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Notation

The symbol := means “by definition”.

Blackboard bold letters:

A

B

C
D:={zeC:|z| <1}
N:={1,2,...}

R

R :=RU {oc}
R:=RU{—00,+oo}
R+_ <O’+OO)
T:={ze€C:|z| =1}
']I‘n

T =T\ {1}
Z,:=1{0,1,2,...}
Z_:=7\Z,

Zi_,'_ = Z+ ><Z+.

Calligraphic Latin letters:
A,
B,
Co(X,Y)
Cp

D,

the algebra introduced in Section 8.37;

the algebra defined in Section 8.37;

field of all complex numbers;

open unit disk;

set of all natural numbers;

field of all real numbers;

one point compactification of R, see Section 9.1;
two-point compactification of R, see Section 9.1;
positive half-line;

unit circle;

n-dimensional torus;

punctured unit circle;

set of all integer numbers;

set of all nonnegative integer numbers;

set of all negative integer numbers;

A the algebras defined in Section 3.39;
A, (z,w) the circular arc joining z to w, see Section 5.12;
B> the algebras introduced in Section 4.15;

finite-rank operators, see Sections 1.1, 1.3;

(X,Y) Schatten-von Neumann classes, see Sections 1.1, 1.3;
Coo(X,Y) compact operators, see Sections 1.1, 1.3;
D> the algebras defined in Section 7.2;
the ideal defined in Section 7.2;
the ideals defined in Sections 4.16 and 7.8;
X,Y) Dbounded linear operators, see Section 1.1;
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M
N, N4
OT‘ (Z7 w)

Wia, 1 (A)

the ideal defined in Section 4.16;

the ideals defined in Section 3.50;

the lentiform domain defined in Section 5.12;

Laurent polynomials, see Section 1.42;

analytic polynomials, see Section 1.41;

rational functions on T with poles off T, see Section 2.57;
radical of the Banach algebra A, see Section 1.17;
essential range of the function a, see Section 2.27;

the algebra defined in Section 7.8;

see Section 7.36.

Capital Latin letters:

Bg7 (Bg)A
BC(R)
BMO

BMO(R)

BSO(R)
C

)
Cg

CDC

COO

Cp

Coo

D,
CN><N

Cp(R)
Cp+ Hp°
Cen A
Coker A
Com F
D2(a)
D, (a)
E(a)
Ef(a)

F

Fep

Fer
Fégf)ﬁ
GA

G(a)
Gsz(a)

Besov classes, see Section 1.50;

bounded continuous functions on R, see Section 9.18;
functions of bounded mean oscillation on T,

see Section 1.47;

functions of bounded mean oscillation on R,

see Section 1.47;

bounded slowly oscillating functions, see Section 9.35;
continuous functions on T;

continuous functions on Y;

the algebra generated by xg and C, see Section 4.90;
Holder-Zygmund classes, see Section 1.50;

infinitely differentiable functions on T;

continuous multipliers on ¢P, see Section 2.43;
continuous multipliers on ¢, see Section 6.7;

continuous multipliers on ¢4, see Section 6.7;

continuous Fourier multipliers on L?(R), see Section 9.7;
C + H>-multipliers on ¢? defined in Section 2.51;
center of the algebra A, see Section 1.33;

cokernel of A, see Section 1.11;

commutant of the set F, see Section 1.30;

the space defined in Section 6.46;

determinant of T}, (a), see Chapter 10;

see Section 10.28;

see Section 10.90;

Fourier transform, see Section 9.1;

see Section 1.49;

see Section 1.49;

see Section 1.49;

group of the invertible elements of the Banach algebra A;
see Section 1.16;

see Section 10.5;

see Section 10.84;
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see Section 10.90;
Barnes G-function, see Section 10.58;
Hardy spaces on T, see Section 1.39;

see Section 1.42;
see Section 1.42;

see Section 1.42;

see Section 2.51;

see Section 4.55;

Hankel operator, see Section 2.10;

