Topics and Questions for Midterm Examinations

1 Series and Integrals Depending on a Parameter
1. The Cauchy criterion for convergence of a series. The comparison theorem and
the basic sufficient conditions for convergence (majorant, integral, Abel–Dirichlet).

−s
The series ζ (s) = ∞
n=1 n .
2. Uniform convergence of families and series of functions. The Cauchy criterion
and the basic sufficient conditions for uniform convergence of a series of functions
(M-test, Abel–Dirichlet).
3. Sufficient conditions for two limiting passages to commute. Continuity, integration, and differentiation and passage to the limit.
4. The region of convergence and the nature of convergence of a power series. The
Cauchy–Hadamard formula. Abel’s (second) theorem. Taylor expansions of the basic elementary functions. Euler’s formula. Differentiation and integration of a power
series.
5. Improper integrals. The Cauchy criterion and the basic sufficient conditions for
convergence (M-test, Abel–Dirichlet).
6. Uniform convergence of an improper integral depending on a parameter. The
Cauchy criterion and the basic sufficient conditions for uniform convergence (majorant, Abel–Dirichlet).
7. Continuity, differentiation, and integration of a proper integral depending on a
parameter.
8. Continuity, differentiation, and integration of an improper integral depending on
a parameter. The Dirichlet integral.
9. The Eulerian integrals. Domains of definition, differential properties, reduction
formulas, various representations, interconnections. The Poisson integral.
10. Approximate identities. The theorem on convergence of the convolution. The
classical Weierstrass theorem on uniform approximation of a continuous function
by an algebraic polynomial.
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2 Problems Recommended as Midterm Questions
d

Problem 1 P is a polynomial. Compute (et dx )P (x).
Problem 2 Verify that the vector-valued function etA x0 is a solution of the Cauchy
problem ẋ = Ax, x(0) = x0 . (Here ẋ = Ax is a system of equations defined by the
matrix A.)
Problem 3 Find up to order o(1/n3 ) the asymptotics of the positive roots λ1 <
λ2 < · · · < λn < · · · of the equation sin x + 1/x = 0 as n → ∞.
Problem 4 a) Show that ln 2 = 1 − 1/2 + 1/3 − · · · . How many terms of this series
must be taken to determine ln 2 within 10−3 ?
1 3
1 5
b) Verify that 12 ln 1+t
1−t = t + 3 t + 5 t + · · · . Using this expansion it becomes
convenient to compute ln x by setting x = 1+t
1−t .
c) Setting t = 1/3 in b), obtain the equality
 
 
1
1 1 1 3 1 1 5
ln 2 = +
+
+ ··· .
2
3 3 3
5 3
How many terms of this series must one take to find ln 2 within 10−3 ? Compare
this with the result of a).
This is one of the methods of improving convergence.
Problem 5 Verify that in the sense of Abel summation
a) 1 − 1 + 1 · · · = 12 .
∞
b)
sin kϕ = 12 · 12 ϕ, ϕ = 2πn, n ∈ Z.
k=1
∞
1
c) 2 + k=1 cos kϕ = 0, ϕ = 2πn, n ∈ Z.
Problem 6 Prove Hadamard’s lemma:
a) If f ∈ C (1) (U (x0 )), then f (x) = f (x0 ) + ϕ(x)(x − x0 ), where ϕ ∈ C(U (x0 ))
and ϕ(x0 ) = f  (x0 ).
b) If f ∈ C (n) (U (x0 )), then
f (x) = f (x0 ) +
+

1 
f (x0 )(x − x0 ) + · · · +
1!

1
f (n−1) (x0 )(x − x0 )n−1 + ϕ(x)(x − x0 )n ,
(n − 1)!

1 (n)
where ϕ ∈ C(U (x0 )) and ϕ(x0 ) = n!
f (x0 ).
c) What do these relations look like in coordinate form, when x = (x 1 , . . . , x n ),
that is, when f is a function of n variables?

3 Integral Calculus (Several Variables)
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Problem 7 a) Verify that the function
J0 (x) =

1
π


0

1

cos xt
dt
√
1 − t2

satisfies Bessel’s equation y  + x1 y  + y = 0.
b) Try to solve this equation using power series.
c) Find the power-series expansion of the function J0 (x).
Problem 8 Verify that the following asymptotic expansions hold
 +∞

Γ (α)
α−k ,
a) Γ (α, x) := x t α−1 e−t dt  e−α ∞
k=1 Γ (α−k+1) x
 +∞ −t 2

√
2
∞
1
b) Erf(x) := x e dt  12 πe−x
k=1 Γ (3/2−k)x 2k−1
as x → +∞.
Problem 9 a) Following Euler, obtain the result that the series 1 − 1!x + 2!x 2 −
3!x 3 + · · · is connected with the function
 +∞ −t
e
S(x) :=
dt.
1 + xt
0
b) Does this series converge?
c) Does it give the asymptotic expansion of S(x) as x → 0?
Problem 10 a) A linear device A whose characteristics are constant over time
responds to a signal δ(t) in the form of a δ-function by giving out the signal
(function) E(t). What will the response of this device be to an input signal f (t),
−∞ < t < +∞?
b) Can the input signal f always be recovered uniquely from the transformed
signal f:= Af ?

3 Integral Calculus (Several Variables)
1. Riemann integral on an n-dimensional interval. Lebesgue criterion for existence
of the integral.
2. Darboux criterion for existence of the integral of a real-valued function on an
n-dimensional interval.
3. Integral over a set. Jordan measure (content) of a set and its geometric meaning. Lebesgue criterion for existence of the integral over a Jordan-measurable set.
Linearity and additivity of the integral.
4. Estimates of the integral.
5. Reduction of a multiple integral to an iterated integral. Fubini’s theorem and its
most important corollaries.
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6. Formula for change of variables in a multiple integral. Invariance of measure and
the integral.
7. Improper multiple integrals: basic definitions, majorant criterion for convergence, canonical integrals. Computation of the Euler–Poisson integral.
8. Surfaces of dimension k in Rn and basic methods of defining them. Abstract
k-dimensional manifolds. Boundary of a k-dimensional manifold as a (k − 1)dimensional manifold without boundary.
9. Orientable and nonorientable manifolds. Methods of defining the orientation of
an abstract manifold and a (hyper)surface in Rn .
Orientability of the boundary of an orientable manifold. Orientation induced on
the boundary from the manifold.
10. Tangent vectors and the tangent space to a manifold at a point. Interpretation of
a tangent vector as a differential operator.
11. Differential forms in a region D ⊂ Rn . Examples: differential of a function,
work form, flux form. Coordinate expression of a differential form. Exterior derivative operator.
12. Mapping of objects and the adjoint mapping of functions on these objects.
Transformation of points and vectors of tangent spaces at these points under a
smooth mapping. Transfer of functions and differential forms under a smooth mapping. A recipe for carrying out the transfer of forms in coordinate form.
13. Commutation of transfer of differential forms with exterior multiplication and
differentiation. Differential forms on a manifold. Invariance (unambiguous nature)
of operations on differential forms.
14. A scheme for computing work and flux. Integral of a k-form over a kdimensional smooth oriented surface, taking account of orientation. Independence
of the integral of the choice of parametrization. General definition of the integral of
a differential k-form over a k-dimensional compact oriented manifold.
15. Green’s formula on a square, its derivation, interpretation, and expression in the
language of integrals of the corresponding differential forms. The general Stokes
formula. Reduction to a k-dimensional interval and proof for a k-dimensional interval. The classical integral formulas of analysis as particular versions of the general
Stokes formula.
16. The volume element on Rn and on a surface. Dependence of the volume element
on orientation. The integral of first kind and its independence of orientation. Area
and mass of a material surface as an integral of first kind. Expression of the volume
element of a k-dimensional surface S k ⊂ Rn in local parameters and the expression
of the volume element of a hypersurface S n−1 ⊂ Rn in Cartesian coordinates of the
ambient space.
17. Basic differential operators of field theory (grad, curl, div) and their connection
with the exterior derivative operator d in oriented Euclidean space R3 .
18. Expression of work and flux of a field as integrals of first kind. The basic integral formulas of field theory in R3 as the vector expression of the classical integral
formulas of analysis.
19. A potential field and its potential. Exact and closed forms. A necessary differential condition for a form to be exact and for a vector field to be a potential field. Its

4 Problems Recommended for Studying the Midterm Topics
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sufficiency in a simply connected domain. Integral criterion for exactness of 1-forms
and vector fields.
20. Local exactness of a closed form (the Poincaré lemma). Global analysis. Homology and cohomology. De Rham’s theorem (statement).
21. Examples of the application of the Stokes (Gauss–Ostrogradskii) formula:
derivation of the basic equations of the mechanics of continuous media. Physical
meaning of the gradient, curl, and divergence.
22. Hamilton’s nabla operator and work with it. The gradient, curl, and divergence
in triorthogonal curvilinear coordinates.

4 Problems Recommended for Studying the Midterm Topics
The numbers followed by closing parentheses below refer to the topics 1–22 just
listed. The closing parentheses dashes are followed by section numbers (for example
13.4 means Sect. 4 of Chap. 13), which in turn are separated by a dash from the
numbers of the problems from the section related to the topic from the list above.
1) 11.1—2,3; 2) 11.1—4; 3) 11.2—1,3,4; 4) 11.3—1,2,3,4; 5) 11.4—6,7 and
13.2—6; 6) 11.5—9 and 12.5—5,6; 7) 11.6—1,5,7; 8) 12.1—2,3 and 12.4—1,4; 9)
12.2—1,2,3,4 and 12.5—11; 10) 15.3—1,2; 11) 12.5—9 and 15.3—3; 12) 15.3—4;
13) 12.5—8,10; 14) 13.1—3,4,5,9; 15) 13.1—1,10,13,14; 16) 12.4—10 and 13.2—
5; 17) 14.1—1,2; 18) 14.2—1,2,3,4,8; 19) 14.3—7,13,14; 20) 14.3—11,12; 21)
13.3—1 and 14.1—8; 22) 14.1—4,5,6.

Examination Topics

1 Series and Integrals Depending on a Parameter
1. Cauchy criterion for convergence of a series. Comparison theorem and the basic sufficient conditions
for convergence (majorant, integral, Abel–Dirichlet). The

−s .
n
series ζ (s) = ∞
n=1
2. Uniform convergence of families and series of functions. Cauchy criterion and
the basic sufficient conditions for uniform convergence of a series of functions (Mtest, Abel–Dirichlet).
3. Sufficient conditions for commutativity of two limiting passages. Continuity, integration, and differentiation and passage to the limit.
4. Region of convergence and the nature of convergence of a power series. Cauchy–
Hadamard formula. Abel’s (second) theorem. Taylor expansions of the basic elementary functions. Euler’s formula. Differentiation and integration of a power series.
5. Improper integrals. Cauchy criterion and the basic sufficient conditions for convergence (majorant, Abel–Dirichlet).
6. Uniform convergence of an improper integral depending on a parameter. Cauchy
criterion and the basic sufficient conditions for uniform convergence (M-test, Abel–
Dirichlet).
7. Continuity, differentiation, and integration of a proper integral depending on a
parameter.
8. Continuity, differentiation, and integration of an improper integral depending on
a parameter. Dirichlet integral.
9. Eulerian integrals. Domains of definition, differential properties, reduction formulas, various representations, interconnections. Poisson integral.
10. Approximate identities. Theorem on convergence of the convolution. Classical Weierstrass theorem on uniform approximation of a continuous function by an
algebraic polynomial.
11. Vector spaces with an inner product. Continuity of the inner product and algebraic properties connected with it. Orthogonal and orthonormal systems of vectors.
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Pythagorean theorem. Fourier coefficients and Fourier series. Examples of inner
products and orthogonal systems in spaces of functions.
12. Orthogonal complement. Extremal property of Fourier coefficients. Bessel’s inequality and convergence of the Fourier series. Conditions for completeness of an
orthonormal system. Method of least squares.
13. Classical (trigonometric) Fourier series in real and complex form. Riemann–
Lebesgue lemma. Localization principle and convergence of a Fourier series at
a point. Example: expansion of cos(αx) in a Fourier series and the expansion of
sin(πx)/πx in an infinite product.
14. Smoothness of a function, rate of decrease of its Fourier coefficients, and rate
of convergence of its Fourier series.
15. Completeness of the trigonometric system and mean convergence of a trigonometric Fourier series.
16. Fourier transform and the Fourier integral (the inversion formula). Example:
computation of f for f (x) := exp(−a 2 x 2 ).
17. Fourier transform and the derivative operator. Smoothness of a function and the
rate of decrease of its Fourier transform. Parseval’s equality. The Fourier transform
as an isometry of the space of rapidly decreasing functions.
18. Fourier transform and convolution. Solution of the one-dimensional heat equation.
19. Recovery of a transmitted signal from the spectral function of a device and the
signal received. Sampling theorem (Kotel’nikov–Shannon formula).
20. Asymptotic sequences and asymptotic series. Example: asymptotic expansion
of Ei(x). Difference between convergent and asymptotic series. Asymptotic Laplace
integral (principal term). Stirling’s formula.

2 Integral Calculus (Several Variables)
1. Riemann integral on an n-dimensional interval. Lebesgue criterion for existence
of the integral.
2. Darboux criterion for the existence of the integral of a real-valued function on an
n-dimensional interval.
3. Integral over a set. Jordan measure (content) of a set and its geometric meaning. Lebesgue criterion for existence of the integral over a Jordan-measurable set.
Linearity and additivity of the integral.
4. Estimates of the integral.
5. Reduction of a multiple integral to an iterated integral. Fubini’s theorem and its
most important corollaries.
6. Formula for change of variables in a multiple integral. Invariance of measure and
the integral.
7. Improper multiple integrals: basic definitions, the majorant criterion for convergence, canonical integrals. Computation of the Euler–Poisson integral.
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8. Surfaces of dimension k in Rn and the basic methods of defining them. Abstract k-dimensional manifolds. Boundary of a k-dimensional manifold as a (k − 1)dimensional manifold without boundary.
9. Orientable and nonorientable manifolds. Methods of defining the orientation of
an abstract manifold and a (hyper)surface in Rn .
Orientability of the boundary of an orientable manifold. Orientation on the boundary induced from the manifold.
10. Tangent vectors and the tangent space to a manifold at a point. Interpretation of
a tangent vector as a differential operator.
11. Differential forms in a region D ⊂ Rn . Examples: differential of a function,
work form, flux form. Coordinate expression of a differential form. Exterior derivative operator.
12. Mapping of objects and the adjoint mapping of functions on these objects.
Transformation of points and vectors of tangent spaces at these points under a
smooth mapping. Transfer of functions and differential forms under a smooth mapping. A recipe for carrying out the transfer of forms in coordinate form.
13. Commutation of the transfer of differential forms with exterior multiplication
and differentiation. Differential forms on a manifold. Invariance (unambiguous nature) of operations on differential forms.
14. A scheme for computing work and flux. Integral of a k-form over a kdimensional smooth oriented surface. Taking account of orientation. Independence
of the integral of the choice of parametrization. General definition of the integral of
a differential k-form over a k-dimensional compact oriented manifold.
15. Green’s formula on a square, its derivation, interpretation, and expression in the
language of integrals of the corresponding differential forms. General Stokes formula. Reduction to a k-dimensional interval and proof for a k-dimensional interval.
Classical integral formulas of analysis as particular versions of the general Stokes
formula.
16. Volume element on Rn and on a surface. Dependence of volume element on
orientation. The integral of first kind and its independence of orientation. Area and
mass of a material surface as an integral of first kind. Expression of volume element
of a k-dimensional surface S k ⊂ Rn in local parameters and expression of volume
element of a hypersurface S n−1 ⊂ Rn in Cartesian coordinates of the ambient space.
17. Basic differential operators of field theory (grad, curl, div) and their connection
with the exterior derivative operator d in oriented Euclidean space R3 .
18. Expression of work and flux of a field as integrals of first kind. Basic integral
formulas of field theory in R3 as the vector expression of the classical integral formulas of analysis.
19. A potential field and its potential. Exact and closed forms. A necessary differential condition for a form to be exact and for a vector field to be a potential field. Its
sufficiency in a simply connected domain. Integral criterion for exactness of 1-forms
and vector fields.
20. Local exactness of a closed form (Poincaré’s lemma). Global analysis. Homology and cohomology. De Rham theorem (formulation).
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21. Examples of the application of the Stokes (Gauss–Ostrogradskii) formula:
derivation of the basic equations of the mechanics of continuous media. Physical
meaning of the gradient, curl, and divergence.
22. Hamilton’s Nabla operator, and computation of work with it. Gradient, curl and
divergence in a 3-dimensional orthogonal system of curvilinear coordinates.

Examination Problems
(Series and Integrals Depending on a Parameter)

1. We shall consider a sequence of real-valued functions {fn } defined on the interval
[0, 1], for example.
a) What types of convergence for a sequence of functions do you know?
b) Provide the definition of each of them.
c) What are the relations between them? (Prove the relation or give an explanatory example when there is no such relation.)
2. Let f be a periodic function with period 2π . Suppose it is identically zero on the
interval ]−π, 0[ and f (x) = 2x on the interval [0, π]. Calculate the sum S of the
standard trigonometric Fourier series of this function.
3. a) We know the expansion in power series of the function (1 + x)−1 (geometric
progression). Obtain from it the expansion in a power series of the function ln(1+x)
and justify your steps.
b) What is the radius of convergence of the obtained series?
c) Does this series converge at x = 1, and if so, is its sum equal to ln 2? Why?
4. a) It is known that the spectral function (characteristic function) p of a linear
device (operator) A is everywhere nonzero. How can we find the transmitted signal
f if we know the function p and the received signal g = Af .
b) Let the function p be defined by p(ω) ≡ 1 for |ω| ≤ 10 and p(ω) ≡ 0 for
|ω| > 10. Suppose that we know the spectrum 
g (Fourier transform) of the received
signal g and that it is exactly 
g (ω) ≡ 1 for |ω| ≤ 1 and 
g (ω) ≡ 0 for |ω| > 1. Finally,
suppose that it is also known that the input signal f does not contain some other
frequencies apart from the frequencies transmitted by the device A (i.e., beyond the
frequencies |ω| ≤ 10). Find the input signal f .
5. Using Euler’s Γ function√and Laplace’s method, obtain the very useful asymptotic Stirling’s formula n! ∼ 2πn( ne )n .
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Intermediate Problems
(Integral Calculus of Several Variables)

1. Compute the values of the following forms ω in Rn on the given set of vectors.
a) ω = x 2 dx 1 applied to the vector ξ = (1, 2, 3) ∈ T R3(1,2,3) ;
b) ω = dx 1 ∧ dx 3 + x 1 dx 2 ∧ dx 4 applied to the ordered pair of vectors (ξ1 , ξ2 ) ∈
T R4(1,0,0,0) . (Set ξ1 = (ξ11 , . . . , ξ14 ), ξ2 = (ξ21 , . . . , ξ24 ).)
2. Let f 1 , . . . , f n be smooth functions with argument x = (x 1 , . . . , x n ) ∈ Rn . Express the form df 1 ∧ · · · ∧ df n in terms of the forms dx 1 , . . . , dx n .
3. Let F be a vector field of a force acting on a domain D ⊂ R3 . By the action
of this vector field an object was transferred along a smooth path γ ⊂ D from the
point a ∈ D to the point b ∈ D. Calculate the work done by the vector field in this
process.
a) Write the formula for the calculation of this work as an integral of the first
type and as an integral of the second type (i.e., in terms of ds and dx, dy, dz,
respectively).
b) Prove that in the case of the gravitational vector field, this work does not
depend on the path and that it is equal to . . . ?
4. Consider the following problem about the flux of a vector field.
a) One has the vector field V (for instance, the vector field velocity of some
current) on the domain D ∈ R3 . Write a formula for the calculation of the flux of
2 ⊂ D as an integral of the first
the vector field V through the oriented surface S = S+
type and as an integral of the second type (i.e., in terms of dσ and dy ∧ dz, dz ∧ dx,
dx ∧ dy respectively).
b) Consider a convex polyhedral domain D ⊂ R3 . On each of its faces is constructed a vector pointing toward the exterior normal direction with magnitude equal
to the area of the corresponding side. Physics states that the sum of these vectors is
equal to zero (otherwise, we could build a perpetual motion device). Mathematics
agrees. Prove this fact.
c) Deduce Archimedes’s law by a direct computation (calculate the buoyancy
force acting on a submerged body in a bathtub completely filled with water, for
example, as the resulting pressure on the surface of the body).
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Appendix A

Series as a Tool
(Introductory Lecture)

When a geological deposit is discovered, it is explored and then exploited. In mathematics, it is also like that. Axiomatics and useful formalisms arise as the result of
solving concrete questions and problems. They do not fall down from the sky, as it
seems to inexperienced students when everything starts with axioms.
This course is largely dedicated to series, i.e., basically limits of sequences. We
shall give at least an initial idea of how and where this tool works, in order to convince ourselves that the study of this remarkably effective machinery, namely the
theory of series, does not reduce to the abstract study of the convergence of series
(the existence of a limit).

