Appendix A

Multilinear Algebra

In this appendix, we recall some basic definitions and properties related to multilinear algebra, including (graded) algebra and coalgebra structures, derivations and
coderivations. We need them in two particular cases, namely for vector spaces over
a field F, and for A -modules, where A is a commutative associative algebra over a
field F. Notice that the latter modules can also be thought of as vector spaces over F,
a fact which we often use, since many operations which we consider are F-linear,
rather than A -linear. In order to cover both cases, we consider in this appendix
the structures which we need on modules over an arbitrary commutative ring R with
unit; the reader may find it useful to keep in mind the example of the C∞ (M)-module
of vector fields or differential forms over a manifold M.
Throughout the appendix, F denotes a field of characteristic zero and R denotes
an arbitrary commutative ring with unit, denoted by 1.

A.1 Tensor Algebra
For R-modules V and W , the set of linear1 maps V → W is denoted by HomR (V,W ),
or by Hom(V,W ) when it is clear that V and W are considered as R-modules.
Hom(V,W ) is itself an R-module in a natural way. When V is a free R-module (for
example when R = F, so that V is an F-vector space) and B is a basis of V , every
map B → W extends to a unique element of Hom(V,W ) by linearity; when both V
and W are finite-dimensional F-vector spaces, and bases for V and W have been
fixed, we often think of elements of Hom(V,W ) as matrices (with dimW rows and
dimV columns).
The dual of an R-module V is the R-module V ∗ := Hom(V, R). For a finitedimensional F-vector space V , the dual V ∗ is an F-vector space, isomorphic to V ;
the isomorphism is however not canonical, since it depends on the choice of a basis
1 We rarely use the word R-linear, to avoid confusion with the terminology for multilinear maps,
i.e., k-linear maps, with k ∈ N∗ .

C. Laurent-Gengoux et al., Poisson Structures,
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4, © Springer-Verlag Berlin Heidelberg 2013

411

412

A Multilinear Algebra

for V . The natural pairing (evaluation map)
· , · : V ∗ ×V → R
(ξ , v) → ξ , v := ξ (v) ,

(A.1)

leads for fixed v ∈ V to a linear map ·, v : V ∗ → R, i.e., to an element of (V ∗ )∗ =
Hom(V ∗ , R). The R-module (V ∗ )∗ is called the bidual of V . The resulting linear map
V → (V ∗ )∗ is, in general, neither injective nor surjective, but there are two important
particular cases in which it is an isomorphism:
•
•

When V is a finite-dimensional vector space over R = F;
When R = C∞ (M), the algebra of smooth functions on a smooth manifold M,
with V the space of smooth differential k-forms on M; in this case, V ∗ can be
identified with the R-module of smooth vector fields on M.

We will often deal with bilinear maps, sometimes with more general multilinear
maps between R-modules, where multilinear means (R-)linear in each of its arguments, keeping the other arguments fixed. The language of tensor products, which
we introduce now, is very useful for this. Let V1 , V2 ,V and W be R-modules and
let p : V1 ×V2 → V be a bilinear map. If we compose p with a linear map V → W ,
then we obtain a bilinear map V1 × V2 → W ; one may wonder if, given V1 and V2 ,
there exists an R-module V , such that, for every R-module W , every bilinear map
V1 × V2 → W can be obtained in this way from a linear map on V → W . In fact,
there is a unique (up to isomorphism) such R-module, called the tensor product of
V1 and V2 , denoted by V1 ⊗R V2 , or V1 ⊗V2 , and it comes with a natural bilinear map
p : V1 × V2 → V1 ⊗ V2 . Formally, the stated property means that every bilinear map
φ : V1 × V2 → W factors uniquely via p, meaning that there exists a unique linear
map φ , such that φ ◦ p = φ . This property is displayed in the following diagram:
p

V1 ×V2
φ

V1 ⊗V2
φ

W
In practice we do not make a distinction between the bilinear map φ and the linear
map φ , so we simply write φ ∈ Hom(V1 ⊗ V2 ,W ). A natural construction of the
tensor product V1 ⊗V2 is as the quotient of the free R-module which is generated by
all formal expressions v1 ⊗ v2 , with v1 ∈ V1 and v2 ∈ V2 , divided by the equivalence
relation defined by
(v1 + v1 ) ⊗ v2 = v1 ⊗ v2 + v1 ⊗ v2 ,
v1 ⊗ (v2 + v2 ) = v1 ⊗ v2 + v1 ⊗ v2 ,
a(v1 ⊗ v2 ) = (av1 ) ⊗ v2 = v1 ⊗ (av2 ),
where v1 , v1 ∈ V1 and v2 , v2 ∈ V2 and a ∈ R. One says that v1 ⊗ v2 is the tensor product of v1 and v2 . The maps p and φ are in this notation simply given by
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p(v1 , v2 ) = v1 ⊗ v2 and φ (v1 ⊗ v2 ) = φ (v1 , v2 ). In view of the above three properties,
p is a bilinear map.
As an application, consider the bilinear map V1 ×V2 → V2 ⊗V1 , which is given by
(v1 , v2 ) → v2 ⊗ v1 . It factors via p to yield an R-module isomorphism S : V1 ⊗V2 →
V2 ⊗V1 , given by S(v1 ⊗ v2 ) = v2 ⊗ v1 , and called the twist map.
One easily shows that for arbitrary R-modules V1 , V2 and V3 , one has a natural
isomorphism (V1 ⊗ V2 ) ⊗ V3 V1 ⊗ (V2 ⊗ V3 ). The latter is also denoted as V1 ⊗
V2 ⊗ V3 as it can also be described, like in the case of bilinear maps, as a universal
object for trilinear maps, defined on V1 ×V2 ×V3 . Under the natural isomorphisms,
(V1 ⊗V2 ) ⊗V3 V1 ⊗ (V2 ⊗V3 ) V1 ⊗V2 ⊗V3 , one has that
(v1 ⊗ v2 ) ⊗ v3 ↔ v1 ⊗ (v2 ⊗ v3 ) ↔ v1 ⊗ v2 ⊗ v3 ,

(A.2)

so that, in the sequel, we will not make a notational distinction between the elements
in (A.2). The extension to several R-modules is clear. For a given R-module V , we
obtain a natural sequence of R-modules T kV := V ⊗k , where k = 0, 1, 2, . . . , which is
defined, as the notation suggests, by V ⊗k := V ⊗ · · · ⊗V (k factors), when k  1 and
V ⊗0 := R. Equipped with the product (X,Y ) → X ⊗Y , where X ∈ V ⊗k and Y ∈ V ⊗ ,
the R-module
T •V :=

∞

k=0

T kV =

∞


V ⊗k

k=0

becomes a graded R-algebra, called the tensor algebra of V . See Section A.3 below
for the basic definitions on graded algebras.
Fixing one R-module Z, it is useful to think of taking the tensor product with Z
as a functor, which means on the one hand that a linear map φ ∈ Hom(V,W ) yields,
in a natural way, a linear map

φ̃ ∈ Hom(V ⊗ Z,W ⊗ Z) ,

(A.3)

simply by putting φ̃ (v ⊗ z) := φ (v) ⊗ z, for v ∈ V and z ∈ Z, which is well-defined;
the map φ̃ is usually denoted by φ ⊗ 1Z , where 1Z stands for the identity map on Z.
On the other hand, it means that taking the tensor product with Z has the usual
functorial properties, which make it into a covariant functor. In formulas, this is
written as follows:
1V ⊗ 1Z = 1V ⊗Z ,

(φ ◦ ψ ) ⊗ 1Z = (φ ⊗ 1Z ) ◦ (ψ ⊗ 1Z ) ,

where φ ∈ Hom(V,W ) and ψ ∈ Hom(U,V ). Above, we tensored with Z on the right,
but we could also have tensored with Z on the left.
For R-modules Vi and Wi , with i = 1, 2, there is also a natural injective morphism
(which is not surjective, in general)
Hom(V1 ,W1 ) ⊗ Hom(V2 ,W2 ) → Hom(V1 ⊗V2 ,W1 ⊗W2 ) ,
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where φ1 ⊗ φ2 ∈ Hom(V1 ,W1 ) ⊗ Hom(V2 ,W2 ) is, as a linear map from V1 ⊗ V2 to
W1 ⊗W2 , given by
(φ1 ⊗ φ2 )(v1 ⊗ v2 ) := φ1 (v1 ) ⊗ φ2 (v2 ) ,
for all v1 ∈ V1 and v2 ∈ V2 . This justifies the notation φ ⊗ 1Z introduced above.
For R-modules V1 , V2 and W , bilinear maps V1 × V2 → W are also in natural
correspondence with linear maps V1 → Hom(V2 ,W ), or with linear maps V2 →
Hom(V1 ,W ). We use this usually in the form of the two natural isomorphisms
Hom(V1 ⊗V2 ,W )

Hom(V1 , Hom(V2 ,W ))

Hom(V2 , Hom(V1 ,W )) ,

which allows one to use a single bilinear map V1 × V2 → W to associate to each
element of V1 (respectively V2 ) a linear map V2 → W (respectively a linear map
V1 → W ). For example, for arbitrary R-modules V and W ,
(V ⊗W )∗

Hom(V,W ∗ )

Hom(W,V ∗ ) .