Hankel integral operator, see Section 9.6;

weighted Hardy spaces on T, see Section 1.44;

Hardy spaces on the torus T?, see Section 8.2;

see Section 8.7,

image (range) of the operator A;

imaginary part of the complex number z;

index of the operator A, see Section 1.11;

index of the operator A on HP or P, see Section 2.66;
flip operator, see Sections 2.10, 9.6;

the algebras introduced in Sections 10.8, 10.12;

kernel of the operator A, see Section 1.11;

Lebesgue space on T, see Section 1.36;

:= LP(R,) Lebesgue space on R, see Section 9.1;
Lebesgue space on R;

Lebesgue space on the torus T2, see Section 8.2;
weighted Lebesgue space on T, see Section 1.44;
weighted Hardy space on T, see Section 1.44;
functions that are locally C-sectorial on T°, see Section 4.72;
algebra of Toeplitz-like operators on X, see Section 7.12;
the operator defined in Section 6.19;

algebra of multipliers on ¢P(Z), see Section 2.5;
algebra of multipliers on £7,(Z), see Section 6.1;

algebra of multipliers on (X" (Z), see Section 6.7;

see Section 2.43;

see Section 6.7;

one-dimensional multiplication operator, see Sections 2.1, 2.3;
see Section 1.47;

see Section 1.47;

two-dimensional multiplication operator, see Section 8.4;
multiplication operator on R, see Section 9.2;
multiplication operator on R?, see Section 9.51;
maximal ideal space of the algebra A, see Section 1.18;
fiber of M(A) over 3, see Section 1.24;

algebra of multipliers on ¢?(T?), see Section 8.7
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MP(R) algebra of Fourier multipliers on L?(R), see Section 9.2;

MP(R?) algebra of Fourier multipliers on LP(R?), see Section 9.51;

P Riesz projection, see Sections 1.42, 1.43, 1.49, or
canonical projection of LP(R) onto LP(R.), see Section 9.1;

P, the projections defined in Section 7.5;

P, the projections defined in Section 9.38;

Py the projections defined in Section 7.93;

Ps canonical projection of /P(Z?) onto ¢P(S), see Section 8.55;

Ps canonical projection of LP(R?) onto LP(S),
see Section 9.60;

P,B see Section 2.89;

PC piecewise continuous functions on T, see Section 2.79;

PCy piecewise continuous functions with finite number of jumps,
see Section 2.79;

PC, . piecewise continuous multipliers on ££, see Section 6.25;

PCRY  piecewise continuous multipliers on ¢4/, see Section 6.25;

PC,(R) piecewise continuous Fourier multipliers, see Section 9.12;

P,C see Section 4.71;

P,C see Section 3.10;

PK piecewise constant functions on T with finite number of
jumps, see Section 6.25;

PK(R) piecewise constant functions on R with finite number of
jumps, see Section 9.12;

PQC piecewise quasicontinuous functions, 3.35;

PQCy see Section 3.35;

P,QC see Section 3.37;

Q =1-P;

Qn =1 — Py;

QC quasicontinuous functions, see Section 2.80;

QCE the algebra generated by xg and QC, see Section 4.90;

Q) quasicommutator ideal, see Section 3.41;

Re A real part of the matrix A, ReA = (4 + A*)/2;

Rez real part of the complex number z;

R () the space defined in Section 6.46;

S Cauchy singular integral operator, see Section 1.42;

S the projection introduced in Section 3.43;

Smb; the mapping introduced in Section 3.43;

SO(R)  slowly oscillating functions, see Section 9.35;

T(a) Toeplitz operator, see Sections 2.6, 5.1, 6.1;

Ts(a) Toeplitz operator over the quarter-plane, see Section 8.9;

T, .(a) Toeplitz operator over half-plane, see Section 8.12;

T.(a)  Toeplitz operator over half-plane, see Section 8.12;

T, k—r(a) higher-dimensional Toeplitz operator, see Section 8.73;