A.1 Getting Ready
A.1.1 The Small Bug on the Rubber Rope
(Problem proposed by the academician L.B. Okun to the academician A.D. Sakharov.)1
Problem 1 You hold one end of a 1 km long rubber rope. A small bug crawls toward
you from the other end, which is fixed, with a speed of 1 cm/s. As soon as it crawls
one centimeter, you stretch the rubber rope another kilometer every time. Does the
insect ever reach your hand? And if it does, how long will it take?

1 Martin

Gardner in his book Time Travel and Other Mathematical Bewilderments (New York:
W. H. Freeman & Company, 1987, English, p. 295) writes, “This delightful problem, which has
the flavor of a Zeno paradox, was devised by Denys Wilquin of New Caledonia. It appeared first in
December 1972 in Pierre Berloquin’s lively puzzle column in the French monthly Science et Vie.”
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A.1.2 Integral and Estimation of Sums
After some thinking, it may occur to you that the following sum might be useful in
finding the answer Sn = 1 + 12 + 13 + · · · + n1 .
Problem 2 Recall the integral, and show that Sn − 1 <

n

1
1 x

dx < Sn−1 .

A.1.3 From Monkeys to Doctors of Science Altogether in 106 Years
Littlewood in his famous book Littlewood’s Miscellany, speaking about large numbers, wrote that 106 years is the time needed to convert monkeys into doctors of
science.2
Problem 3 Would the little bug arrive in time for the thesis defense or at least before
the end of the universe?

A.2 The Exponential Function
A.2.1 Power Series Expansion of the Functions exp, sin, cos
According to Taylor’s formula with remainder in Lagrange’s form, one has
ex = 1 +
where rn (x) =

1
ξ
(n+1)! e

· x n+1 and |ξ | < |x|;

cos x = 1 −
where r2n (x) =

1
(2n+1)!

sin x = x −

1
1
1
x + x 2 + · · · + x n + rn (x),
1!
2!
n!

1 2 1 4
(−1)n 2n
x + x − ··· +
x + r2n (x),
2!
4!
2n!

cos(ξ + π2 (2n + 1))x 2n+1 and |ξ | < |x|;
1 3 1 5
(−1)n 2n+1
x + x − ··· +
x
+ r2n+1 (x),
3!
5!
(2n + 1)!

1
sin(ξ + π2 (2n + 2))x 2n+2 and |ξ | < |x|. Since for every
where r2n+1 (x) = (2n+2)!
fixed value x ∈ R, the remainder in each of the above formulas clearly tends to zero

2 John

E. Littlewood, Littlewood’s Miscellany. Cambridge: Cambridge University Press, 1986, English, p. 212.
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as n → ∞, we can write
1
1
1
1
1
1
x + x2 + x3 + x4 + x5 + · · · + xn + · · · ,
1!
2!
3!
4!
5!
n!
1
1
(−1)n 2n
x + ··· ,
cos x = 1 − x 2 + x 4 − · · · +
2!
4!
2n!
1
1
(−1)n 2n+1
x
sin x = x − x 3 + x 5 − · · · +
+ ··· .
3!
5!
(2n + 1)!
ex = 1 +

A.2.2 Exit to the Complex Domain and Euler’s Formula
We substitute x for the complex number ix in the right-hand side of the first of these
equalities. Then, after some simple arithmetic manipulations, we obtain Euler’s outstanding relationship
eix = cos x + i sin x.
Setting x = π , we find that eiπ + 1 = 0. This is the famous equation connecting
the fundamental constants of mathematics: e from analysis, i from algebra, π from
geometry, 1 from arithmetic, and 0 from logic.
We defined the function exp for purely imaginary values of the argument and
obtained Euler’s formula eix = cos x + i sin x, from which, clearly, it also follows
that
1  ix
1
e − e−ix .
cos x = eix + e−ix and sin x =
2
2i

A.2.3 The Exponential Function as a Limit
We know that (1 + xn )n → ex as n → ∞ for x ∈ R. It is natural to assume that
ez = limn→∞ (1 + nz )n , where now z = x + iy is an arbitrary complex number.
A computation of this limit gives ez = ex (cos y + i sin y).
Problem 4 Verify this and obtain a formula for cos z and sin z.

A.2.4 Multiplication of Series and the Basic Property
of the Exponential Function
The expression ez = ex (cos y + i sin y) for ex+iy can be naturally obtained from
the relation ex+iy = ex eiy if it is valid for complex values of the argument of the
function exp.
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We shall prove
by direct multiplication.
 this
∞ 1 m Let u and v be complex numbers.
1 k
v :=
u
and
e
Setting eu := ∞
k=0 k!
m=0 m! v we find that
∞

eu · ev =
k=0

1 k
u ·
k!

∞
n=0 n=k+m



m=0

1 m
v
=
m!

1 1 k m
u v =
k! m!

=

We used here the fact that

∞

∞
n=0

n! k m
n=k+m k!m! u v

∞

∞

k=0 m=0

1 1 k m
u v =
k! m!

1
(u + v)n = eu+v .
n!

= (u + v)n , provided that uv = vu.

A.2.5 Exponential of a Matrix and the Role of Commutativity
What happens if in the expression
eA = 1 +

1
1
1
A + A2 + · · · + An + · · · ,
1!
2!
n!

we consider A a square matrix, and 1 is the identity matrix of the same size? For
example, if A is the identity matrix, then it is easy to check that eA turns out to be a
diagonal matrix, with elements e on the main diagonal.
Problem 5 a) Calculate exp A for the following matrices A:

0
0


0
,
0





1 0
,
0 −1





0 1
,
−1 0





0 0
,
1 0



0 1
,
0 0

⎛
0
⎝0
0

1
0
0

⎞
0
1⎠ .
0

b) Let A1 and A2 be the last two matrices of order two. Find eA1 , eA2 and check
that eA1 · eA2 = eA1 +A2 . What is going on here?
c) Show that etA = I + tA + o(t), for t → 0.
d) Check that det(I + tA) = 1 + t · (tr A) + o(t), where tr A is the trace of the
square matrix A.
e) Prove the important relationship det eA = etr A .

A.2.6 Exponential of Operators and Taylor’s Formula
Let P (x) be a polynomial and A =
dP

dx (x) = P (x).

d
dx

the differentiation operator. Then (AP )(x) =

A.3 Newton’s Binomial
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d
Problem 6 a) Check that the relation exp(t dx
)P (x) = P (x + t) is what you know
as Taylor’s formula.
b) By the way, how many terms of the series ex do you have to consider in order
to obtain a polynomial that allows you to calculate ex on the interval [−3, 5] with
an accuracy up to 10−2 ?

A.3 Newton’s Binomial
A.3.1 Expansion in Power Series of the Function (1 + x)α
Newton knew the validity, for every natural number α, of the formula for the binomial expansion
(1 + x)α = 1 +

α(α − 1) 2
α
α(α − 1) · · · (α − n + 1) 2
x+
x + ··· +
x + ··· ,
1!
2!
2!

and then he remarked that this formula remains valid for arbitrary α, but the number
of terms in the sum might be infinite.
For instance, (1 + x)−1 = 1 − x + x 2 − x 3 + · · · if |x| < 1.

A.3.2 Integration of a Series and Expansion of ln(1 + x)
By integrating the last series over the interval [0, x], we find that
1
1
ln(1 + x) = x − x 2 + x 3 − · · ·
2
3

for |x| < 1.

A.3.3 Expansion of the Functions (1 + x 2 )−1 and arctan x
Analogously, we write the expansion (1 + x 2 )−1 = 1 − x 2 + x 4 − x 6 + · · · , we
integrate its terms over the interval [0, x], and we obtain
1
1
arctan x = x − x 3 + x 5 − · · · .
3
5
If we set x = 1, this expansion seems to imply that π4 = 1 − 13 + 15 − 17 + · · · .
Perhaps this is true (and certainly it is), but we have the feeling that we are already going beyond the limits of what is permitted. The following example will only
reinforce our concerns.
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A.3.4 Expansion of (1 + x)−1 and Computing Curiosities
For x = 1, the expansion (1 + x)−1 = 1 − x + x 2 − x 3 + · · · leads to the equality
1
2 = 1 − 1 + 1 − 1 + ···.
By grouping terms, we can obtain 12 = (1 − 1) + (1 − 1) + · · · = 0 and we can
obtain 12 = 1 + (−1 + 1) + (−1 + 1) + · · · = 1.
After this, it is necessary to question almost everything that we have done so
successfully and nonchalantly by multiplying the infinite sums (series), rearranging
and grouping their terms, and integrating them. All this must obviously be clarified.
We shall do it soon, but before that, we mention yet another area where series are
commonly used.

A.4 Solution of Differential Equations
A.4.1 Method of Undetermined Coefficients
Consider the simplest equation ẍ + x = 0 of harmonic oscillations. We shall look for
the solution as a series x(t) = a0 + a1 t + a2 t 2 + · · · . Substituting the series into the
equation, grouping the terms with equal powers of t, and equating the coefficients
with the same powers in t on both sides of the equation, we obtain an infinite system
of equations:
2a2 + a0 = 0,

2 · 3a3 + a1 = 0,

3 · 4a4 + a2 = 0,

....

If the initial conditions x(0) = x0 and x  (0) = v0 are given, then from the series
x(t) = a0 + a1 t + a2 t 2 + · · · , and x  (t) = a1 + 2a2 t + · · · , we find that a0 = x0 and
a1 = v0 . If we know a0 and a1 , we can find successively and uniquely the remaining
coefficients of the expansion.
For example, if x(0) = 0 and x  (0) = 1, then
x(t) = t −

1 3 1 5
t + t − · · · = sin t,
3!
5!

and if x(0) = 1 and x  (0) = 0, then
x(t) = 1 −

1 2 1 4
t + t − · · · = cos t.
2!
4!

A.4.2 Use of the Exponential Function
What happens if the solution that we are looking for has the form x(t) = eλt ? Then
ẍ + x = eλt (λ2 − 1) = 0, and therefore λ2 + 1 = 0, i.e., λ = i or λ = −i. But what
are these strange complex oscillations x(t) = eit , x(t) = e−it , and x(t) = c1 eit +
c2 e−it ?

A.5 The General Idea About Approximation and Expansion
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Problem 7 Analyze the situation and solve the problem, for example, if x(0) = 0
and x  (0) = 1 or if x(0) = 1 and x  (0) = 0. Recall Euler’s formula and compare
your results with those obtained above.

A.5 The General Idea About Approximation and Expansion
A.5.1 The Meaning of a Positional Number System. Irrational
Numbers
Recall the usual representation of the number π = 3.1415926 . . . or in general a decimal expansion a0 .a1 a2 a3 . . .: this is the sum a0 100 + a1 10−1 + a2 10−2 + a3 10−3 +
···.
We know that a finite expansion corresponds to a rational number, and the representation of an irrational number requires an infinite number of decimal digits, and
therefore requires the study of an infinite number of terms and infinite sums, i.e.,
series.
If we truncate a series at some point, we get a rational number. We usually work
such numbers. What happened here? We have simplified the object, allowing some
error. This means that we are approximating a complex object (an irrational number
in this case) through some other objects (the rational numbers here), while allowing
some error, which we call the degree of precision of the approximation. An improvement in the precision leads to the complication of the object that we use as an
approximation. A compromise has to be found depending on the concrete circumstances.

A.5.2 Expansion of a Vector in a Basis and Some Analogies
with Series
In linear algebra and in geometry, we decompose vectors in terms of a basis. For
mathematical analysis, the traditional representation
f (x) = f (0) +

1 
1
f (0)x + f  (0)x 2 + · · ·
1!
2!

actually means the same thing if we consider that the basis is the set of functions
en = x n . This is the Taylor series of the function f at the point x0 = 0.
Analogously, if some periodic signal or process f (t) is
subjected to spectral analysis, then one is interested in its decomposition f (t) = ∞
n=0 an cos nt + bn sin nt
into the simplest harmonic oscillations. Such series are called classical (or trigonometric) Fourier series.
What is new in this situation, in comparison with that in linear algebra, is that we
consider here an infinite sum, which is understood as the limit of finite sums.
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Thus in the space of our objects one must define the concept of proximity between the objects, in addition to the structure of a linear space, allowing one to be
able to consider the limit of the sequence of the objects themselves or their sum.

A.5.3 Distance
The proximity between objects is determined by the presence of a particular concept, the concept of neighborhood of an object (neighborhood of a point in the
space). This is the same as specifying a topology in the space. In topological spaces
it is possible to speak about limits and continuity.
If in a space, a distance between objects, i.e., the points of the space, is somehow
introduced, then the neighborhoods of a point are automatically defined, and even
more specifically, the δ-neighborhoods of a point.
The distance between points of the same space can be measured in different
ways. For example, the distance between two continuous functions over an interval
can be measured by the maximum of the absolute value of the difference between
the values of the functions on this interval (uniform metric), and it is also possible to
measure it by the integral of the absolute value of the difference of the functions over
this interval (integral metric). The choice of the metric is dictated by the problem
under consideration.

Appendix B

Change of Variables in Multiple Integrals
(Deduction and First Discussion of the Change
of Variables Formula)1

B.1 Formulation of the Problem and a Heuristic Derivation
of the Change of Variables Formula
By studying the integral in the one-dimensional case, at some moment we obtained
an important change of variables formula for such an integral. Our task now is to
find a change of variables formula in the general case. We formulate the problem
more precisely.
Let Dx be a set in Rn , f an integrable function on Dx , and ϕ : Dt → Dx a
mapping t → ϕ(t) from the set Dt ⊂ Rn to Dx . The question is, what is the law,
assuming that we know f and ϕ, that allows us to find a function ψ on Dt such that
we have the equality


f (x) dx =
ψ(t) dt,
Dx

Dt

which reduces the computation of an integral over Dx to an integral over Dt ?
We suppose first that Dt is an n-dimensional interval I ⊂ Rn and ϕ : I → Dx
is a diffeomorphic mapping from I onto Dx . To every partition of the interval I
into subintervals I1 , I2 , . . . , Ik corresponds a partition of Dx into subsets ϕ(Ii ),
i = 1, . . . , k. If all these sets are measurable and intersect pairwise only on sets
of measure zero, then by the additivity of the integral,


k



f (x) dx =
Dx

f (x) dx.

(B.1)

i=1 ϕ(Ii )

If the function f is continuous on Dx , then the mean value theorem implies


f (x) dx = f (ξi )μ ϕ(Ii ) ,
ϕ(Ii )
1 Fragment of a lecture with an alternative and independent proof of the change of variables formula.
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where ξi ∈ ϕ(Ii ). Since f (ξi ) = f (ϕ(τi )), with τi = ϕ −1 (ξi ), then it remains for us
to link μ(ϕ(Ii )) with μ(Ii ) = |Ii |.
If ϕ is a linear transform, then ϕ(Ii ) is a parallelepiped, whose volume we know
from analytical geometry and algebra and is equal to | det ϕ  |μ(Ii ). But a diffeomorphism is locally almost a linear map. Therefore, if the size of the intervals
Ii is sufficiently small, then it can be assumed, with a small relative error, that
μ(ϕ(Ii )) ≈ | det ϕ  (τi )|μ(Ii ) (it is possible to prove that with a proper choice of
the point τi ∈ Ii , one has the exact equality). In this way,
k






f ϕ(τi ) det ϕ  (τi ) · |Ii |.

k

f (x) dx ≈
i=1 ϕ(Ii )

(B.2)

i=1

However, on the right-hand side of this approximate equality there is the integral
sum of the function f (ϕ(t))| det ϕ  (t)| over the interval I , corresponding to the partition P of this interval with marked points τ . In the limit λ(P ) → 0, from equations (B.1) and (B.2) we get





(B.3)
f (x) dx =
f ϕ(t) det ϕ  (t) dt.
Dx

Dt

This is the required formula together with its explanation. Note that it is possible
to justify rigorously each step of this deduction, which led us to the formula. Strictly
speaking, we need to prove only the validity of the last passage to the limit, that the
integral on the right-hand side of (B.3) exists, and also to explain the approximation
μ(ϕ(Ii )) ≈ | det ϕ  (τi )| · |Ii |.
Let us do it.

B.2 Some Properties of Smooth Mappings and Diffeomorphisms
a) Recall that a smooth mapping ϕ from a closed and bounded interval I ⊂ Rn
(or from any other convex compact subset) is a Lipschitz function. This follows
from the mean value theorem and the boundedness of ϕ  (because of the continuity)
over a compact set


ϕ(t2 ) − ϕ(t1 ) ≤

  
ϕ (τ ) · |t2 − t1 | ≤ L|t2 − t1 |.

(B.4)

τ ∈[t1 ,t2 ]

b) Thus, the distance between the images of the points under the mapping ϕ
cannot exceed L times the distance between the points.
For instance, if some subset E ⊂ I has diameter d, then the diameter of its image
ϕ(E) is not more than Ld, and the set ϕ(E) can be covered with (n-dimensional)
cubes with edges of size Ld and volume (Ld)n .
Thus if E is a cube with edges of size δ and
δ n , then its image is covered
√ volume
n
by a standard coordinate cube of volume (L nδ) .

B.3 Relation Between the Measures of Image and the Pre-image
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c) It follows from this that the image under smooth mappings of 0-measure sets
have also measure 0 (in the sense of n-dimensional objects). [After all, in the definition of a set of measure zero, it is possible to consider coverings by cubes, instead of
a covering with general n-dimensional intervals, i.e., “rectangular parallelepipeds”,
as we can easily see.]
If a smooth mapping ϕ : Dt → Dx has also an inverse smooth mapping ϕ −1 :
Dx → Dt , i.e., if ϕ is a diffeomorphism, then it is clear that the pre-image of a set
with measure zero also has measure zero.
d) Since under a diffeomorphism, the Jacobian of the mapping det ϕ  is everywhere different from zero, and the mapping itself is bijective, then (due to the inverse function theorem) the interior points of any set under such a mapping are
transformed into the interior points of the image of this set, and the boundary points
are transformed into the boundary points of the image.
Recall the definition of an admissible (Jordan-measurable) set, as a bounded set
whose boundary set has measure zero; thus we can conclude that under diffeomorphisms, the image of a measurable set is again a measurable set.
(This is also true for any smooth mapping. However, for diffeomorphisms it is
even true that the pre-image of a measurable set is also a measurable set.)
e) This latter in particular means that if ϕ : Dt → Dx is a diffeomorphism, then
from the existence of the integral on the left-hand side of formula (B.3) there follows
(based on Lebesgue’s criterion) the existence of the integral on the right-hand side.