(A.4)

For given R-modules V and W , there is also a natural linear map Ψ : V ∗ ⊗ W →
Hom(V,W ), which associates to an element ξ ⊗ w, with ξ ∈ V ∗ and w ∈ W , the
linear map
Ψ (ξ ⊗ w) : V → W
v → ξ (v) w = ξ , v w .
The map Ψ is always injective, but is in general not surjective. When R = F, then
Ψ is an isomorphism if and only if V or W is finite-dimensional. Combining the
injection V ∗ ⊗W ∗ → Hom(V,W ∗ ) with the first isomorphism in (A.4), we obtain a
natural inclusion
V ∗ ⊗W ∗ → (V ⊗W )∗ ,
which is an isomorphism when R = F and V or W is finite-dimensional.
When φ1 ∈ Hom(V1 , A ) and φ2 ∈ Hom(V2 , A ), where A is an R-algebra, then
φ1 ⊗ φ2 is often implicitly combined with the multiplication map A ⊗ A → A ,
yielding φ1 ⊗ φ2 ∈ Hom(V1 ⊗V2 , A ), given for v1 ∈ V1 and v2 ∈ V2 , by
(φ1 ⊗ φ2 )(v1 ⊗ v2 ) := φ1 (v1 )φ2 (v2 ) ,

(A.5)

where the latter product is the multiplication in A . When this multiplication has
extra properties, they yield similar properties for the product of maps: for example,
if A is commutative, then

φ1 ⊗ φ2 = (φ2 ⊗ φ1 ) ◦ S ,
as elements of Hom(V1 ⊗V2 , A ). Associativity of A implies that
(φ1 ⊗ φ2 ) ⊗ φ3 = φ1 ⊗ (φ2 ⊗ φ3 ) ,
as elements of Hom((V1 ⊗V2 ) ⊗V3 , A )

Hom(V1 ⊗ (V2 ⊗V3 ), A ).

A.2 Exterior and Symmetric Algebra
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A.2 Exterior and Symmetric Algebra
Our multilinear maps are usually skew-symmetric k-linear maps V k → V , where V is
an R-module, so we recall here the corresponding tensorial notions. In T •V , consider
the submodule N which is generated by all -tensors ( ∈ N∗ ) of the form vi1 ⊗ · · · ⊗
vi , where vis = vit for some 1  s < t  , and let Nk := N ∩ T kV for k ∈ N∗ and
N0 := {0}. Then we may consider
∧•V := T •V /N =

∞


T kV /Nk =

k=0

∞


∧k V ,

k=0

where ∧kV := T kV /Nk , for k ∈ N. Notice that ∧kV = {0} as soon as k is bigger
than the (minimal) number of generators of V . We denote the quotient maps by
p : T •V → ∧•V and pk : T kV → ∧kV . Since N is a two-sided ideal of T •V , we have
that the associative product ⊗ on T •V induces an associative product on ∧•V , which
is denoted by ∧. Thus p(v1 ⊗ · · · ⊗ vk ) = p(v1 ) ∧ · · · ∧ p(vk ), which we also write as
v1 ∧· · ·∧vk , because p1 (i.e., the restriction of p to V ) is injective. One easily verifies
that, if X ∈ ∧iV and Y ∈ ∧ jV , then X ∧Y ∈ ∧i+ jV and
X ∧Y = (−1)i jY ∧ X .

(A.6)

In the language of the next section, this property is called graded commutativity.
The associative, graded commutative R-algebra (∧•V, ∧) is called the exterior algebra of V and elements of ∧•V are called multivectors. One similarly constructs the
symmetric algebra (S•V, ·) which is the associative commutative graded R-algebra
obtained as T •V /N , where N is the two-sided ideal of T •V , generated by all
v ⊗ w − w ⊗ v, where v, w ∈ V .
It is clear that every skew-symmetric k-linear map φ ∈ Hom(V ⊗k ,W ) vanishes
on Nk . Therefore, for R-modules V and W , we have that every skew-symmetric
k-linear map φ ∈ Hom(V ⊗k ,W ) corresponds in a canonical way to a linear map
φ : ∧kV → W , as in the following commutative diagram:
pk

V ⊗k
φ

∧k V
φ

W
In formulas, φ (v1 ∧ · · · ∧ vk ) = φ (v1 , . . . , vk ). From now on, we do not distinguish
notationally between the maps φ and φ : we write φ ∈ Hom(∧kV,W ) and we simply
say that φ is a skew-symmetric k-linear map.
One usually thinks of elements of ∧kV as skew-symmetric tensors: the permutation group Sk defines a natural linear action on V ⊗k which is defined for σ ∈ Sk and
v1 ⊗ · · · ⊗ vk ∈ V ⊗k by
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σ (v1 ⊗ · · · ⊗ vk ) := vσ (1) ⊗ · · · ⊗ vσ (k) .
An element X ∈ V ⊗k is called a symmetric tensor when σ (X) = X for all σ ∈ Sk ,
while it is called a skew-symmetric tensor when σ (X) = sgn(σ )X for all σ ∈ Sk ,
where sgn(σ ) denotes the signature of σ . In order to identify the skew-symmetric
k-tensors with ∧kV , one defines a linear map ρk− , the skew-symmetrization map, by

ρk− :

∧k V

→ T kV
1
sgn(σ )vσ (1) ⊗ · · · ⊗ vσ (k) .
v1 ∧ · · · ∧ vk →
k! σ∑
∈S

(A.7)

k

It is easy to see that this map is well-defined and injective, and that its image consists
precisely of all skew-symmetric k-tensors. One similarly identifies the symmetric ktensors with SkV by using the symmetrization map

ρk+ : SkV → T kV ,
whose definition is formally the same as the above definition (A.7) of the skewsymmetrization map, except that one leaves out the factor sgn(σ ).
There are two types of internal products related to the exterior algebra. Let V
and W be arbitrary R-modules. For X ∈ ∧ jV , the internal product ıX yields, for
every i ∈ N, a linear map
ıX : Hom(∧iV,W ) → Hom(∧i− jV,W ) ,
which is given by

ıX φ (Z) := φ (X ∧ Z)

where φ
→ W and Z
ıX φ := 0. It is easily verified that
: ∧iV

∈ ∧i− jV , assuming i 

j; otherwise, i.e., when i < j, then

ıX∧Y = ıY ◦ ıX ,
for X ∈ ∧ jV and Y ∈ ∧kV . For φ ∈ Hom(∧iV, R) the internal product ıφ , is the
family of linear maps, indexed by j ∈ N,
ıφ : ∧ jV → ∧ j−iV ,
defined for all v1 ∧ · · · ∧ v j ∈ ∧ jV by
ıφ (v1 ∧ · · · ∧ v j ) :=

∑

σ ∈Si, j−i

sgn(σ ) φ (vσ (1) , . . . , vσ (i) ) vσ (i+1) ∧ · · · ∧ vσ ( j)

when i  j, and ıφ is the zero map otherwise. In this formula, Si,k denotes the set
of all (i, k)-shuffles, i.e., all permutations σ ∈ Si+k for which σ (1) < · · · < σ (i) and
σ (i + 1) < · · · < σ (i + k); sgn(σ ) is the signature of σ as a permutation.
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To finish this section, we define a product on skew-symmetric multilinear maps
which take values in a commutative associative R-algebra A . We write FG for the
product of elements F and G in A . As above, V denotes an arbitrary R-module;
often, in the body of the book, this product will be considered for V = A , viewed
as an F-vector space (R = F). For φ ∈ Hom(∧iV, A ) and ψ ∈ Hom(∧ jV, A ), where
i, j > 0, we define φ ∧ ψ ∈ Hom(∧i+ jV, A ) by
(φ ∧ ψ )(v1 , . . . , vi+ j ) :=

