Appendix A

Technical Points and Summary of Equations

A.1

Geometric and Planck Units

In the code GRChombo, and NR in general, one uses geometrised units, whereas
in most other areas of physics, including cosmology, one uses Planck units. This
section aims to briefly summarise the two systems and their conversions. The reader
is referred to the Appendix of Wald [1], which has a good introduction to geometrised
units. Most physics textbooks contain an introduction to Planck units.
Note that where we refer to the Planck mass throughout this thesis, we mean
MPl = 2.17651 × 10−8 kg, i.e. MPl2 = c/G, rather than the reduced planck mass
MPl2 = c/8πG. The reduced Planck mass, which is heavily used in cosmology, has
an additional factor of 8π. In GRChombo, factors of 8π are included explicitly and not
set to one, so we prefer to work with the non-reduced Planck mass. Future versions
of the code will enable the user to set G so as to eliminate the factors of 8π if desired.

A.1.1

Geometric Units

These are units in which G = c = 1, which means that lengths, masses and times
all have the same unit (recall that the SI units of G are m3 kg−1 s−2 so setting length
equal to time from c = 1 leads to mass and length having the same dimension).
For our purposes in GRChombo, we usually work with a Mass M as the standard
geometrised unit (this is equivalent to using a length L, which is often preferred).
Then all lengths and all time intervals are expressed in these units of mass M .
To convert to real SI units one must multiply by the appropriate factors of G and
c, and then by kg to the appropriate geometrised mass dimension, to give the correct
units. For example, the length in meters is obtained by multiplying the length in
geometrised (mass) units by G/c2 (which has units m/kg), and then by the value
of M in kg. Notice that the geometrised mass unit M can be chosen freely. Thus
if we simulate a black hole of geometrised mass one, M = 1, we can describe the
© Springer International Publishing AG, part of Springer Nature 2018
K. Clough, Scalar Fields in Numerical General Relativity, Springer Theses,
https://doi.org/10.1007/978-3-319-92672-8

183

184

Appendix A: Technical Points and Summary of Equations

spacetime for any mass of black hole simply by scaling the results according to what
we want this unit mass to physically represent in kg. However, once one physical
value has been fixed - for example, in inflation, the energy density scale associated
with the field - everything else must be consistent with this scale.
The geometrised unit of any other dimensionful quantity in the simulation can be
expressed by considering its real physical dimension and replacing any L and/or T
with M . The value in real SI units must again be calculated using the appropriate
conversion factors of G and c, and the geometrised mass dimension. Sometimes
one wishes to find the geometrised quantity from a real physical value, which is the
reverse process.
Two useful examples in this thesis are:
1. Energy Density The energy density has real dimensions ML−1 T −2 so in geometrised units it has dimension M −2 . The geometric quantity must be multiplied
by a factor of c8 /G 3 and then by the value of 1/M 2 in kg−2 to obtain the SI value.
2. Scalar Field Using the fact that the action has dimensions of  we can show that
the scalar field has units of L1/2 M 1/2 T −1 (alternatively (∂x φ)2 has the same units
as energy density), thus in geometrised units it is dimensionless. The geometric
1
quantity must be multiplied by a factor of c2 /G 2 to obtain its SI value (note that
the value of M does not affect this).
For convenience we also usually choose M to be MPl , which makes the conversion
to Planck units more obvious, as we will discuss below. However, in some cases we
prefer to choose that M = qMPl where q gives the fraction or multiple of MPl that is
represented by one geometrised unit in our code. This can lead to more manageable
numbers in our simulations, for example, we can make the length of our grid of order
10.

A.1.2

Planck Units

The aim of Planck units is to express all quantities as multiples of a set of base units
defined by appropriate dimensionful combinations of the fundamental constants ,
c and G, which are the Planck length lp , the Planck mass MPl and the Planck time tp .
Any other dimensionful quantities are expressed as multiples of the appropriate
combination of lp , MPl and tp , given their real physical dimension, for example, one
“Planck force” Fp is equal to MPl lp /tp−2 .
Quantities are then expressed in dimensionless form in equations, e.g. one can
write Newton’s law of gravitation
F=
as
F=

Gm1 m2
,
r2

(A.1)

m1 m2
,
r2

(A.2)