B.3 Relation Between the Measures of the Image and the
Pre-image Under Diffeomorphisms
We shall show that if ϕ : I → ϕ(I ) is a diffeomorphism, then


μ ϕ(I ) = det ϕ  (t) dt,

(B.5)

I

under the assumption that the integrand det ϕ  is positive.
Hence, by the mean value theorem, in particular, we find that there is a point
τ ∈ I such that

(B.6)
μ ϕ(I ) = det ϕ  (τ )|I |.
Formula (B.5) is actually a particular case of (B.3), when f ≡ 1.
For linear mappings, this formula is already known, although perhaps without
discussing those details related to the fact that it is valid (for linear maps) not only
for simple parallelepipeds but for all measurable sets. Let us clarify this. We know
that a linear map is the composite of elementary linear mappings, which, up to a
possible permutation of a pair of coordinates, are reduced to a change in only one
of these coordinates: multiplying or adding a number of any one of the coordinates
to another one. Fubini’s theorem allows us to determine that in the first case, the
volume of any measurable set is multiplied by the same factor that multiplies the
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coordinate (more precisely, its absolute value if we consider nonoriented volume).
In the second case, although the face changes, its volume remains the same, since
the corresponding one-dimensional section only moves, keeping its linear measure.
Finally, a permutation of a pair of coordinates changes the orientation of the spatial
frame (the determinant of such a linear transformation is −1), but it does not change
the nonoriented volume of the face. (In the language of Fubini’s theorem, this is just
a change in the order of two integrations.)
It now remains to recall that the determinant of the composition of linear mappings is the product of the determinants of the factors.
Thus, considering that for linear and affine mappings the formula (B.5) is already
established, we prove it for an arbitrary diffeomorphism with positive Jacobian.
a) We use again the finite-increment theorem, but now to estimate the possible
deviation of the mapping ϕ : I → ϕ(I ) from the affine mapping t → A(t) = ϕ(a) +
ϕ  (a)(t − a), where t is a variable, and a is a fixed point in the interval I . The
mapping A : I → A(I ) is simply the linear part of the Taylor expansion of the
function ϕ at the point a ∈ I .
If we apply the finite-increment (mean value) theorem to the function t → ϕ(t) −
ϕ  (a)(t − a), we obtain




ϕ(t) − ϕ(a) − ϕ  (a)(t − a) ≤ sup ϕ  (τ ) − ϕ  (a) · |t − a|.
(B.7)
τ ∈[a,t]

Given the uniform continuity of the continuous function ϕ  on the compact set I ,
from equation (B.7) we conclude that there is a nonnegative function δ → ε(δ),
tending to zero as δ → +0, such that for any two points t, a ∈ I ⊂ Rn ,
 


√
|t − a| ≤ nδ =⇒ ϕ(t) − A(t) = ϕ(t) − ϕ(a) − ϕ  (a)(t − a) ≤ ε(δ)δ. (B.8)
b) Now we go back to the proof of formula (B.5). First we shall carry out a small
technical simplification: we shall assume that the lengths of the edges of the parallelepiped I are commensurable and that therefore, they can be divided into equal
cubes {I 
} with arbitrarilysmall (asnecessary) edges δi = δ and volume δin = δ n ,
i.e., I = i Ii and |I | = i |Ii | = i δin .
In every cube Ii , we fix a point ai , we build the corresponding affine mapping
Ai (t) = ϕ(ai ) − ϕ  (ai )(t − ai ), we consider the image Ai (∂Ii ) of the cube’s Ii
boundary ∂Ii under the mapping Ai , and we consider the ε(δ)δ-neighborhood of
this image, which we denote by Δi . By (B.8), the image ϕ(∂Ii ) of the boundary ∂Ii
of the cube Ii lies in Δi under the diffeomorphism ϕ. Thus, one has the following
inclusions and inequalities:
Ai (Ii ) \ Δi ⊂ ϕ(Ii ) ⊂ Ai (Ii ) ∪ Δi ,


 


Ai (Ii ) − |Δi | ≤ ϕ(Ii ) ≤ Ai (Ii ) + |Δi |.
When we take the sum over all indices, we have






Ai (Ii ) −
ϕ(Ii ) ≤
|Δi | ≤ ϕ(I ) =
i

i

i



Ai (Ii ) +
i

|Δi |. (B.9)
i
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As δ → +0,


Ai (Ii ) =
i

det ϕ  (ai )|Ii | →



det ϕ  (t) dt.
I

i


Therefore, to prove formula (B.5) in our case, it remains to verify that i |Δi | → 0
if δ → +0.
c) We estimate from above the volume |Δi |, based on the estimates (B.4) and
(B.8). According to (B.4), the edges of the parallelepiped Ai (Ii ) have length not
greater than Lδ, where δ = δi is the length of the edge of a cube Ii . Thus the
(n − 1)-dimensional “area” of any of the 2n faces of the parallelepiped Ai (Ii ) is
not greater than (Lδ)n−1 . We take an ε(δ)δ-neighborhood of such a face. Its volume is estimated with the value (2 + 2)ε(δ)δ(Lδ)n−1 , where the second 2 appearing
in the formula is the absorption contribution of the rounded parts of this neighborhood, occurring near the boundary of the face. In this way, |Δi | < 2n · 4Ln−1 ε(δ)δ n ;
therefore,
|Δi | < 8nLn−1


i

ε(δ)δin = 8nLn−1 ε(δ)|I |,
i

and we see that i |Δi | → 0 for δ → +0.
d) The estimated values for |Δi | show at the same time that no matter how arbitrarily small the reduction of the edges of the original interval I becomes, which
one might need in order to obtain their commensurability, in the limit this does not
affect the result.

B.4 Some Examples, Remarks, and Generalizations
Thus formula (B.3) for the case Dt = I and a continuous function f is already
proved. We shall consider and discuss some examples. These will show at the same
time that in fact, we have already proved formula (B.3) not only for the case Dt = I
and not only for a continuous function f .
a) Negligible sets. As it is used in practice, replacing variables or the use of a
coordinate transformation formula sometimes has several special features (for example, somewhere there might be a violation of mutual uniqueness, vanishing of
the Jacobian, or lack of differentiability). Typically, these special features occur on
sets of measure zero, and are therefore relatively easy to overcome.
For example, if you need to go from an integral over a circle to an integral over
a rectangle, we often make the change of variables
x = r cos ϕ,

y = r sin ϕ.

(B.10)

These are the well-known formulas for the transition from polar coordinates to
Cartesian coordinates in the plane. The rectangle I = {(r, ϕ) ∈ R2 | 0 ≤ r ≤ R, 0 ≤
ϕ ≤ 2π} under this mapping is transformed into the circle K = {(x, y) ∈ R2 |
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x 2 + y 2 ≤ R 2 }. This mapping is smooth, but it is not a diffeomorphism: the whole
side of the rectangle I on which r = 0 is transformed under this mapping into the
point (0, 0); the images of the points (r, 0) and (r, 2π) coincide. However, if we consider, for example, the sets I \ ∂I and K \ E, where E is the union of the boundary
∂K of the circle K and the radius going to the point (0, R), then the restriction of
the mapping (B.10) to the domain I \ ∂I is a diffeomorphism with the set K \ E.
Therefore, if instead of the rectangle I , we take a slightly smaller rectangle Iδ lying
strictly in the interior of I , then we can apply formula (B.10) to this rectangle Iδ
and its image Kδ . And then, exhausting the rectangle I with such rectangles Iδ and
noticing that their images exhaust the circle K, that |Iδ | → |I | and |Kδ | → |K|, in
the limit we obtain formula (B.3) applied to the original pair K, I .
This applies, of course, to the general polar (spherical) coordinates system in Rn .
We shall now develop these observations.
b) Exhaustions and limit transitions. We define an exhaustion of a set E ⊂ Rn
to bea sequence of measurable sets {En } such that En ⊂ En+1 ⊂ E for every n ∈ N
and ∞
n=1 En = E.
Lemma 1 If {En } is an exhaustion of a measurable set E, then
a) limn→∞ μ(En ) = μ(E);
b) for every function f ∈ R(E), one has f |En ∈ R(En ) and


lim
f (x) dx =
f (x) dx.
n→∞ E
n

E

Proof a) Since En ⊂ En+1 ⊂ E, then μ(En ) ≤ μ(En+1 ) ≤ μ(E) and
limn→∞ μ(En ) ≤ μ(E). For proving the equality in a), we shall show that the inequality limn→∞ μ(En ) ≥ μ(E) also holds.
The boundary ∂E of the set E is compact and has measure zero. Therefore, it can
be covered with a finite number of open intervals such that the sum of their volumes
is less than ε for a given ε > 0. Let Δ be the union of these open intervals. Then the
set O = E ∪ Δ is open in Rm ; by construction, O contains the closure E of the set
E; and μ(O) ≤ μ(E) + μ(Δ) < μ(E) + ε.
For every set En of the exhaustion {En } we repeat the construction above with
εn = ε/2n . We obtain then a sequence of open sets
 On = En∪∞Δn such that En ⊂
On , μ(On ) ≤ (En ) + μ(Δn ) < μ(En ) + εn and ∞
n=1 On ⊃
n=1 En ⊃ E.
The system of open sets Δ, O1 , O2 , . . . is an open cover of the compact set E.
Let Δ, O1 , O2 , . . . , Ok be a finite open subcover of the compact set E. Since
E1 ⊂ E2 ⊂ · · · ⊂ Ek , the sets Δ, Δ1 , . . . , Δk , Ek are also a cover of E, and then
μ(E) ≤ μ(E) + μ(Δ) + μ(Δ1 ) + · · · + μ(Δk ) < μ(Ek ) + 2ε.
It follows from this that μ(E) ≤ limn→∞ μ(En ).
b) The fact that f |En ∈ R(En ) is known to us, and it follows from Lebesgue’s
criterion for the existence of the integral over a measurable set. By the hypothesis f ∈ R(E), there exists a constant M such that |f (x)| ≤ M over E. From the

B.4 Some Examples, Remarks, and Generalizations

661

additivity of the integral and the general estimates for the integral, we get

 



 


 f (x) dx −

f (x) dx  = 
f (x) dx  ≤ Mμ(E \ En ).

E

En

E\En

Hence, taking into account what we proved in a), we conclude that assertion b)
holds.

The additivity of the integral and the possibility of exhausting the domain of
integration with the domains where the change of variables formula works (i.e.,
it is directly applicable) allow us to apply the formula to the original domain. In
general, the idea of exhaustion lies at the heart of many constructions in analysis. In
particular, it is fundamental in the definition of improper integrals.

Appendix C

Multidimensional Geometry and Functions
of a Very Large Number of Variables
(Concentration of Measures and Laws of Large
Numbers)

C.1 An Observation
Almost the entire volume of a multidimensional body is concentrated in a small
neighborhood of the boundary of the body.
Problem 1 a) Check this in the examples of the cube and the ball. Show that if we
remove the shell with thickness 1 cm from a 1000-dimensional watermelon with 1
meter radius, then there remains less than a thousandth of the original watermelon.
b) If we project the sphere S n−1 (r) ⊂ Rn orthogonally onto a hyperplane passing
through the center of the sphere, then we obtain a ball (double covered) with the
same dimension n − 1 and the same radius r. Considering what we obtain above,
notice (still on a qualitative level), that almost all the area of the sphere S n−1 (r) for
n  1 is concentrated in a small neighborhood of the equator, the intersection of the
sphere with the former hyperplane.

C.2 Sphere and Random Vectors
Problem 2 a) The sphere S n−1 (r) with radius r and center at the origin of the ndimensional Euclidean space Rn is projected orthogonally onto a coordinate axis.
We get the interval [−r, r]. We fix another interval [a, b] ⊂ [−r, r]. Let S[a, b] be
n−1
the area of the part S[a,b]
(r) of the sphere S n−1 (r) that is projected onto the interval
S[a,b]
, i.e., the probability Prn [a, b] that a randomly chosen
[a, b]. Find the quotient S[−r,r]
n−1
(r) over the interval [a, b], considering
point on the sphere will be on the layer S[a,b]
that the points are uniformly distributed over the sphere.
Answer:
b
2 n−3
2 dx
a (1 − (x/r) )
Prn [a, b] =  r
.
n−3
2 2 dx
−r (1 − (x/r) )
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b) Let δ ∈ (0, 1) and [a, b] = [δr, r]. Show that as n → ∞,
1 2
1
Prn [δr, r] ∼ √
e− 2 δ n .
δ 2πn

Hint: You can use Laplace’s method for obtaining asymptotics of the integral over a
large parameter.
c) The result obtained in b) implies that the vast majority of the area of a multidimensional sphere is concentrated in a small neighborhood of the equatorial plane,
n−1
(r) over the interval [−δr, δr].
in the layer S[−δr,δr]
Deduce from this that if we take independently and randomly a pair of vectors
in Rn , then for n  1, it is very likely that they will be almost orthogonal, i.e., their
scalar product will be close to zero. Estimate the probability that the scalar product
is greater than ε > 0 and calculate its variance for n  1. √
d) Prove, based on the result proved in a), that for r = σ n and n → ∞, one has
 b
2
1
−x
Prn [a, b] → √
e 2σ 2 dx.
2πσ a
e) Considering the result obtained in b), prove now Gauss’s law on the distribution of measurement errors and Maxwell’s laws on the distribution of gas molecules
according to speed and energy (considering in the first case that the observations
are independent and their mean square stabilizes as the number of observations increases, and in the second case considering that the gas is homogeneous and that the
total energy of the molecules in a portion of the gas is proportional to the number of
molecules in this portion).

C.3 Multidimensional Sphere, Law of Large Numbers,
and Central Limit Theorem
By solving this problem, you will discover the following fact, important in many
aspects and manifested in many areas (for example, in statistical physics).
Let S m be the unit sphere in the Euclidean space Rm+1 with a very large dimension m + 1. Suppose also that we are given a sufficiently regular real-valued function
on the sphere (for example, from a fixed Lipschitz class). We take randomly and independently two points and calculate the value of the function at these points. With
a high probability, the values will almost coincide and they will be close to a certain
number Mf .
(This, still hypothetical, number Mf is called the median value of the function
or function median. It is also called the average value of the function in the sense
of Lévy.1 The motivation for these terms will soon be clear, together with a precise
definition of the number Mf .)
1 P.

Lévy (1886–1971) – famous French mathematician, student of J. Hadamard.
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We introduce some notation and conventions. We define the distance between
two points on the sphere S m ⊂ Rm+1 , understood in terms of its geodesic metric ρ.
We denote by Aδ a δ-neighborhood in S m of the set A ⊂ S m . We replace the standard mass of the sphere with a uniformly distributed probability measure μ, i.e.,
μ(S m ) = 1.
We have the following assertion proved by Paul Lévy, commonly called Lévy’s
isoperimetric inequality.
For every 0 < a < 1 and δ > 0, there exists min{μ(Aδ ) | A ⊂ S m , μ(A) = a},
and it is attained on the spherical cap A0 with measure a.
Here A0 = B(r), where B(r) = B(x0 , r) = {x ∈ S m | ρ(x0 , x) < r} and
μ(B(r)) = a.
Problem 3 a) For a = 1/2, i.e., when A0 is a hemisphere, obtain the following
result:
√
2
that μ(A) ≥ 1/2, then μ(Aδ ) ≥ 1 − π/8e−δ n/2 .
If the subset A ⊂ S n+1 is such√
(If n → ∞, we can change here π/8 for 1/2.)
b) We denote by Mf the number such that




μ x ∈ S n | f (x) ≤ Mf ≥ 1/2 and μ x ∈ S n | f (x) ≥ Mf ≥ 1/2.
It is called the median or average value in the sense of Lévy of the function f :
S n → R. (If the Mf -level of the function f on the sphere has measure zero, then
the measure of each of these two sets mentioned above will be equal to exactly half
of the μ-area of the sphere S m .)
Obtain the following lemma due to Lévy:
√
If f ∈ C(S n+1 ) and A = {x ∈ S n+1 | f (x) = Mf }, then μ(Aδ ) ≥ 1 − π/2 ×
2
e−δ n/2 .
c) Let ωf (δ) = sup{|f (x) − f (y)| | ρ(x, y) ≤ δ} be the modulus of continuity of
the function f .
The values of the function f on the set Aδ are close to Mf . More precisely, if
ωf (δ) ≤ ε, then |f (x) − Mf | ≤ ε on Aδ . Thus Lévy’s lemma shows that “good”
functions are actually almost constant in almost their entire domain of definition S m
when the dimension m is very large.
Considering that f ∈ Lip(S n−1 , R) and L is the Lipschitz constant of the function f , estimate the probability Pr{|f (x) − Mf | > ε} and the dispersion value
|f (x) − Mf | for n  1.
d) Obtain, as above, estimates in the case that the function f is not defined on
the unit sphere but in the sphere S n−1 (r) with radius r.
e) If f is a smooth function, then we can clearly take the maximum modulus
of its gradient as the Lipschitz constant L. For example, the linear function Sn =
1
√1
n (x1 + · · · + xn ) has L = Ln = n . Suppose that we have a sequence of Lipschitz
√
functions fn ∈ Lip(S n−1 (rn ), R), for which Ln = O( √1n ) and rn = n.
Estimate Pr{|fn (x) − Mfn | > ε} and the dispersion value |fn (x) − Mfn | for
n  1.
In particular, for fn = Sn deduce the standard law of large numbers.
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f) Let fn = x1 + · · · + xn . The levels of this function are hyperplanes in Rn
orthogonal to the vector (1, . . . , 1). The same can be said about the linear function
Σn = √1n (x1 + · · · + xn ), with the only difference that under the movement from
the origin in the direction of (1, . . . , 1), its values coincide with the distances to the
origin. For this reason, its values are distributed on the sphere S n−1 (rn ) exactly as
they are on each of the coordinates.
√
Using this discussion and the result of Problem 2.d), setting rn = σ n, obtain
your own version of the central limit theorem.

