [1] for MDS on graphs of bounded genus. Due to
space constraints, we refer the reader to the prior work for more background.
We suppose familiarity with basic graph theory and graphs on surfaces [4].
We consider simple ﬁnite undirected graphs unless stated explicitly otherwise.
We denote the set of all integers by N. For a graph G = (V, E), we write E(G)
resp. V (G) to denote the edge set resp. vertex set of graph G. For a weighted
graph G, we deﬁne an edge weight function as w : E(G) → N. For a sub-graph
S ⊆ G, we write W (S) for Σe∈E(S) w(e), and call it the total edge weight of S.
We contract an edge {u, v} by identifying its two ends, creating a new vertex uv,
but keeping all edges (except for parallel edges and loops). Additionally, if the
graph is weighted and {u, x}, {v, x} ∈ E(G), we set the edge weight of {uv, x}
to w(uv, x) := w(u, x) + w(v, x). Let S ⊆ G be a set of vertices, then G[S] is an
Research supported by the European Research Council (ERC) under the European
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induced subgraph of G on vertices of S. The degeneracy of a graph G is the least
number d for which every induced subgraph of G has vertex degree at most d.
We need the following lemma for the sake of completeness.
Lemma 1. Let G be a class of graphs of genus at most g. Then the degeneracy
√
of every graph G ∈ G is in O( g).
Proof. We prove the lemma for graphs with orientable genus g; an analogous
argument works for graphs of non-orientable genus g. Let G ∈ G with genus at
√
most g, and suppose the degeneracy of G is c. We prove that c ∈ O( g). Let
us denote by v, e the number of vertices and edges of G, respectively. By the
Euler formula, we have: e ≤ 3 · v + 6g − 6 [1]. On the other hand, by deﬁnition of
the degeneracy, every vertex in G has degree at least c, so c·v
2 ≤ 3v + 6g − 6 ⇒
c ≤ 12g−12
+
6
(1).
To
ﬁnd
the
maximum
value
of
c
for
a
ﬁxed
genus, we must
v
2
/12
[4], therefore
minimise v. A complete graph on v vertices has
genus
at
most
v
√
by plugging it into (1), we obtain that c ≤ 12g + 6.
Definition 1 (Pseudo-Forest [2]). A pseudo-forest is a directed graph in
which every vertex has an out-degree at most 1.
For a directed graph G, if we ignore the edge directions, we write Ḡ.
Diﬀerent variations of the ﬁrst part of the following lemma have already been
proved in the literature. However, to be able to provide exact numbers and for
completeness, we include a proof here. Let G be a graph and let F be a family of
forests such that for all F ∈ F, we have F ⊆ G. We say that F is a forest cover
of G, if for every edge e ∈ E(G), there is a forest F ∈ F such that e ∈ E(F ).
Lemma 2. There is a constant c1 such that for an edge weighted graph G of
genus g, we can find, in two communication rounds, a pseudo-forest F such that
(G)
√
F̄ is a spanning sub-graph of G and W (F̄ ) ≥ W
c1 · g .
√
Proof. By Lemma 1, the degeneracy of a graph G of genus g is in O( g). The
degeneracy is within factor two of the arboricity [3], and the arboricity equals the
size of at least a forest cover F of G. Therefore, there is a constant c1 such that
√
√
|F| ≤ c1 · g. Hence, there is a forest F1 ∈ F such that W (F1 ) ≥ W (G)/(c1 · g).
Similarly to the proof of Fact 1 in [2], for a vertex v, we choose an edge {v, u} of
largest weight, and direct it from v to u. If we happen to choose an edge {v, u}
for both vertices u and v, we direct it from v to u, using the larger identiﬁer
as a tie breaker. This algorithm creates a pseudo-forest F . F̄ is a spanning
sub-graph of G and it has a total edge weight of at least half of W (F1 ), so
√
W (F̄ ) ≥ W (G)/(2 · c1 · g). We set c1 = 2 · c1 . Note that we found F in two
rounds.

