Appendix A
A Capsule of Moduli Space Theory

In this Appendix we summarize notation and a few basic definitions of Riemann
Moduli theory that we have been freely using in these lecture notes, (for details we
mainly refer to [6–8]).

A.1 Riemann Surfaces with Marked Points and Divisors
We shall denote by ðMg ; CÞ a Riemann surface of genus g, (most often we simply
write ðM; CÞ if the genus is clear from the context). Recall that ðM; CÞ is
characterized by an atlas of local coordinate charts ðUk ; uk Þ defined by maps
uk : Uk ! C whose transition functions, uh  u1
k : uk ðUk \ Uh Þ ! uh ðUh \ Uk Þ;
are holomorphic maps between open subsets of C: Any such a chart ðU; uÞ is said
to provide a local conformal parameter, and for the generic p 2 U one sets uðpÞ :
pﬃﬃﬃﬃﬃﬃﬃ
¼ z ¼ x þ 1 y: A N0 -pointed surface ððM; N0 Þ; CÞ; or surface with N0 marked
points, is an oriented closed, (connected), surface of genus g decorated with a
distinguished set of N0 pairwise distinct points fp1 ; . . .; pN0 g: (Note that
ððM; N0 Þ; CÞ is distinct from the open Riemann surface ðM 0 ; CÞ :¼ ðM; CÞ n
fp1 ; . . .; pN0 g obtained by removing from ðM; CÞ the points fp1 ; . . .; pN0 g).The
tangent and cotangent spaces at p 2 ðM; CÞ are naturally obtained by tensoring
with C the tangent Tp M and cotangent space Tp M  of the underlying real surface
M, i.e., TC; p M :¼ Tp M  C and TC; p M  :¼ Tp M   C: The respective basis
induced by the local conformal parameter z are provided by the usual
expressions Fig. A.1
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pi

((M, N0 ), C)

Fig. A.1 A N0 -pointed Riemann surface ððM; N0 Þ; CÞ of genus g obtained by injecting a string of
N0 pairwise distinct points in ðM; CÞ: Here g ¼ 1 and N0 ¼ 9, we typically assume that
2g  2 þ N0 [ 0, in such a case the automorphism group, Aut ðM; N0 Þ, of the resulting pointed
Riemann surface is finite. Recall that Aut ðM; N0 Þ is the largest group of conformal automorphisms that the Riemann surface ððM; N0 Þ; CÞ can admit

pﬃﬃﬃﬃﬃﬃﬃ
1
dz ^ dz:
dx ^ dy ¼
2

ðA:3Þ

One can naturally split TC; p M into the holomorphic Tp0 M :¼ Cf@=@zg and
antiholomorphic Tp00 M :¼ Cf@=@zg tangent spaces at p 2 ðM; CÞ according to
TC; p M ¼ Tp0 M  Tp00 M; with Tp00 M ¼ Tp0 M; (where the overline  denotes complex
conjugation). In this connection it is worthwhile recalling that a smooth map
f : M ! N between two surfaces M and N is holomorphic if and only
 if the
corresponding tangent map f : TC; p M ! TC; f ðpÞ N is such that f Tp0 M 

Tf0ðpÞ N: This implies that there is a linear isomorphism between Tp M and the
holomorphic tangent space Tp0 M ¼ Cf@=@zg; an isomorphism, this latter, which
provides a natural dictionary between geometrical quantities on the surface M and
their corresponding realizations on ðM; CÞ: Holomorphic maps also preserve the
holomorphic–antiholomorphic decomposition of the cotangent space TC; p M  ¼
Tp0 M   Tp00 M  ; and the corresponding splitting XðMÞ ¼ pþq

2X
ð1;0Þ

ðp;qÞ

ðMÞ of the

space of differential forms on ðM; CÞ: Explicitly, the spaces X ðMÞ; Xð0;1Þ ðMÞ;
and Xð1;1Þ ðMÞ of forms of type ðp; qÞ are locally generated by the monomials
uðzÞdz; uðzÞdz; and uðzÞdz ^ dz; respectively. Corresponding to such a splitting
we have the Dolbeault operators @ : Xðp;qÞ ðMÞ ! Xðpþ1; qÞ ðMÞ and @ : Xðp;qÞ ðMÞ !
Xðp; qþ1Þ ðMÞ; with @@ ¼ 0; @ @ ¼ 0; @@ ¼ @@, and d ¼ @ þ @; where d denotes
the exterior derivative. Locally,
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@ :¼

@
dz:
@z

ðA:4Þ

In particular, a form w 2 Xðp;0Þ is holomorphic if @w ¼ 0: A metric on a
Riemann surface ðM; CÞ is conformal if locally it can be written as
ds2 ¼ h2 ðzÞdz  dz;

ðA:5Þ

for some smooth function hðzÞ [ 0: The corresponding Kähler form is given by
pﬃﬃﬃﬃﬃﬃﬃ
1 2
h ðzÞdz ^ dz:
ðA:6Þ
- :¼
2
The Gaussian curvature of the (smooth) metric ds2 ¼ h2 ðzÞdz  dz is provided
by
K :¼ Dds2 ln h;

ðA:7Þ

where Dds2 ; (D if is clear from the context which conformal metric we are using), is
the Laplace–Beltrami operator with respect to the metric ds2 ; viz.


1 @2
@2
4 @ @
:
ðA:8Þ
D :¼ 2
þ
¼ 2
h @x2 @y2
h ðzÞ @z @z
Let us recall, (see e.g. the very readable presentation in [7]), that a divisor D on
a Riemann surface ðM; CÞ is a formal linear combination
X
D¼
n k zk
ðA:9Þ
where nk 2 Z and the zk are points 2 M: D is required to be locally finite, namely
for any q 2 M there is a neighborhood Uq  M of q such that Uq \ fzk g contains
only a finite number of the fzk g appearing in D. Since we typically deal with
compact Riemann surfaces ðM; CÞ; this implies that the formal sum defining D is
finite. The set of divisors on ðM; CÞ naturally
forms an additive (abelian) group
P
nk zk ; (on a compact surface Riemann
DivðMÞ: The degree of a divisor D ¼
surface ðM; CÞ), is defined according to
X
ðA:10Þ
deg D :¼
nk :
Let f be a meromorphic function, i.e. the local quotient of two holomorphic
functions on ðM; CÞ: Let k 2 N; if f has a zero of order k at z 2 ðM; CÞ; define the
order of f at z to be ordz f :¼ kð [ 0Þ; conversely, if f has a pole of order k at
z 2 ðM; CÞ we define ordz f :¼ k: The order of f at all other points is defined to
be 0. The divisor of a meromorphic function f, f 6 0; is conventionally denoted by
(f), and defined as
X
ðordzh f Þzh ;
ðA:11Þ
ðf Þ :¼
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where the sum is over all zeros and all poles of f. A divisor D is called a principal
divisor if it is the divisor (f) of a meromorphic function f 6 0: Since a
meromorphic function f on ðM; CÞ has the same number of zeros and poles
(counted with multiplicity) it immediately follows that the degree of its divisor
(f) satisfies
deg ðf Þ ¼ 0:

ðA:12Þ

More generally, if M n is a (not necessarily compact) complex manifold of
dimension n, a divisor can be naturally associated with hypersurfaces (i.e. n  1dimensional submanifolds) of M n : Explicitly, if Vi are irreducible analytic
hypersurfaces of M n ; (i.e., for each point p 2 Vi  M n ; Vi can be given in a
neighborhood of p as the zeros of a single holomorphic function f, and it cannot be
e1 [ V
e 2 ; where V
e a ; a ¼ 1; 2 are analytic hypersurfaces of M n ),
written as Vi ¼ V
n
then a divisor on M is a locally finite formal linear combination of irreducible
analytic hypersurfaces of M n
X
D¼
nk V k :
ðA:13Þ
Vk