C.4 Multidimensional Intervals (Multidimensional Cubes)
Problem 4 a) Let I be the standard unit interval [0, 1] of the real line R, and I n the
standard n-dimensional interval in Rn , usually called the n-dimensional unit cube.
√
This is a unit of volume in Rn , but its diameter n for n  1 is extremely huge.
Thus, even Lipschitz functions on I n with Lipschitz constant L can have values
√
spread within L n.
Yet here, as in the above case of a sphere, there is a phenomenon of asymptotic
stabilization (concentration) of values of such functions in the limit n → ∞.
Now, try to find the proper formulations of the problem and study the phenomenon, up to the level of your ability (then check Sect. C.5 of this appendix).
b) Suppose we have n independent random variables xi , taking values in the
unit interval [0, 1] and having distribution probabilities pi (x), which are uniformly
separated from zero (in particular, all pi (x) may coincide). Then as n grows, the
large majority of the random points (x1 , . . . , xn ) ∈ I n will lie in close proximity to
the border of the cube.
Explain this, and considering the result in a), obtain your own general law of
large numbers.
c) Show with an example that if the probability density of the random variables
in b) is concentrated in the vertices of the cube as point masses, then the asymptotic
stabilization of values for Lipschitz functions in the limit n → ∞ may not occur.
d) We noted above that although the volume of the cube I n in Rn is equal to 1,
√
its diameter n increases for n  1, which creates difficulties. However, we have
the following useful compensating observation: if each of two subsets A and B of
the cube I n has measure greater than an arbitrarily small fixed positive number ε,
then the distance between A and B is bounded from above by a constant depending
only on ε (and not depending on n). Prove this, and use this result if you need it.
n
e) Calculate the volume of the
√ unit ball in R and show that the radius of the ball
with volume one increases as n/(2πe) as n → ∞. Go back to Sects. C.1 and C.2
and convince yourself again that the normal distribution and the laws related to it
are closely linked in the geometric aspect with a simple multidimensional object,
namely with the ball of unit volume.

C.5 Gaussian Measures and Their Concentration
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C.5 Gaussian Measures and Their Concentration
Problem 5 a) We mentioned in Sect. C.2 of this appendix the isoperimetric inequality on the sphere, in connection with the discussion of the observed stabilization of
values (constancy) of regular functions on the multidimensional sphere. The same
problem about minimizing the measure of a δ-blowup of a set is important, and for
the same reason it is also interesting in relation to other spaces that serve as natural
domains for the relevant functions.
For example, in the case of the Gaussian probability measures defined by the
normal probability distribution in the standard Euclidean space Rn , the answer is
also known (obtained by Borel). In this case, the extreme domain (with the fixed
initial value of the Gaussian measure and a δ-blowup, understood in the sense of the
Euclidean metric) turns out to be a half-space.
In particular, if we take the half-space with Gaussian measure 12 and we directly
calculate the value of the Gaussian measure of the complement in its Euclidean
δ-blowup, then considering Borel’s isoperimetric inequality, we can deduce that for
any set A having a Gaussian measure 12 in the space Rn , the measure of its δ-blowup
can be estimated from below with μ(Aδ ) ≥ 1 − Iδ , where Iδ is the integral of the
2
n
density (2π) 2 exp(− |x|2 ) of the Gaussian measure of the half-space, given with
Euclidean distance δ from the origin.
An estimate from above of the integral Iδ , for example, allows us to claim that
2
μ(Aδ ) ≥ 1 − 2 exp(− δ2 ). Prove this.
b) This is a rough estimate, but it shows the rapid growth of μ(Aδ ), with an
increase of δ, whatever the initial set A of measure 12 is.
It is very interesting to notice (and considering the possible transition to infinitedimensional spaces, even quite useful) that the last estimate does not depend on the
dimension of the space. It may seem that this absence of the dimension is a great
loss and weakness in the estimates within the context of concentration measures
discussed and in the stabilization of values of functions of several variables. In fact,
this estimate even contains the principle of the concentration of a measure on the
unit sphere of large dimension, discussed above.
It is enough to prove (prove it) that the main part of the Gaussian probability
measure of the Euclidean space Rn√for n  1 is concentrated in the vicinity of
the unit Euclidean sphere of radius n. This means that at the intersection of this
neighborhood with the half-space, which is distant from the origin, the proportion
of this measure is exponentially small. Therefore,
√ the main part of the measure is
in this neighborhood of the sphere of radius n, which falls in the layer between
two close parallel hyperplanes, symmetric with respect
√ to the origin. If now we
move through a homothety from the sphere of radius n to the unit sphere, then we
obtain the principle of concentration of measure on the unit sphere, which we have
already discussed (do the necessary calculations). In the statement of this principle,
the dimension of the space occurs explicitly. √
This dimension was also present in the
Gaussian case, but it was hidden in the size n of the sphere, and the main part of
the measure of the whole space is concentrated in a neighborhood of this sphere.
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C.6 A Little Bit More About the Multidimensional Cube
In the Euclidean space Rn we consider the n-dimensional unit interval (“cube”)


  1
 1
n
n
n   i
x ≤ , i = 1, 2, . . . , n .
I := x = x , . . . , x ∈ R
2
√
Its volume is equal to one, although the diameter
is n. (Recall that the Euclidean
√
ball of volume one in Rn has radius of order n, as mentioned above.) We shall
consider the standard probability measure uniformly distributed on the cube I n .
Let a = (a 1 , . . . , a n ) be a unit vector, and x = (x 1 , . . . , x n ) an arbitrary point in
the cube I n .
The following inequality holds (probability estimate of Bernstein type):


 n




i i
Prn 
a x  ≥ t ≤ 2 exp −6t 2 .


i=1

n
i i
If we interpret the sum
√ i=1 a x as a scalar product a, x, we notice that this
can be large (of order n) if the vector a is not directed along any edge of the
cube, but along the main diagonal, mixing all coordinate directions equally. If we
take a = ( √1n , . . . , √1n ) in the previous estimate, we deduce that the volume of the
n-dimensional cube I n concentrates, as n increases, in a small neighborhood of the
hyperplane passing through the origin and orthogonal to the vector ( √1n , . . . , √1n ).
In particular, if we consider a billiard in such a cube as a dynamical system
(gas) composed with noninteracting particles, then for n  1, the large majority of
particle trajectories will go in a direction nearly perpendicular to the fixed vector
( √1n , . . . , √1n ), and they are a large part of the time in a neighborhood of the above
hyperplane.

C.7 The Coding of a Signal in a Channel with Noise
We point out in conclusion another area where the functions with a very large number of variables also appear naturally and where the principle of concentration of a
measure is shown and also used substantially.
We are already used to the digital (discrete) coding and transmission of signals
(music, images, messages, information) on a communication channel. In this form,
a message can be thought of as a vector x = (x 1 , . . . , x n ) in the space Rn with a very
large dimension. The transmission of such messages requires an energy E, which is
proportional to x2 = |x 1 |2 + · · · + |x n |2 (like the total kinetic energy of the gas
molecules, discussed above). If T is the duration of the transmitted message x, then
P = E/T is the average power required to transfer one character (a coordinate of
the vector x). If Δ is the average time required to transfer a single coordinate of the
vector x, then T = nΔ and E = nP Δ.
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The transmitting and receiving devices are aligned in a such a way that the transmitter transforms (encodes) the original message to be transmitted in the form of
the vector x. It sends it over the communication channel, and the receiver, knowing
the code, decrypts x, transforming it into the form of the original message.
If we need to transmit M messages
√ A1 , . . . , AM of length n, then it is enough to
fix n points in the ball of radius E, agreeing on this selection with the receiving
end of the communication channel. If in the communication channel there is no interference, then having received the vector from the agreed set, the receiver decodes
it correctly into the corresponding message A.
If in the channel we do have interference (which is often the case), then because
of the interference, a random vector ξ = (ξ 1 , . . . , ξ n ) shifts the transmitted vector a,
and the vector a + ξ arrives at the receiver, and this vector must be properly decoded.
If the points a1 , . . . , an were chosen in such a way that the balls of radius ξ 
with these points as center do not intersect, then an unambiguous deciphering is
still possible. But if we want to meet this requirement, then we cannot take just
any points a1 , . . . , aM , and there is a problem of dense packing of spheres. This is
a difficult problem, whose solution in the present situation can be avoided, as was
shown by Shannon, given that here the dimension n of the space Rn is huge.
We shall allow ourselves sometimes to make mistakes while interpreting the received message. However, we require the probability of error to be arbitrarily small
(less than any fixed positive number).
Shannon showed that even in the presence of random noise (white noise) in the
communication channel with limited capacities, by choosing a long enough code
(i.e., for a large value of n), it is possible to achieve velocities of transmission close
to the velocities of transmission of information in channels without noise, with an
arbitrarily small probability of error.
The geometric idea of Shannon’s theorem is directly related to the characteristics
discussed above of the distribution measures (volumes) of domains in a space with
large dimension. Let us explain this.
Suppose that two identical balls in the space Rn intersect. If the received signal
lies in this intersection, then it is possible to have errors in the interpretation of the
message sent by the source. But if the probability of falling into such an area is
considered proportional to the relative volume of the region, then it is natural to
compare the volume of the intersection of the balls with the volume of a ball. We
carry out the proper estimations. If the centers of two balls of radius 1 are separated
by the distance
ε (0 < ε < 2), then the intersection of these balls is contained in a
ball of radius 1 − (ε/2)2 with center in the middle of the segment connecting the
centers of the original balls. Hence, the ratio between the volume of the intersection
of the two balls and their own original volume does not exceed (1 − (ε/2)2 )n/2 . It is
clear now that for every fixed ε, this value can be made arbitrarily small by choosing
a sufficiently large value of n.

Appendix D

Operators of Field Theory in Curvilinear
Coordinates

Introduction
Almost any book with mathematical problems and even any textbook of mathematical analysis states something like the following. “Children, remember”:
We call the gradient of a function U (u, x, z) the vector


∂U ∂U ∂U
grad U :=
,
,
.
∂x ∂y ∂z
The curl of a vector field A = (P , Q, R)(x, y, z) is the vector


∂R ∂Q ∂P
∂R ∂Q ∂P
curl A :=
−
,
−
,
−
.
∂y
∂z ∂z
∂x ∂x
∂y
The divergence of a vector field B = (P , Q, R)(x, y, z) is the function
div B :=

∂P
∂Q ∂R
+
+
.
∂x
∂y
∂z

The fact that this is true only in Cartesian coordinates is not usually discussed,
as well as what should be done if the coordinate system is different. This is understandable, since the very formulation of this problem already requires some suitable
definition of these objects.

D.1 Reminders of Algebra and Geometry
D.1.1 Bilinear Forms and Their Coordinate Representation
a. Scalar Product and General Linear Forms
We shall consider a vector space with a scalar product , . We can still consider that
,  denotes an arbitrary bilinear form on an n-dimensional vector space X. If we
© Springer-Verlag Berlin Heidelberg 2016
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choose a basis of the space ξ1 , . . . , ξn , then the objects of the space (in particular,
vectors and forms) will have a coordinate representation. We recall the coordinate
representation of the bilinear form , .
If we take two vectors x = x i ξi , y = y j ξj and their decomposition in terms of
the basis, then we have x, y = x i ξi , y j ξj  = ξi , ξj x i y j = gij x i y j . As usual,
summation over repeated indices is understood. Thus if a basis of the space is given,
the choice of values ξi , ξj  = gij completely defines the bilinear form.
If the form is a scalar product, then a basis is orthogonal if gij = 0 for i = j . It is
assumed here that the form is nondegenerate, of course.

b. Nondegeneracy of Bilinear Forms
A bilinear form is called nondegenerate if once we fix a value in one of its arguments, then the bilinear form is identically zero with respect to the other argument
if and only if the fixed value is zero (the zero vector).
The nondegeneracy of the form is equivalent to the fact that the determinant of
the matrix (gij ) is different from zero. Indeed, if the fixed vector x = x i ξi is such
that x, y ≡ 0 with respect to y, then ξi , ξj x i = 0 and gij x i = 0 for every value
j ∈ {i, . . . , n}. This homogeneous system of equations has a unique solution (zero)
if and only if the determinant of the matrix (gij ) of the system is nonzero.

D.1.2 Correspondence Between Forms and Vectors
a. 1-Forms in the Presence of 2-Forms and Their Correspondence with Vectors
If one has a 2-form , , then each vector A can be associated with a 1-form, namely
the linear form A, x. If the 2-form is nondegenerate, then the correspondence is
one-to-one. Indeed, if we are given such a linear function a(x) = aj x j (where aj =
a(ξj )) and we want to represent it in the form A, x, where A = ξi Ai , then in
the coordinates of the vector A we have the system of equations a(ξ ) = ξi , ξj Ai ,
j = 1, . . . , n, which is uniquely solvable if the determinant of the matrix (gij ) is
different from zero.
Thus, the coordinates of the vector A = Ai ξi and the coefficients of the 1-form a
in the same basis {ξi } are linked by the mutually inverse relations
aj = gij Ai ,

Ai = g ij aj .

b. Correspondence Between a Vector and an (n − 1)-Form
Similarly, if one has a nondegenerate n-form Ω, each vector B can be associated
with an (n − 1)-form, namely the form Ω(B, . . .).

D.1 Reminders of Algebra and Geometry
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We shall deal below with vector fields A, B and carry out this described method
1 = A, · and
on the tangent space, for example in relation to the form of work ωA
n−1
n
the form flux ωB = Ω (B, . . . ), in the presence of the inner product ,  and the
volume form Ω n , respectively.

D.1.3 Curvilinear Coordinates and Metric
a. Curvilinear Coordinates, Metric, and Volume Form
Suppose that in an n-dimensional surface (manifold) we have a metric, which in
local coordinates (t 1 , . . . , t n ) (in the local charts) is given by the form gij (t) dt i dt j ,
determined by the scalar product , (t), with the corresponding parameter t of the
tangent plane (tangent space) to the surface.
For example, if the surface (or curve) is given in a parametric form, it is embedded into the Euclidean space, and then the scalar product in the tangent planes
(spaces) to the surface is naturally induced from that in the ambient space.
We even know how to find the area of such a surface (n-measure), i.e., it is
necessary to integrate the volume form

Ω = det gij (t) dt 1 ∧ · · · ∧ dt n .

b. Orthogonal Systems of Curvilinear Coordinates and Unit Vectors
Recall that a system of curvilinear coordinates (t 1 , . . . , t n ) is called orthogonal if
gij ≡ 0 for i = j .
The length element in an orthogonal system of curvilinear coordinates is written
in a particularly simple form:


2
2
ds 2 = g11 (t) dt 1 + · · · + gnn (t) dt n .
It is often rewritten in the more compact notation


2
2
ds 2 = E1 (t) dt 1 + · · · + En (t) dt n .
The vectors ξ1 = (1, 0, . . . , 0), . . . , ξn = (0, . . . , 0, 1) of the coordinate directions
form a basis of the tangent space, corresponding to the value of the parameter t. But
the norm (length) of these vectors is, in general, not equal to one. We have always,
independent√of whether the system of coordinates is orthogonal, ξi , ξi (t) = gii (t),
i.e., ξi  = gii (t), i ∈ {1, . . . , n}.
Thus, the unit vectors (e1 , . . . , en ) (vectors of length one) of the coordinate directions have the following coordinate representation:




1
1
.
e1 = √ , 0, . . . , 0 , . . . , en = 0, . . . , 0, √
g11
gnn
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In particular, if the system of curvilinear coordinates is orthogonal, then the following system of vectors of coordinate directions will be an orthonormal basis in the
corresponding tangent space:




1
1
.
e1 = √ , 0, . . . , 0 , . . . , en = 0, . . . , 0, √
En
E1
c. Cartesian, Cylindrical, and Spherical Coordinates
As examples of orthogonal coordinate systems we have the standard Cartesian,
cylindrical, and spherical coordinates in R3 .
Problem 1 Write down the metric gij (t) dt i dt j in each of these coordinate systems
and find an orthonormal basis (e1 , e2 , e3 ).
Answer In Cartesian coordinates (x, y, z), cylindrical coordinates (r, ϕ, z), and
spherical coordinates (R, ϕ, θ ) of the Euclidean space R3 , the quadratic form
gij (t) dt i dt j has the following form:
ds 2 = dx 2 + dy 2 + dz2 =
= dr 2 + r 2 dϕ 2 + dz2 =
= dR 2 + R 2 cos2 θ dϕ 2 + R 2 dθ 2 .
In Cartesian, cylindrical, and spherical coordinates, the triples of unit vectors of
coordinate directions are the following, respectively:
ex = (1, 0, 0),
er = (1, 0, 0),
eR = (1, 0, 0),

ey = (0, 1, 0),
ez = (0, 0, 1);


1
ez = (0, 0, 1);
eϕ = 0, , 0 ,
r




1
1
,0 ,
eθ = 0, 0,
.
eϕ = 0,
R cos θ
R

D.2 Operators grad, curl, div in Curvilinear Coordinates
D.2.1 Differential Forms and Operators grad, curl, div
The differential dU of a function U is a 1-form. When one has a scalar product , ,
as we know, to the 1-form dU corresponds a vector A such that dU = A, ·. This
vector is called the gradient of the function U and is denoted by grad U .
Thus, dU = grad U, ·.

D.2 Operators grad, curl, div in Curvilinear Coordinates

675

Suppose that in the Euclidean space R3 (or in any three-dimensional Riemannian
1 = A, · corresponding to the field A. The differmanifold) we have the 1-form ωA
1
ential dωA of this form is a 2-form ωB2 , corresponding, in the presence of a volume
form Ω 3 , to some vector field B (i.e., ωB2 = Ω 3 (B, ·, ·)). Then the field B is called
the curl of the vector field A, and is denoted by curl A.
1 = ω2
Thus, dωA
curl A .
If one has a volume form Ω n on an n-dimensional surface (for example on Rn ),
then there is defined an (n − 1)-form for the flux of a vector field B, namely the form
ωBn−1 = Ω n (B, ·, ·). The differential dωBn−1 of this (n − 1)-form is an n-form, which
therefore has the type ρΩ n . The proportionality factor, the function ρ, is called the
divergence of the vector field B and is denoted by div B.
Thus, dωBn−1 = (div B)Ω n .

D.2.2 Gradient of a Function and Its Coordinate Representation
a. Coordinate Representation for the Correspondence Between a Vector
and a 1-Form
1 = A, ·
In Sect. D.1.2, we derived a relation between the coefficients of a 1-form ωA
i
and the coordinates of the vector A = A ξi . If we take the unit vectors ei instead of
√
the vectors ξi , and since ξi = gii ei , then the coordinates of the vector A = Aie ei
in the basis {ei } and its former coordinates are related through the equation Aie =
√
Ai gii for i ∈ {1, . . . , n}.
Hence all new related formulas have the form

Ai
aj = gij √ e ,
gii

Aie
√ = g ij aj .
gii

These formulas allow us to write, in terms of the vector A = Aie ei , the corre1 = A, · = a dt j and conversely, to write the vector A = Ai e in
sponding form ωA
j
e i
terms of the 1-form ω1 = aj dt j .
Problem 2 Write down in Cartesian, cylindrical, and spherical coordinates of the
1 = A, ·, corresponding to
Euclidean space R3 the explicit form of the 1-form ωA
i
the vector A = A ei .
1 has the following form, in Cartesian coordinates (x, y, z),
Answer The 1-form ωA
cylindrical coordinates (r, ϕ, z), and spherical coordinates (R, ϕ, θ ) of the Euclidean space R3 , respectively:
1
ωA
= Ax dx + Ay dy + Az dz =

= Ar dr + Aϕ r dϕ + Az dz =
= AR dR + Aϕ R cos ϕ dϕ + Aθ R dθ.
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b. Differential of a Function and the Gradient
1 in the case
We shall apply the general formula relating the vector A and the form ωA
of the form dU = grad U, ·, in order to find the decomposition grad U = Aie ei .
∂U
∂U
j
i
ij √g ∂U .
Since dU = ∂t
ii ∂t j
j dt , i.e., aj = ∂t j , then we have Ae = g
In the case of an orthogonal system of curvilinear coordinates, the matrix (gij )
is diagonal, as well as its inverse matrix (g ij ). Moreover, g ii = 1/gii . Hence in this
case,

1 ∂U
1 ∂U
e1 + · · · + √
en .
grad U = √
1
g11 ∂t
gnn ∂t n
c. Gradient in Cartesian, Cylindrical, and Spherical Coordinates
Problem 3 Write down the vector grad U = Aie ei in Cartesian, cylindrical, and
spherical coordinates of the Euclidean space R3 .
Answer The vector grad U has the following form in Cartesian (x, y, z), cylindrical
(r, θ, z), and spherical (R, ϕ, θ ) coordinates of the Euclidean space R3 , respectively:
grad U =

∂U
∂U
∂U
ex +
ey +
ez =
∂x
∂y
∂z

=

1 ∂U
∂U
∂U
er +
eϕ +
ez =
∂r
r ∂ϕ
∂z

=

∂U
1 ∂U
1 ∂U
eR +
eϕ + 2
eθ .
∂R
R cos θ ∂ϕ
R ∂θ

D.2.3 Divergence and Its Coordinate Representation
a. Coordinate Representation for the Correspondence Between a Vector
and an (n − 1)-Form
We know that if there exists a nondegenerate n-form Ω n in an n-dimensional vector
space, then one can establish a one-to-one correspondence between a vector B and
the (n − 1)-form ωBn−1 = Ω n (B, . . .). We wish to write down an explicit formula
relating the coordinates of the vector B = B i ξi and the coefficients of the form


ωBn−1 = bi x 1 ∧ · · · x i ∧ · · · ∧ x n , considering that both objects are expressed in terms
of the one basis {ξi } of the space. Here, x i is a linear function as usual, whose action


is given by assigning the i-coordinate of a vector, i.e., x i (v) := v i ; the symbol x i
means that the corresponding factor is omitted. The n-form Ω n in the n-dimensional
vector space is x 1 ∧ · · · ∧ x n or proportional to this standard volume form, equal to
one on the set of the basis vectors (ξ1 , . . . , ξn ).