Toeplitz operator on £7(S), see Section 8.55;



Latin letters:

N Q)

e 9

23

algi(A)

arg z
clos M
closidg &
conv M
det A
det, A
det, A

dlag (al, ag, .. )
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= P,T(a)P,|Im P, see Section 7.5;

= (Pn ® Pn)T2(a)(Pn & Pn)|1m (Pn ® Pn)7

see Section 8.62;

bilateral shifts, see Section 2.9;

the mapping defined in Section 9.1;

family of open neighborhoods of 7, see Section 2.67;
unilateral shifts, see Section 2.9;

functions of vanishing mean oscillation on T, see Section 1.47;
functions of vanishing mean oscillation on R, see Section 1.47;
Wiener algebra on T, see Sections 1.49, 2.5;

weighted Wiener algebra, see Section 1.49;

see Section 8.31;

Wiener algebra on T2, see Section 8.4;

Wiener algebra on R, see Section 9.1;

Wiener algebra on R?, see Section 9.51;

Wiener-Hopf integral operator, see Section 9.4;
Wiener-Hopf integral operator over the quarter-plane,

see Section 9.51;

Wiener-Hopf integral operator on LP(K), see Section 9.57;
= P,W(a)P:|Im P;, see Section 9.38;

the operator defined in Section 7.6;

= M(L*) (if it does not denote a Banach space).

harmonic extension of a, see Section 1.37;

the function defined by a(t) := a(1/t) on T,

see Sections 2.15, 7.19;

or by a(t) = a(—t) on R, see Section 9.6;

complex conjugate of a € L*°, see Section 7.19;
Hermitian adjoint of a € L7, y, see Section 7.19;
see Sections 2.25, 4.72, 9.1;

transposed of a € LY, , see Section 7.19;

n-th Fourier coefficient of a, see Section 1.36;
harmonic extension of a, see Section 1.37;

the algebra generated by {i(a) : a € A},

see Section 3.41;

argument of the complex number z, see Section 5.35;
closure of the set M;

the closed ideal of 2 generated by &, see Section 3.45;
closed convex hull of the set M;

determinant of A, see Section 1.6;

determinant of A as operator on Ei, see Section 10.71;
p-regularized determinant of A, see Section 1.8;

the diagonal operator (matrix) with diagonal entries
A1,02, ..
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dim M dimension of M;
dist(a, B) see Section 1.21;
distp(a, B) see Section 1.21;

dist .~ (a, B)
distparo (a, B)
en

h,a

inda

indja, indsa

= inf{|la — b||~ : b € B} (a € L*®, B C L™);

= inf{||a — b||pmo : b € B} (a € BMO, B C BMO);
see Section 1.50;

harmonic extension of a, see Section 1.37;

index (winding number) of the continuous function a,
see Section 2.41;

see Section 8.16;

kxa, kxa see Section 3.14;

kxua see Section 8.48;

0, 0°(7) sequences with finite support, see Section 1.49;
/P see Section 1.49;

P(Z) see Section 1.49;

P(Zy) see Section 1.49;

174 see Section 1.49;

(Z) see Section 1.49;

ZZ’% see Section 1.49;

pEoo see Section 6.57;

P(Z7%) see Section 8.1;

r(Z2) see Section 8.1;

lin M linear hull of the set M,

m(a), m*(a) mean motion of a, see Section 9.19;

sgn the function defined in Section 9.2;

Spa, Sp 40 spectrum of a in A, see Section 1.16;

sp.A e-pseudospectrum of the operator A, see Section 7.94;
spi’XCA structured e-pseudospectrum of the operator A,

SpessA7 SPa(x) A

supp a
tr A

see Section 7.97;

essential spectrum of the operator A, see Section 2.27;
support of the function a;

trace of the operator A, see Section 1.4.