Note that given any such a divisor, we can always find an open cover fUa g of
M n such that in Ua ; with Ua \ Vi 6¼ ;; the hypersurface Vi has a local defining
equation Vi ¼ fgia ðzÞ ¼ 0g where gia ðzÞ is a holomorphic function in Ua : In each
Ua the set of fgia ðzÞg; associated with all Vi for which Ua \ Vi 6¼ ;; characterizes a
meromorphic function fa according to
Y n
giai ;
ðA:14Þ
fa :¼
i

which are the local defining functions for the divisor D. The set of local defining
functions ffa g associated with an open covering fUa g of M n can be also used for
characterizing the line bundle ½D associated with the given divisor D, this is the
bundle over M n defined by the transition functions fwab :¼ fa =fb g for any Ua \
Ub 6¼ ;: Note that the line bundle ½D is trivial if and only if D is the divisor of a
meromorphic function.
2k
Recall that if HDR
ðM n ; RÞ denotes the 2k-th DeRham cohomology group of M n ;
n
and V  M is an analytic subvariety of (complex) dimension k; then the
fundamental class (V) in the homology group H2k ðM n ; RÞ is defined by the pairing
2k
ðM n ; RÞ
HDR

g; ðVÞ

H2k ðM n ; RÞ ! R
Z
!
g:

ðA:15Þ

V
2n2k
By Poincaré duality this determines
the fundamental class gV 2 HDR
ðM n ; RÞ
P
of V. Thus, given a divisor D ¼ Vk nk Vk ; we can introduce its fundamental class
2
ðDÞ and its Poincaré dual gD 2 HDR
ðM n Þ according to
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ðDÞ :¼
gD :¼

X
X
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nk ðVk Þ;

ðA:16Þ

nk gVk :

ðA:17Þ

Given a line bundle L over M n ; locally defined by transition functions fwab g
relative to a covering fUa g of M n ; let
pﬃﬃﬃﬃﬃﬃﬃ
1
N;
ðA:18Þ
c1 ðLÞ ¼
2p
be the (first) Chern class of L, where NjUa ¼ dxa denotes the curvature of
L associated with any locally given connection 1-form xa : A basic result
connecting line bundles, divisors and Chern classes is the observation that if L is
the line bundle associated with a divisor D, then, (see [7] for a nicely commented
proof),
2
c1 ðLÞ ¼ c1 ð½D Þ ¼ gD 2 HDR
ðM n Þ:

ðA:19Þ

A.2 The Teichmüller Space Tg; N0 ðMÞ
In discussing the connection between polyhedral surfaces and Riemann surfaces
we are naturally led to consider the relation between the space POLg; N0 ðMÞ and
Mg ;N0; the moduli space of N0 -pointed Riemann surfaces of genus g. This latter
features as a basic object of study in a large variety of mathematical and physical
applications of Riemann surface theory, and as such it is susceptible of many
possible characterizations. From our perspective it is appropriate to adopt a
Riemannian geometry viewpoint and define Mg ;N0 as a suitable quotient of the
space of conformal classes of riemannian metrics the surface M can carry. For
details and proofs we refer to [16].
Let us consider the set of all (smooth) Riemannian metrics on the genusg surface M, (see Sect. 1.6),
:
MetðMÞ¼fg 2 S2 ðMÞj gðxÞðu; uÞ [ 0 if u 6¼ 0g;
ðA:20Þ
where S2 ðMÞ is the space of symmetric bilinear forms on M, and let us denote by
C 1 ðM; Rþ Þ the group of positive smooth functions acting on metrics g 2 MetðMÞ
by pointwise multiplications. This action is free, smooth (and proper), and the
quotient
Conf ðMÞ :¼

MetðMÞ
;
C1 ðM; Rþ Þ

ðA:21Þ

is the Fréchet manifold of conformal structures. Note that Conf ðMÞ naturally
extends to the pointed surface ðM; N0 Þ; obtained by decorating M with N0 marked
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points fp1 ; . . .; N0 g; as long as the conformal class contains a smooth
representative metric [18]. Let
Met1 ðM; N0 Þ,!MetðM; N0 Þ

ðA:22Þ

be the set of metrics of constant curvature 1; describing the hyperbolic structures
on ðM; N0 Þ: If Diffþ ðMÞ is the group of all orientation preserving diffeomorphisms
then


0
ðA:23Þ
Diffþ ðM; N0 Þ ¼ w 2 Diffþ ðMÞ : w preserves setwise fpi gNi¼1
acts by pull-back on the metrics in Met1 ðM; N0 Þ: Let Diff0 ðM; N0 Þ be the
subgroup consisting of diffeomorphisms which when restricted to ðM; N0 Þ are
isotopic to the identity, then the Teichmüller space Tg; N0 ðMÞ associated with the
genus g surface with N0 marked points M is defined by
Tg; N0 ðMÞ ¼

Met1 ðM; N0 Þ
:
Diff0 ðM; N0 Þ

ðA:24Þ

From a complex function theory perspective, Tg; N0 ðMÞ is characterized by
fixing a reference complex structure C0 on ðM; N0 Þ (a marking) and considering
the set of equivalence classes of complex structures ðC; f Þ where f : C0 ! C is an
orientation preserving quasi-conformal map, and where any two pairs of complex
structures ðC1 ; f1 Þ and ðC2 ; f2 Þ are considered equivalent if h  f1 is homotopic to f2
via a conformal map h : C1 ! C2 : Let us assume that the reference complex
structure C0 admits an antiholomorophic reflection j : C0 ! C0 : Since any
e can be written as u  j for some
orientation reversing diffeomorphism u
orientation preserving diffeomorphism u; the (extended) mapping class group
:
ðA:25Þ
MapðM; N0 Þ¼Diff ðM; N0 Þ=Diff0 ðM; N0 Þ
acts naturally on Tg; N0 ðMÞ according to
MapðM; N0 Þ

Tg; N0 ðMÞ ! Tg; N0 ðMÞ

1

u 2 Diffþ ðM; N0 Þ
ðu; ðC; f ÞÞ ! ðC; f  u Þ;
;
e ; ðC; f ÞÞ ! ðC ; f  j  u1 Þ u
e 2 Diff ðM; N0 Þ  Diffþ ðM; N0 Þ
ðu

(A.26)

where the conjugate surface C is the Riemann surface locally described by the
complex conjugate coordinate charts associated with C: It follows that the
Teichmüller space Tg; N0 ðMÞ can be also seen as the universal cover of the moduli
space Mg ;N0 of genus g Riemann surfaces with N0 ðTÞ marked points defined by
M g ; N0 ¼

Tg; N0 ðMÞ
MapðM; N0 Þ

ðA:27Þ

This characterization represents the moduli associated to ððM; N0 Þ; CÞ by an
equivalence class of Riemannian metrics ½ds2 on M, where two metrics ds2ð1Þ and
ds2ð2Þ define the same point ½ds2 of Mg ;N0 if and only if there exists f 2 C 1
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ðM; Rþ Þ and an orientation preserving diffeomorphism w 2 Diffg; N0 fixing each


marked point pk individually such that ds2ð2Þ ¼ f W ds2ð1Þ : According to the
remark above, the class ½ds2 may contain singular metrics provided that they are
conformal to a smooth one. As emphasized by M. Troyanov, this implies that we
can represent ½ds2 2 Mg ;N0 by conical metrics, as well.
For a genus g Riemann surfaces with N0 ðTÞ [ 3 marked points the complex
vector space QN0 ðMÞ of (holomorphic) quadratic differentials is defined by tensor
fields w described, in a locally uniformizing complex coordinate chart ðU; fÞ; by a
holomorphic function l : U ! C such that w ¼ lðfÞdf  df: Away from the
discrete set of the zeros of w; we can locally choose a canonical conformal
coordinate zðwÞ (unique up to zðwÞ 7! zðwÞ þ const) by integrating the
pﬃﬃﬃﬃ
holomorphic 1-form w; i.e.,
Z f qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
zðwÞ ¼
lðf0 Þdf0  df0 ;
ðA:28Þ
so that w ¼ dzðwÞ  dzðwÞ : If we endow QN0 ðMÞ with the L1 -(Teichmüller) norm
Z
:
jjwjj¼
jwj;
ðA:29Þ
M

then the Banach space of integrable quadratic differentials on M,
:
QN0 ðMÞ¼fwj; jjwjj\ þ 1g;