D.2 Operators grad, curl, div in Curvilinear Coordinates

677

In general, the value of the form Ω 1 = x 1 ∧ · · ·∧ x n on any vector set (v1 , . . . , vn )
j
is equal to the determinant of the matrix (vi ) consisting of the coordinates of these
vectors. Hence if we consider the rule for the expansion of the determinant on a row,
we can write
n

Ω n (B, . . .) =



(−1)i−1 B i x 1 ∧ · · · ∧ x i ∧ · · · ∧ x n .
i=1

However, ωBn−1 = Ω n (B, . . .); thus
n

n



bi x 1 ∧ · · · ∧ x i ∧ · · · ∧ x n =
i=1



(−1)i−1 B i x 1 ∧ · · · ∧ x i ∧ · · · ∧ x n .
i=1

Therefore, bi = (−1)i−1 B i for every i ∈ {1, . . . , n}. If instead we had the form
cωn = cx 1 ∧ · · · ∧ x n , then we would have the equation bi = (−1)i−1 cB i for every
i ∈ {1, . . . , n}.
Recall also that if there is an inner product , and a fixed basis {ξi } in a vector
space, then there is also a natural volume form det gij x 1 ∧ · · · ∧ x n defined, as
well as the scalar product itself, in terms of the values gij = ξi , ξj .
Finally, recall that in this case, the unit vectors (with respect to the norm) are
√
√
not in general the vectors {ξi }, but the vectors ei = ξi / gii . Since ξi = gii ei , the
original decomposition of the vector B = B i ξi in the basis {ei } becomes B = Bei ei ,
√
where Bei = gii B i .
Therefore,
if one has a scalar product on the space, then there is a natural volume
form Ωgn = det gij x 1 ∧ · · · ∧ x n , and if ωBn−1 = Ωgn (B, . . .), then the coefficients


of the form ωBn−1 = bi x 1 ∧ · · · ∧ x i ∧ · · · ∧ x n and the coordinates of the vector B in
√
the decomposition B = Bei ei in terms of the basis of unit vectors ei = ξi / gii are
related by the equations

Bi
bi = (−1)i−1 det gij √ e .
gii
In an orthogonal basis, det gij = g11 · · · gnn . In this case,


bi = (−1)i−1 g11 · · · gii · · · gnn Bei .
All of the above remains valid when it is applied to the case of the vector field
B(t) and the differential form ωBn−1 = Ωgn (B, . . .) of the field generated by the volume form.

Thus if Ωgn = det gij (t) dt 1 ∧ · · · ∧ dt n ,


ωBn−1 = bi (t) dt 1 ∧ · · · ∧ dt i ∧ · · · dt n ,
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and B(t) = Bei (t)ei (t) is the decomposition in terms of the unit vectors of the curvilinear coordinates (t 1 , . . . , t n ), then

√
gii
i−1 det gij i
bi = (−1)
Be ,
Bei = (−1)i−1 
bi .
√
gii
det gij
If the system ofcurvilinear coordinates is orthogonal, we come back to the rela
tion bi = (−1)i−1 g11 · · · gii · · · gnn Bei .
In particular, for a 3-dimensional orthogonal system of curvilinear coordinates
(t 1 , t 2 , t 3 ), using the same notation Ei = gii mentioned at the beginning, it is possible to write the following coordinate representation of the form ωB2 corresponding
to the vector B = Be1 e1 + Be2 e2 + Be3 e3 :



ωB2 = Be1 E2 E3 dt 2 ∧ dt 3 + Be2 E3 E1 dt 3 ∧ dt 1 + Be3 E1 E2 dt 1 ∧ dt 2 =
 1


B
B2
B3
= E1 E2 E3 √ e dt 2 ∧ dt 3 + √ e dt 3 ∧ dt 1 + √ e dt 1 ∧ dt 2 .
E3
E1
E2
(Bear in mind that in the 3-dimensional case, the 2-form ω2 is not usually written
as b1 dt 2 ∧ dt 3 + a2 dt 1 ∧ dt 3 + b3 dt 1 ∧ dt 2 , but as a1 dt 2 ∧ dt 3 + a2 dt 3 ∧ dt 1 +
a3 dt 1 ∧ dt 2 ; for example, P dy ∧ dz + Q dz ∧ dx + R dx ∧ dy.)
Problem 4 Specify the explicit form of the 2-form ωB2 = Ωg3 (B, . . .) corresponding
to the vector field B = Bei ei in Cartesian, cylindrical, and spherical coordinates of
the Euclidean space R3 .
Answer The form ωB2 has the following form in Cartesian (x, y, z), cylindrical
(r, θ, z), and spherical (R, ϕ, θ ) coordinates of the Euclidean space R3 :
ωB2 = Bx dy ∧ dz + By dz ∧ dx + Bz dx ∧ dy =
= Br r dϕ ∧ dz + Bϕ dz ∧ dr + Bz r dr ∧ dϕ =
= BR R 2 cos θ dϕ ∧ dθ + Bϕ R dθ ∧ dR + Bθ R cos θ dR ∧ dϕ.
b. The Differential Form of a Flux and the Divergence of the Velocity Field
The form ωBn−1 = Ωgn (B, . . .) is often called a form of a flux, since when B is the
flux velocity field (at least for n = 3), one has to integrate exactly this form to find
the outflow (flux) through a surface.
The differential of the form of a flux ωBn−1 is an n-form, proportional to the
volume form. The coefficients of proportionality are called the divergence field B,
as we know. Thus dωBn−1 = div B · Ωgn .
We want to study the field B = Bei ei itself and find its divergence div B. We
already know how to find the form of a flux ωBn−1 from the field B = Bei ei . We shall
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find it, compute its differential, and obtain an n-form, proportional to the volume
form, whose coefficients of proportionality are the divergence of the field B.
Let us show this. We write the (n − 1)-form ωBn−1 in the following form:


ωBn−1 = b1 (t) dt 1 ∧ · · · ∧ dt i ∧ · · · ∧ dt n .
We compute its differential
n

dωBn−1

=
n=1

∂bi
(−1)i−1 dt 1 ∧ · · · ∧ dt n .
∂t i

We express the coefficients bi of the form ωBn−1 through the coordinates Bei of the
vector B = Bei ei :
n

dωBn−1

=
n=1

∂
∂t i



det gij i
Be
dt 1 ∧ · · · ∧ dt n .
√
gii

We compare this form with the volume form
Ωgn =



det gij (t) dt 1 ∧ · · · ∧ dt n ,

and we obtain
1
div B = 
det gij

n
n=1

∂
∂t i



det gij i
Be .
√
gii

In an orthogonal system of curvilinear coordinates, this formula takes the form
1
div B = √
g11 · · · gnn

n
n=1

∂
∂t i

√

g11 · · · gnn i
Be
√
gii


.

c. Divergence in Cartesian, Cylindrical, and Spherical Coordinates
Problem 5 Write down formulas to calculate the divergence of a vector field
B = Bei ei in Cartesian, cylindrical, and spherical coordinates of the Euclidean
space R3 .
Answer In Cartesian coordinates (x, y, z), cylindrical coordinates (r, ϕ, z), and
spherical coordinates (R, ϕ, θ ) of the Euclidean space R3 , the divergence div B of
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the vector field B = Bei ei can be calculated according to the formula
∂By
∂Bx
∂Bz
+
+
=
∂x
∂y
∂z


∂Bϕ
∂Bz
1 ∂rBr
+
=
+
=
r
∂r
∂ϕ
∂z

 2
∂R cos θ Bθ
∂R cos θ BR ∂RBϕ
1
+
+
.
= 2
∂R
∂ϕ
∂θ
R cos ϕ

div B =

D.2.4 Curl of a Vector Field and Its Coordinate Representation
a. Correspondence Between a Vector Field A and the Vector Field B = curl A
We shall now consider the special 3-dimensional case. We shall assume, as before,
that we are given a metric gij (t) dt i dt j in the curvilinear
coordinates (t 1 , t 2 , t 3 ),

3
generating at the same time the volume form Ωg = det gij (t) dt 1 ∧ dt 2 ∧ dt 3 .
1 , and the
In this case the vector field A = Aie ei corresponds to the 1-form ωA
1
differential dωA of this form, as a 2-form ((n − 1)-form), corresponds to a vector
1 = ω2 . This vector field B is called, as we know, the
field B = Bei ei such that dωA
B
curl of the original field A and is denoted by curl A.
b. The Coordinate Representation of the Correspondence Between Vector
Fields A and B = curl A
We wish to learn how to calculate the coordinates of the field B = curl A in terms of
the coordinates of the vector field A. According to the procedure described above,
1 = A, ·:
from the vector field A = Aie ei we build its corresponding 1-form ωA
gij j
1
ωA
= ai dt i = √ Ae dt i .
gjj
We take its differential


gij j
∂
1
dωA
= k √ Ae dt k ∧ dt i =
∂t
gjj





g3j j
g2j j
∂
∂
A
A
=
−
dt 2 ∧ dt 3 +
√
√
e
e
gjj
gjj
∂t 2
∂t 3





g1j j
g3j j
∂
∂
−
dt 3 ∧ dt 1 +
A
A
+
√
√
e
e
gjj
gjj
∂t 3
∂t 1





g2j j
g1j j
∂
∂
−
dt 1 ∧ dt 2 ,
A
A
+
√
√
e
e
gjj
gjj
∂t 1
∂t 2
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considering this form a form of type ωB2 . By comparing the coefficients, we have
1 = b dt 2 ∧ b dt 3 ∧ dt 1 + b dt 1 ∧ dt 2 . We obtain the coordinates B i =
ωB2√= dωA
1
2
3
e
√ gii bi of the vector B = curl A.
det(gij )

In the case of a 3-dimensional orthogonal system of curvilinear coordinates
(t 1 , t 2 , t 3 ), the formula simplifies. In this case,
∂ √
gii Aie dt k ∧ dt i =
∂t k


∂ √
∂ √
3
2
=
−
g
A
g
A
dt 2 ∧ dt 3 +
33 e
22 e
∂t 2
∂t 3


∂ √
∂ √
1
3
dt 3 ∧ dt 1 +
−
g
A
g
A
+
11 e
33 e
∂t 3
∂t 1


∂ √
∂ √
2
1
g22 Ae − 2 g11 Ae dt 1 ∧ dt 2 ,
+
∂t 1
∂t

1
dωA
=

and using the notation Ei = gii , it is possible to write the coordinates of the vector
curl A = B = Be1 e1 + Be2 e2 + B33 e3 :
√ 
 3√
∂Ae E3 ∂A2e E2
1
−
Be1 = √
,
∂t 2
∂t 3
E2 E3
√ 
 1√
∂Ae E1 ∂A3e E3
1
,
−
Be2 = √
∂t 3
∂t 1
E3 E1
√ 
 2√
∂Ae E2 ∂A1e E1
1
,
Be3 = √
−
∂t 1
∂t 2
E1 E2
which means that
√
 E 1 e1

1

curl A = √
 ∂1
E1 E2 E3 √
E1 A1
e

√

E 2 e2
∂2

√
E2 A2e


√
E3 e3 

∂3  .

√
E3 A3 
e

c. Curl in Cartesian, Cylindrical, and Spherical Coordinates
Problem 6 Write down the formula to calculate the curl of a vector field A =
A1e e1 + A2e e2 + A33 e3 in Cartesian, cylindrical, and spherical coordinates of the Euclidean space R3 .
Answer In Cartesian (x, y, z), cylindrical (r, ϕ, z), and spherical (R, ϕ, θ ) coordinates of the Euclidean space, the curl (curl A) of the vector field A = A1e e1 + A2e e2 +
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A33 e3 is calculated according to the formula






∂Ay
∂Az ∂Ay
∂Ax
∂Az
∂Ax
curl A =
−
ex +
−
ey +
−
ez =
∂y
∂z
∂z
∂x
∂x
∂y






∂Ar
∂Az
1 ∂rAϕ ∂Ar
1 ∂Az ∂rAϕ
−
−
−
=
er +
eϕ +
ez =
r ∂ϕ
∂z
∂z
∂r
r
∂r
∂ϕ




∂Aϕ cos θ
∂Aθ
1 ∂AR ∂RAθ
1
=
−
eR +
−
eϕ +
R cos θ ∂ϕ
∂θ
R ∂θ
∂R


1 ∂AR
1 ∂RAϕ
−
eθ .
+
R
∂R
cos θ ∂ϕ

Appendix E

Modern Formula of Newton–Leibniz
and the Unity of Mathematics
(Final Survey)

E.1 Reminders
E.1.1 Differential, Differential Form, and the General Stokes’s
Formula
a. What Happened and Was the Reason That Brought Us to This Kind of Life
We already began the ascent to the modern Newton–Leibniz formula at the very
beginning of this course of mathematical analysis, when we defined the differential
df (x) of a function f : X → Y at the point x. By analyzing this concept gradually
in detail, we found that it is a linear function operating on a linear vector space
Tx X of displacements from the point under consideration with values in the space
Ty Y of displacements from the point y = f (x). The spaces Tx X and Ty Y are called
tangent spaces to X and Y at the corresponding points. The differential itself is also
called the tangent mapping or total derivative with respect to the original mapping
(function) f : X → Y at the point x.
Once one has become acquainted with the concept of tangent line or tangent
plane to a surface, one understands the origin and the geometric meaning of this
terminology.
Passing to functions of several variables and mappings of multidimensional objects, we left the definition of the differential unchanged, but every time, we explicitly deciphered the coordinate representation of the differential. In this way, the
notion of the Jacobian matrix of a mapping appeared.
We know that the differential of a function f : Rn → R has the form
df (x) =

∂f
∂f
dx 1 + · · · + n dx n ,
1
∂x
∂x

i.e., it is a linear combination of differentials of simple functions, the coordinate
functions, and the value of the differential df (x)(ξ ) at the vector ξ ∈ Tx Rn coincides with the value of the derivative Dξ f (x) of the function on this vector, and
© Springer-Verlag Berlin Heidelberg 2016
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since dx i (ξ ) = ξ i , one has
df (x)(ξ ) =

∂f
∂f 1
ξ + · · · + n ξ n.
∂x
∂x 1

If you are acquainted with the linear algebra of linear, multilinear, and skewsymmetric forms and the operation of their external product, you could, by applying
this to differentials, write a differential form of the type
ωk (x) = ai1 ...ik (x) dx i1 ∧ · · · ∧ dx ik ,
realizing that this is a skew-symmetric k-form on the tangent space whose value
on the set of vectors (ξ1 , . . . , ξk ) can be calculated if the value of dx i1 ∧ · · · ∧
dx ik (ξ1 , . . . , ξk ) is known. Lastly, this is equal to the determinant of the matrix
⎛
⎞
i
ξ1i1 · · · ξ1k
⎜ .
.. ⎟
..
⎜ .
⎟
.
. ⎠,
⎝ .
ξki1 · · · ξkik
as we know from algebra (given that dx i (ξ ) = ξ i ).
Recall that we were led to differential forms by the change of variables formula for a multiple integral. For a one-dimensional integral, the form f (x) dx,
standing under the integral sign, dictated the correct change of variable formula
f (ϕ(t)) dϕ(t). We were concerned, as Euler was, about the fact that this was not the
case for higher-dimensional integrals. We wanted to correct this deficiency and at
the same time understand what we are actually integrating, since the result should
not depend on the choice of the system of coordinates.
Analyzing this problem, we also had to figure out a number of concepts, not only
in algebra but also in geometry. We understood what a k-dimensional surface is,
curvilinear coordinates, local charts, local maps and atlas, what the orientation of
a surface is, and how it is specified, what the border of a surface and the induced
orientation on the border are, and finally what all of this looks like in the general
case of manifolds of dimension k.
We had to analyze what occurs with our objects and operations under a change
of coordinate system. We also had to figure out the direction in which points, vectors, and functions on those objects are transferred, in particular forms under smooth
mappings, and how exactly to implement the corresponding transfer in the coordinates. At the same time, we convinced ourselves that the operation of differentiation
on forms is indeed invariant with respect to the choice of coordinate system. The differentiation of forms, in the coordinate representation, is realized in the most simple
and natural way,
dωk (x) = dai1 ...ik (x) dx i1 ∧ · · · ∧ dx ik ,
which it is often taken, for this reason, as the original definition of this operation.
Appealing to some suggestions from physics (computation of work, flux), we
realized that we integrate differential forms not only because they solve the original
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problem about the change of variables formula in multiple integrals, but also they
lead to the following far-reaching generalization of the classical Newton–Leibniz
formula:


dωk−1 =
ωk−1 .
k
M+

k
∂M+

This formula, frequently called the general Stokes’s formula, rightfully should be
called the Newton–Leibniz–Gauss–Ostrogradskii–Green–Maxwell–Cartan–Poincaré formula.

b. The Problem of Primitives Yesterday and Today
One of the very first questions in classical mathematical analysis is the question
about the inversion of the operation of differentiation, more precisely, the question
of whether every function f (for example, continuous) is the derivative of some
other function, and if so, how to find the antiderivative or primitive F of the given
function. In the language of forms, this question is whether a 1-form f (x) dx is the
differential dF of some 0-form, i.e., a function F .
We gave a positive answer to this question, considering everything over a numerical interval. We did not even consider any other situation. If you ask yourself the
same question, for example, for a function identically equal to one on the circle or
for an appropriate form dϕ, you will immediately realize that the answer is negative. There is no differentiable function on the circle whose derivative everywhere
is equal to one.
This is one of the manifestations of a relation between a question of global analysis and the topology of the domain, where the question is posed and solved.
A significant part of the following text is devoted to a deeper, although not complete, discussion of this relation.
Generalizing the classical situation, we shall ask the following question: Given a
differential k-form ωk , we look for a (k − 1)-form ωk−1 such that ωk = dωk−1 .
c. Closed and Exact Differential Forms
Differential forms ωk having a primitive (i.e., being the differential of some form
ωk−1 : ωk = dωk−1 ) are called exact forms.
We shall easily prove that an obvious necessary differential condition for the
exactness of a form ωk is the equality dωk = 0, due to the fact that the external
redifferentiation of any differential form is identically zero.
If the differential of a form is equal to zero, the form is called closed.
Thus, closedness is a necessary condition for the exactness of a form.
Previously, we considered in all details and interpretations the case of 1-forms.
We also convinced ourselves that although closedness is a necessary condition for
exactness, this condition is not sufficient, and it is significantly associated with the
topology of the domain in which the problem is posed.
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In physics, potential vector fields play an important role. If we have a scalar
product ,  (or a nondegenerate bilinear form) in some space, then there arises a
correspondence between linear functions (forms) and vector fields, defined by the
1 (x)(ξ ) = A(x), ξ . Incidentally, when we want to calculate the work
equality ωA
that should be done by a vector field along a path γ , then we just integrate the
1 , called a work form. The remarkable characteristic of potential vector fields
form ωA
is that the work on those fields depends only on the beginning and the end of the
path of transition and is equal to the difference between the values of the potential
generating this field. In particular, the work on a closed contour (a cycle) with such
a vector field is zero.
In the language of vector fields, the differential characteristic of a potential vector
field is, as we know, that they have no rotation (their curl vanishes). We also know
that irrotational vector fields are not always potential vector fields, and it depends on
the topology of the domain on which they act. In a simply connected domain, this
necessary characteristic is also sufficient. For example, in a three-dimensional ball
or a ball with deleted center, or in a cut-out ball, every irrotational field is a potential
field; in the two-dimensional disk this is also the case, but in the disk with the center
deleted, it is no longer the case. (Recall the typical example: in writing the form dϕ
in Cartesian coordinates (x, y), we considered the vector field (−y, x)/(x 2 + y 2 )
corresponding to it.)
Along with the necessary differential condition of exactness of a form, which
“feels” the form locally, we had an integral criterion for exactness of 1-forms, consisting in the fact that the integral of a form over any cycle (closed path) lying in the
considered domain is always equal to zero.
This integral criterion for the exactness of forms remains true with respect to
forms of any degree, with the proper understanding of what the cycle of the corresponding dimension should be.
This is one of de Rham’s theorems, which has as a consequence a much older
theorem, also called Poincaré’s lemma, asserting that in the space Rn , in a ball, or
on any other domain homeomorphic to it, every closed form is exact.