Capital Greek letters:

r Gelfand map, see Section 1.18;
II{X,Y;A,} see Section 7.1;

II{X,Y;P,} see Section 7.1;

II{x;p,} see Section 7.1;

{Pr,} see Section 7.1;

I,{P,} see Section 9.38;

P(X,Y) Fredholm operators, see Section 1.11;

PL(X,Y)

semi-Fredholm operators, see Section 1.11.
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Greek letters:

ap(A) dimension of Ker A in H? or ¢, see Section 2.66;
Tp the function defined in Section 9.13;
v (a) integral gap, see Section 3.32;

JdsM(A) Shilov boundary of M (A), see Section 1.20;
n8; 1M8,r see Section 5.35;

M% ) see Section 6.19;

£8, £8.7 see Section 5.35;

o the mapping defined in Section 3.43;

on(a) n-th Fejér mean of a, see Section 3.13;

or (1) the function defined in Sections 5.12, 9.13;

©3, P37 canonical piecewise continuous functions, see Section 5.35;
XE characteristic function of the set F;

Xn the function on T defined by x,(t) = ", see Section 1.36;
w(a), wt(a) see Section 9.19;

ws the function on R defined by ws(z) = €'**, see Section 9.2.

Euler Fraktur letters:
MNPC NPRY the maximal ideal spaces defined in Section 4.84;

‘ﬂg‘, Ny the maximal ideal spaces introduced in Section 8.37;

9{;‘, Ry the maximal ideal spaces defined in Section 8.65.
Nonalphabetic:

(x)° see Section 6.52;

(x +0) see Section 7.83;

~ asymptotically equal, see Section 10.57;

~

isometrically isomorphic;

restricted to;

- Lebesgue measure;

[ - 11« BMO semi-norm, see Section 1.47;
| - |la(x) essential norm, see Section 2.27.



Index

BMO 36

CG-set (Clancey-Gosselin set) 212
C*-algebra 17

C*-norm 20

M-equivalence 21
M-equivalence from the left 21
M-equivalence from the right 21
M-invertibility 21
M-invertibility from the left 21
M-invertibility from the right 21
N-function 557

VMO 36

A$-condition 557

Af-condition 557

$-operator 9

&, -operator 9
e-pseudospectrum 394

s-number 2

Adamyan-Arov-Krein’s theorem 80
admissible matrix norm 20
Ahiezer-Kac formula 596
algebra, Calkin 64

algebra, decomposing 533
algebra, Douglas 212
algebra, Krein 529

algebra, local 153

algebra, quotient 13
algebra, restriction 19
algebra, semisimple 13
algebra, singly generated 14
algebra, Wiener 38,481
algebraic multiplicity 3
almost periodic function 493

analytic extension 29

analytic polynomial 32

analytic sectoriality 111,114

angular sector 437,454

antisymmetric set 15

approximate identity 120

asymptotic multiplicativity 121

Atkinson’s theorem 10

Axler-Chang-Sarason-Volberg’s theorem
203

bafz (bounded away from zero) 151

Banach algebra norm 20

Banach-Steinhaus’ theorem 1

Barnes G-function 570

Besov class 40

Beurling’s theorem 104

bilateral shift 52

Blaschke product 31

block Toeplitz operator 100

Bohr’s theorem 493

Borodin-Okounkov’s formula 552, 598

boundedness away from zero 151, 187,
449

boundedness away from zero, restricted
155

Brown-Halmos theorems 50, 58, 69

Calkin algebra 64

Cauchy singular integral operator 33
center 24

Chang-Marshall’s theorem 212
cluster point, essential 118

cluster sets 158
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Coburn’s theorem 71,72
commutant 22
commutator 11
complementary N-function 557
conjugate function 33
convergence, stable 178
convergence, strong 1
convergence, uniform 1
convergence, weak 1
convolution operator 482
covering system 21