ðA:30Þ

is non-empty and consists of meromorphic quadratic differentials whose only
singularities are (at worst) simple poles at the N0 distinguished points of
ðM; N0 Þ: QN0 ðMÞ is finite dimensional and, (according to the Riemann–Roch
theorem), it has complex dimension
dimC QN0 ðMÞ ¼ 3g  3 þ N0 ðTÞ;

ðA:31Þ

From the viewpoint of Riemannian geometry, a quadratic differential is
basically a transverse-traceless two tensor deforming a Riemannian structure to a
nearby inequivalent Riemannian structure. Thus a quadratic differential w ¼
lðfÞdf  df also encodes information on possible deformations of the given
complex structure. Explicitly, by performing an affine transformation with
constant dilatation K [ 1; one defines a new uniformizing variable z0ðwÞ
associated with w ¼ lðfÞdf  df by deforming the variable zðwÞ defined by
(A.28) according to
pﬃﬃﬃﬃﬃﬃﬃ
z0ðwÞ ¼ KReðzðwÞ Þ þ 1ImðzðwÞ Þ:
ðA:32Þ
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The new metric associated with such a deformation is provided by
2

dz0ðwÞ ¼

2

ðK þ 1Þ2
K1
dzðwÞ :
dzðwÞ þ
Kþ1
4

ðA:33Þ

Since dz2ðwÞ is the given quadratic differential w ¼ lðfÞdf  df; we can
equivalently write dz0ðwÞ
dz0ðwÞ

2

2

as

! 2
ðK þ 1Þ2
K 1
l
¼
df ;
jlj df þ
K þ 1 jlj1=2
4

ðA:34Þ

where ðl=jljÞdf  df1 is the (Teichmüller-) Beltrami form associated with the
quadratic differential w: If we consider quadratic differentials w ¼ lðfÞdf  df in
:
ð1Þ
the open unit ball QN0 ðMÞ¼fwj; jjlðfÞjj\1g in the Teichmüller norm (A.29),
then there is a natural choice for the constant K provided by
K¼

1 þ jjlðfÞjj
:
1  jjlðfÞjj

ðA:35Þ

In this latter case we get
dz0ðwÞ

2

! 2
1
l
¼
df :
jlj df þ
jjlðfÞjj jlj1=2
ðjjlðfÞjj  1Þ2
jjlðfÞjj2

ðA:36Þ

According to Teichmüller’s existence theorem any complex structure on can be
ð1Þ
parametrized by the metrics (A.36) as w ¼ lðfÞdf  df varies in QN0 ðMÞ: This is
equivalent to saying that for any given ðM; gÞ; (with ðM; N0 ; ½g Þ defining a
reference complex structure C0 on ðM; N0 Þ), and any diffeomorphism f 2
Diff0 ðM; N0 Þ mapping (M,g) into1 ðM; g1 Þ; there is a quadratic differential w 2
ð1Þ

QN0 ðMÞ and a biholomorphic map F 2 Diff0 ðM; N0 Þ; homotopic to f such that
½F  g1 is given by the conformal class associated with (A.36). This is the familiar
point of view which allows to identify Teichmüller space with the open unit ball
ð1Þ
QN0 ðMÞ in the space of quadratic differentials QN0 ðMÞ: It is also worthwhile
ð1Þ

noticing that (A.36) allows us to consider the open unit ball QN0 ðMÞ in the space
of quadratic differential as providing a slice for the combined action of
Diff0 ðM; N0 Þ and of the conformal group Conf s ðM; N0 Þ on the space of
Riemannian metrics MetðM; N0 Þ; i.e.,

1

With ðM; N0 ; ½g1 Þ—a complex structure distinct from ðM; N0 ; ½g Þ:
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ð1Þ

QN0 ðMÞ,!
dz0w

2

MetðM; N0 Þ
’ Conf s ðM; N0 Þ
Diff0 ðM; N0 Þ

263

Tg; N0 ðMÞ

! 2
1
l
!
df ;
jlj  df þ
jjljj jlj1=2
ðjjljj  1Þ2
jjljj2

ðA:37Þ

where
:
Conf s ðM; N0 Þ¼f f : M ! Rþ j f 2 H s ðM; RÞg

ðA:38Þ

denotes the (Weyl) space of conformal factors defined by of all positive (real
valued) functions on M, f 2 H s ðM; RÞ; whose derivatives up to the order s exist in
the sense of distributions and are represented by square integrable functions.
In line with the above remarks, one introduces also the space BN0 ðMÞ of (L1
measurable) Beltrami differentials, i.e., of tensor fields - ¼ mðfÞdf  df1 ;
sections of k1  k; (k being the holomorphic cotangent bundle to M), with
supM jmðfÞj\1: The space of Beltrami differentials is naturally identified with the
tangent space to Tg; N0 ðMÞ; i.e.,,
- ¼ mðfÞdf  df1 2 TC Tg; N0 ðMÞ;

ðA:39Þ

(with C a complex structure in Tg; N0 ðMÞ). The two spaces QN0 ðMÞ and BN0 ðMÞ
can be naturally paired according to
Z
lðfÞmðfÞdfdf:
ðA:40Þ
hwj-i ¼
M

In such a sense QN0 ðMÞ is C-anti-linear isomorphic toTC Tg; N0 ðMÞ; and can be
canonically identified with the cotangent space TC Tg; N0 ðMÞ to Tg; N0 ðMÞ: On the
cotangent bundle TC Tg; N0 ðMÞ we can define the Weil–Petersson metric as the inner
product between quadratic differentials corresponding to the L2 -norm provided by
Z
2 :
h2 ðfÞjwðfÞj2 jdfj2 ;
ðA:41Þ
kwkWP ¼
M

where w 2 QN0 ðMÞ and hðfÞjdfj2 is the hyperbolic metric on M. Note that wh is a
0
Beltrami differential on M, thus if we introduce a basis f@l@ g3g3þN
of the vector
a a¼1
space of harmonic Beltrami differentials on ðM; N0 Þ; we can write
Z
@ @
Gab ¼
hðfÞjdfj2
ðA:42Þ
@l
@l
M
a
b
for the components of the Weil–Petersson metric on the tangent space to Tg; N0 ðMÞ:
We can introduce the corresponding Weil–Petersson Kähler form according to
pﬃﬃﬃﬃﬃﬃﬃ
b
xWP :¼ 1Gab dZ a ^ dZ ;
ðA:43Þ
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where fdZ a g are the basis, in QN0 ðMÞ; dual to f@l@ g under the pairing (A.40). Such
a
Kähler potential is invariant under the mapping class group MapðM; N0 Þ to the
effect that the Weil–Petersson volume 2-form xWP on Tg; N0 ðMÞ descends on
Mg ;N0; and it has a (differentiable) extension, in the sense of orbifold, to Mg ;N0 .

A.3 Some Properties of the Moduli Spaces Mg ;N0
It is well-known that the moduli space Mg ;N0 is a connected orbifold space of
complex dimension 3g  3 þ N0 ðTÞ and that, although in general non complete, it
admits a stable compactification (Deligne–Mumford) Mg ;N0 . This latter is, by
definition, the moduli space of stable N0 -pointed surfaces of genus g, where a
stable surface is a compact Riemann surface with at most ordinary double points
such that its parts are hyperbolic. Topologically, a stable pointed surface (or,
equivalently a stable curve, in the complex sense), is obtained by considering a
finite collection of embedded circles in M 0 :¼ M=fp1 ; . . .; pN0 g; each in a distinct
isotopy class relative to M 0 ; and such that none of these circles bound a disk in
M containing at most one pk : By contracting each such a circle, and keeping track
of the marked points in such a way that any component of the resulting surface can
support a hyperbolic metric, we get the stable pointed surface of genus g. Thus, the
closure @Mg ;N0 of Mg ;N0 in Mg ;N0 consists of stable surfaces with double points,
and gives rise to a stratification decomposing Mg ;N0 into subvarieties. By
definition, a stratum of codimension k is the component of Mg ;N0 parametrizing
stable surfaces (of fixed topological type) with k double points. The orbifold Mg ;N0
is endowed with N0 ðTÞ natural line bundles Li defined by the cotangent space to
M at the i-th marked point.
A basic observation in moduli space theory is the fact that any point p on a
stable curve ððM; N0 Þ; CÞ 2 Mg ;N0 defines a natural mapping
ððM; N0 Þ; CÞ ! Mg ;N0 þ1