Lemma 3. There is a local algorithm which takes an 0 <  < 1 and an edge√
weighted graph G of genus at most g as input, runs in O(log∗ n + 1/ · g)
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communication rounds and returns a set of clusters C1 , . . . , Cl partitioning G,
such that, each cluster has a constant diameter. Moreover, if we contract each
Ci to a single vertex to obtain a graph H, then W (H) ≤  · W (G).
√
Proof. Let t := 4·c1 · g. By applying the HeavyStars algorithm from [2] on the
pseudo forest provided in the proof of Lemma 2, we obtain stars of weight |E(G)|
.
t
We also run the algorithm Clustering provided in [2], but we set the number
t
); the rest of the algorithm is left
of iterations in the algorithm to log( 1 )/ log( t−1
unchanged. A similar line of proof for the original algorithm, proves the claim
x
) ≥ 1/x for x > 1.

of the lemma. Just note that log( x−1
Theorem 1. Given a 0 < δ < 1 and a graph G of genus at most g, the Minimum
√
Dominating Set can be approximated in O(log∗ |G| + g 2 g) time within a factor
of 1 + δ.
Proof. Suppose OP T is the optimal dominating set of G. By [1], we can ﬁnd a
dominating set D of G such that for some constant c, we have |D| ≤ c · g · |OP T |.
This can be done in a constant number of communication rounds. For a vertex
v ∈ G, we denote the neighbours of v in G by N [v] i.e., N [v] = v ∪ {u ∈ V (G) |
{u, v} ∈ E(G)}. Suppose |D| = t.
Let us order the vertices of D arbitrarily, and suppose d1 , . . . , dt is such an
ordering. Create
 a partition (V1 , . . . , Vt ) of V (G) such that Vi = {v ∈ N [di ] |
v ∈ (G − D − j<i Vj )} ∪ {di }. We next contract each Vi to a single vertex vi to
obtain a graph H. We assign an edge weight to H, i.e., for all e ∈ E(H), we set
w(e) := 1. It is clear that W (H) = |E(H)|. H has genus at most g and it has
at most 3|D| + 6g − 6 edges (see Lemma 4 of [1]). Set  = δ/((6 + 12g) · c · g).
When we apply the algorithm in Lemma 3, it ﬁnds clusters C1 , . . . , Cl such that
the total edge weights between clusters amount to at most  · |E(H)|. Note that
√
√
as  ∈ Ω(1/g 2 ), the algorithm uses O(log∗ |G| + 1/ · g) = O(log∗ |G| + g 2 g)
communication rounds.
. , vjk }, and let Uj be an induced
For a cluster Cj , suppose V (Cj ) = {vj1 , . . 
subgraph of G on vertices of a subgraph X = i=1,...,k Vji , i.e. Uj := G[X]. We
ﬁnd the optimum dominating set Si in each Uj . Moreover, we know that each Ci
had a constant diameter therefore, each Uj will have a constant diameter. Hence,
a constant
ﬁnding an optimum dominating set within each Ui can be done in 
number of communication rounds. Now take a dominating set S = Si . First
of all, it is clear that S is a dominating set of G. To prove the upper bound, let
D∗ be a set of vertices of D which have a neighbour in other clusters, i.e., D∗ =
{w ∈ D | if w ∈ Ui then ∃j = i and ∃x ∈ Uj such that {w, x} ∈ E(G)}. By the
Clustering algorithm and the above counting, we have |D∗ | ≤ 2|E(H)| ≤
2(3|D| + 6g − 6) ≤ 2 · c · g · (3|D| + 6g) ≤ δ|OP T |. On the other hand, we know
that |S| ≤ |OP T ∪ D∗ | ≤ (1 + δ)|OP T |.
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A conﬂict detector is a one-shot shared-memory object introduced by Aspnes
and Ellen in [1]. It supports a single operation, check(v), with input v from a set
of values and returns a boolean response. It has the following two properties: (i)
in any execution that contains a check(v) operation and a check(v  ) operation
with v = v  , at least one of these two operations returns true (to indicate a
conﬂict); (ii) in any execution in which all check operations have the same input
value, they all return f alse. The conﬂict detector was introduced to prove tight
bounds on the individual step complexity of wait-free adopt-commit objects
implemented using multi-writer registers. Adopt-commit objects can be used to
implement round-based protocols for set-agreement and consensus [3]. Aspnes