∑

σ ∈Si, j

sgn(σ ) φ (vσ (1) , . . . , vσ (i) ) ψ (vσ (i+1) , . . . , vσ (i+ j) ) ,

for all v1 , . . . , vi+ j ∈ V . We also write


φ ∧ ψ , v1 ∧ · · · ∧ vi+ j := (φ ∧ ψ )(v1 , . . . , vi+ j ) ,
thereby extending the notation of (A.1).
Notice that, if A = R, so that φ ∈ (∧iV )∗ and ψ ∈ (∧ jV )∗ , then we can alternatively define φ ∧ ψ ∈ (∧i+ jV )∗ as being the linear map ψ ◦ ıφ . In this particular case,
the definition implies the following relation between ı and ∧:
ıφ ∧ ψ = ıψ ◦ ıφ ,
for φ , ψ ∈ ⊕k∈N (∧kV )∗ . Indeed, let φ ∈ Hom(∧iV, A ) and ψ ∈ Hom(∧ jV, A ),
where i, j > 0, and let v1 , . . . , vk ∈ V , with k  i + j. Then,
ıφ ∧ψ (v1 , . . . , vk )

∑

=

σ ∈Si+ j,k−i− j

=

∑

τ ∈Si, j,k−i− j

sgn(σ )(φ ∧ ψ )(vσ (1) , . . . , vσ (i+ j) ) vσ (i+ j+1) ∧ · · · ∧ vσ (k)

sgn(τ ) φ (vτ (1) , . . . , vτ (i) ) ψ (vτ (i+1) , . . . , vτ (i+ j) )
(A.8)
vτ (i+ j+1) ∧ · · · ∧ vτ (k)



= ıψ

∑

ρ ∈Si,k−i

sgn(ρ )φ (vρ (1) , . . . , vρ (i) ) vρ (i+1) ∧ · · · ∧ vρ (k)

= (ıψ ◦ ıφ )(v1 , . . . , vk ) ,
where we have used the notation Si, j,k−i− j for the set of all permutations of {1, . . . , k}
that are increasing on the intervals 1, . . . , i and i + 1, . . . , i + j and i + j + 1, . . . , k.
We return to the general case for which A is not necessarily R, but an arbitrary
commutative associative R-algebra. We point out that, if φ ∈ Hom(∧iV, A ), ψ ∈
Hom(∧ jV, A ) and χ ∈ Hom(∧kV, A ), where i, j, k  0, then
(φ ∧ ψ ) ∧ χ = φ ∧ ( ψ ∧ χ ) ,
i.e., ∧ is an associative product on ⊕∈N Hom(∧ , A ). This is obtained by exactly
the same computation as in (A.8), with k =  − i − j and with χ acting on the last
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part (i.e., on the last vs that appear out of the arguments of φ and ψ ). Moreover, for
φ ∈ Hom(∧iV, A ) and ψ ∈ Hom(∧ jV, A ), we have

φ ∧ ψ = (−1)i j ψ ∧ φ .
In the language of the next section, the product ∧ makes ⊕k∈N Hom(∧kV, A ) into a
graded R-algebra which is associative and graded commutative. Notice that, in the
notation which we use, if φ1 , . . . , φk ∈ Hom(V, A ) and v1 , . . . , vk ∈ V , then


φ1 ∧ · · · ∧ φk , v1 ∧ · · · ∧ vk  = det φi , v j 1i, jk .
(A.9)

A.3 Algebras and Graded Algebras
In this section we recall the basic definitions of algebras and graded algebras. These
definitions will be dualized in the next section, to obtain the notions of a coalgebra
and of a graded coalgebra.
Let V be an R-module. An algebra structure on V is a bilinear map μ : V ×V → V ,
called a product. We also view μ as an element of Hom(V ⊗V,V ), and we say that
(V, μ ) is an R-algebra. Usually, μ is assumed to have additional properties; the typical extra properties that μ may be supposed to have are summarized in Table A.1.
Table A.1 A product μ on an R-module, which makes it into an R-algebra, is usually assumed to
have one or two additional properties, taken from the list which appears in this table. We write the
properties in their usual form (with u, v, w ∈ V ) and in their functional form; the latter is useful for
obtaining the “co”-version (see Section A.4). S is the twist map u ⊗ v → v ⊗ u and S is the cycle
map u ⊗ v ⊗ w → v ⊗ w ⊗ u.
Property

Usual / functional form

commutative

μ (v, u) = μ (u, v)
μ ◦S = μ

skew-symmetric

μ (v, u) = −μ (u, v)
μ ◦ S = −μ

associative

μ (u, μ (v, w)) = μ (μ (u, v), w)
μ ◦ (1V ⊗ μ ) = μ ◦ (μ ⊗ 1V )

Jacobi identity

μ (u, μ (v, w))+  (u, v, w) = 0
∑2=0 μ ◦ (1V ⊗ μ ) ◦ S  = 0

The usual combinations of adjectives are the following: (1) If μ is skew-symmetric
and satisfies the Jacobi identity, then (V, μ ) is called a Lie algebra, and μ is called
a Lie bracket on V . We employ the standard custom of using brackets, such as [· , ·]
and {· , ·}, for the product. (2) An equally important combination of properties that μ
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may have are commutativity and associativity; some authors call (V, μ ) in this case
simply an algebra (or R-algebra), but we will not use this convention here since
our modules will usually have two algebra structures, one of which is a Lie algebra
structure, and the other one is associative and commutative.
Example A.1. A simple example of a Lie algebra structure is given by the vector
space Hom(W,W ), where W is an arbitrary vector space, equipped with the commutator
[φ1 , φ2 ] := φ1 ◦ φ2 − φ2 ◦ φ1 ,
where φ1 , φ2 ∈ Hom(W,W ). The Jacobi identity for [· , ·] is a direct consequence of
the associativity of the composition of (linear) maps.
A linear map φ : V → W between R-algebras (V, μ ) and (W, μ ) is called an
algebra homomorphism if φ (μ (v1 , v2 )) = μ (φ (v1 ), φ (v2 )), for all v1 , v2 ∈ V , which
is written in functional form as φ ◦ μ = μ ◦ (φ ⊗ φ ), and which corresponds to the
commutativity of the following diagram.
V ⊗V

μ

φ⊗φ

W ⊗W

V
φ

μ

(A.10)

W

In the case of Lie algebras (V, [· , ·]) and (W, [· , ·] ), such a linear map φ is called
a Lie algebra homomorphism. The homomorphism property then takes the form
φ ([v1 , v2 ]) = [φ (v1 ), φ (v2 )] for all v1 , v2 ∈ V .
We now turn to the graded version of these definitions. For this, it is assumed
that V is a graded R-module,

V=
Vi ,
(A.11)
i∈Z

where each of the subspaces Vi is invariant under the action of R. The notation V•
(or V • , when the subspaces are indexed by superscripts) is also used for V . In many
cases, one has V = ⊕i∈NVi , or even V = ⊕ki=0Vi , the other Vi being undefined, but
one easily arrives at the form (A.11) by defining Vi := {0}, for those values of i
where Vi was undefined. An element of Vi is called a homogeneous element of V of
degree i. A linear map φ : V → W between graded R-modules is said to be graded
of degree r if φ (Vi ) ⊂ Wi+r for every i ∈ Z. When V and W are written as V• and W• ,
the suggestive notation φ : V• → W•+r is also used. We denote the R-module of all
graded linear maps from V to W of degree r by Homr (V,W ). A graded product on V
is a product μ on V such that

μ (Vi ⊗V j ) ⊂ Vi+ j , for all i, j ∈ Z .
Then V , equipped with μ , becomes a graded R-algebra and we have induced maps
μi, j : Vi ⊗V j → Vi+ j for all i, j. A graded linear map of degree zero φ : V → W which
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is a (Lie) algebra homomorphism is called a graded (Lie) algebra homomorphism.
The graded analog of Table A.1 is given by Table A.2.
Table A.2 The graded analog of Table A.1 is displayed. The only difference between the graded
and ungraded notions lies in the signs; in fact, as there are no signs in the case of graded associativity, the notion of associativity and graded associativity coincide. For the graded Jacobi identity,
it is understood that when one sums over the three cyclic permutations of (i, j, k), the exponent 
takes the consecutive values 0, 1 and 2. The elements u, v and w are assumed to be homogeneous
of respective degrees i, j and k.
Property

Usual / functional form

graded commutative

μ (v, u) = (−1)i j μ (u, v)
μ j,i ◦ S = (−1)i j μi, j

graded skew-symmetric

μ (v, u) = −(−1)i j μ (u, v)
μ j,i ◦ S = −(−1)i j μi, j

(graded) associative

μ (u, μ (v, w)) = μ (μ (u, v), w)
μi, j+k ◦ (1Vi ⊗ μ j,k ) = μi+ j,k ◦ (μi, j ⊗ 1Vk )

graded Jacobi identity

(−1)ik μ (u, μ (v, w))+  (u, v, w) = 0
(−1)ik μi, j+k ◦ (1Vi ⊗ μ j,k ) ◦ S  +  (i, j, k) = 0

As in the ungraded case, the combination of graded skew-symmetric and the
graded Jacobi identity leads to the notion of a graded Lie bracket and of a graded
Lie algebra. The combination of graded commutativity and associativity leads to
the notion of an associative, graded commutative algebra.
Example A.2. To give a simple example of a graded Lie algebra, we define for
graded linear maps φi ∈ Homri (V,V ), where i = 1, 2, their graded commutator
[φ1 , φ2 ] as the graded linear map of degree r1 + r2 , given by
[φ1 , φ2 ] := φ1 ◦ φ2 − (−1)r1 r2 φ2 ◦ φ1 .