ðA:44Þ

that determines a stable curve ððM; N0 þ 1Þ; C0 Þ 2 Mg ;N0 þ1 . Explicitly, as long as
0
the point p is disjoint from the set of marked points fpk gNk¼1
one simply defines
0
ððM; N0 þ 1Þ; C Þ to be ððM; N0 ; fpgÞ; CÞ: If the point p ¼ ph for some ph 2
0
; then: (i) for any 1 i N0 ; with i 6¼ h; identify p0i 2 ððM; N0 þ 1Þ; C0 Þ
fpk gNk¼1
with the corresponding pi ; (ii) take a thrice-pointed sphere CP1ð0;1;1Þ ; label with a
sub-index h one of its marked points ð0; 1; 1Þ; say 1h ; and attach it to the given
ph 2 ½ððM; N0 Þ; CÞ ; (iii) relabel the remaining two marked points ð0; 1Þ 2
CP1ð0;1;1Þ as p0h and p0N0 þ1 : In this way, we get a genus g noded surface
:
sh ½ððM; N0 Þ; CÞ ¼ ½ððM; N0 þ 1Þ; C0 Þ ¼ððM; N0 Þ; CÞh [ CP1ð0;1;1h Þ

ðA:45Þ
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with a rational tail and with a double point corresponding to the original marked
point ph : Finally if p happens to coincide with a node, then ½ððM; N0 þ 1Þ; C0 Þ
:
results from setting p0j ¼pj for any 1 i N0 and by: (i) normalizing ½ððM; N0 Þ; CÞ
at the node ( i.e.,, by separating the branches of ½ððM; N0 Þ; CÞ at p); (ii) inserting a
copy of CP1ð0;1;1Þ with f0; 1g identified with the preimage of p and with
:
p0N0 þ1 ¼1 2 CP1ð0;1;1Þ : Conversely, let
p : Mg ;N0 þ1 ! Mg ;N0
½ððM; N0 þ 1Þ; CÞ ‘

forget

&

collapse

(A.46)

! ½ððM; N0 Þ; C0 Þ

the projection which forgets the ðN0 þ 1Þst marked point and collapse to a point
any irreducible unstable component of the resulting curve. The fiber of p over
ððM; N0 Þ; CÞ is parametrized by the map (A.44), and if ððM; N0 Þ; CÞ has a trivial
automorphism group Aut½ððM; N0 Þ; CÞ then p1 ððM; N0 Þ; CÞ is by definition the
surface ððM; N0 Þ; CÞ, otherwise it is identified with the quotient
ððM; N0 Þ; CÞ=Aut½ððM; N0 Þ; CÞ :

ðA:47Þ

Thus, under the action of p; we can consider Mg ;N0 þ1 as a family (in the
orbifold sense) of Riemann surfaces over Mg ;N0 and we can identify Mg ;N0 þ1 with
the universal curve Cg ;N0;
p : Cg ;N0 ! Mg ;N0 :

ðA:48Þ

Note that, by construction, Cg ;N0 (but for our purposes is more profitable to
think in terms of Mg ;N0 þ1 ) comes endowed with the N0 natural sections s1 ; . . .; sN0
sh : Mg ;N0 ! Cg ;N0
:
½ððM; N0 Þ; CÞ ! sh ½ððM; N0 Þ; CÞ ¼ððM; N0 Þ; CÞh [ CP1ð0;1;1h Þ ;

(A.49)

defined by (A.45).
0
The images of the sections si characterize a divisor fDi gNi¼1
in Cg ;N0 which has a
great geometric relevance in discussing the topology of Mg ;N0 : Such a study exploits
0
the properties of the tautological classes over Cg ;N0 generated by the sections fsi gNi¼1
N0
and by the corresponding divisors fDi gi¼1 : To define such classes, recall that the
cotangent bundle (in the orbifold sense) to the fibers of of the universal curve p :
:
Cg ;N0 ! Mg ;N0 gives rise to a holomorphic line bundle xg; N0 ¼ xCg ;N =Mg ;N over
0

0

Cg ;N0 (the relative dualizing sheaf of p : Cg ;N0 ! Mg ;N0 ), this is essentially the
sheaf of 1-forms with a natural polar behavior along the possible nodes of the
Riemann surface describing the fiber of p: It is worthwhile to discuss the behavior of
the relative dualizing sheaf xg; N0 restricted to the generic divisor Dh generated by the
section sh : To this end, let z1 ðhÞ and z2 ð1h Þ denote local coordinates defined in the
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:
:
disks Dph ¼fjz1 ðhÞj\1g and D1h ¼fjz2 ð1h Þj\1g respectively centered around the
marked points ph 2 ððM; N0 Þ; CÞ; and 1 2 CP1ð0;1;1Þ : Let Dth ¼ fth 2 C : jth j\1g:
Consider the analytic family sh ðth Þ of surfaces of genus g defined over Dth and
obtained by removing the disks jz1 ðhÞj\jth j and jz2 ð1h Þj\jth j from ððM; N0 Þ; CÞ
and CP1ð0;1;1Þ and gluing the resulting surfaces through the annulus
fðz1 ðhÞ; z2 ð1h ÞÞj z1 ðhÞz2 ð1h Þ ¼ th ; th 2 Dth g by identifying the points of
coordinate z1 ðhÞ with the points of coordinates z2 ð1h Þ ¼ th =z1 ðhÞ: The family
sh ðth Þ ! Dth opens the node z1 ðhÞz2 ð1h Þ ¼ 0 of the section sh jððM;N0 Þ;CÞ : Note that in
such a way we can independently and holomorphically open the distinct nodes of the
various sections fsk gN0
k¼1 : More generally, while opening the node we can also vary
the complex structure of ððM; N0 Þ; CÞ by introducing local complex coordinates
0
for Mg ;N0 around ððM; N0 Þ; CÞ: If
ðsa Þ3g3þN
a¼1
sh ðsa ; th Þ ! Mg ;N0

Dth

ðA:50Þ

denotes the family of surfaces opening of the node, then in the corresponding
coordinates ðsa ; th Þ the divisor Dh ; image of the section sh ; is locally defined by the
: P 0
equation th ¼ 0: Similarly, the divisor D¼ Nh¼1
Dh is characterized by the locus
Q N0
of equation h¼1 th ¼ 0:
:
The elements of the dualizing sheaf xg; N0 jsh ðth Þ ¼xg; N0 ðDh Þ are differential
forms uðhÞ ¼ u1 dz1 ðhÞ þ u2 dz2 ð1h Þ such that uðhÞ ^ dth ¼ fdz1 ðhÞ ^ dz2 ð1h Þ;
where f is a holomorphic function of z1 ðhÞ and z2 ð1h Þ: By differentiating
z1 ðhÞz2 ð1h Þ ¼ th ; one gets f ¼ u1 z1 ðhÞ  u2 z2 ð1h Þ which is the defining relation
for the forms in xg; N0 ðDh Þ: In particular, by choosing u1 ¼ f =2z1 ðhÞ; and u2 ¼
f =2z2 ð1h Þ we get the local isomorphism between the sheaf of holomorphic
functions Osh ðth Þ over sh ðth Þ and xg; N0 ðDh Þ


1 dz1 ðhÞ 1 dz2 ð1h Þ

f ! uðhÞ ¼ f
:
ðA:51Þ
2 z1 ðhÞ 2 z2 ð1h Þ
If we set f ¼ f0 þ f1 ðz1 ðhÞÞ þ f2 ðz2 ð1h ÞÞ; where f0 is a constant and f1 ð0Þ ¼
0 ¼ f2 ð0Þ; then on the noded surface sh , (th ¼ 0), we get from the relation
z2 ð1h Þdz1 ðhÞ þ z1 ðhÞdz2 ð1h Þ ¼ 0;
f0 þ f1 ðz1 ðhÞÞ
dz1 ðhÞ;
z1 ðhÞ
f0 þ f2 ðz2 ð1h ÞÞ
dz2 ð1h Þ;
¼
z2 ð1h Þ

uh jz2 ð1h Þ¼0 ¼
uh jz1 ðhÞ¼0

(A.52)

on the two branches Dph \ ððM; N0 Þ; CÞ and D1h \ CP1ð0;1;1Þ of the node where
z1 ðhÞ and z2 ð1h Þ are a local coordinate (i.e., z2 ð1h Þ ¼ 0 and z1 ðhÞ ¼ 0;
ðhÞ
and
respectively). Thus, near the node of sh ; xg; N0 ðDh Þis generated by dzz11ðhÞ
dz2 ð1h Þ
z2 ð1h Þ

subjected to the relation

dz1 ðhÞ
z1 ðhÞ

ð1h Þ
þ dzz22ð1
¼ 0: Stated differently, a section of
hÞ
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the sheaf xg; N0 ðDh Þ pulled back to the smooth normalization ððM; N0 Þ; CÞph