Day’s formula 561

decomposing algebra 533
determinant of an operator 4
determinant of an operator matrix 11
determinant, regularized 6
discrete Riesz projection 39
discrete Wiener-Hopf operator 50
disk algebra 29

divisor of zero 15

Douglas algebra 212
Douglas-Sarason’s theorem 90

Ehrhardt’s formula 7
embedding 140

essential cluster point 118
essential norm 64

essential range 64

essential spectrum 64
extension, analytic 29
extension, harmonic 28,119
extension, periodic 119

factorization property 534

factorization, inner-outer 30

factorization, Wiener-Hopf, in LP(w)
250

factorization, Wiener-Hopf, in a
decomposing algebra 534

Fatou’s theorem 29, 30

Fedosov’s formula 10

Fefferman’s decomposition of BMO
36

Fejér kernel 119

fiber 17,18

finite section method 325,454, 504

finite-rank operator 1

Fisher-Hartwig conjecture 570

Fisher-Hartwig symbol 281

flip operator 52

Fourier coefficients 28

Fourier transform 481

Fredholm operator 9

Fredholm operator, left 87
Fredholm operator, right 87
Fredholm property 534

function of ambiguous Fisher-Hartwig

type 591
function of degenerate Fisher-Hartwig
type 591

function of Fisher-Hartwig type 589

function of unique Fisher-Hartwig type
591

function, almost periodic 493

function, conjugate 33

function, inner 30

function, Laguerre 487

function, locally arcwise sectorial 88

function, locally sectorial 95,111, 256,
446

function, outer 30

function, piecewise almost periodic
501

function, quasicontinuous 93

function, sectorial 58, 88,95, 111, 255

function, semi-almost periodic 495

function, semirational 554

function, singular inner 31

function, slowly oscillating 503

function, upper semi-continuous 22

Galerkin method 506

Gelfand map 14

Gelfand topology 14

Gelfand transform 13
Gelfand-Naimark’s theorems 18
geometric sectoriality 111
Glicksberg’s theorem 15

Holder-Zygmund class 40
Hankel integral operator 486
Hankel operator 52

Hardy spaces 29

harmonic extension 28,119
Hartman’s theorem 80
Hartman-Wintner’s theorems
Hausdorff metric 398

67,70



Helson-Szegd’s theorem 35

Hilbert transform 34

Hilbert-Schmidt operator 4

Hirschman’s formula 555

homogeneous symbol 431

Horn’s lemma 2

Hunt-Muckenhoupt-Wheeden condition
35,39

ideal 13

ideal, left 13

ideal, maximal 13

ideal, proper 13

ideal, quasicommutator 142
ideal, right 13

ideal, two-sided 13

index of a function 73
index of an operator 9
inner function 30
inner-outer factorization 30
integral gap 133
invertibility 12
invertibility, left 12
invertibility, restricted 94
invertibility, right 12
involution 17

isometry 140

John-Nirenberg’s theorem 37
joint topological divisors of zero 15

Khvedelidze weight 253
Kozak’s formula 332
Krein algebra 529
Kronecker’s theorem 81

Laguerre function 487
Laurent operator 46
Laurent polynomial 32
left ideal 13

left invertibility 12

left invertibility, restricted 94
left-Fredholm operator 87
lifting problem 585
limiting set, partial 398
limiting set, uniform 398
Linnik’s theorem 542
local algebra 153

local object 153

Index 663

local principle 21

local principle of Allan-Douglas 25
local principle of Gohberg-Krupnik 23
local sectoriality 95,111, 256,446
local sectoriality, arcwise 88

local spectrum 153

local type operator 456

localizing class 21

locally regular P,C' function 279
Lozanovsky factorization 104

Marcel Riesz’ theorem 32

Marcinkiewicz’ multiplier theorem 353

Markus-Feldman’s theorem 12

matrix norm 20

matrix norm, C*-algebra 20

matrix norm, admissible 20

matrix norm, Banach algebra 20

maximal antisymmetric set 15

maximal ideal 13

maximal ideal space 14

mean motion 493

Mercer’s theorem 595

moving average 123

multiplication operator
482

multiplicative linear functional 13

45, 46, 413,

Nehari’s theorem 53
Noetherian operator 9
norm, essential 64

normally solvable operator 9
numerical range 255

one-sided invertibility 12
one-sided invertibility, restricted 94
operator determinant 4