(A.12)

The graded R-module ⊕r∈Z Homr (V,V ), equipped with this bracket, is a graded
Lie algebra. For graded linear maps φ1 , φ2 , φ3 of degree r1 , r2 , r3 , the graded Jacobi
identity takes the following form
(−1)r1 r3 [φ1 , [φ2 , φ3 ]] + (−1)r2 r1 [φ2 , [φ3 , φ1 ]] + (−1)r3 r2 [φ3 , [φ1 , φ2 ]] = 0 , (A.13)
which can also be written, in view of the graded skew-symmetry of [· , ·], as
[φ1 , [φ2 , φ3 ]] = [[φ1 , φ2 ] , φ3 ] + (−1)r1 r2 [φ2 , [φ1 , φ3 ]] .
In the language of Section A.5, this means that [φ1 , ·], which is a graded linear map
of degree r1 , is a graded derivation of [· , ·].
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We have in this appendix already met the following three examples of graded
algebras, associated to an R-module V .
(T •V, ⊗) is a graded R-algebra, which is associative;
(∧•V, ∧) is a graded R-algebra, which is associative and graded commutative;
(S•V, ·) is a graded R-algebra, which is associative and commutative.
The grading on T •V comes from the natural decomposition T •V = ⊕i∈NV ⊗i ;
for ∧•V and S•V , the induced grading is used. The commutativity of the graded
algebra (S•V, ·) should not be confused with the graded commutativity of the
graded algebra (∧•V, ∧): in the former the arguments commute, but in the latter
they only commute up to a sign, see (A.6). We think of T • as a functor: given
a linear map φ ∈ Hom(V,W ), we obtain a homomorphism of graded algebras
T • φ : T •V → T •W, whose restriction to T kV is the linear map T kV → T kW , defined by T k φ := φ ⊗ φ ⊗ · · · ⊗ φ , i.e.,
T k φ (v1 ⊗ v2 ⊗ · · · ⊗ vk ) := φ (v1 ) ⊗ φ (v2 ) ⊗ · · · ⊗ φ (vk ) .
T • is a covariant functor: for φ ∈ Hom(V,W ) and ψ ∈ Hom(W, Z) one obtains
T • (1V ) = 1T •V ,

T • (ψ ◦ φ ) = T • (ψ ) ◦ T • (φ ) .

Similarly, ∧• and S• are covariant functors.
Associated to a graded vector space V = i∈Z Vi there is a graded exterior algebra which takes into account the grading on V . This algebra, denoted by ∧•V
is the associative, graded commutative algebra, obtained by dividing the tensor algebra T •V = k∈N T kV of V by the ideal generated by the elements of the form
x ⊗ y + (−1)i j y ⊗ x, with x ∈ Vi and y ∈ V j . Denoting by ∧ the product in ∧•V , one
then has
x ∧ y = −(−1)i j y ∧ x ,
for all x ∈ Vi and y ∈ V j . For integers i1 , . . . , ik and for σ ∈ Sk an arbitrary permutation of {1, . . . , k}, let sgn(σ ; i1 , . . . , ik ) ∈ {1, −1} denote the sign, defined by the
equality
x1 ∧ · · · ∧ xk = sgn(σ ; i1 , . . . , ik ) xσ (1) ∧ · · · ∧ xσ (k) ,
where x is an arbitrary homogeneous element of V of degree i , for  = 1, . . . , k. As
in the ungraded case, if φ : V ⊗k → W is a linear map, satisfying

φ (x1 ⊗ · · · ⊗ xk ) = sgn(σ ; i1 , . . . , ik ) φ (xσ (1) ⊗ · · · ⊗ xσ (k) ) ,
for all homogeneous elements x1 , . . . , xk , with i denoting the degree of x for  =
1, . . . , k, then φ descends to a linear map ∧•V → W , which we also denote by φ .
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A.4 Coalgebras and Graded Coalgebras
We now consider the “co”-versions of the concepts which were introduced in the
previous section. This is done in the customary way, namely we obtain the “co”versions by dualizing the definitions of the previous section, written in their functional forms (see Tables A.1 and A.2), which is done by reversing all arrows and
switching the order of their composition. Let us first dualize the definition of an algebra: a coalgebra structure on an R-module V is an element Δ of Hom(V,V ⊗V ),
called a coproduct. The most important additional properties which Δ may have, are
summarized in Table A.3.
Table A.3 Dualizing the usual properties of the product of an algebra, written in functional form,
as in Table A.1, we obtain the usual properties which the coproduct Δ , defining a coalgebra structure on an R-module, can have. As before, S is the twist map and S is the cycle map.
Property

Functional form

cocommutative

S ◦Δ = Δ

co-skew-symmetric

S ◦ Δ = −Δ

coassociative

(1V ⊗ Δ ) ◦ Δ = (Δ ⊗ 1V ) ◦ Δ

co-Jacobi identity

∑2=0 S  ◦ (1V ⊗ Δ ) ◦ Δ = 0

In order to define a homomorphism of coalgebras, we just reverse the arrows
in (A.10): for given coalgebras (V, Δ ) and (W, Δ ) we call a linear map φ : W → V
a homomorphism if the following diagram is commutative.
V ⊗V

Δ

φ⊗φ

W ⊗W

V
φ

Δ

W

We now consider the graded versions of the above “co”-concepts. Let V be a graded
R-module, V = ⊕i∈ZVi . A graded coproduct is a coproduct Δ on V such that for
every k ∈ Z,

Δ (Vk ) ⊂
Vi ⊗V j ,
i+ j=k

is finitely supported, i.e., Δ (Vk ) has a non-trivial intersection with only a finite
number of Vi ⊗ V j . Notice that Δ (Vk ) is automatically finitely supported when
Vi = {0} for all i < 0. A graded R-module V , equipped with a graded coproduct Δ , is called a graded R-coalgebra. For fixed i, j ∈ Z, we will need the linear map
Δi, j : Vi+ j → Vi ⊗V j , which is obtained by composing Δ , restricted to Vi+ j , with the
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natural projection V ⊗V → Vi ⊗V j . The usual properties of a graded coproduct are
displayed in Table A.4.
Table A.4 This last table deals with the case of graded coalgebras. We recall that S is the twist
map and S is the cycle map (see Table A.2).
Property

Functional form

graded cocommutative

S ◦ Δ j,i = (−1)i j Δi, j

graded co-skew-symmetric

S ◦ Δ j,i = −(−1)i j Δi, j

graded coassociative

(1Vi ⊗ Δ j,k ) ◦ Δi, j+k = (Δi, j ⊗ 1Vk ) ◦ Δi+ j,k

graded co-Jacobi identity

(−1)ik S  ◦ (1Vi ⊗ Δ j,k ) ◦ Δi, j+k +  (i, j, k) = 0

We have seen in the previous section that the graded R-modules T •V, ∧•V
and S•V have a natural (graded) algebra structure. We now show that they also have
a graded coalgebra structure; the latter structure is important at a few places in this
book. The coalgebra structure Δ on T •V is called de-concatenation and is defined,
for k ∈ N and for v1 , . . . , vk ∈ V , by
k

Δ (v1 ⊗ · · · ⊗ vk ) := ∑ (v1 ⊗ · · · ⊗ vi ) ⊗ (vi+1 ⊗ · · · ⊗ vk ) ,

(A.14)

i=0

which means that the linear maps Δi, j are given by

Δi, j :

V ⊗(i+ j)
→ V ⊗i ⊗V ⊗ j
v1 ⊗ · · · ⊗ vi+ j → (v1 ⊗ · · · ⊗ vi ) ⊗ (vi+1 ⊗ · · · ⊗ vi+ j ) .