E.1.2 Manifolds, Chains, and the Boundary Operator
a. Cycles and Boundaries
In the previous Stokes’s formula we have geometric objects (curves, surfaces, manifolds, and their boundary, i.e., the border), on which we integrate the corresponding
differential forms.
Similar to the operator d of differentiation, we have the operator ∂, which maps
surfaces to their boundary. The boundary ∂M k of a manifold M k is also a manifold,
but with one dimension fewer. Moreover, the variety ∂M k no longer has a boundary,
i.e., the reapplication of the operator ∂ always gives the empty set. In this sense, the
operators d and ∂ are similar. But if the operator d increases the dimension of the
object by 1, the operator ∂ reduces the dimension by 1.
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The concepts of closedness and exactness in forms correspond here to the concepts of cycles and boundaries.
A compact surface, a manifold M k (later we shall say also chain) of dimension k,
is called a cycle of dimension k if ∂M = ∅, i.e., M does not have any boundary
points.
Thus, the sphere of dimension k is a cycle of dimension k.
A surface, manifold M k (a chain), is called a boundary if it has a “primitive” in
the sense that there is a surface or manifold M k+1 (chain) such that ∂M k+1 = M k .
It is clear that if the surface or manifold is the boundary of some other compact
manifold, then it must be a cycle. However, the situation here is similar to that of
forms, where the conditions are necessary but in general not sufficient to ensure that
in the domain where this cycle lies, there is also a manifold such that the cycle is
the boundary of that manifold.
Take, for example, a circular ring, or annulus, in the plane. Then every circle
containing the hole is a cycle, but it is not the boundary of a manifold lying on
the annulus. But if instead of an annulus we consider a disk, then the situation is
radically different.
Let us consider the boundary of the annulus, and we shall recall the following
fact. The operator ∂ acting on boundaries is not a simple set-theoretic transformation. On an atlas of the surface or manifold, this operator gives an atlas of the boundary, which is called the induced atlas of the boundary. If the original atlas consists
of compatible charts, then under this operator, the induced atlas will also have this
property. Thus if the manifold is orientable, then its boundary possesses an orientation, which is called the induced orientation or agreed or compatible orientation of
the boundary.
If the annulus G that we just discussed is oriented with the standard left frame of
the Cartesian coordinates in the plane, then its boundary, consisting of two circles
γ1 , γ2 , will be oriented such that the outer circle γ2 goes in the positive direction
(counterclockwise) and the inner circle is negatively oriented (clockwise). The integral in such a boundary is reduced to the difference between the integrals over γ1
and γ2 . It is useful to write that as ∂G = γ2+ − γ1+ .
For example, if you need to calculate the work that is accomplished by five turns
along the path γ2+ , then three along the path γ1+ , and finally two along γ2− , then
you have to integrate over the chain 5γ2+ + 3γ1+ + 2γ2− = 5γ2+ + 3γ1+ − 2γ2+ =
3γ2+ + 3γ1+ . The integration over such chain corresponds, of course, to a linear
combination of the integrals over γ1+ and γ2+ .
This discussion illustrates why it is useful to consider linear combinations of
geometric objects. These are called chains. We have explained here only where
the concept of chains comes from, what are they in general, and where and why
they are useful. We are not going into general and formal definitions, since we do
not need them here in the more general form, and they can be found in the book.
Analogously, just as in analysis, when we are forced to go from the usual ordinary
functions to generalized functions, in geometry one goes from the simplest objects
like cubes and chains of cubes to their generalizations like singular cubes and chains
of singular cubes. Moreover, we then do the next extension and invent the concept
of flux, which combines differential forms, generalized functions, and manifolds.
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b. Homological Cycles
We shall see below that it is sometimes possible to calculate the integral of a form
over a cycle by going to some other cycle, sometimes significantly simpler, which
is in some way associated with the original cycle. This is a remarkable, important,
and useful fact, which is used in different areas of mathematics and its applications.
In order to understand the relation between cycles, we have to consider the following fact: their difference must be the boundary of an object lying on the domain
we are considering. We say that such cycles are homologous in this domain.
For example, two closed oriented paths γ1+ , γ2+ on a domain D or on a mani2 ⊂ D (S 2 ⊂ M) such
fold M are homologous if we can find an orientable surface S+
+
2 =γ
that ∂S+
2+ − γ1+ .
Thus, the circles γ1+ , γ2+ considered above are homologous in the annulus G+ .
Since the operator ∂ acts on boundaries and is extended by linearity over chains,
it is possible to determine the homology of chains.
For instance, the chains γ1+ and 2γ2+ are not homologous on the annulus G+ .
We shall discuss the role and applications of the concept of homology of cycles
in the context of the integration of differential forms.

E.2 Pairing
E.2.1 The Integral as a Bilinear Function and General Stokes’s
Formula
a. The Integral of an Exact Form over a Cycle and of a Closed Form over a
Boundary
We introduce first some useful notation.
Let Ω(M) denote the whole set of differential forms on a manifold (or surface)
M, and let Ω k (M) denote the subset of forms of order k (i.e., k-forms), Z k (M) its
subset of closed k-forms, and B k (M) its subset of exact k-forms.
Analogously, let C(M) be the set of chains on a manifold (or surface) M, and
let Ck (M) be the subset of chains of dimension k (k-chains), Zk (M) the subset of
cycles (k-cycles), and Bk (M) its subset of boundary cycles (k-boundaries).
Thus, Ω(M) ⊃ Ω k (M) ⊃ Z k (M) ⊃ B k (M) and C(M) ⊃ Ck (M) ⊃ Zk (M) ⊃
Bk (M).
As long as we do not change the manifold M on which we wish to calculate
something, in order to simplify the notation we shall remove the symbol M whenever it does not lead to confusion, that is present in the just-discussed notation.
Now we shall make a concluding remark.
Consider the integral of an exact form bk ∈ B k over the cycle zk ∈ Zk and of a
closed form zk ∈ Z k over a boundary bk ∈ Bk . Employing Stokes’s formula, we find
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that







b =
k

zk

and

dω

k−1

=

zk


z =

ω


∅

ωk−1 = 0



z =

dz =

k

∂ck+1

=

∂zk


k

bk


k−1

0 = 0.

k

ck+1

ck+1

b. Integral of a Closed Form over a Cycle and Its Invariance Under Certain
Changes of the Form and the Cycle
The remark that we just made leads to the following important and very useful
conclusion.
We shall consider now the integral of a closed form zk over a cycle zk . Given that
the addition of an exact form bk to a closed form zk gives again a closed form (since
d(zk + bk ) = dzk + dbk = 0), and the addition of a boundary cycle bk to a cycle zk
gives again a cycle (since ∂(bk + zk ) = ∂bk + ∂zk = 0), recalling the remark we just
made, we can now write the following chain of equalities:




 k
 k
 k
z + bk =
z + bk =
z .
zk =
zk

zk

zk +bk

[zk ]

Here [zk ] means the class of forms that differ from the original form zk modulo
an exact form, and [zk ] is the class of cycles differing from the original one up to a
boundary cycle.
Thus by calculating the integral of a closed form zk over a cycle zk , we can afford
to choose, without changing the value of the integral, any cycle from the class [zk ]
and any form from the class [zk ].

E.2.2 Equivalence Relations (Homology and Cohomology)
a. Toward Uniformity in Terminology: Cycles and Cocycles, Boundaries
and Coboundaries
Along with the unification of notation, it is convenient to agree on the following
standardization of terminology. Since the elements of the sets Zk and Bk are called
cycles and boundaries, respectively, we shall call the elements of Z k and B k cocycles and coboundaries, respectively.
Thus a cocycle is a closed differential form, and a coboundary is an exact differential form.
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b. Homology and Cohomology
A class [zk ], or more precisely a class [zk ](M), is called a homology class of the
cycle zk on the manifold (or surface) M.
A class [zk ], or more precisely a class [zk ](M), is called a cohomology class of
the cocycle zk on the manifold (or surface) M.
The operator ∂ taking boundary chains is called a boundary operator, and the
operator d acting on differential forms is called a coboundary operator.
Two cycles are homologous on the manifold (or surface) M if their difference is
the boundary of a chain lying on M.
Two cocycles are cohomologous on the manifold (or surface) M if their difference is a coboundary on M (i.e., two closed forms are cohomologous on the manifold if their difference is an exact form on the manifold).

E.2.3 Pairing of Homology and Cohomology Classes
a. The Integral as a Bilinear Function

The integral ck ωk of a k-form over a chain on some manifold M can be considered
a pairing ωk , ck  of objects from two vector spaces, namely the linear space of
k-forms Ω k and the linear space of k-chains Ck .
We can conclude, knowing the properties of the integral, that the operation
ωk , ck  is bilinear.

b. Nondegeneracy of the Bilinear Form of Pairing (de Rham Theorem)
When we considered the above pairing between cycles and cocycles, we obtained
an important result, which can be stated now in the following form:
!  
!
zk , zk = zk , [zk ] .
Recalling the definition of the cohomology and homology classes [zk ], [zk ],
we can say that they are elements of the quotient space H k := Z k /B k and Hk :=
Zk /Bk , respectively.
The vector spaces H k and Hk , whose complete notation is H k (M) and Hk (M),
are called the space of k-dimensional cohomology of the manifold M and the space
of k-dimensional homology of the manifold M, respectively.
Thus, the integral actually also pairs cohomology and homology classes. The
pairing [zk ], [zk ] is clearly linear and is nondegenerate, as was shown by de Rham.
(Recall that a bilinear form ,  is called nondegenerate if once we fix one of the
arguments with a nonzero value, the form is not identically zero with respect to the
other argument.)
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c. Integral Criterion for the Exactness of a Closed Form
De Rham’s theorem that we just mentioned implies the following criterion of exactness of a closed form: A closed form zk = ωk on a manifold (surface, domain) M
is exact on M if and only if the integral of this form over every k-dimensional cycle
lying on M is equal to zero.
Indeed, if zk , zk  = 0 for every cycle zk lying on M, then according to de Rham’s
theorem, [zk ] = 0 in H k = Z k /B k . This means that zk ∈ B k .
We have examined in detail all aspects for the case of 1-forms, and we also
proved this criterion in this case. We have now established this criterion in general.
In particular, you can now say by looking at a manifold or domain where there is
an irrotational vector field or a divergence-free vector field whether the vector field
is a potential, or it has a vector potential (i.e., it is the curl of some vector field),
respectively.
We can also use de Rham’s theorem on the second argument, of course. For
example, if we know that on some manifold all the closed k-forms are exact, we can
say that on this manifold every k-cycle is a boundary cycle (homologous to zero).
Thus, we have a conclusion about the topology of the manifold.

E.2.4 Another Interpretation of Homology and Cohomology
a. Duality of Operators d and ∂
In the notation of the pairing ωk , ck , Stokes’s formula has the form
!
!
dωk−1 , ck = ωk−1 , ∂ck ,
showing the duality between the operators d and ∂.
b. The Operators d and ∂ as Mappings
In some cases, it is useful to write the full notation of the operators d and ∂, for
example, in the notation of the following sequences of linear mappings:
dk−2

dk−1

∂k−1

∂k

dk

dk+1

· · · −−→ Ω k−1 −−→ Ω k −
→ Ω k+1 −−→ · · · ,
∂k+1

∂k+2

− Ck ←−− Ck+1 ←−− · · · .
· · · ←−− Ck−1 ←
Using the standard notations Ker and Im for the kernel and the image of a linear
mapping, we can write, for example, that
Z k = Ker dk ,

Zk = Ker ∂k ,

B k = Im dk−1 ,

Bk = Im ∂k+1 ,

and thus
H k = Ker dk / Im dk−1

and Hk = Ker ∂k / Im ∂k+1 .
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E.2.5 Remarks
A few words as a conclusion. I repeat that this is just an overview, an overview of
the principles that does not go into details. The details are covered in the textbook,
and numerous developments are given in the specialized literature, which is easier
to read with an initial idea of the subject, of course.
In physics and mechanics, we often speak in the language of vector fields. However, you now know how to translate problems in the language of vector fields into
the language of differential forms, and conversely you know how to relate standard
operators like grad, curl, div with the operator d of the exterior differentiation of
forms.
In continuum mechanics, the Hamiltonian operator ∇ is used. Some techniques
that are used with it are presented in the text. There you will also find the answer
to the question of how to represent and calculate the operators grad, curl, div in
curvilinear coordinates.
All of this, including Stokes’s formula, has numerous applications. For example,
look at the deduction of Euler’s equation in continuum mechanics, or write down
Maxwell’s equations for an electromagnetic field. I shall not mention the internal
mathematical applications in analysis, especially complex analysis, geometry, algebraic topology. . .
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Index of Basic Notation

Logical symbols
=⇒
⇐⇒

:=
=:

logical consequence (implication)
logical equivalence
equality by definition; colon
on the side of the object defined

Sets
E
∂E
E̊ := E\∂E
B(x, r)
S(x, r)

closure of the set E
boundary of the set E
interior of the set E
ball of radius r with center at x
sphere of radius r with center at x

Spaces
(X, d)
metric space with metric d
(X, τ )
topological space with system τ of open sets
n-dimensional real (complex) space
Rn (Cn )
R1 = R (C1 = C) set of real (complex) numbers
x = (x 1 , . . . , x n ) coordinate expression of a point of n-dimensional space
C(X, Y )
set (space) of continuous functions on X with values in Y
C[a, b]
abbreviation for C([a, b], R) or C([a, b], C)
C (k) (X, Y ) set of mappings from X into Y that are k times continuously differentiable
C (k) [a, b] abbreviation for C (k) ([a, b], R) or C (k) ([a, b], C)
space C[a, b] endowed with norm f p
Cp [a, b]
C2 [a, b]
space C[a, b] with Hermitian inner product f, g of functions or
mean-square deviation norm
R(E)
set (space) of functions that are Riemann integrable over the set E
R[a, b]
space R(E) when E = [a, b]
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"
R(E)

space of classes of Riemann integrable functions on E that are equal
almost everywhere on E
"p (E)(Rp (E)) space R(E)
"
R
endowed with norm f p
"
"
R2 (E)(R2 (E)) space R(E)
endowed with Hermitian inner product f, g or
mean-square deviation norm
Rp [a, b], R2 [a, b] spaces Rp (E) and R2 (E) when E = [a, b]
L(X; Y ), (L(X1 , . . . , Xn ; Y )) space of linear (n-linear) mappings from X (from
(X1 × · · · × Xn )) into Y
TM p or TM(p), Tp M, Tp (M) tangent space to the surface (manifold) M at the
point p ∈ M
S
Schwartz space of rapidly decreasing functions
D(G)
space of fundamental functions of compact support in the domain G
D (G)
space of generalized functions on the domain G
D
an abbreviation for D(G) when G = Rn

D
an abbreviation for D (G) when G = Rn
Metrics, norms, inner products
d(x1 , x2 )
distance between points x1 and x2 in the metric space (X, d)
|x|, x
absolute value (norm) of a vector x ∈ X in a normed vector space
A
norm
of the linear (multilinear) operator A

f p := ( E |f |p (x) dx)1/p , p ≥ 1 integral norm of the function f
f 2
mean-square deviation norm (f p when p = 2)
a, b
 Hermitian inner product of the vectors a and b
f, g := E (f · g)(x) dx Hermitian inner product of the functions f and g
a·b
inner product of a and b in R3
a×b
vector (cross) product of vectors a and b in R3
(a, b, c)
scalar triple product of vectors a, b, c in R3
Functions
g◦f
f −1
f (x)
f (x 1 , . . . , x n )

composition of functions f and g
inverse of the function f
value of the function f at the points x; a function of x
value of the function f at the point x = (x 1 , . . . , x n ) ∈ X in
the n-dimensional space X; a function depending on n variables
x1, . . . , xn
supp f
support of the function f
f (x)
jump of the function f at the point x
{ft : t ∈ T }
a family of functions depending on the parameter t ∈ T
{fn ; n ∈ N} or {fn } a sequence of functions
ft −→ f on E convergence of the family of functions {ft ; t ∈ T } to the function f
B
on the set E over the base B in T
ft ⇒ f on E uniform convergence of the family of functions {ft ; t ∈ T } to the
B
function⎫f on the set E over the base B in T
f = o(g) over B
⎬ asymptotic formulas (the symbols
f = O(g) over B
of comparative asymptotic behavior
⎭
f ∼ g or f  g over B
of the functions f and g over the base B)
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f (x) 
D(x)
exp(A)
B(α, β)
Γ (α)
χE

∞
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over B expansion in an asymptotic series
Dirichlet function
exponential of a linear operator A
Euler beta function
Euler gamma function
characteristic function of the set E

n=1 ϕn (x)