F

CP1ð0;1;1h Þ of sh can be identified with a meromorphic 1-form with at most simple
poles at the marked points ph and 1h which are identified under the normalization
map, and with opposite residues at such marked points. By extending such a
0
construction to all N0 sections fsh gNh¼1
; we can define the line bundle
!
N0
X
:
xg; N0 ðDÞ¼xg; N0
Di ! Cg ;N0
ðA:53Þ
i¼1

: P 0
as xg; N0 twisted by the divisor D¼ Nh¼1
Dh ; viz. the line bundle locally generated
dz1 ðhÞ
ð1h Þ
by the differentials z1 ðhÞ for z1 ðhÞ 6¼ 0 and  dzz22ð1
for z2 ð1h Þ 6¼ 0; with
hÞ
0
are local variables at
z1 ðhÞz2 ð1h Þ ¼ 0; and h ¼ 1; . . .; N0 : As above, fz1 ðhÞgNh¼1
N0
the marked points fph gi¼1 2 ððM; N0 Þ; CÞ; whereas z2 ð1h Þ is the corresponding
variable in the thrice-pointed sphere CP1ð0;1;1Þ :

If, roughly speaking, we interpret Mg ;N0 þ1 , as a bundle of surfaces over Mg ;N0 ,
then the stratification of Mg ;N0 þ1 into subvarieties fVk g provides an intuitive
motivation for the existence of characteristic classes (Q-Poincaré duals of the fVk g)
that describe the topological properties of Mg ;N0 . Two such families of classes have
proven to be particularly relevant. The first is obtained by pulling back xg; N0 to Mg ;N0
by means of the sections sk : In this way one gets the line bundle
:
sk xg; N0 ¼Lk ! Mg ;N0
ðA:54Þ
whose fiber at the moduli point ððM; N0 Þ; CÞ is defined by the cotangent space

TðM;p
to ððM; N0 Þ; CÞ at the marked point pk : By taking the the first Chern class
kÞ
0
one gets the Witten classes
c1 ðLk Þ of the resulting bundles fLk gNk¼1
2
wðg; N0 Þ;k 2 H ðMg ;N0 ; QÞ
:
ðA:55Þ
wðg; N0 Þ; k ¼c1 ðLk Þ:

Conversely, if we take the Chern class c1 xg; N0 ðDÞ of the line bundle
xg; N0 ðDÞ and intersect it with itself j  0 times, then one can define the Mumford
kðg; N0 Þ; j classes 2 H 2j ðMg ;N0 ; QÞ according to [1]

jþ1 
:
kðg; N0 Þ ;j ¼p c1 xg; N0 ðDÞ
;
ðA:56Þ

:
^
where p denotes fiber integration. If w
N0 þ1 ¼wðg; N0 þ1Þ ;N0 þ1 denotes the Witten
class in H 2 ðMg ;N0 þ1 ; QÞ associated with the last marked point, then kðg; N0 Þ; j can be
also defined as

jþ1 
:
^
kðg; N0 Þ; j ¼p wN0 þ1
:
ðA:57Þ
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It is worthwhile recalling that kðg; N0 Þ ;1 is the class of the Weil–Petersson Kähler
form xWP on Mg ;N0 ; [1],

2 
1
kðg; N0 Þ ;1 ¼ p c1 xg; N0 ðDÞ
ðA:58Þ
¼ 2 ½xWP :
2p

A.4 Strebel Theorem
A basic result in phrasing the correspondence between Riemann surfaces and
combinatorial structures is provided by Strebel’s theory of holomorphic (and
meromorphic) quadratic differentials [17]. Recall that these objects are the
holomorphic (meromorphic) sections of T 0 M  T 0 ; M i.e., the tensor fields on
ðM; CÞ that can be locally written as U ¼ /ðzÞdz  dz; for some holomorphic
(meromorphic) /ðzÞ: Geometrically the role of holomorphic quadratic differential
stems from the basic observation that for a given point p 2 U; the function fðqÞ :
R q pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ p /ðzÞdz2 provides a local conformal parameter in a neighborhood U 0  U
of p if /ðpÞ 6¼ 0: In terms of the coordinate f we can write U ¼ df  df; and the
sets f1 fzj =z ¼ constg; and f1 fzj <z ¼ constg foliate U 0 in the standard f ¼
pﬃﬃﬃﬃﬃﬃﬃ
X þ 1Y orthogonal way. In general, the structure of the foliation induced by U
around its zeros and poles is quite more sophisticated, however the case relevant to
ribbon graphs and polyhedral surfaces can be fully described by the Strebel
theorem. For future reference, it is worthwhile having it handy in the elegant
formulation provided by Mulase and Penkawa [15]:
Theorem A.1 Let ððM; N0 Þ ; CÞ be a closed Riemann surface of genus g  0 with
0
N0  1 marked points fpk gNk¼1
; where 2  2g  N0 \0: Let us denote by
ðL1 ; . . .; LN0 Þ an ordered N0 -tuple of positive real numbers. Then there is a
unique (Jenkins–Strebel) meromorphic quadratic differential U on ððM; N0 Þ; CÞ
such that:
(i) U is holomorphic on M n fp1 ; . . .; pN0 g;
(ii) U has a double pole at each pk ; k ¼ 1; . . .; N0 ;
(iii) The union of all non-compact horizontal leaves f1 fzj =z ¼ constg form a
closed subset  ððM; N0 Þ; CÞ of measure zero;
(iv) Every compact horizontal leaf k is a simple loop circling around one of the
H pﬃﬃﬃﬃ
poles. In particular, if kk is the loop around the pole pk ; then Lk ¼ kk U;
pﬃﬃﬃﬃ
(the branch of U is chosen so that the integral is positive when the
circuitation along k is along the positive orientation induced by
ððM; N0 Þ; CÞÞ;
(v) Every non-compact horizontal leaf of U is bounded by zeros of U:
Conversely, every zero of degree m of U bounds m þ 2 horizontal leaves;
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(vi) If N2 denotes the number of zeros of the quadratic differential U; then U
induces a unique cell-decomposition of ððM; N0 Þ; CÞ with N0 2-cells, N1 1cells, and N2 0-cells where N1 ¼ N0 þ N2  2 þ 2g: The 1-skeleton of this
cell decomposition is a metric ribbon graph with vertex-valency  3.
It is straightforward to check that Strebel’s theorem characterizes a map S :
Mg ;N0 RNþ0 ! RGmet
g; N0 which, given a sequence of N0 positive real numbers
fLðkÞg; associates to a pointed Riemann surface ððM; N0 Þ; CÞ 2 Mg ;N0 a metric
ribbon graph C 2 RGmet
g; N0 with N0 labelled boundary components f@CðkÞg of
perimeters fLðkÞg: This map is actually a bijection since, given a metric ribbon
jeðCÞj
graph C 2 Rþ
with N0 labelled boundary components f@CðkÞg of perimeters
fLðkÞg; we can, out of such combinatorial data, construct a decorated Riemannian
surface ððM; N0 Þ; C; fLðKÞgÞ 2 Mg ;N0 RNþ0 : The characterization of the
correspondance S1 : C 7! ððM; N0 Þ; C; fLðKÞgÞ is described in a cristal clear
way in [15], and one eventually establishes [11] the
Theorem A.2 Strebel theory defines a natural bijection
M g ; N0

RNþ0 ’ RGmet
g; N0 ;

ðA:59Þ

between the decorated moduli space Mg ;N0 RNþ0 and the space of all metric
ribbon graphs RGmet
g; N0 with N0 labelled boundary components.