(A.15)

Graded coassociativity of Δ is an immediate consequence of the associativity of ⊗:
((Δi, j ⊗ 1Vk−i− j ) ◦ Δi+ j,k−i− j )(v1 ⊗ · · · ⊗ vk )
= ((v1 ⊗ · · · ⊗ vi ) ⊗ (vi+1 ⊗ · · · ⊗ v j )) ⊗ (v j+1 ⊗ · · · ⊗ vk )
= (v1 ⊗ · · · ⊗ vi ) ⊗ ((vi+1 ⊗ · · · ⊗ v j ) ⊗ (v j+1 ⊗ · · · ⊗ vk ))
= ((1Vi ⊗ Δ j,k−i− j ) ◦ Δi,k−i )(v1 ⊗ · · · ⊗ vk ) .
We now turn to the natural coalgebra structure of the exterior algebra ∧•V . Let us
denote by δ the diagonal map V → V × V : v → (v, v). By functoriality of ∧• , it
induces a linear map
∧• δ : ∧•V → ∧• (V ×V ) ,
which we view as a linear map

Δ := ρ ◦ ∧• δ : ∧•V → ∧•V ⊗ ∧•V ,
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where ρ : ∧• (V ×V ) → ∧•V ⊗ ∧•V is the natural isomorphism, given by


ρ (v1 , 0) ∧ · · · ∧ (vi , 0) ∧ (0, vi+1 ) ∧ · · · ∧ (0, vk ) :=
(v1 ∧ · · · ∧ vi ) ⊗ (vi+1 ∧ · · · ∧ vk ) ,
where v1 , . . . , vk ∈ V . We denote the natural product on ∧•V ⊗ ∧•V which makes ρ
into a homomorphism of graded algebras by  (not to be confused with Δ ). It
follows easily from the graded commutativity of ∧ that, if vi ∈ ∧ri V for i = 1, . . . , 4,
then
(A.16)
(v1 ⊗ v2 )(v3 ⊗ v4 ) = (−1)r2 r3 (v1 ∧ v3 ) ⊗ (v2 ∧ v4 ) .
The commutative diagram
δ

V

δ ×1V

δ

V ×V

V ×V

1V ×δ

V ×V ×V

leads to a commutative diagram
∧•V

∧• δ

∧• (δ ×1V )

∧• δ

∧• (V ×V )

∧• (V ×V )

∧• (1V ×δ )

∧• (V ×V ×V )

which, in terms of Δ , becomes the coassociativity property of the coproduct Δ .
∧•V

Δ

Δ ⊗1∧•V

Δ

∧•V ⊗ ∧•V

∧•V ⊗ ∧•V

1∧•V ⊗Δ

∧•V ⊗ ∧•V ⊗ ∧•V

The graded algebra structure on ∧•V ⊗ ∧•V ⊗ ∧•V is defined as in (A.16). An explicit formula for Δ is given by

Δ (v1 ∧ v2 ∧ · · · ∧ vk ) = ρ (∧• δ (v1 ∧ · · · ∧ vk )) = ρ (δ (v1 ) ∧ · · · ∧ δ (vk ))


= ρ ((v1 , 0) + (0, v1 )) ∧ · · · ∧ ((vk , 0) + (0, vk ))
= (v1 ⊗ 1 + 1 ⊗ v1 ) · · · (vk ⊗ 1V + 1V ⊗ vk )
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sgn(σ )(vσ (1) ∧ · · · ∧ vσ (i) ) ⊗ (vσ (i+1) ∧ · · · ∧ vσ (k) ) .

In particular, Δi, j is given by

Δi, j (v1 ∧ · · · ∧ vi+ j ) =

∑

σ ∈Si, j

sgn(σ )(vσ (1) ∧ · · · ∧ vσ (i) ) ⊗ (vσ (i+1) ∧ · · · ∧ vσ (i+ j) ) ,

(A.17)
when i, j ∈ N and Δi, j = 0 when i < 0 or j < 0. The above formula is similar to the
de-concatenation formula (A.14) which we have introduced in the case of the tensor
algebra.

A.5 Graded Derivations and Coderivations
Let (V, μ ) be a (not necessarily associative) graded algebra, where V = ⊕i∈ZVi is a
graded R-module. A graded linear map φ ∈ Homr (V,V ) of degree r is said to be a
graded derivation of degree r if

φ (vw) = φ (v)w + (−1)rp vφ (w) ,
for all v ∈ Vp and w ∈ Vq , where vw is a shorthand for μ (v, w). In functional notation
this means that for every p, q ∈ Z,

φ ◦ μ p,q = μ p+r,q ◦ (φ ⊗ 1Vq ) + (−1)rp μ p,r+q ◦ (1Vp ⊗ φ ) ,

(A.18)

as linear maps Vp ⊗ Vq → Vp+r+q . We denote the R-module of all graded derivations of degree r of V by Derr (V ). It is easily verified by direct computation that
the graded commutator of two graded derivations of degrees r1 and r2 is a graded
derivation of degree r1 + r2 . This implies that ⊕r∈Z Derr (V ) is a graded Lie algebra,
with the graded commutator as Lie bracket. It is a Lie subalgebra of the graded Lie
algebra ⊕r∈Z Homr (V,V ), equipped with the graded commutator, which we considered in Section A.3. Clearly, a derivation is completely determined by its values on
an arbitrary set of elements of V , which generates V as a (graded) algebra.
Example A.3. Let V be an R-module and consider the graded algebra ∧•V . Equipped
with the graded commutator, the R-module ⊕r∈Z Derr (∧•V ) is a graded Lie algebra.
Particular elements of Derr (∧•V ) can be constructed from linear maps V → ∧r+1V :
every linear map
φ : V → ∧r+1V
extends to a derivation of degree r of the graded algebra (∧•V, ∧) by putting

φ̃ :

∧•V

→ ∧•+rV

v1 ∧ · · · ∧ vk →

k

∑ (−1)i−1 φ (vi ) ∧ v1 ∧ · · · ∧ vi ∧ · · · ∧ vk .

i=1
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Indeed, for X ∈ ∧ pV and Y ∈ ∧qV ,

φ̃ (X ∧Y ) = φ̃ (X) ∧Y + (−1) pr X ∧ φ̃ (Y ),
which is an easy consequence of the fact that φ will either be applied to a factor
which appears in X, leaving Y untouched, or vice versa.
We now formulate the notion of a derivation for the case of a graded coalgebra.
As before, (V, Δ ) is a graded coalgebra, where V = ⊕i∈ZVi is a graded R-module.
Dualizing (A.18), a linear map φ : V → V of degree −r is called a graded coderivation of degree r if for every p, q ∈ Z,

Δ p,q ◦ φ = (φ ⊗ 1Vq ) ◦ Δ p+r,q + (−1)rp (1Vp ⊗ φ ) ◦ Δ p,r+q ,
as maps from Vp+r+q to Vp ⊗Vq . We denote the R-module of all graded coderivations
of degree r of V by CoDerr (V ). Again, it follows by direct computation that the
graded commutator of two graded coderivations of degrees r1 and r2 is a graded
coderivation of degree r1 + r2 . This implies that ⊕r∈Z CoDerr (V ) is also a graded
Lie algebra, with the graded commutator as Lie bracket. Like ⊕r∈Z Derr (V ), it is
a Lie subalgebra of the graded Lie algebra ⊕r∈Z Homr (V,V ), equipped with the
graded commutator. The following example is the “co”-version of Example A.3.
Example A.4. Let V be an R-module and consider the graded coalgebra ∧•V .
Equipped with the graded commutator, the R-module ⊕r∈Z CoDerr (∧•V ) is a graded
Lie algebra. Particular elements of CoDerr (∧•V ) can be constructed from linear
maps ∧r+1V → V : every linear map

φ : ∧r+1V → V
extends to a coderivation of degree r of the graded R-coalgebra (∧•V, Δ ) by putting

φ̃ :

∧ •V
→ ∧•−rV
v1 ∧ · · · ∧ vk →
∑

τ ∈Sr+1,k−1−r

sgn(τ ) φ (vτ (1) , . . . , vτ (r+1) ) ∧ vτ (r+2) ∧ · · · ∧ vτ (k) .

It is understood that the above definition means that φ̃ = 0 on ∧kV for k  r. It
follows that, for p, q ∈ N we have that

Δ p,q ◦ φ̃ = (φ̃ ⊗ 1∧qV ) ◦ Δ p+r,q + (−1)rp (1∧ pV ⊗ φ̃ ) ◦ Δ p,r+q .

(A.19)

All coderivations of ∧•V are obtained in this way: if Φ : ∧•V → ∧•−rV is a coderivation of degree r of (∧•V, Δ ), then Φ = φ̃ , where φ : ∧r+1V → V is the restriction of
Φ to ∧r+1V . Indeed, since Φ and φ̃ agree on ∧kV , for k  r + 1 (they are both zero
when k  r, for degree reasons), they also agree, in view of (A.19), on ∧r+2V (take
p = q = 1 in (A.19)), and similarly for the higher exterior powers of V .

Appendix B

Real and Complex Differential Geometry

In this appendix we recall the basic notions of differential geometry: the definition
of a real manifold, of a complex manifold and of a vector field on such a manifold.
We also recall briefly the main properties of vector fields on manifolds: the existence
of integral curves of a vector field, the flow of a vector field, the bracket of vector
fields and the straightening theorem, which says that a vector field takes, in wellchosen coordinates, a simple form. Our definition of vector fields on a manifold is
based on the concept of a pointwise derivation. This approach easily generalizes to
the introduction of the concept of a bivector field on a manifold, a crucial element
in the (geometrical!) definition of the notion of a Poisson structure on a (real or
complex) manifold (see Section 1.3).