Differential calculus
f  (x), fx (x), df (x), Df (x) tangent mapping to f (differential of f ) at the point x
∂f
, ∂i f (x), Di f (x) partial derivative (partial differential) of a function f depend∂x i
ing on variables x 1 , . . . , x n at the point x = (x 1 , . . . , x n ) with respect to
the variable x i
Dv f (x) derivative of the function f with respect to the vector v at the point x
∇
Hamilton’s nabla operator
grad f
gradient of the function f
div A
divergence of the vector field A
curl B
curl of the vector field B
Integral calculus
μ(E)
measure of the set E ⎫

f
(x)
dx
⎪
⎬
E
integral of the function f
1 , . . . , x n ) dx 1 · · · dx n
f
(x
E


over the set E ⊂ Rn
1
n
1
n
⎪
⎭
· · · f (x , . . . , x ) dx · · · dx
E


Y dy X f (x, y) dx iterated integral


P dx + Q dy + R dz curvilinear integral (of second kind) or the
γ


work of the field F = (P , Q, R) along
γ F · ds, γ F, ds
the
pathγ

f
ds
curvilinear
integral
(of
first kind) of the function f along the curve γ
γ

 integral (of second3 kind) over
P
dy
∧
dz
+
Q
dz
∧
dx
+
R
dx
∧
dy
the surface S in R ; flux of

S
F
·
dσ
,
F,
dσ

the field F = (P , Q, R) across
S
X
the surface S

f
dσ
surface
integral
(of
first
kind)
of
f over the surface S
S
Differential forms
ω (ωp )
a differential form (of degree p)
ωp ∧ ωq exterior product of forms ωp and ωq
dω
(exterior) derivative of the form ω

ω
integral
of the form ω over the surface (manifold) M
M
ωF1 := F, · work form
2 := (V, ·, ·) flux form
ωV

Subject Index

Symbols
δ-function, 281
δ-neighborhood, 5, 11
ε-grid, 17
k-cell, 255
k-dimensional volume, 186
k-path, 255
n-dimensional disk, 180, 323
nth moment, 402
p-cycle, 358
p-form, 198
τ1 space, 14
τ2 space, 14
θ -formula, 586
A
Abel summation, 392
Abel–Dirichlet test, 375, 376, 378
Abel’s transformation, 376
Absolute convergence
of a series, 374, 375
of an improper integral, 417
of functions, 374
Adiabatic, 224
Adiabatic constant, 226
Adjoint mapping, 317
Admissible set, 119
Alexander horned sphere, 164
Algebra
exterior, 319, 320
graded, 314
Grassmann, 319, 320
Lie, 72, 348
of forms, 313
skew-symmetric, 314
of functions, 399
complex, 399

real, 399
self-adjoint, 402
separating points, 400
Almost everywhere, 114
Alternation, 314
Amplitude, 554
Amplitude modulation, 580
Analysis, harmonic, 554
Angular velocity, 69, 70
Approximate identity, 451
Area
as the integral of a form, 229–231
Minkowski outer, 195
of a k-dimensional surface, 188, 231
of a piecewise-smooth surface, 231
of a sphere in Rn , 193, 440
Asymptotic equality, 590
Asymptotic equivalence, 590
Asymptotic estimate, 589
uniform, 602
Asymptotic expansion
in the sense of Erdélyi, 601
uniform, 602
Asymptotic formula, 590
Asymptotic methods, 589
Asymptotic problem, 588
Asymptotic sequence, 593
Asymptotic series, 593, 594
general, 593
in the sense of Erdélyi, 602
in the sense of Poincaré, 594
power, 598–600
Asymptotic zero, 595
Asymptotics, 588, 589
of a Bessel function, 631
of a Laplace integral, 629
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of canonical integral, 624
of Legendre polynomials, 614
of the Fourier integral, 625, 630
of the gamma function, 613, 620
of the Laplace integral, 625
of the probability error function, 618
Atlas
analytic, 326
of a surface (manifold), 164, 321
of class C (k) , 326
orienting, 175, 328
smooth, 326
Average value of the function in the sense of
Lévy, 664
Averaging of a function using a kernel, 489
B
Ball
closed, 5
in Rn , volume, 440
in a metric space, 5
Band-limited signal, 578
Base
in the set of partitions, 110
of a topology, 10
Basis of a vector space, 494
Bernoulli integral, 310
Bernoulli numbers, 626
generating function, 626
Bernoulli polynomials, 548
Bessel function, 390, 408
asymptotics, 631
Bessel’s equation, 390, 408, 411, 430
Bessel’s inequality, 502, 503
for trigonometric system, 527
Beta function, 433–435
Bicompact set, 15
Borel’s formulas, 573
Boundary, 687
of a half-space, 179
of a manifold, 322
of a p-dimensional cube, 357
of a surface, 179
Boundary cycle, 358
Boundary operator, 690
Boundary point, 6, 13, 322
Boundedness
total, 395
uniform, 395
uniform, of a family of functions, 371
Brachistochrone, 93–95
Bracket, Poisson, 348
Bundle of tangent paths, 347

Subject Index
C
Canonical embedding, 350
Canonical integral
asymptotics, 624
Cardinal sine, 581
Carnot cycle, 227
Cartesian, cylindrical, and spherical
coordinates, 674
Category of a set, 28
Cauchy integral, 310
Cauchy–Bunyakovskii inequality, 448, 499
Cauchy–Riemann equations, 310
Central limit theorem, 664, 666
Chain, 687
of charts, 330
contradictory, 330
disorienting, 330
of singular cubes, 357
Chains, 687
Change of variable in an integral, 137–145,
157–159
Change of variables formula, 655
Channel with noise, 668
Characteristic
frequency, 556
phase, 556
spectral, 556
Chart
local, 163, 321
parameter domain, 163
range, 163
range of, 321
Charts, consistent, 175, 328
Chebyshev metric, 3
Chebyshev polynomials, 518
Chebyshev–Laguerre polynomials, 518
Circulation of a field along a curve, 235, 278
Class
orientation, 329
Closed and exact differential forms, 685
Closed ball, 5
Closed form, 353
Closed set, 13
in a metric space, 5, 6
in a topological space, 13
Closure, 6, 13
Coboundary operator, 690
Coding of a signal, 668
Coefficient
of thermal conductivity, 303
of thermal diffusivity, 304
Coefficients
Fourier, 500–502, 504, 507, 512, 519, 525,
530, 534, 535, 544, 546, 550

Subject Index
extremal property, 500
Lamé, 268, 275
Cohomologous on the manifold, 690
Cohomology, 689, 690
Cohomology class, 690
Cohomology group, 356
Compact set, 15
elementary, 160
in a metric space, 16
Companion trihedral, 73
Complete system of vectors, 505–510
Completeness of the trigonometric system, 539
Completion of a space, 24–27
Concentration of measures, 663
Condition
necessary, for convergence, 373
Conditions
Dini, 528, 563
Connected set, 19
Consistent charts, 175, 328
Constant, cyclic, 298, 360
Content of a set (Jordan), 121
Continuity
and passage to the limit, 382
of an improper integral depending on a
parameter, 420–422
of an integral depending on a parameter,
406, 407
Continuous group, 72, 336
Contribution
of a maximum point, 607
Contribution of a point to asymptotics, 606
Convergence
absolute, 374
of an improper integral, 417
in mean, 521, 539
of a family of functions
pointwise, 363, 367
uniform, 367
of a series of vectors, 499
of an improper integral, 154
Cauchy principal value, 157
of distributions, 459
of generalized functions, 459
of linear functionals
strong (norm), 58
of test functions, 458
uniform, 395
Cauchy criterion, 369, 370
weak, 459
Convergence set, 363, 367
Convolution, 444–466
differentiation, 449
in Rn , 478
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multidimensional, 478–488
symmetry, 448
translation-invariance, 449
Coordinate parallelepiped, 109
Coordinates
Cartesian, 259, 261
curvilinear, 163, 265
cylindrical, 268–274
of a tangent vector, 340
polar, 168
spherical, 168, 268–274
triorthogonal, 268–274
Cotangent space to a manifold, 340
Covering
locally finite, 337
refinement of another covering, 337
Criterion
Cauchy, 419
for uniform convergence, 369, 370, 374
for uniform convergence of a series, 377
for uniform convergence of an integral,
415–417
Darboux, 116–118, 131
for a field to have a potential, 291
for compactness in a metric space, 17
for continuity of a mapping, 31
Lebesgue, 114–116, 119, 122, 140, 147
Critical point, 151
Cube
boundary of, 357
singular, 357
boundary of, 358
Curl, 204, 260, 275, 680
physical interpretation, 282, 283
Curl in Cartesian, cylindrical, and spherical
coordinates, 681
Current function, 310
Curvature of a curve, 73
Curvilinear coordinates and metric, 673
Cycle
boundary, 358
Carnot, 227
of dimension p, 358
Cycle of dimension, 687
Cycles, homologous, 358
Cycles and boundaries, 686
Cyclic constant, 298, 360
Cyclic frequency, 554
Cylinder, 169
D
Darboux integral
lower, 117
upper, 117
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Darboux sum
lower, 116, 394
upper, 116
De Rham theorem, 686, 690
Deformation (of a closed path), 294
Degree (order) of a differential form, 196
Delta function (δ-function), 281, 445, 450,
456, 457, 459, 464, 469, 479, 490,
552, 583, 586
shifted, 479
Derivation
of a ring, 352
Derivative
Lie, 352
of a mapping, 61, 62
of order n, 81
partial, 70, 71
second, 81, 84
with respect to a vector, 82
Derivative mapping, 62
Deviation
mean-square, 522
Diffeomorphism, elementary, 142
Differential
exterior, 343, 349
exterior, of a form, 202, 343, 349
of a mapping, 61
of order n, 81
partial, 70, 71
second, 81, 84
total, 71
Differential equation with variables separable,
228
Differential form, 198
closed, 297, 353
exact, 296, 353
flux, 199
of class C (k) , 342
of compact support, 344
of order zero, 202
on a manifold, 341
on a smooth surface, 209
restriction to a submanifold, 350
work, 199
Differential operator, 481
adjoint, 481
self-adjoint, 481
transpose, 481
Differentiation, 61
at a point of a manifold, 348
of a family of functions depending on a
parameter, 387–391
of a Fourier series, 538
of a generalized function, 461–464

Subject Index
of a power series, 389
of a series, 389
of an integral
over a liquid volume, 491
of an integral depending on a parameter,
407–410, 478
on a manifold, 348, 351
with respect to a parameter, 423–425
Dimension of a manifold, 321
Dini conditions, 528
Dipole, 299, 490
Dipole moment, 300, 490
Dipole potential, 300
Direct product of metric spaces, 8
Direction
of circuit around a domain, 178
Direction of motion along a curve, 178
Dirichlet discontinuous factor, 432
Dirichlet integral, 431, 443, 563, 601
Dirichlet kernel, 525, 551
Discontinuous factor, Dirichlet, 432
Discrete group of transformations, 336
Discrete metric, 2, 8
Disk, n-dimensional, 180, 323
Distance, 654
Distribution, 456
regular, 459
singular, 459
tempered, 584
Divergence, 204, 260, 275, 676
physical interpretation, 279–282
Divergence in Cartesian, cylindrical, and
spherical coordinates, 679
Domain
elementary, 241
fundamental, of a group of automorphisms,
325, 336
of parameters of a chart, 321
parameter, 366
simply connected, 293
Double layer, 490
E
Efficiency of a heat engine, 227
Eigenvalue, 511
of a Sturm–Liouville problem, 511
Eigenvector of an operator, 512
Element of volume, 229
Elementary diffeomorphism, 142
Elliptic integral, 392
complete
of first kind, 392, 408
of second kind, 392, 408
modulus, 408

Subject Index
Embedding
canonical, 350
Entropy, 302
Envelope of a family of curves, 253
Equality
asymptotic, 590
Parseval’s, 513, 523, 541, 562, 585
Equation
Bessel’s, 390, 408, 411, 430
differential, 35, 228
Euler–Lagrange, 92
Euler’s
hydrodynamic, 307
heat, 303, 576
hypergeometric, 392
Laplace’s, 304, 517
Mayer’s, 226
of an adiabatic, 226
of continuity, 305, 306
of state, 223
Poisson’s, 299, 304, 488
wave, 308, 309, 311, 574
homogeneous, 309
inhomogeneous, 309
Equations
Cauchy–Riemann, 310
electrostatic, 286
magnetostatic, 286
Maxwell, 262, 263, 275, 282, 299, 311
Equicontinuity, 396
Equivalence, asymptotic, 590
Equivalent atlases
with respect to orientation, 176, 329
with respect to smoothness, 326
Erdélyi’s lemma, 625
Error function
asymptotics, 618
Estimate, asymptotic, 589
uniform, 602
Euler, 433
Euler–Gauss formula, 436
Euler–Lagrange equation, 92
Euler–Poisson integral, 429, 438, 560, 572,
601
Eulerian integral, 433–444
Euler’s formula, 441, 649
Euler’s hydrodynamic equation, 307
Exact form, 353, 685
Exhaustion, 660
Exhaustion of a set, 152
Expansion, asymptotic
in the sense of Erdélyi, 601
uniform, 602
uniqueness, 594
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Exponential
of an operator, 71–73
Exponential function, 648
Exponential function as a limit, 649
Exponential integral, 591
Exponential of a matrix, 650
Exponential of operators, 650
Exponential system, 495
Exterior algebra, 319, 320
Exterior differential, 202, 343, 349
of a form, 343, 349
Exterior point, 6, 13
Exterior product, 196, 315, 342
Extremum of a function
necessary condition, 88
sufficient condition, 88
with constraint, 107
F
Family of functions, 366
equicontinuous, 396
at a point, 401, 402
separating points, 400
totally bounded, 395
uniformly bounded, 395
Fejér kernel, 551
Field
of forms, 257
of linear forms, 198
potential, 288
scalar, 257
solenoidal, 296
tensor, 257
vector, 257, 348
smooth, 348
Filter, low-frequency, 556
Flow
planar, 310
plane-parallel, 310
Flux across a surface, 215–219, 234, 278, 303,
491
Force
mass, 306
Form
anti-symmetric, 196
differential
closed, 297, 353
exact, 296, 353
flux, 199
of class C (k) , 342
of compact support, 344
on a manifold, 341
restriction to a submanifold, 350
work, 199
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Hermitian, 45
nondegenerate, 45
nonnegative, 45
on a surface in Rn , 229
semidefinite, 88
skew-symmetric, 196, 314–317
volume in Rk , 229
Form is called closed, 685
Formula
asymptotic, 590
Cauchy–Hadamard, 375
co-area, 237
complement, for the gamma function, 437
Euler–Gauss, 436
Euler’s, 441
for change of variable in an integral, 138
Fourier inversion, 564, 585
Frenet, 73
Gauss’, 443
Gauss–Ostrogradskii, 243–246, 279, 304,
483, 491
in vector analysis, 278
Green’s, 491
homotopy, 361
Kotel’nikov’s, 579
Kronrod–Federer, 237
Legendre’s, 442
Leibniz’, 407
Newton–Leibniz, 238, 279, 406, 566
Poisson summation, 586
reduction
for the beta function, 434
for the gamma function, 436
Stirling’s, 444, 613
Stokes’, 238, 277, 279, 345–347, 359
general, 248–251, 345
in R3 , 246–248
in vector analysis, 278
Taylor’s, 95, 412
Wallis’, 430, 444, 627
Formulas
Borel’s, 573
differential, of field theory, 263–265
Green’s, 285, 286
integral, of vector analysis, 279
Fourier coefficients
extremal property, 500
Fourier cosine transform, 557
Fourier integral, 624
asymptotics, 625, 630
multiple, 632
Fourier inversion formula, 564, 585
Fourier series, 493–520
in a general orthogonal system, 493, 494

Subject Index
multiple, 550
of generalized functions, 552
partial sum
integral representation, 524
pointwise convergence, 520
rate of convergence and smoothness, 534
Fourier sine transform, 557
Fourier transform, 555, 556, 559, 564, 567,
571, 576
asymptotic properties, 566–569
frequency shift, 580
in L2 , 582
inverse, 576
multidimensional, 569
normalized, 561
of a convolution, 562
of generalized functions, 585
rate of decrease and smoothness, 566
time shift, 580
Frame
Frenet, 73
orienting, 174
Frequencies, natural, 512
Frequency, 553
cyclic, 554
fundamental, 554
harmonic, 554
Frequency characteristic, 556
Frequency spectrum, 586
Fresnel integral, 431, 443, 601
Function
band-limited, 578
Bessel, 390, 408
asymptotics, 631
beta, 433–435
cardinal sine, 581
change of coordinates, 322
current, 310
delta, 445, 450, 456, 457, 459, 464, 469
Dirichlet, 364
exponential integral, 591
fundamental, 479
gamma, 435–438
asymptotics, 613, 620
incomplete, 601
generalized, 456
differentiation, 461–464
of several variables, 479
regular, 459
singular, 459
generating, 467
Green’s, 465
harmonic, 287, 304
conjugate, 310

Subject Index
Heaviside, 461, 464, 485, 491
limit, 363, 367
linear, 49
locally integrable, 448
multilinear, 49
of compact support, 138, 447
phase, 625
piecewise continuous, 529
piecewise continuously differentiable, 529
probability error, 601
asymptotics, 618
rapidly decreasing, 568
Riemann integrable
over a set, 120
over an interval, 111
sample, 581
sine integral, 601
spectrum of, 554
spherical, 517
support, 447
system, 445, 456
test, 458, 479
transient pulse, 445
uniformly continuous, 452
unit step, 461
zeta, 443
Functional
linear, 49
multilinear, 49
Functions, asymptotically equal, 590
Functions, asymptotically equivalent, 590
Functions of a very large number of variables,
663
Fundamental domain of a group of
automorphisms, 325, 336
Fundamental frequency, 554
Fundamental sequence, 21
Fundamental solution, 464–466, 485
Fundamental tone, 512
G
Galilean transformation, 587
Gamma function, 433, 435–438
asymptotics, 613, 620
incomplete, 601
Gauge condition, 312
Gauss’ formula, 443
Gauss’ theorem, 491
Gauss–Ostrogradskii formula, 238, 243–246,
483, 491
in vector analysis, 278
Gaussian measures, 667
General Stokes’s formula, 683, 685, 688
Generalized function, 456
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differentiation, 461–464
of several variables, 479
regular, 459
singular, 459
Generating function of a sequence, 467
Gibbs’ phenomenon, 538, 549
Graded algebra, 314
Gradient, 204, 260, 275, 283, 675
physical interpretation, 283
Gradient in Cartesian, cylindrical, and
spherical coordinates, 676
Gram matrix, 187
Grassmann algebra, 319, 320
Green’s formula, 491
Green’s function, 465
Green’s theorem, 238–243
Group
cohomology, 356
continuous, 72, 336
discrete, of transformations, 336
homology, 298, 357, 358
p-dimensional, 358
homotopy, 298
Lie, 72, 336
of automorphisms, 325
one-parameter, 351
topological, 72, 336
H
Haar system, 519
Hamilton operator (nabla), 262, 265
Harmonic analysis, 554
Harmonic frequency, 554
Harmonic function, 287, 304
conjugate, 310
Harmonic polynomials, 517
Hausdorff space, 12, 14
Heat capacity, 224
molecular, 225
Heat engine, 226
Heat equation, 303, 576
Heaviside function, 464, 485, 491
Hermite polynomials, 518
Hermitian form, 45
nondegenerate, 45
nonnegative, 45
Hilbert’s fifth problem, 337
Homeomorphism, 31
Homological cycles, 688
Homologous cycles, 358
Homologous on the manifold, 690
Homology, 358, 689, 690
Homology class, 690
Homology group, 298, 357
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Homotopic paths, 294
Homotopy, 294
Homotopy formula, 361
Homotopy group, 298
Homotopy identity, 352
Hypergeometric equation, 392
Hypergeometric series, 391
I
Identity
approximate, 451
homotopy, 352
Jacobi, 72
Improper integral, 153
depending on a parameter, 405
with variable singularity, 474–478
Improper integral depending on a parameter
Abel–Dirichlet test, 418
Cauchy criterion, 419
continuity, 420–422
limiting passage, 420–422
uniform convergence, 427
Weierstrass’ M-test, 427
Induced atlas of the boundary, 687
Induced orientation, 687
Induced orientation on the boundary of a
surface, 182
Inequality
Bessel’s, 502, 503
for trigonometric system, 527
Brunn–Minkowski, 123
Cauchy–Bunyakovskii, 46, 448, 499
Clausius, 227
Hölder’s, 128
isoperimetric, 195, 543–545
Minkowski’s, 44, 128, 489
generalized, 489
Steklov’s, 549
triangle, 1
Wirtinger’s, 549
Inertia, 307
Inner product, 45–48, 352
of a field and a form, 352
Instantaneous axis of rotation, 70
Integral, 110
Bernoulli, 310
canonical
asymptotics, 624
Cauchy, 310
Darboux
lower, 117
upper, 117
depending on a parameter, 405–412
continuity, 406, 407