and Ellen show that we can implement an adopt-commit object using a conﬂict
detector plus a constant number of registers and vice versa. They also show that
the individual step complexity of adopt-commit objects and conﬂict detectors
diﬀer by a small additive constant.
In this paper we study the space and solo-write complexity of conﬂict detectors (and then of adopt-commit objects), answering a question left open in [1].
The solo-write complexity is the maximal number of writes performed in a solo
execution of a single check operation, taken over all possible input values. The
space complexity is the number of registers an algorithm uses.
√
Our Results. We prove a Θ(min( n, log m/ log log m)) bound on the space and
solo-write complexity of a wait-free conﬂict-detector implemented using multiwriter registers for n anonymous processes and where m is the size of the input
values set. Processes are anonymous meaning that they have no identiﬁers and
thus they execute the same program. In particular, on the negative side, the
following lower bound holds.
Theorem 1. Any n-process anonymous
wait-free conflict detector algorithm
√
n,
log
m/ log log m)) and solo-write commust have space
complexity
Ω(min(
√
plexity Ω(min( n, log m/ log log m)). Moreover, if the algorithm is inputoblivious (the sequence of registers written in a√solo execution does not depend
on the input value), then the bounds become Ω( n).
Theorem 1 easily derives from the bounds we present in a previous work [2].
In particular, we proved the same bounds on the space complexity and the
Partially supported by the ANR project DISPLEXITY (ANR-11-BS02-014). This
study has been carried out in the frame of the Investments for the future Programme
IdEx (ANR-10-IDEX-03-02).
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solo individual write complexity to implement a consensus object considering
algorithms that in absence of contention only operate on registers. To implement
the corresponding asymptotically optimal consensus algorithm (presented in [2])
we proposed a new abstraction, called value-splitter, which is similar to a conﬂict
detector. A value-splitter supports a single operation, split(v) taking a parameter
v in a domain of values V and returning a boolean response, and ensures that,
for all v, v  ∈ V , and in every execution: (i) if split(v) and split(v  ) return true,
then v = v  ; (ii) If a split(v) operation completes before any other split operation
is invoked, then it returns true. A conﬂict detector trivially implements a value
splitter. Then, Theorem 1 derives from the fact that the space and the solo write
complexity of the consensus algorithm presented in [2] is constant if we do not
count the space and solo write complexity of the value-splitter implementation.
On the positive side we present an
√ algorithm that implements a wait-free
anonymous conﬂict detector using O( n) atomic registers (Algorithm 1). Our
algorithm improves the input-oblivious conﬂict detector presented in [1] which
uses a linear number of registers. Also together with the non input-oblivious mvalues conﬂict detector presented in [1] (whose space and solo write complexity is
in O(log m/ log log m)) contributes to prove that the lower bound is tight. Despite
the Ω(n) bound on the space complexity of obstruction-free consensus recently
proved in [4], our result is still interesting since it dismantles the diﬃculty to
implement consensus proving the cost to detect the existence of diﬀerent input
values. Also, the tight bounds on the solo-write complexity improve the results
in [1] proving that many of these steps are writes.
Theorem 2. Algorithm 1 implements a wait-free input-oblivious conflict detec√
tor for n anonymous processes with solo-write and space complexities in O( n).
Shared variables:
Array of registers R[0 . . . b − 1] with b2 − 4 > 4n and b ≥ 4. Initially ⊥
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