A.5 The Teichmüller Space of Surfaces with Boundaries
This is also the appropriate place for a few remarks on moduli space theory for
surfaces with boundaries. The elements of the Teichmüller space T@g; N0 of
hyperbolic surfaces X with N0 geodesic boundary components are marked
Riemann surface modelled on a surface Sg; N0 of genus g with complete finite-area
metric of constant Gaussian curvature 1; (and with N0 geodesic boundary
components @S ¼ t@Sj ), i.e., a triple ðSg; N0 ; f ; XÞ where f : Sg; N0 ! X is a
quasiconformal homeomorphism, (the marking map), which extends uniquely to a
homeomorphism from Sg; N0 [ @S onto X [ @X: Any two such a triple
ðSg; N0 ; f1 ; Xð1Þ Þ and ðSg; N0 ; f2 ; Xð2Þ Þ are considered equivalent iff there is a
biholomorphism h : Xð1Þ ! Xð2Þ such that f21  h  f1 : Sg; N0 [ @S ! Sg; N0 [ @S
is homotopic to the identity via continuous mappings pointwise fixing @S:
For a given string L ¼ ðL1 ; . . .; LN0 Þ 2 RN0 0 ; we let T@g; N0 ðLÞ denote the
Teichmüller space of hyperbolic surfaces X with geodesic boundary components
of length
:
ðj@X1 j; . . .; j@XN0 jÞ ¼ ðL1 ; . . .; LN0 Þ¼L 2 RN0 0 :
ðA:60Þ
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This characterizes the boundary length map
L : T@g; N0 ! RN0 0
X ! LðXÞ ¼ ðj@X1 j; . . .; j@XN0 jÞ;

ðA:61Þ

and we can write T@g; N0 ðLÞ :¼ L1 ðLÞ: Note that, by convention, a boundary
component such that j@Xj j ¼ 0 is a cusp and moreover Tg; N0 ðL ¼ 0Þ ¼ Tg; N0 ;
where Tg; N0 is the Teichmüller space of hyperbolic surfaces with N0 punctures,
(with 6g  6 þ 2N0  0). For each given string L ¼ ðL1 ; . . .; LN0 Þ there is a natural
action on Tg; N0 ðLÞ of the mapping class group Map@g; N0 defined by the group of all
the isotopy classes of orientation preserving homeomorphisms of X which leave
each boundary component @Xj pointwise (and isotopy-wise) fixed. This action
changes the marking f of Sg;N0 on X, and characterizes the quotient space
: Tg; N ðLÞ
Mg; N0 ðLÞ¼
Map@g; N0

ðA:62Þ

as the moduli space of Riemann surfaces (homeomorphic to Sg; N0 ) with N0
boundary components of length j@Xk j ¼ Lk : Note again that when fLk ! 0g;
Mg; N0 ðLÞ reduces to the usual moduli space Mg; N0 of Riemann surfaces of genus
g with N0 marked points. It is worthwhile noticing that, since the boundary
components of a surface Xg; N0 2 T@g; N0 are left pointwise fixed, any surface Xg; N0
in T@g; N0 ; for N0 [ 1; can be embedded into a surface X0gþ1; N0 1 2 T@gþ1; N0 1 by
glueing the two legs of a pair of pants onto two of the boundary components of
Xg; N0 : The attachment of a torus with two boundary components allows also to
include Xg; 1 in Xgþ1; 1 : Such a chain of embeddings induces a corresponding chain
of embeddings of the mapping class group Map@g; N0 into Map@gþ1; N0 1 : Under
direct limit, this gives rise to a notion of stable mapping class group playing a
basic role in the study of the cohomology of the moduli space.
We conclude this notational capsule by specializing to the boundary case the
characterization of the Weil–Petersson inner product. The reader will find many
more details in the remarkable and very informative papers by Mondello, (in
particular [13]). As in Sect. A.2, we introduce the real vector space of holomorphic
quadratic differentials Q@N0 ðXÞ whose restrictions to @X is real. The corresponding
space of Beltrami differentials, identified with the tangent space TC T@g; N0 ; will be
denoted by BN0 ðXÞ and the they are paired according to
Z
lmdfdf;
ðA:63Þ
ðldf  df; mdf  df1 Þ !
X

Q@N0 ðXÞ

1

where ldf  df 2
and mdf  df 2 BN0 ðXÞ: As in the boundaryless case,
by noticing that the ratio between a quadratic differential and the hyperbolic metric
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hdf  df on X is a Beltrami differential, we can define the Weil–Petersson inner
product on TC T@g; N0 according to
Z
@ @
@
hðfÞjdfj2
ðA:64Þ
Gab ¼
@l
@l
M
a
b
0
where f@l@ g3g3þ2N
is a basis of the vector space of harmonic Beltrami
a a¼1
differentials on X: The corresponding Weil–Petersson form is provided by
pﬃﬃﬃﬃﬃﬃﬃ
b
xWP :¼ 1G@ab dZ a ^ dZ ;
ðA:65Þ

where fdZ a g are the basis, in Q@N0 ðMÞ; dual to fla g under the pairing (A.63). Note
in particular that
pﬃﬃﬃﬃﬃﬃﬃ Z 2 a b
ab
ðA:66Þ
g :¼ 1 h dZ dZ jdfj2 ;
X

defines the Weil–Petersson Poisson tensor associated with xWP : It is important to
stress that, (because of the presence of the boundaries), the Weil–Petersson form is
degenerate (in particular it is not Kähler) on T@g; N0 : However, the Poisson structure
defined by gab induces a foliation in T@g; N0 whose symplectic leaves are the spaces
T@g; N0 ðLÞ; of Riemann surfaces with given boundary length vector L 2 RN0 0 ;
endowed with xWP : Mondello [13] has provided a nice geometrical
characterization of the Poisson structure gab in terms of ideal hyperbolic
triangulations of the surfaces X 2 T@g; N0 : As we have seen, this characterization
plays an important role in Chap. 3, and it hints to even deeper connections
between the geometry of the space of polyhedral surfaces and hyperbolic
geometry.

Appendix B
Spectral Theory on Polyhedral Surfaces

In this appendix we briefly discuss the basic facts of spectral theory of Laplace
type operators on polyhedral surfaces that we have exploited in these lecture notes.

B.1 Kokotov’s Spectral Theory on Polyhedral Surfaces
Spectral theory for cone manifolds has a long standing tradition, (a fine sample of
classical works is provided by [2–5, 10]). Here we shall mainly refer to the elegant
results recently obtained by Kokotov [9]. They provide a rather complete analysis
of the determinant of the Laplacian on polyhedral surfaces. It must be stressed that
whereas the study of the determinant of the Laplacian in the smooth setting is a
well-developed subject, results in the polyhedral case have been sparse and often
subjected to quite restrictive hypotheses [5, 12].
As a consequence of the presence of the conical points fp1 ; . . .; N0 g; the
Laplacian D on the Riemann surface ððM; N0 Þ; Csg Þ is not an essentially selfadjoint operator. There are (infinitely) many possible self-adjoint extensions of D;
with domains typically determined by the behavior of functions (formally)
harmonic at the conical points. To take care of this extension problem in a natural
way, let us recall that the minimal domain Dmin of the Laplacian on C01 ðM 0 ; RÞ
consists of the graph closure on the set C01 ðM 0 ; RÞ; where a function u 2 Dmin if
there is a sequence fuk g 2 C01 ðM 0 ; RÞ and a function w 2 L2 ðMÞ such that uk ! u
and Duk ! w in L2 ðMÞ; where L2 ðMÞ denotes the space of square summable
functions on ððM; N0 Þ; Csg Þ: Similarly, the maximal domain Dmax for D;
corresponding to the domain of the adjoint operator to D on Dmin ; is the
subspace of functions v 2 L2 ðMÞ such that for all u 2 Dmin there is a function
f 2 L2 ðMÞ with hv; Dui ¼ h f ; ui; where h; i denotes the L2 ðMÞ pairing on
ððM; N0 Þ; Csg Þ: All possible distinct self-adjoint extensions of D on ððM; N0 Þ; Csg Þ
are parametrized by a domain DD ; with Dmin  DD  Dmax [14]. Explicitly, we
can consider without loss of generality the case in which we have just one conical
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point fpg with conical angle h; and denote by z the local conformal parameter in a
neighborhood
 of p. One introduces [9] the functions (formally harmonic on
ðM; pÞ; Csg Þ; defined by

pﬃﬃﬃﬃﬃﬃﬃ 2pk
2pk
k
h
argz ; k [ 0;
ðB:1Þ
V ðzÞ :¼ jzj
exp
1
h
Vþ0 :¼ 1;