operator determinant, regularized 6
operator of local type 456

operator, @-, ¢+- 9

operator, block Toeplitz 100
operator, Cauchy singular integral 33
operator, conjugation 33

operator, discrete Wiener-Hopf 50
operator, finite-rank 1

operator, flip 52

operator, Fredholm 9

operator, general Wiener-Hopf 475
operator, Hankel 52

operator, Hankel integral 486
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operator, Hilbert-Schmidt 4

operator, Laurent 46

operator, multiplication 45,46, 413,
482

operator, Noetherian 9

operator, normally solvable 9

operator, paired convolution 57

operator, shift 52,104

operator, singular integral 57

operator, Toeplitz 49,417,420,470

operator, Toeplitz-like 330

operator, trace class 4

operator, translation invariant 483

operator, Wiener-Hopf 484,514

Orlicz space 557

outer function 30

overlapping system 21

paired convolution operator 57
Parrott’s theorem 191

partial limiting set 398

peak set 20

peak set, weak 20

periodic extension 119
piecewise almost periodic function 501
Pincus-Helton-Howe’s formula 9
Plemelj-Smithies’ formula 7
Poisson integral 28

Poisson kernel 28,119
polynomial, analytic 32
polynomial, Laurent 32
projection method 323

proper ideal 13
pseudospectrum 394
pseudospectrum, structured 396

quasi-embedding 140
quasicommutator ideal 142
quasicontinuous function 93
quotient algebra 13

radical 13

range, essential 64

range, numerical 255

realization of a rational matrix function
564

rearrangement-invariant space 104

regular P,C function 279

regular P,C' function, locally 279

regularized operator determinant 6

regularizer 9

restricted boundedness away from zero
155

restricted invertibility 94

restricted one-sided invertibility 94

restriction algebra 19

Riesz brother’s theorem 30

Riesz projection 32

Riesz projection, discrete 39

right ideal 13

right invertibility 12

right invertibility, restricted 94

right-Fredholm operator 87

Sarason’s decomposition of VMO 36
Schatten-von Neumann class 2
sectoriality 114,255
sectoriality, analytic 111,114
sectoriality, geometric 111
semi-almost periodic function 495
semirational function 554
semisimple algebra 13

set, antisymmetric 15

set, maximal antisymmetric 15
set, peak 20

set, weak peak 20

shift operator 52

shift, bilateral 52

shift, unilateral 52

Shilov boundary 14
Shilov-Bishop’s theorem 16
singly generated algebra 14
singular inner function 31
singular integral operator 57
slowly oscillating function 503
spectrum 12, 64

spectrum, essential 64
spectrum, local 153

splitting property 611

stable convergence 178

strong convergence 1
structured pseudospectrum 396
submultiplicativity 140
symbol 50

Szegd’s limit theorem, first 529
Szegd’s limit theorem, strong 539, 541

Toeplitz determinant 525



Toeplitz operator 49,417,420,470
Toeplitz-like operator 330

trace 3,4

trace class operator 4

trace formulas 605

transfinite induction 195
translation invariant operator 483
two projections theorem 238
two-sided ideal 13

two-sided invertibility 12

uniform convergence 1
uniform limiting set 398
unilateral shift 52

upper semi-continuity 22

Index 665

weak convergence 1

weak peak set 20

weighted ¢P spaces 38

weighted LP space 34

weighted Hardy space 34

Weyl’s inequality 3

Widom-Devinatz theorems 59, 60

Wiener algebra 38, 481

Wiener-Hopf determinant 595

Wiener-Hopf factorization in LP(w)
250

Wiener-Hopf factorization in a
decomposing algebra 534

Wiener-Hopf integral operator 484,
514

winding number 73
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