B.1 Real and Complex Manifolds
We adopt the following geometric point of view: a differentiable manifold is a (second countable, Hausdorff) topological space which is covered by a family of coordinate charts (U, x), where U is an open subset of M, called the domain of the
chart, and x = (x1 , . . . , xd ) is a homeomorphism from U to an open subset of Rd .
The functions x1 , . . . , xd are called local coordinates; they are said to be centered at
m if x(m) = o, where o stands for the origin of Rd . The coordinate charts are demanded to be compatible in the sense that, if (U, x) and (V, y) are coordinate charts,
with U ∩V = 0,
/ then the homeomorphism
y ◦ x−1

x(U∩V )

: x(U ∩V ) → y(U ∩V )

is a smooth map, see Fig. B.1. This homeomorphism is called a transition map. A
collection of compatible coordinate charts of M, whose domains cover M, is called
an atlas of M. For connected differentiable manifolds, the integer d is independent
of the coordinate chart; it is called the dimension of M, a terminology which we also
use in the non-connected case, when d is independent of the coordinate chart; it is
C. Laurent-Gengoux et al., Poisson Structures,
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4, © Springer-Verlag Berlin Heidelberg 2013
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Fig. B.1 A manifold comes equipped with an atlas, a collection of coordinate charts (U, x), where
the transition maps y ◦ x−1 between coordinate charts (U, x) and (V, y) (with U ∩ V = 0)
/ are demanded to be smooth.

denoted by dim M. When the integer d is even, we may interpret the homeomorphisms x as taking values in Cd/2 ; in this case, if all transition maps are complex
analytic (holomorphic), then M is called a complex manifold and d/2 is called the
(complex) dimension of M. It is a trivial, but important, fact that every non-empty
open subset of a real or complex manifold is itself, in a natural way, a real or complex manifold. In particular, every open subset of a (real or complex) vector space
is a (real or complex) manifold.
The main virtue of manifolds is that we can do calculus on them, hence also
analytic geometry. Roughly speaking, the coordinate charts allow us to identify objects on the manifold, locally, with standard objects on open subsets of Fd (F = R
or F = C) and the transition maps allow us to compare these standard objects. The
first object one thinks of is that of a smooth function: a function F : M → F on a
real (respectively complex) manifold M is called a smooth function (respectively a
holomorphic function) if for every coordinate chart (U, x) of M the function
F̃ = F ◦ x−1 : x(U) → F
is smooth (respectively holomorphic). The function F̃ is called the coordinate expression of F in the coordinate chart (U, x). See Fig. B.2. The (commutative associative) algebra of all such functions F on M will be denoted by F (M). For an open
subset U, viewing U itself as a manifold, we have an algebra of functions F (U) and
there are obvious restriction maps F (M) → F (U), which are in general neither injective nor surjective; the restriction of F ∈ F (M) to U will be denoted by F|U .
Notice that F (M) may consist only of the constant functions, for example when M
is a compact complex manifold.

B.2 The Tangent Space
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Fig. B.2 Smooth functions on a manifold M are functions on M which are smooth in terms of local
coordinates.

One similarly defines the notion of a smooth map between real manifolds and a
holomorphic map between complex manifolds. It leads to two categories: the category of real manifolds, whose objects are real manifolds with smooth maps as
morphisms, and the category of complex manifolds, whose objects are complex
manifolds and whose morphisms are holomorphic maps. Since complex manifolds
are in a natural way also real manifolds, and since holomorphic maps are smooth,
there is a natural forgetful functor from the latter category to the former.

B.2 The Tangent Space
Let M be a manifold and let m ∈ M be an arbitrary point. We define the tangent space
Tm M of M at m. To do this, we consider the set Fm (M) of all pairs (F,U), where U is
an open subset of M which contains m, and F is an element of F (U). Two elements
(F,U) and (G,V ) of Fm (M) are defined to be equivalent, denoted (F,U) ∼ (G,V ), if
there exists a pair (H,W ) ∈ Fm (M), such that W ⊂ U ∩V and H = F|W = G|W . For
(F,U) ∈ Fm (M), we denote its equivalence class by Fm and we call it the germ of F
(or of (F,U)) at m. It is clear that the quotient set Fm (M)/ ∼ of all function germs
at m inherits from F (M) the structure of an associative F-algebra. For example,
in the complex case, the algebra Fm (M)/ ∼ is isomorphic to the algebra of power
series in d variables, whose radius of convergence is positive. Notice that a function
germ Fm has a well-defined value at m, which is simply F(m).
Definition B.1. Let M be a manifold and let m ∈ M. A pointwise derivation δm of
F (M) at m is a linear function
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δm :

Fm (M)
→F,
∼

satisfying, for all functions F and G, defined on a neighborhood of m in M,

δm (Fm Gm ) = F(m) δm Gm + G(m) δm Fm .

(B.1)

The vector space of all pointwise derivations of F (M) at m is denoted by Tm M, and
is called the tangent space of M at m, while the dual space Tm∗ M of linear forms
Tm M → F is called the cotangent space of M at m. The canonical pairing between
the dual vector spaces Tm M and Tm∗ M, which amounts to evaluating elements of Tm∗ M
on elements of Tm M, is denoted by · , ·.
One easily deduces from (B.1) that if δm is a pointwise derivation at m, and F is
constant in a neighborhood of m, then δm Fm = 0. For a given function F, defined on
a neighborhood of m in M, consider the function dm F on Tm M, defined by
dm F : Tm M → F

δm → δm Fm .

(B.2)

Clearly, dm F is a linear function, hence it is an element of the cotangent space Tm∗ M.
It is called the differential of F at m. The differential of a function admits a natural
generalization to the case of maps between manifolds. Let M and N be two manifolds and let Ψ be a map, defined on a neighborhood of a point m ∈ M, with values
in N. The linear map TmΨ : Tm M → TΨ (m) N, called the tangent map of Ψ at m, associates to a pointwise derivation δm of F (M) at m, the pointwise derivation TmΨ (δm )
of F (N) at Ψ (m), defined for every germ GΨ (m) at Ψ (m) by
(TmΨ )(δm ) GΨ (m) := δm (G ◦ Ψ )m ,
see Fig. B.3. This is well-defined, because the germ (G ◦ Ψ )m is independent of the
function G which represents the germ GΨ (m) . When F is a function, defined on a
neighborhood of m, the tangent map at m is a linear map Tm F : Tm M → TF(m) F,
and we can recover the differential dm F, upon composing Tm F with the canonical
isomorphism TF(m) F F, which will be explained below.
The tangent map obeys the usual rules of calculus: for example, if M, N and P
are manifolds, Ψ : M → N and Ξ : N → P are maps and m ∈ M, then
Tm (Ξ ◦ Ψ ) = (TΨ (m) Ξ ) ◦ TmΨ .
In particular, if Ψ is a diffeomorphism (at least in the neighborhood of m), then TmΨ
is invertible and
(TmΨ )−1 = TΨ (m)Ψ −1 .
Consider the vector space Fd , viewed as a d-dimensional manifold, and let m be a
point of Fd . There is a natural isomorphism between the vector spaces Tm Fd and Fd .
Namely to a vector v ∈ Fd we can associate a pointwise derivation vm at m by setting,
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Fig. B.3 A map Ψ between two manifolds M and N leads for every point m ∈ M to a tangent map
TmΨ , which is a linear map between the tangent space Tm M and TΨ (m) N.

for every germ Fm at m,
vm Fm :=

F(m + tv) − F(m)
d
.
F(m + tv) = lim
t→0
dt |t=0
t

It is clear that v → vm defines an injective linear map from Fd to Tm Fd . The surjectivity of this map follows from the Hadamard lemma.
Lemma B.2 (Hadamard’s lemma). Let F ∈ F (U), where U is an open subset
of Fd and let m ∈ U. On a small neighborhood V ⊂ U of m in Fd ,
d

F = F(m) + ∑ (xi − xi (m)) F (i) ,

(B.3)

i=1

where each of the functions F (i) belongs to F (V ). In particular,
F (i) (m) = (ei )m Fm ,
where (e1 , . . . , ed ) denotes the natural basis of Fd .
For a proof of this lemma, which is essentially a first-order form of Taylor’s theorem,
see [155, p. 17].
Let F ∈ F (U) and consider (B.3), germified at m ∈ U,
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d

Fm = F(m) + ∑ ((xi )m − xi (m))Fm .
(i)

(B.4)

i=1

Let δm be a pointwise derivation at m. Applying δm to (B.4) we find, using (B.1), that
d

d

i=1

i=1

δm Fm = ∑ δm (xi )m F (i) (m) = ∑ δm (xi )m (ei )m Fm ,
for all germs Fm at m, so that
d

δm = ∑ δm (xi )m (ei )m .