V0 :¼ ln jzj:

ðB:2Þ

h
These functions are in L2 ðMÞ as long as k\ 2p
; and we can consider the linear
2
h
; where
subspaces E of L ðMÞ generated by the functions uV k ðzÞ; with 0 k\ 2p
1
u is a C -mollifier of the characteristic function of the cone with vertex at p, e.g.,
uðzÞ :¼ c exp ðjzj2  1Þ1 ; jzj\1; and uðzÞ ¼ 0; for jzj  1; with uðz ¼ 0Þ ¼ 1;
(assuming that the region isometric to the cone corresponds to jzj\1). The selfadjoint extension of D are then parametrized by the subspaces of functions E such
that [9]

I 
@v
@u
u v
¼ 0;
ðB:3Þ
hDu; vi  hu; Dvi ¼ lim
e&0þ
@r
@r

for all u; v 2 E; and where r :¼ jzj; (note that in the above characterization one
exploits the delicate fact that any u 2 Dmin is such that uðzÞ ¼ OðrÞ as r & 0—see
Sect. 3.2.1 of [9] for details). The Friedrics extension, which is the relevant one for
the results to follow, is associated with the subspace E generated by the functions
h
uVþk ðzÞ; 0 k\ 2p
: The associated domain DD :¼ Dmin þ E comprises functions
which are bounded near the apex of the cone.
Denote by Hðz; z0 ; gÞ the heat kernel for the Friedrichs extension of the
Laplacian D: This is a distribution on M M ½0; 1Þ suchR that, for all u 2 DD :
¼ Dmin þ E away from the conical points, the convolution M Hðz; z0 ; gÞuðz0 Þ dAz0
is smooth for all g [ 0; and


@
ðzÞ
þD
(B.4)
Hðz; z0 ; gÞ ¼ 0;
@g
lim Hðz; z0 ; gÞ ¼ dðz; z0 Þ;

g&0þ

where ðz; z0 ; gÞ 2 ðM MnDiagðM MÞÞ ½0; 1Þ; and DðzÞ denotes the
Laplacian with respect to the variable z. The Dirac initial condition is
1
0
Runderstood0 in the0 distributional sense, i.e.,þfor any smooth u 2 C0 ðM ; RÞ \ DD ;
0
M Hðz; z ; gÞuðz Þ dAz ! uðzÞ; as g & 0 ; where the limit is meant in the
uniform norm on C01 ðM 0 ; RÞ: We are now ready to state Kokotov’s main results.
Theorem B.1 (Kokotov [9], Theorem 1) Let ððM; N0 Þ; Csg Þ be the Riemann

P 0 HðkÞ

1
; associated with
surface, with conical singularities Div ðTÞ :¼ Nk¼1
2p
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the polyhedral manifold ðPT ; MÞ; and let D be (the Friedrichs extension) of the
corresponding Laplace operator. Then
(i) D has a discrete spectral resolution, the eigenvalues 0 ¼
k0 \k1 k2    ! 1 have finite multiplicities, and the associated spectral
counting function NðkÞ :¼ Card ½k  1 : kk k ¼ OðkÞ; as k ! 1:
(ii) If Tr egD denotes the heat trace of the heat kernel Hðz; z0 ; gÞ associated with
ðD; DD Þ; then, for some e [ 0; the asymptotics
Z
Area ððM; N0 Þ; Csg Þ
Hðz; z; gÞ dA ¼
Tr egD :¼
4pg
M

ðB:5Þ
N0
X
1
2p
HðkÞ
e=g
þ

Þ;
þ Oðe
12 k¼1 HðkÞ
2p
holds in the uniform norm on C 1 ðM 0 ; RÞ:
Let
fD ðsÞ :¼

X 1
ks
k [0 k

ðB:6Þ

k

denote the f-function associated with the positive part of the spectrum of the
operator ðD; DD Þ; then we have
Theorem B.2 (Kokotov [9]) The function fD ðsÞ is holomorphic in the half-plane
f< s [ 1g; and there is an entire function e(s) such that
1
Area ððM; N0 Þ; Csg Þ
CðsÞ
4pðs  1Þ
)
"
#

N
0
1 X 2p
HðkÞ
1

þ
 1 þ eðsÞ ;
12 k¼1 HðkÞ
2p
s

fD ðsÞ ¼

(B.7)

where CðsÞ denotes the Gamma function. fD ðsÞ is a regular at s ¼ 0; and one can
define the Ray-Singer f-regularized determinat of ðD; DD Þ according to
0


det D :¼ exp f0D ðs ¼ 0Þ :

ðB:8Þ

As a direct consequence of this representation, one has [9] the
Corollary B.1 Let ððM; N0 Þ; Csg Þ and ð ðM;g
N0 Þ; Csg Þ two homothetic Riemann

P 0 HðkÞ
surfaces, with (the same) conical singularities Div ðTÞ :¼ Nk¼1

1
r0 ðkÞ;
2p
e 2 ¼ jds2 ; with k [ 0 a positive constant, be the respective
and let ds2 and ds
e the associated
conical metrics, (see Theorem 2.1) If we denote by det0 D and det0 D
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f-regularized determinants, then one has the rescaling
o
N0 n
P
vðMÞ
HðkÞ
1
2p
ð 6 1Þ12
þ
2
0
0
2p
HðkÞ
e ¼j
k¼1
det D
det D:

ðB:9Þ

For g 2 ½0; 1 ; let us consider two distinct families of polyhedral surfaces
g 7! ðTð1Þ ; MÞg 2 POLg; N0 ðMÞ

ðB:10Þ

g 7! ðTð2Þ ; MÞg 2 POLg; N^ 0 ðMÞ;

ðB:11Þ

(note that generally N0 ¼
6 N^ 0 ; and that g may be allowed to vary on a smooth parameter
0
manifold [9]). We assume that the corresponding vertex sets fr0ð1Þ ðk; ; gÞgNk¼1
and
^

0
are disjoint for all g 2 ½0; 1 ; and that they support distinct
fr0ð2Þ ðh; gÞgNh¼1
g-independent conical singularities fHð1Þ ðkÞg and fHð2Þ ðhÞg: We also assume that
ðTð1Þ ; mÞg ; and ðTð2Þ ; mÞg ; g 2 ½0; 1 ; define the same (g-independent) conformal

N0
N^0
ð2Þ
^
structure ððM; N0 Þ; Cð1Þ
sg Þ ’ ððM; N 0 Þ; Csg Þ: Let fpk ðgÞgk¼1 2 M and fqh ðgÞgh¼1 2
M be the disjoint sets of points associated with the divisors

N0 
X
Hð1Þ ðkÞ
 1 pk ðgÞ;
Div ðTð1Þ ; gÞ :¼
ðB:12Þ
2p
k¼1

and
Div ðTð2Þ ; gÞ :¼

N^0 
X
Hð2Þ ðhÞ
h¼1

2p


 1 qh ðgÞ:

ðB:13Þ

According to (2.70) the conical metric ds2Tð1Þ of ððM; N0 Þ; Cð1Þ
sg Þ around the
generic conical point pk ðgÞ is given, in term of a local conformal parameter tðk; gÞ;
by

Hð1Þ ðkÞ
½LðkÞ 2
2 2p
ds2Tð1Þ ; ðkÞ :¼
tðk;
gÞ
ðB:14Þ
j
j
jdtðk; gÞj2 ;
4p2 jtðk; gÞj2
whereas the conical metric ds2Tð2Þ of ððM; N^ 0 Þ; Cð2Þ
sg Þ around the generic conical
point qh ðgÞ is given, in term of a local conformal parameter zðh; gÞ, by