Procedure: check (v)
i ← 0;
next writing ← 0;
while next writing < b do
i ← 0;
res ← Read(R[i] );
while i < b ∧ res = ⊥ do
if res = v then return true;
i + +;
if i = b then res ← Read(R[i] );
end
if i < b ∧ i = next writing then
W rite(R[i], v);
next writing ← i + 1;
else next writing ← i ;
end
return f alse;

Algorithm 1: Input-oblivious conﬂict-detector
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In the following we describe the main ideas of the Algorithm 1. A process p
stores in a local variable next writing the index of the register it is expected to
write next. Then, the write is applied only if both the following conditions are
satisﬁed: after reading all the registers p does not detect a value diﬀerent from its
input value and the value of next writing corresponds to the index of the ﬁrst
register whose read by p returned the initial value ⊥. If p reads its own input
value from a register it has not yet written, there is another process q executing
a check operation with the same input value v and q is more advanced in the
computation than p. In this case p has to increment its variable next writing
in order to move to write to the next register q is expected to write (line 14).
Since a process writes registers in increasing order, this jump by p facilitates the
detection of conﬂicting values. In fact, future steps by p will not cover values
diﬀerent from v that some other process may write in registers previously written
by q.
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1

Introduction

In his seminal 1979 paper introducing the notion of two-party communication
complexity, Yao [3] mentions “one situation that deserves special attention”: two
players receive private inputs and send randomized messages to a third player
who then produces the output. Yao asked what is the communication complexity
of the Equality function Eqn in this model: the two players receive vectors x, y ∈
n
{0, 1} and the goal is to determine whether x = y. Only private randomness is
allowed. (With public randomness, Eqn can be solved in O(1) bits).
Seventeen years later, Yao’s √
question was answered: Newman and Sezegy
[2] showed that Eqn requires Θ( n) bits to solve simultaneously using private
randomness. Moreover, Babai and Kimmel [1] showed that for any function f ,
if the deterministic simultaneous complexity of f is D(f
 ), then the private-coin
simultaneous communication complexity of f is Ω( D(f )), so in this sense
private randomness is of only limited use for simultaneous protocols.
In this note we study multi-player simultaneous communication complexity.
We consider the number-in-hand model, where each player receives a private
input. We show that the eﬀect of private randomness in the multipleplayer case is
essentially the same as it is for two players. We ﬁrst extend the Ω( D(f )) lower
bound of [1] to the multi-player setting, and show that for any k-player
function
f , the private-coin simultaneous communication complexity of f is Ω( D(f )).
We then show, perhaps surprisingly, that the extended lower bound is still tight
in some cases.
Consider the function AllEqk,n , which generalizes Eqn to k players: each
n
player i receives a vector xi ∈ {0, 1} , and the goal is to determine whether
all players received the same input. It is easy to see that the deterministic
communication complexity of AllEqk,n is Ω(nk) (not just for simultaneous
protocols), and each player must send√n bits to the referee in the worst case.
We thus obtain a lower bound of Ω( nk) for the private-coin simultaneous
complexity of AllEqk,n . We show that this lower bound is almost tight by
giving a simple simultaneous private-coin protocol for AllEqk,n where each

players
sends
only
O(
n/k + log(min {n, k})) bits to the referee, for
√ a total of
√
O( nk + k log min {k, n}) bits. This matches the lower bound of Ω( nk) when
k = O(n/ log2 n). We also show that AllEqk,n requires Ω(k log n) bits, so in
fact our upper bound for AllEqk,n is tight.
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Lower Bound

Let R (f ) denote the private-coin randomized simultaneous communication complexity of f , i.e., the total number of bits sent in the worst-case by any simultaneous protocol for f with error probability at most .
For a k-player function f , let dimi (f ) be the number of distinct inputs that
the i-th player has. (Two inputs xi , xi are indistinct if for every joint input x−i
of all the other players, f (xi , x−i ) = f (xi , x−i ).) Generalizing an observation
of [1], it is easy to see that to compute f , the i-th player must send at least
k
log dimi (f ) bits in the worst case, and thus D(f ) = i=1 log dimi (f ).
Babai and Kimmel [1] prove that for any 2-player private-coin protocol Π
with constant error  < 1/2 we have CC1 (Π) · CC2 (Π) ≥ Ω(log dim1 (f ) +
log dim2 (f )), where CCi is the number of bits sent by player i. Using this property we show by a reduction from 2-party to k-party that for any k-player privatecoin protocol Π that computes
some function f with constant error  < 1/2,

and for each i ∈ [k], CCi (Π) ·
j=i CCj (Π) = Ω(log dimi (f )). Summing up
we have:

Theorem 1. For any k-player function f and  > 0, R (f ) = Ω( D(f )).
Similarly, for any 
k-player function f and constant error probability  < 1/2 we
have R∞ (f ) = Ω( D∞ (f )/k), where D∞ , R∞ denote the maximum number of
bits sent by a single player. (This does not follow immediately from Theorem 1
because we compare maximum to maximum.)

3

Tight Upper Bound for AllEq

To show that our lower bound is tight, we give a protocol for AllEqk,n where

√
each player sends O( 
n/k + log (min(n, k))) bits, for a total of O( nk +
k log (min(n, k))) = O( D(AllEqk,n )) bits. We show in the full paper that
R (AllEq) = Ω(k log n), so the protocol is optimal.
Intuitively, the “hard” cases for AllEqk,n are those where any two inputs
that diﬀer only on a small number of coordinates. To overcome this diﬃculty,
each player encodes its input using a predetermined error correcting code which
blows up the size by only a constant factor and ensures that the relative Hamming distance of the encodings of any two diﬀering inputs is at least some constant δ ∈ (0, 1). Each player then partitions its encoded input into roughly k
blocks.
If xi = xj , the encoded inputs diﬀer in a constant fraction of the blocks; if
players i, j choose the same random block, there is constant probability that they
would diﬀer in this block. We face two problems: ﬁrst, we do not have shared
randomness, so players cannot choose the same random block; and second, the
size of each block is roughly O(n/k) bits, so how can we check if the players
agree on the block or not?
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To overcome the ﬁrst diﬃculty, we observe that if AllEq(x1 , . . . , xn ) = 0,
then some player i received a minority input xi : at most k/2 other players have
the same input. The probability that one of the k/2 disagreeing players sends
the same block player i sent is at least:


1
1− 1−
#blocks

k/2



1
≥1− 1−
k

k/2

k/2

≥ 1 − e−1/k
= 1 − e−1/2 .

Given that player j with xj = xi sent the same block as player i, with constant
probability the block sent is one they disagree on. In this case the referee should
be able to detect the diﬀerence. But, we cannot aﬀord to have each player send
an entire block, and therefore use a “succinct representation” for blocks, which
still catches a diﬀerence with good probability. The representation we use is
simply the 2-player Eq protocol from
[1], applied to a block instead of the entire
input. Each player sends roughly O( n/k) bits representing its selected block,
as well as the index of that block (O(log k) bits). If two players that disagree on
a block both send it, which occurs with constant probability, the referee detects
the diﬀerence with constant probability. Thus the overall error probability is
constant. As the protocol of [1] has one-sided error, so does our protocol.
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Abstract. We adapt a recent algorithm by Ghaﬀari for computing a
Maximal Independent Set in the Local, so that it works in the signiﬁcantly weaker Beep network model. For networks with maximum degree
Δ, our algorithm terminates locally within time O((log Δ + log(1/ε)) ·
log(1/ε)), with probability at least 1 − ε. Moreover,
the algorithm termi√
nates globally within time O(log2 Δ)+2O( log log n) with high probability
in n, the number of nodes in the network. The key idea of the modiﬁcation is to replace explicit messages about transmission probabilities with
estimates based on the number of received messages.

1

Introduction

Computing a Maximal Independent Set (MIS) is a widely studied problem in
distributed computing theory. One of the weakest models of communication in
which this problem has been studied is the Beep model, e.g., [13]. For that
model, we obtain:
Theorem 1 (Global termination
complexity). Our algorithm computes an
√
MIS within O(log2 Δ) + 2O( log log n) rounds w.h.p., where n is the number of
nodes in the network and Δ ≤ n is the maximum degree of any node.
This improves over the state-of-the-art algorithm [3] for a large range of values of
the parameter Δ. We obtain this bound by translating Ghaﬀari’s algorithm [2]
for the Local model into the Beep model. We adapt the proof of Theorem 1.2
of [2], which infers a global bound from a local bound stated in Theorem 1.1
of [2]. In particular we state a local bound in Theorem 2 and use Theorem 2 to
replace Theorem 1.1 of [2] in the proof of Theorem 1.2 of [2]. We argue that this
replacement works also for the Beep model.
Theorem 2 (Local termination complexity). In our algorithm, for each
node v, the probability that v decides whether it is in the MIS within O((log Δ +
log(1/ε)) · log(1/ε)) rounds is at least 1 − ε.
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Note that this local bound is only a factor of O(log(1/ε)) larger than the
O(log Δ + log(1/ε)) bound for the algorithm in the Local model [2]. The key
idea in the proof and algorithm of Theorem 2 is that, instead of maintaining full
information about its neighbors’ states, a node keeps a single binary estimate
for the aggregate state of its entire neighborhood.

2

Models and Definitions

Local and Beep Models: In both models, the network is abstracted as an
undirected graph G = (V, E) where |V | = n. All nodes wake up simultaneously.
Communication occurs in synchronous rounds. In the Local model (e.g., [2]),
each node knows its graph neighbors. Nodes communicate reliably, where in
each round nodes can exchange an arbitrary amount of information with their
immediate graph neighbors. On the other hand, in the Beep model (e.g., [1,
3]), nodes do not know their neighbors. Nodes communicate reliably and a node
can choose to either beep or listen. If a node v listens in slot1 t it can only
distinguish between silence (no neighbor beeps in slot t) or the presence of one
or more beeps (at least one neighbor beeps in in slot t).
Graph-related Deﬁnitions: A set of vertices I ⊆ V is an independent set of G if
no two nodes in I are neighbors in G. An independent set I ⊆ V is a maximal
independent set (MIS) of G if, for all v ∈ V \I, the set I ∪{v} is not independent.
An event occurs with high probability (w.h.p.), if it occurs with probability at
least 1 − n−c for some constant c ≥ 1.