Subject Index
differentiation, 407–410
integration, 410, 411
Dirichlet, 287, 431, 443, 563, 601
double, 111
elliptic, 392
complete, of first kind, 392, 408, 430
complete, of second kind, 392, 408
Euler–Poisson, 429, 438, 560, 572, 601
Eulerian, 433–444
first kind, 433
second kind, 433
Fourier, 555, 557, 560, 564, 571, 578, 581,
624
asymptotics, 625, 630
multiple, 632
Fresnel, 431, 443, 601
Gauss’, 253
improper
differentiation with respect to a
parameter, 423–425
integration with respect to a parameter,
425–429
iterated, 129–131
Laplace, 565, 604, 624
asymptotics, 625, 629
Lebesgue, 393
line, 214
multiple, 111
depending on a parameter, 471–492
with variable singularity, 476
of a differential form
over a surface, 217, 220
of a form on a manifold, 344, 345
of a function over a surface, 228, 233
over a chain, 359
over a set, 119
over a singular cube, 359
Poisson, 455, 581
Raabe’s, 442
Riemann, 393
over a set, 119
over an interval, 110
surface
of first kind, 233
of second kind, 234
triple, 111
Integral criterion for the exactness of a closed
form, 691
Integral criterion for the exactness of forms,
686
Integral metric, 4
Integral operator, 561
Integral representation of the partial sum of a
Fourier series, 524

Subject Index
Integral transform, 561
Integration by parts in a multiple integral, 255
Integration of an integral depending on a
parameter, 410, 411
Integration with respect to a parameter,
425–429
Interchange
of differentiation and passage to the limit,
387–391
of integrals, 129
improper, 425–429
proper, 129
of integration and passage to the limit,
385–387
of limiting passages, 381
of summation and differentiation of a
series, 389
Interior point, 6, 13
Interval in Rn , 109
Isobar, 224
Isochore, 224
Isometry of metric spaces, 24
Isomorphism
of normed vector spaces, 60
of smooth structures, 335
Isoperimetric inequality, 195, 543–545
Isotherm, 224
Iterated integral, 129–131
J
Jacobi identity, 72
Jacobian of a coordinate change
cylindrical coordinates, 270
general polar, 168
spherical coordinates, 270
triorthogonal coordinates, 270
Jordan measure, 121
K
Kernel
Dirichlet, 525, 551
Fejér, 551
Poisson, 467
Klein bottle, 170, 325
Kotel’nikov’s formula, 579
L
Lagrange’s theorem, 309
Laplace integral, 565, 604, 624
asymptotics, 625, 629
Laplace transform, 604
Laplace’s equation, 304, 517
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Laplace’s method, 603–606
multidimensional, 623
Laplacian, 264, 265, 274, 488
Law
Ampère’s, 235
Archimedes’, 245
Biot–Savart, 237
Coulomb’s, 280
Faraday’s, 235
Gauss’, 287
Newton’s, 289, 306, 307
normal distribution, 466
of conservation of mass, 280
Law of large numbers, 664, 665
Layer
double, 490
single, 488
Legendre polynomials, 497, 498, 510, 614
Legendre’s formula, 442
Lemma
Erdélyi’s, 625, 630, 632
exponential estimate, 606, 615, 627
Hadamard’s, 412
Morse’s, 151, 406, 624, 628, 631
nested ball, 27
on continuity of the inner product, 499
on finite ε-grids, 17
on orthogonal complement, 502
Poincaré’s, 297
Riemann–Lebesgue, 526, 563, 629
Sard’s, 151
Watson’s, 622, 625
Lemma due to Lévy, 665
Lie algebra, 72, 348
Lie derivative, 352
Lie group, 72, 336
Limit, 21, 28
of a family of continuous functions,
382–385
of a family of functions, 369
of a mapping, 28
of a sequence, 21
of a sequence of functions, 363
Limit function, 363, 367
Limit point, 5, 7, 13
Limiting passage
interchange, 381
under a differentiation sign, 387–391
under an integral sign, 385–387
Linear transformation, 49
Local chart, 321
Local maximum, 88
Local minimum, 88
Localization principle
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for a Fourier series, 526
for a Laplace integral, 606
Locally integrable function, 448
Lorentz transformation, 587
Low-frequency filter, 556
M
M-test for convergence, 374
Manifold, 321–325
analytic, 326
compact, 324
connected, 324
contractible, 353
embedded in Rn , 163
nonorientable, 329
of class C (k) , 326
orientable, 329
oriented, 329
smooth, 326
topological, 326
with boundary, 323
without boundary, 323
Mapping
adjoint, 317
bounded, 29
continuous, 30–34
at a point, 30
continuously differentiable, 76
contraction, 35
derivative, 62
higher-order, 81
of order n, 81
differentiable at a point, 61, 62
differentiable on a set, 62
homeomorphic, 31
linear, 49
multilinear, 49
of class C (k) , 326
partial derivative, 70
smooth, 326
tangent, 61, 339, 349
ultimately bounded, 29
uniformly continuous, 33
Mass force, 306
Maximum, local, 88
Mean convergence and completeness, 539, 541
Mean value over a period, 554
Mean-square deviation, 3, 522
Measure
of a set (Jordan), 121
of an interval, 112
Measure zero, 112, 113, 119
Median value of the function, 664
Method

Subject Index
asymptotic, 589
Fourier, 511–513
Laplace’s, 603–606
multidimensional, 623
of Lagrange multipliers, 107
of least squares (Gauss’), 513
of separating singularities (Krylov’s), 537
of tangents, modified
(Newton–Kantorovich), 39
of tangents (Newton’s), 38
separation of variables, 511–513
stationary phase, 624, 625
multidimensional, 631
one-dimensional, 629
Steklov’s averaging, 513
Method of undetermined coefficients, 652
Metric, 1
Chebyshev, 3
discrete, 2, 8
integral, 4
of mean-square deviation, 3, 4
of uniform convergence, 4, 395, 398
Riemannian, 267
Metric space, 1
separable, 15
Metric spaces, direct product, 8
Minimum, local, 88
Möbius band, 170, 177, 181, 185, 328, 331
Modulus
of an elliptic integral, 408
Moment
dipole, 300, 490
multipole, 300
of a function, 402
Morse’s lemma, 624, 628, 631
Multidimensional geometry, 663
Multidimensional intervals, 666
Multidimensional sphere, 664
Multilinear transformation, 49
Multiple integral
depending on a parameter, 471–492
improper, 153
integration by parts, 255
iterated, 129–131
with variable singularity, 471, 474
Multiplication of generalized functions, 470
Multipole, 300
Multipole moment, 300
Multipole potential, 300
N
Nabla (Hamilton operator), 262, 265
Natural frequencies, 512
Natural oscillations, 512

Subject Index
Natural parametrization, 73
Necessary condition for uniform convergence,
373
Neighborhood, 13
in a metric space, 5, 6, 9
in a topological space, 11
of a germ of functions, 11
Newton–Leibniz formula, 566, 683, 685
Newton’s binomial, 651
Norm
in a vector space, 42, 582
of a transformation, 52
of a vector, 42, 582
Null-series, Men’shov’s, 524
Numbers, Bernoulli, 626
generating function, 626
O
One-parameter group, 351
Open set
in a metric space, 5
in a topological space, 9
Operational calculus, 461
Operator
differential, 481
adjoint, 481
self-adjoint, 481
transpose, 481
Hamilton (nabla), 262, 265
integral, 561
Laplace, 264, 265, 274, 488
nilpotent, 71
of field theory, 260
in curvilinear coordinates, 265–275
symmetric, 512
translation, 445
translation-invariant, 445
Operators grad, curl, div in curvilinear
coordinates, 674
Orbit of a point, 325, 336
Order (degree) of a differential form, 196
Orientation
induced on the boundary of a manifold, 331
of a domain of space, 174
of a manifold, 328
of a surface, 172–178, 182
of the boundary of a surface, 182
opposite to a given orientation, 174
Orientation class, 329
of atlases
of a surface, 176
of coordinate systems, 173, 174
of frames, 172
Oriented space, 172
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Orienting frame, 174
Orthogonal vectors, 494, 512
Orthogonality with a weight, 515
Orthogonalization, 497, 498
Oscillation of a mapping, 30
at a point, 32
Oscillations, natural, 512
Overtones, 512
P
Pairing of homology and cohomology classes,
690
Parallelepiped, coordinate, 109
Parameter domain, 163, 321, 366
Parameter set, 366
Parameters
Lamé, 268, 275
Parseval’s equality, 513, 523, 562, 585
Partition
locally finite, 190
of an interval, 110
with distinguished points, 110
of unity, 150, 332–334
k-smooth, 332
subordinate to a covering, 333
Paths
homotopic, 294
tangent, 347
Period, over a cycle, 360
Period of an integral, 298
Phase, 554, 625
stationary, 625
Phase characteristic, 556
Phase function, 625
Piecewise continuous function, 529
Piecewise continuously differentiable function,
529
Planar flow, 310
Plancherel’s theorem, 583
Plane
projective, 327
Plane-parallel flow, 310
Point
boundary, 6
in a topological space, 13
boundary (of a manifold), 322
boundary (of a surface), 179
critical, 151
exterior, 6
in a topological space, 13
interior, 6, 13
in a topological space, 13
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limit, 5, 7, 13
of a metric space, 1
Poisson bracket, 348
Poisson integral, 455, 581
Poisson kernel, 467
Poisson’s equation, 299, 304, 488
Polar coordinates, 167–169
Polynomial
trigonometric, 520
Polynomials
Bernoulli, 548
Chebyshev, 518
Chebyshev–Laguerre, 518
harmonic, 517
Hermite, 518
Legendre, 497, 498, 510, 614
Positive direction of circuit, 178
Potential
dipole, 300
multipole, 300
of a field, 288
quadrupole, 300
scalar, 296
single-layer, 488
vector, 296
of a magnetic field, 296
velocity, 309
Potential field, 288
Power series, 374
differentiation of, 389
Primitives, 685
Principal value (Cauchy) of an integral, 157
Principle
Cavalieri’s, 134
contraction mapping, 37
d’Alembert’s, 307
Dirichlet’s, 287
fixed-point, 35, 38
localization
for a Fourier series, 526
for a Laplace integral, 606
Picard–Banach, 35, 38
stationary phase, 624, 625, 631
uncertainty, 583
Probability error function, 601
asymptotics, 618
Problem
asymptotic, 588
brachistochrone, 93, 95
curve of most rapid descent, 93
Luzin’s, 524
Riemann, 524
shortest-time, 93
Sturm–Liouville, 516

Subject Index
Process
adiabatic, 224
quasi-static, 224
Product
exterior, 315, 342
inner, 45–48, 352
of a field and a form, 352
of functions, 515
of generalized functions, 470
of manifolds, 321
of topological spaces, 13
tensor, 314
Projective line, 326
Projective plane, 327
real, 327
Properties of smooth mappings, 656
Pulse
rectangular, 580
triangular, 581
Q
Quadrupole, 300
Quadrupole potential, 300
Quantities of the same order, 590
R
Raabe’s integral, 442
Rademacher system, 519
Random vectors, 663
Range of a chart, 163, 321
Rapidly decreasing function, 568
Rectangular pulse, 580
Restriction of a form to a submanifold, 209,
350
Riemann sum, 110
Riemann–Lebesgue lemma, 526, 563, 629
Riemannian metric, 267
Rule, Leibniz, 136, 407, 449
S
Sample function, 581
Sard’s lemma, 151
Sard’s theorem, 237
Scalar potential, 296
Schwartz space, 585
Schwarz boot, 195
Separable metric space, 15
Separation of points by functions, 400
Separation of variables, 511–513
Sequence
asymptotic, 593
Cauchy, 21
convergent, 21
uniformly, 369

Subject Index
convergent at a point, 363
convergent on a set, 363
fundamental, 21
monotonic, of functions, 376
nondecreasing, of functions, 376
nonincreasing, of functions, 376
Series
asymptotic, 593, 594
general, 593
in the sense of Erdélyi, 602
in the sense of Poincaré, 594
power, 598–600
continuity of sum, 383
Dirichlet, 379
Fourier, 493–520
in a general orthogonal system, 493,
494
multiple, 550
of generalized functions, 552
partial sum, 524
pointwise convergence, 520
rate of convergence and smoothness,
534
hypergeometric, 391
of functions, 366
power, 374
Stirling’s, 626
trigonometric, 520–553
uniformly convergent
Cauchy criterion, 377
Set
admissible, 119
bicompact, 15
Cantor, 23
closed
in a metric space, 5, 6
in a topological space, 13
compact, 15
conditionally compact, 18
everywhere dense, 12
Jordan measurable, 121
nowhere dense, 28
of area zero, 191
of content zero, 122
of convergence, 363, 367
of first category, 28
of measure zero (Jordan), 122
of measure zero (Lebesgue), 119, 122, 123
of second category, 28
of volume zero, 122
open
in a metric space, 5
in a topological space, 9
parameter, 366
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relatively compact, 18
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Signal
band-limited, 578
spectrum of, 554
Simply connected domain, 293
Sine, cardinal, 581
Sine integral, 601
Single layer, 477
Single-layer potential, 488
Singular cube, 357
boundary of, 358
Smooth structure, 326
Smooth structures, isomorphic, 335
Solenoidal field, 296
Solution
fundamental, 464–466, 485
of the Laplacian, 485
Space
Banach, 43
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connected, 19
cotangent to a manifold, 340
Euclidean, 48
Hausdorff, 12, 14
Hermitian (unitary), 48
Hilbert, 48
locally compact, 18
locally connected, 20
metric, 1
separable, 15
normed affine, 62
normed vector, 42
complete, 43
of distributions, 458
of fundamental functions, 479
of generalized functions, 458, 479
of tempered distributions, 584
of test functions, 458, 479
path connected, 20, 34
pre-Hilbert, 48
Schwartz, 584, 585
Sobolev–Schwartz, 460
tangent, 61
tangent to Rn , 337
tangent to a manifold, 337, 339
topological, 9, 10
in the strong sense, 14
τ1 , 14
τ2 , 14
Spectral characteristic, 556
Spectrum
bounded, 578
continuous, 555
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discrete, 554
frequency, 586
Sphere, Alexander horned, 164
Spherical functions, 517
Stabilizer of a point, 336
Stationary phase method, 624, 625
multidimensional, 631
one-dimensional, 629
Stationary phase principle, 625
Steklov’s inequality, 549
Stirling’s formula, 444, 613
Stirling’s series, 626
Stokes’ formula, 238, 345–347, 359
general, 248–251, 345
in R3 , 246–248
Structure
smooth, 326
Sturm–Liouville problem, 516
Submanifold, 335
Subset, everywhere dense in C([a, b]), 398
Subspace
of a metric space, 7
of a topological space, 13
Sum
Darboux
lower, 116
upper, 116
Riemann, 110
Summation method
Abel, 383, 384, 392
Cesàro, 393
Support
of a differential form, 344
of a function, 138, 447
Surface
elementary, 164
k-dimensional, 163
smooth, 174
nonorientable, 176
of dimension k, 179
of measure (area) zero, 191
one-sided, 177
orientable, 176, 177
oriented, 176
piecewise smooth, 184
orientable, 185
two-sided, 177
with boundary, 179
without boundary, 180
zero-dimensional, 184
Surface integral
of first kind, 233
of second kind, 234
Symmetric operator, 512

Subject Index
System
exponential, 495
Haar, 519
Rademacher, 519
trigonometric, 495
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complete, 505–510
condition for completeness, 506
linearly independent, 494
orthogonal, 493–499
orthonormal, 494
orthonormalized, 494
T
Tangent mapping, 339, 349
Tangent paths, 347
Tangent space
to Rn at a point, 337
to a manifold, 337, 339
Tangent vector to a manifold, 338, 340, 349
Taylor’s formula, 650
Tempered distribution, 584
Tensor product, 314
Test
Abel–Dirichlet, 375
Weierstrass’, 374, 375
for integrals, 422
Test function, 458
Theorem
Abel’s, 379
Arzelà–Ascoli, 395–397
Brouwer
fixed-point, 243
invariance of domain, 322
Carnot’s, 227
Cauchy’s multidimensional mean-value,
288
curl, 284
Darboux’, 117
de Rham’s, 360
Dini’s, 384, 426
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Earnshaw’s, 286
Fejér’s, 531, 551
finite-increment, 74–80
Fubini’s, 129–131, 572
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dominated convergence, 393
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equations, 37
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Plancherel’s, 583
Poincaré’s, 353, 357
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Whittaker–Shannon, 578
Timbre, 512
Tone, fundamental, 512
Topological group, 72, 336
Topological space, 9, 10
base of, 10
in the strong sense, 14
weight of, 11
Topological spaces, product of, 13
Topology
base of, 10
induced on a subspace, 13
on a set, 9
stronger, 14
Torsion of a curve, 74
Torus, 169
Total boundedness, 395
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Fourier
asymptotic properties, 566–569
frequency shift, 580
in L2 , 582
multidimensional, 569
of a convolution, 562
of generalized functions, 585
rate of decrease and smoothness, 566
time shift, 580
Fourier cosine, 557
Fourier sine, 557
integral, 561
Laplace, 604
Transformation
Abel’s, 376
bilinear, 49
bounded, 53
continuous
multilinear, 55
Galilean, 587
linear, 49
Lorentz, 587
multilinear, 49, 52, 55
trilinear, 49
Transient pulse function, 445
Translation operator, 445
Translation theorem, 580
Translation-invariant operator, 445
Triangle inequality, 1
Triangular pulse, 581
Trigonometric polynomial, 520
Trigonometric series, 520–553
Trigonometric system, 495
completeness, 539
in complex notation, 495
Trihedral, companion, 73
Triorthogonal coordinates, 268
U
Uncertainty principle, 583
Uniform boundedness, 371, 395
of a family of functions, 375
Uniform convergence, 395
Cauchy criterion, 369, 370
Uniformly convergent series
Cauchy criterion, 377
Unit step, 461
V
Value (Cauchy principal) of an improper
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Vector
angular velocity, 70

718
tangent to a manifold, 338, 340, 349
Vector field
central, 215
on a manifold, 348
smooth, 348
Vector potential, 296
of a magnetic field, 296
Vector space, tangent to a manifold, 337, 339
Vectors
orthogonal, 494, 512
Volume
of a ball in Rn , 193, 440
of a set (Jordan), 121, 246
of an interval, 109
Volume element, 229
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