Hð2Þ ðhÞ
½L0 ðhÞ 2
2
2p
ds2Tð2Þ ; ðkÞ :¼
zðh;
gÞ
ðB:15Þ
j
j
jdzðh; gÞj2 :
4p2 jzðh; gÞj2
^

0
Since in the metric ds2Tð1Þ the points fqh ðgÞgNh¼1
2 M; supporting the conical

singularities of ds2Tð2Þ ; are regular points, we can assume that there are smooth
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functions gð2; hÞ ðgÞ of zðh; gÞ such that in a neighborhood of qh ðgÞ the metric ds2Tð1Þ
takes the form
ds2Tð1Þ ;

qh ðgÞ

:¼ gð2; hÞ ðzðh; gÞÞ

2

jd zðh; gÞj2 :

ðB:16Þ

Similarly, we can assume that there are smooth functions fð1; kÞ ðgÞ such that in a
neighborhood of pk ðgÞ the metric ds2Tð2Þ takes the form
ds2Tð2Þ ;

pk ðgÞ

:¼ fð1; kÞ ðzðk; gÞÞ

2

jdzðk; gÞj2 :

ðB:17Þ

With these notational remarks along the way, we have the following
Theorem B.3 (Kokotov [9]) If det Dð1Þ and det Dð2Þ respectively denote the fregularized determinants of the (Friedrichs extension of the) Laplacian associated
with the conical metrics ds2Tð1Þ and ds2Tð2Þ ; then there is a constant C independent of
g 2 ½0; 1 such that

ð2Þ
1 H ðhÞ

 Q^
2p 1
6
N0
ð1Þ
Area ðM; N0 Þ; Csg
h¼1 gð2; hÞ
det0 Dð1Þ


;
¼
C
ðB:18Þ
ð1Þ
1 H ðkÞ
b 0 Þ; Cð2Þ
det0 Dð2Þ
Q N0
Area ðM; N
2p 1
6
sg
k¼1 fð1; kÞ
where Area ððM; N0 Þ; CðjÞ
sg Þ;j ¼ 1; 2, denotes the area of the Riemann surface
2
ððM; N0 Þ; Cð1Þ
sg Þ in the corresponding conical metric dsTðjÞ , and where we have set
fð1; kÞ :¼ fð1; kÞ ðzðk; gÞ ¼ 0Þ and gð2; hÞ :¼ gð2; hÞ ðzðh; gÞ ¼ 0Þ:

As emphasized by Kokotov, this results extends to polyhedral surfaces
Polyakov’s formula describing the scaling, under a conformal transformation, of
the determinant of the Laplacian on a smooth Riemann surface.

References
1. Arbarello, E., Cornalba, M.: Combinatorial and algebro-geometrical classes on the moduli
spaces of curves. J. Algebraic Geom. 5, 705–749 (1996)
2. Aurell, E., Salomonson, P.: Further results on functional determinants of Laplacians in
simplicial complexes. hep-th/9405140.
3. Carslaw, H.S.: The Green’s function for a wedge of any angle, and other problems in the
conduction of heat. Proc. London Math. Soc. 8, 365–374 (1910)
4. Cheeger, J.: Spectral geometry of singular Riemannian spaces. J. Diff. Geom. 18, 575–657
(1983)
5. D’Hoker, E., Phong, D.H.: Functional determinants on Mandelstam diagrams. Comm. Math.
Phys. 124, 629–645 (1989)
6. Farkas, H.M., Kra, I.: Riemann surfaces. 2nd edn. Springer, New York (1992)

278

Appendix B: Spectral Theory on Polyhedral Surfaces

7. Griffiths, P., Harris, J.: Principles of algebraic geometry. Wiley, New York (1978)
8. Jost, J.: Compact Riemann surfaces. 2nd edn. Springer, Berlin (2002)
9. Kokotov, A.: Compact polyhedral surfaces of an arbitrary genus and determinant of
Laplacian. arXiv:0906.0717 (math.DG)
10. Kondratjev, V.: Boundary value problems for elliptic equations in domains with conical
points. Proc. Moscow Math. Soc. 16, 219–292 (1967)
11. Kontsevitch, M.: Intersection theory on the moduli space of curves and the matrix Airy
functions. Commun. Math. Phys. 147, 1–23 (1992)
12. Menotti, P., Peirano, P.P.: Functional integration on two dimensional Regge geometries.
Nucl. Phys. B473, 426–454 (1996). hep-th/9602002
13. Mondello, G.: Triangulated Riemann surfaces with boundary and the Weil–Petersson poisson
structure. J. Diff. Geom. 81, 391–436 (2009)
14. Mooers, E.A.: Heat kernel asymptotics on manifolds with conical singularities. J. D’Analyse
Math. 78, 1–36 (1999)
15. Mulase, M., Penkava, M.: Ribbon graphs, quadratic differentials on Riemann surfaces, and
algebraic curves defined over Q. Asian J Math 2(4), 875–920 (1998). math-ph/9811024 v2
16. Nag, S.: The complex analytic theory of Teichmüller spaces, Canadian mathematical society
series on monograph and advanced texts. Wiley, New York (1988)
17. Strebel, K.: Quadratic differentials. Springer, Berlin (1984)
18. Troyanov, M.: On the moduli space of singular Euclidean surfaces. arXiv:math/0702666v2
[math.DG]

Index

b-function, 123
3j symbol, 177
double, 50
quantum, 56
6j symbol, 176
as a quantum gate, 219
algebraic identities, 179, 183
in terms of 4F3 , 178
quantum, 175
symmetries, 177

A
Askey hierarchy, 179
q-deformed, 179
Automorphism group
of the dual polytope, 62
Automorphisms group
of a polyhedral surface, 20

B
Beltrami differentials, 263
Belyi’s theorem, 106
Berger–Ebin decomposition
for TT tensors, 127
Braid group, 224
Kaul representation, 237
representation in an algebra, 228
R-matrix, 202
trace function, 229

C
Chern and Euler classes
of the space of polyhedral
surface, 79

Chern class, 259
Chern–Simons invariant, 171
Chern–Simons–Witten functional, 175
Collapse-expansion deformation, 22
Combinatorial moves, 182
bistellar type, 184
elementary shellings, 190
relation between bistellar moves
and shellings, 189
Combinatorial properties, 4
Complex structure, 72
Complexity class, 220
BQP, 221
Jones invariant, 231
NP, 227
# P, 232
P, 232
problems in group theory, 227
problems in knot theory, 221
Cone, 5
Conformal parameter
local, 151
Conformal structure
around conical singularities, 55
manifold of, 259
Conical angles
and divisors, 76
representation on the unit sphere, 30
Conical defect, 13
Conical defects
propagation of, 166
Conical singularities
existence of preassigned, 13
invisibility from the conformal
viewpoint, 70
Core geodesics, 166
Correlation functions, 119

M. Carfora and A. Marzuoli, Quantum Triangulations, Lecture Notes in Physics 845,
DOI: 10.1007/978-3-642-24440-7, Ó Springer-Verlag Berlin Heidelberg 2012

279

280

C (cont.)
Coupling
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Cut-off scale, 121
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D
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KPZ scaling
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L
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Laplace operator
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Mapping class group
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Matrix model
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M (cont.)
Moduli space
Deligne–Mumford compactification, 264

N
Natural Lagrangians, 116
Non-linear r model, 125

O
Orbifold
in the sense of Thurston, 19

P
Pachner theorem, 21
Partition function
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manifold, 4
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properties, 4
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Pinching node, 44, 50
behavior of the combinatorial
WP form at a, 108
Pointed Riemann-surface
stable, 269
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S
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Simplicial isomorphism, 4
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Spherical polygons, 28
the space of, 30
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T
Tautological classes, 265
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decorated, 102
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as a differentiable orbifold, 20
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Thrice-punctured sphere, 45
Thurston, 5
Topological knot theory, 221
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visualization of, 45
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Turaev–Viro quantum invariants
fixed boundary triangulation, 200
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V
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complex coordinates around a, 55
Vertex angle structure, 26
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the space of, 26
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Vertex angles vector, 27
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Weil–Petersson
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Weil–Petersson

form, 83
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metric, 263
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W (cont.)
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Poisson structure associated with the, 103
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group of, 126
Lie algebra of, 127
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