(B.5)

i=1

This shows that Tm Fd is spanned by the pointwise derivations (ei )m , so that the map,
defined by v → vm , is an isomorphism between Fd and Tm Fd .
If (U, x) is a coordinate chart of a manifold M, centered at m, then each of
the d vectors of the natural basis (e1 , . . . , ed ) of Fd leads to a pointwise derivation
of F (M) at m, defined by

∂
∂ xi



:= To x−1 (ei )o .
m

For a function F, defined on an open neighborhood of m in M, this means that

∂
∂ xi

Fm = ∂i F̃(x(m)) ,
m

where F̃ : x(U) → F is the coordinate expression of a representative F ∈ F (U) of
the germ Fm (see Fig. B.2), and 1  i  d; also, ∂i F̃ denotes the derivative of F̃ with
respect to its i-th variable (real or complex). Since To Fd is spanned by the point−1
wise derivations
 (e1 )o , . .. , (ed)o and since To x is an isomorphism, the pointwise
, . . . , ∂∂x
span Tm M.
derivations ∂∂x
1

m

d

m

Remark B.3. When the tangent space of M at m is viewed as an equivalence class
of curves, passing through m, as is done in a more analytic approach to elementary
differential geometry, then the differential dm F of a function F : M → F at m, is
dm F(γ̃m ) :=

d
F(γ (t))
dt |t=0

where γ : I → M is a curve, defined on a neighborhood I of 0 in F, with γ (0) = m,
whose equivalence class has been denoted by γ̃m . As we have seen, in our approach
to defining the tangent space, the definition of the differential takes the more algebraic form
dm F, δm  := δm Fm ,
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for all δm ∈ Tm M. Thus, in our setup, we view tangent vectors as objects which act
on equivalence classes of functions, rather than viewing functions as objects which
define linear forms on equivalence classes of curves, although both points of view
are equivalent (see [198, Ch. 1]).

B.3 Vector Fields
Let us consider a manifold M and a map V , which assigns to every m ∈ M an
element Vm of Tm M. To each function F ∈ F (U), where U is an open subset of M,
we can associate a function V [F] on U by defining, for all m ∈ U,
V [F](m) := Vm Fm ∈ F .

(B.6)

We also write Vm [F] for Vm Fm , so that Vm [F] = V [F](m). We say that V is a smooth
vector field (respectively holomorphic vector field) on M if for every open subset
U ⊂ M and for every function F ∈ F (U), the function V [F], defined by (B.6),
belongs to F (U) (i.e., it is a smooth, respectively holomorphic function on U).
When the type of manifold which is considered is irrelevant or is clear from the
context, we simply say vector field for smooth or holomorphic vector field. Notice
that we use square brackets to denote the action of a vector field on a function.
With respect to pointwise multiplication, the vector fields on M form an F (M)module, which is denoted by X1 (M). Viewed as a vector space, X1 (M) is a Lie
algebra, where the Lie bracket is the commutator of vector fields, defined as follows.
Let V and W be vector fields on M, and let m ∈ M. For every function F, defined
in a neighborhood of m, letting
[V , W ]m (Fm ) := Vm (W [F])m − Wm (V [F])m ,
leads to a well-defined linear map [V , W ]m : Fm (M)/ ∼ → F, which is easily shown to be a pointwise derivation at m. For given vector fields V and W
on M, the map which assigns to every m ∈ M the element [V , W ]m of the tangent space Tm M is a (smooth or holomorphic) vector field, hence we have a map
[· , ·] : X1 (M) × X1 (M) → X1 (M). Clearly, [· , ·] is a skew-symmetric bilinear map,
which satisfies the Jacobi identity, hence it defines a Lie algebra structure on X1 (M);
it is called the Lie bracket on vector fields.
We have seen that a map Ψ : M → N leads for every m ∈ M to a linear map TmΨ :
Tm M → TΨ (m) N. However, since Ψ is in general neither injective nor surjective, this
collection of linear maps cannot be used to associate to a vector field V on M, a
vector field on N. Nevertheless, when Ψ is bijective, so that Ψ is a diffeomorphism
(or biholomorphism), we get a vector field Ψ∗ V on N by setting
(Ψ∗ V )Ψ (m) := (TmΨ )Vm ,
for all m ∈ M. The vector field Ψ∗ V is called the pushforward of V by Ψ .
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It is clear that vector fields can be restricted to open subsets; we usually do not
make a notational distinction between a vector field on M and its restriction to some
open subset of M. It is also clear from (B.6) that V defines, for every open subset U
of M, a derivation of F (U), i.e., we have
V [FG] = F V [G] + G V [F] ,
for all F, G ∈ F (U). In particular, a vector field on M defines a derivation of F (M).
Remark B.4. It is shown in standard books on differential geometry that for a real
manifold M, the above natural correspondence between (smooth) vector fields on M
and derivations of F (M) is bijective. For complex manifolds however, this is not
true in general: think of a compact complex torus Cd /Z2d , which has non-trivial
holomorphic vector fields, but whose algebra of holomorphic functions consists of
constant functions only, so that all its derivations are trivial. The same phenomenon
occurs for skew-symmetric biderivations and bivector fields (e.g., Poisson structures), introduced in Chapter 1.
Remark B.5. The set of all tangent vectors at m, for m ranging through M, has a
natural vector bundle structure over M, denoted T M → M. The fiber over m is the
vector space Tm M and the vector fields on M can be defined as the (smooth, holomorphic) sections of T M → M. In abstract geometrical constructions, it is the latter
point of view on vector fields which is often the most appropriate.
On a coordinate chart (U, x) of M, 
thereare d distinguished vector fields ∂ /∂ xi , i =
1, . . . , d, which are defined by m → ∂∂xi , for all m ∈ U, which amounts to defining
m

∂
[F](m) := ∂i F̃(x(m)) ,
∂ xi

(B.7)

for all F ∈ F (M), where F̃ : x(U) → F is the coordinate expression of F, as in
Fig. B.2. By a slight abuse of notation, we usually write ∂∂ xFi (m) instead of either
expression in (B.7). If V is a map which assigns to every m ∈ U an element Vm ∈
d
(i)
Tm M, then V can be written
  in a unique way as V = ∑i=1 V ∂ /∂ xi , since the
pointwise derivations

∂
∂ xi

m

form a basis of Tm M, for every m ∈ U. Then V is

a (smooth) vector field on U if and only if the coefficients V (i) in this expression
belong to F (U). It is clear that these coefficients V (i) are given by V (i) = V [xi ].
By a slight abuse of language, we often refer to the expression
d

V = ∑ V [xi ]
i=1

∂
∂ xi

(B.8)

as a coordinate expression of V in the coordinate chart (U, x). It is very useful for
explicit computations, as it allows us to compute with vector fields on a manifold,
locally, in the same way as on Fd .
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Fig. B.4 For a given vector field on a manifold, there passes through every point of the manifold a
unique integral curve.

B.4 The Flow of a Vector Field
Let V be a vector field on a manifold M and let m ∈ M. The fundamental theorem on the existence and uniqueness of solutions of first order ordinary differential
equations with initial conditions, tells us that there exists a connected open neighborhood I of 0 in F, and there exists a map φ : I → M, such that φ (0) = m and such
that
d
(Tt φ )
= Vφ (t ) ,
(B.9)
dt t
for all t ∈ I; the map is unique in the sense that if φ1 : I1 → M and φ2 : I2 → M are
two such maps, then they coincide on (I1 ∩ I2 )0 , the connected component of their
common intersection, which contains 0,

φ1 |

(I1 ∩I2 )0

= φ2 |

(I1 ∩I2 )0

.