3

Algorithms

The MIS algorithm of [2] runs for R:=β(log Δ + log(2/ε)) = O(log Δ + log(1/ε))
rounds, where β = 1300. In each round t, each node v has a desire-level pt (v)
for joining the MIS, which initially is set to p0 (v) = 1/2. Ghaﬀari [2] calls
the totalsum of the desire-levels of neighbors of v its eﬀective-degree dt (v), i.e.,
dt (v) = u∈N (v) pt (u). The desire-levels change over time depending on whether
or not dt (v) ≥ 2. In each round, node v gets marked with probability pt (v). If
v is marked, and no neighbor of v is marked, v joins the MIS and gets removed
along with its neighbors. Using the power of the Local model, in each round t,
nodes exchange exact values of pt (u) with all their neighbors.
In implementing this algorithm in the Beep model, we do not require that
a node v learn the exact values of pt (u) for all neighbors u in order to compute
dt (v). Instead, we allow node v to decide, based on how many beeps v receives
within a certain number of rounds, whether dt (v) is more likely to be larger
than 1 or smaller than 3. To make this decision, we deﬁne an interval to consist
of I := 1000(ln(1500) + ln(2/ε)) consecutive slots. We use one interval in the
Beep model to emulate each round of the algorithm [2] in the Local model.
1

To disambiguate, we refer to the rounds of the Beep model as slots.
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During part of an interval, the algorithm computes the ratio of the number of
beeps received (bt (v)) to the total number of slots in which v listened during the
interval (ct (v)). Node v decides to update its desire-level:

pt (v)/2,
if bt (v)/ct (v) > 56
pt+1 (v) =
min{2pt (v), 1/2}, if bt (v)/ct (v) ≤ 56
Thus, we replace the condition dt (v) ≥ 2 in the algorithm of [2] by the condition
bt (v)/ct (v) > 56 .

4

Local Analysis of our MIS Algorithm

We demonstrate that for each node v, the accuracy of deciding whether v’s
eﬀective degree is high or low is good enough to translate the algorithm of [2]
into the Beep model, i.e., our algorithm does not require v to learn exact desirevalues of its neighbors. We say node v is a good node in an interval t, if at the
end of the interval the following three conditions are satisﬁed: (i) ct (v) > I/3,
and (ii) if bt (v)/ct (v) > 56 , then dt (v) ≥ 1, and (iii) if bt (u)/ct (v) ≤ 56 , then
dt (v) ≤ 3.
Lemma 1 A good node v always (i) draws correct conclusions about whether its
eﬀective degree is high or low, and (ii) adjusts its desire-values in the same way
as in the algorithm of [2].
Lemma 1 allows us to modify the analysis of [2] to obtain statements about good
nodes. To argue that this applies to large parts of the graphs, we show that most
nodes are good:
Lemma 2 For any interval, the probability that a node v is good is at least
1 − 2e−I/1000 .
To prove Lemma [2], we use a Chernoﬀ Bound to bound the probability that
bt (v)/ct (v) reﬂects whether the eﬀective degree is high or low based on the
condition bt (v)/ct (v) > 56 rather than dt (v) ≥ 2.
We deﬁne two kinds of golden intervals for a node v, by analogy with the
deﬁnition of golden rounds in [2]: Interval t is a golden interval of type-1, if
bt (v)/ct (v) ≤ 56 and pt (v) = 1/2. Interval t is a golden interval of type-2, if
bt (v)/ct (v) > 56 and at least dt (v)/10 of dt (v) is contributed by neighbors u with
dt (u) ≤ 3. Using Lemmas 1 and 2 we show:
Lemma 3 In each type-1 (resp., type-2) golden interval, with probability at least
1/1000, v joins the MIS (resp., one of v’s neighbors joins the MIS). If R/13
intervals are golden, then the probability that v has not decided whether it is in
the MIS during the ﬁrst R intervals is at most ε/2.
Lemma 4 By the end of interval R, with probability at least 1 − 1500e−I/1000 ,
either v has joined, or has a neighbor in, the (computed) MIS, or at least one of
its golden interval counts reached R/13.
We prove Lemma 4 by adapting ideas of [2]. Theorem 2 follows from combining
Lemmas 3 and 4.
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