The map φ or the pair (I, φ ) is called an integral curve of V , passing through m, see
Fig. B.4. By a slight abuse of notation, the left-hand side in (B.9) is often denoted
by ddtφ (t ); using this notation (B.9) takes the more familiar form
dφ
(t ) = Vφ (t ) .
dt
The integral curves of a vector field depend smoothly on the initial data; this is stated
in a precise way in the following theorem (see [187, Ch. 5] for a proof).
Theorem B.6. Let V be a vector field on a manifold M and let m ∈ M. There exists
a neighborhood U of (0, m) in F × M and there exists a map Φ : U → M such that,
for every (0, m ) ∈ U, the restriction

Φ |I : Im → M ,
m

(B.10)

is an integral curve of V , passing through m ; the subset Im in (B.10) is the
connected component of U ∩ (F × {m }) which contains (0, m ). Moreover, Φ has
the following property: for every (t , m) in the connected component of (0, m) in
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U ∩ (F × {m}), there exists a neighborhood Ut of (t , m) in U, such that the restriction
Φ |U : Ut → M ,
t

is a diffeomorphism (biholomorphism) between Ut and its image Φ (Ut ).
We refer to such a map Φ as being the (local) flow of the vector field V in a neighborhood of m. The diffeomorphism Φ |U is called the local flow at t and is usually
t
denoted by Φt (omitting its domain of definition, which is all of M in good cases,
for example when M is a compact real manifold).
An important and useful consequence of the (local) existence of the flow of a
vector field, is the straightening theorem, which says that the coordinate expression
of a vector field on a manifold takes a particularly simple form, at points where the
vector field does not vanish.
Theorem B.7 (Straightening theorem). Let M be a manifold and let V be a vector
field on M. If m ∈ M is such that V (m) = 0, then there exist local coordinates
x1 , . . . , xd on a neighborhood U of m, such that V = ∂ /∂ x1 on U.

B.5 The Frobenius Theorem
Instead of having a vector at every point of a manifold M, as is the case of a vector
field on M, one may have a one-dimensional subspace of the tangent space to M,
at every point of M. This is what is called a 1-dimensional distribution on M; a
k-dimensional distribution D on M is then the datum of a k-dimensional subspace
D(m) of Tm M for every m ∈ M. One says that D is smooth (or holomorphic) if
there exist for every m ∈ M smooth (or holomorphic) vector fields V1 , . . . , Vk , on a
neighborhood U of m, such that
D(m) = span {(V1 )m , . . . , (Vk )m } ,
for every m ∈ U. When it is clear from the context, we often simply say distribution
for smooth (or holomorphic) distribution. A vector field V , defined on an open
subset U of M, is said to be adapted to D on U if Vm ∈ D(m) for every m ∈ U. A
distribution D on M is said to be involutive if for every open subset U of M, and for
every pair of vector fields on U, which are adapted to D on U, their Lie bracket is
also adapted to D on U. Involutivity of a distribution is a very strong condition, as
is plain from Frobenius’ theorem.
Theorem B.8 (Frobenius’ theorem). Let M be a d-dimensional manifold and suppose that D is a k-dimensional distribution on M. If D is involutive, then every point
m ∈ M admits a coordinate chart (U, x), with m ∈ U, such that


∂
∂
,...,
,
for every m ∈ U .
D(m ) = span
∂ x1 m
∂ xk m
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For a short and elementary proof, which is immediately adapted to the holomorphic
case, we refer to [41] or [138]. It is clear that Frobenius’ theorem can be seen as a
generalization of the straightening theorem (Theorem B.7).
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Birkhäuser Verlag, Basel, revised edition, 2004.
19. F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer. Deformation theory
and quantization. I. Deformations of symplectic structures. Ann. Physics, 111(1):61–110,
1978.
20. F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer. Deformation theory
and quantization. II. Physical applications. Ann. Physics, 111(1):111–151, 1978.
21. F. A. Berezin. Quantization. Izv. Akad. Nauk SSSR Ser. Mat., 38:1116–1175, 1974.
22. R. Bezrukavnikov and V. Ginzburg. On deformations of associative algebras. Ann. of Math.
(2), 166(2):533–548, 2007.
23. K. H. Bhaskara and K. Viswanath. Poisson algebras and Poisson manifolds, volume 174 of
Pitman Research Notes in Mathematics Series. Longman Scientific & Technical, Harlow,
1988.
24. F. Bottacin. Poisson structures on moduli spaces of sheaves over Poisson surfaces. Invent.
Math., 121(2):421–436, 1995.
25. F. Bottacin. Poisson structures on Hilbert schemes of points of a surface and integrable systems. Manuscripta Math., 97(4):517–527, 1998.
26. F. Bottacin. Poisson structures on moduli spaces of parabolic bundles on surfaces.
Manuscripta Math., 103(1):31–46, 2000.
27. N. Bourbaki. Lie groups and Lie algebras. Chapters 1–3. Elements of Mathematics (Berlin).
Springer-Verlag, Berlin, 1998. Translated from the French, Reprint of the 1989 English translation.
28. J.-L. Brylinski. A differential complex for Poisson manifolds. J. Differential Geom.,
28(1):93–114, 1988.
29. D. Bump. Lie groups, volume 225 of Graduate Texts in Mathematics. Springer-Verlag, New
York, 2004.
30. F. Butin. Poisson homology in degree 0 for some rings of symplectic invariants. J. Algebra,
322(10):3580–3613, 2009.
31. M. Cahen, S. Gutt, and J. Rawnsley. Nonlinearizability of the Iwasawa Poisson Lie structure.
Lett. Math. Phys., 24(1):79–83, 1992.
32. M. Cahen, S. Gutt, and J. Rawnsley. Some remarks on the classification of Poisson Lie
groups. In Symplectic geometry and quantization (Sanda and Yokohama, 1993), volume 179
of Contemp. Math., pages 1–16. Amer. Math. Soc., Providence, RI, 1994.
33. A. Cannas da Silva. Lectures on symplectic geometry, volume 1764 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2001.
34. A. Cannas da Silva and A. Weinstein. Geometric models for noncommutative algebras, volume 10 of Berkeley Mathematics Lecture Notes. American Mathematical Society, Providence, RI, 1999.
35. A. Cattaneo. On the integration of Poisson manifolds, Lie algebroids, and coisotropic submanifolds. Lett. Math. Phys., 67(1):33–48, 2004.
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Département de Mathématiques. Nouvelle Série. A, Vol. 2, volume 87 of Publ. Dép. Math.
Nouvelle Sér. A, pages i–ii, 1–62. Univ. Claude-Bernard, Lyon, 1987.
48. Th. Courant. Dirac manifolds. Trans. Amer. Math. Soc., 319(2):631–661, 1990.
49. M. Crainic and R. Fernandes. Integrability of Lie brackets. Ann. of Math. (2), 157(2):575–
620, 2003.
50. M. Crainic and R. Fernandes. Integrability of Poisson brackets. J. Differential Geom.,
66(1):71–137, 2004.
51. M. Crainic and R. Fernandes. Stability of symplectic leaves. Invent. Math., 180(3):481–533,
2010.
52. M. Crainic and R. Fernandes. A geometric approach to Conn’s linearization theorem. Ann.
of Math. (2), 173(2):1121–1139, 2011.
53. M. Crainic and R. Fernandes. Lectures on integrability of Lie brackets. In Lectures on
Poisson geometry, volume 17 of Geom. Topol. Monogr., pages 1–107. Geom. Topol. Publ.,
Coventry, 2011.
54. P. Damianou and R. Fernandes. From the Toda lattice to the Volterra lattice and back. Rep.
Math. Phys., 50(3):361–378, 2002.
55. P. Damianou and R. Fernandes. Integrable hierarchies and the modular class. Ann. Inst.
Fourier (Grenoble), 58(1):107–137, 2008.
56. P. Damianou, H. Sabourin, and P. Vanhaecke. Transverse Poisson structures to adjoint orbits
in semisimple Lie algebras. Pacific J. Math., 232(1):111–138, 2007.
57. M. De Wilde and P. Lecomte. Existence of star-products and of formal deformations
of the Poisson Lie algebra of arbitrary symplectic manifolds. Lett. Math. Phys., 7(6):487–
496, 1983.
58. V. Drinfel’d. Hamiltonian structures on Lie groups, Lie bialgebras and the geometric meaning
of classical Yang-Baxter equations. Dokl. Akad. Nauk SSSR, 268(2):285–287, 1983.
59. V. Drinfel’d. Quantum groups. In Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Berkeley, CA, 1986), pages 798–820, Providence, RI, 1987. Amer. Math.
Soc.
60. J.-P. Dufour and A. Haraki. Rotationnels et structures de Poisson quadratiques. C. R. Acad.
Sci. Paris Sér. I Math., 312(1):137–140, 1991.
61. J.-P. Dufour and M. Zhitomirskii. Classification of nonresonant Poisson structures. J. London
Math. Soc. (2), 60(3):935–950, 1999.
62. J.-P. Dufour and M. Zhitomirskii. Singularities and bifurcations of 3-dimensional Poisson
structures. Israel J. Math., 121:199–220, 2001.
63. J.-P. Dufour and N. T. Zung. Poisson structures and their normal forms, volume 242 of
Progress in Mathematics. Birkhäuser Verlag, Basel, 2005.
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mécanique. J. Ecole Polytec., 8:266–344, 1809.
170. A. Polishchuk. Algebraic geometry of Poisson brackets. J. Math. Sci. (New York),
84(5):1413–1444, 1997. Algebraic geometry, 7.
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