Appendix A: Technical Points and Summary of Equations

185

where this is understood to mean
F
(m1 /MPl )(m2 /MPl )
=
.
Fp
(r/lp )2

(A.3)

However, what conventionally happens when using Planck units is that c and  are
set to one, and then, since all powers of lp and tp can be expressed in terms of MPl ,
all figures in Planck units are expressed as a multiple of MPl . This is to contain the
uncertainty in G, which is not as well measured as the other constants. What this
means in effect is that MPl replaces G (as G = MPl−2 ) in all the equations, thus the
above Newton’s equation would be written
F = MPl−2

m1 m2
.
r2

(A.4)

In this formulation of Planck units, lengths and times have units of inverse mass
MPl−1 .
To convert back to SI units one must multiply the value in Planck units by the
appropriate factors of  and c to get a result in the SI units, and then by MPl in kg to
the appropriate mass dimension. For example, an energy in Planck units has mass
dimension 1 (it is expressed as a multiple of MPl ), so its value in joules is found by
multiplying the value by c2 to obtain the correct SI unit, and then by MPl in kg.

A.1.3

Conversion between units

Using Planck Units Directly
If one uses the geometrised unit M = MPl in simulations, one can extract directly the
values in Planck units of other quantities - the numerical value in geometrised units
is the same as that in Planck units.
This can be shown by converting the value first into SI units using appropriate
factors of G and c, and then into Planck units by adding factors of  and c. The
factors of , c and G combine into some multiple of the Planck mass such that the
correct units are given but the numerical value is the same.
That is, if one models a black hole of (geometrised) mass 2M , where M = MPl ,
then the lengths are Planck lengths and the times are Planck times. To be totally
explicit, this means that if the radius is 4M , one finds that the radius in SI units
is 4lp (with lp expressed in meters) and thus equal to 4MPl−1 in Planck units where
 = c = 1. Initially this may seem a bit counterintuitive as one unit contains an
inverse MPl whilst the other contains MPl , but one can show that this is correct by first
converting to SI units from geometrised ones and then on to Planck units as above.
In addition, if MPl is set to one, which is equivalent to setting G = 1, both units agree
on the numerical value, as we would expect.
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Measures of time behave in exactly the same way, with 1M equal to tp and thus
1MPl− 1 in Planck units, where  = c = 1. Once we know how to treat mass, length
and time, other quantities that are combinations of these follow in the natural way.
A useful example to consider is the scalar field φ, which is dimensionless in
geometrised units as above. This means that a change in φ of 1 in our simulation is
equivalent to a change of 1MPl in Planck units, where  = c = 1. This is invariant
whatever we choose our geometrised mass unit to represent, which initially seems
surprising, but can be explained by the fact that the physical meaning of the scalar
field is effectively absorbed into the energy density V (φ), and its spatial and temporal
gradients.
Similarly, an energy density of 1M −2 , where M = MPl , corresponds to an energy
density of 1MPl4 in Planck units. However, care needs to be taken (especially in this
case) when M = MPl , as explained below.
Using Scaled Planck Units
As noted above, in some cases we prefer to choose that M = qMPl where q gives the
fraction or multiple of MPl that is represented by one geometrised unit in our code.
This can lead to more manageable numbers in our simulations, for example, we can
make the length of our grid of order 10, which tends to be easier to work with.
The strategy in this case is to first recover the case above, where the geometrised
unit is MPl . Then, whatever number you have is again the correct number in Planck
units. This is best seen by an example:
One chooses a geometrised unit M to represent a physical mass of 10MPl .
Now for a length of, say, 2M , this corresponds to 2 × 10MPl = 20MPl , and therefore it represents a length of 20lp or 20MPl−1 in Planck units. The same thing happens
with time, and other dimensionful quantities follow in the same way.
For another example, consider an energy density of ρ = 2 in geometric units. This
is actually ρ = 2M −2 because energy density has (geometrised) mass dimension
of −2 as discussed above. Therefore the correct conversion when one has chosen
M = 10MPl is to first say that (still in geometrised units)
ρ = 2(10MPl )−2 = 0.02MPl−2 .

(A.5)

Therefore the value in Planck units is 0.02 MPl4 .
Note that this conversion can also be thought of in terms of an effective mass meff ,
which is used to “undimensionalise” the geometric quantities, so that all masses,
lengths and times are divided by meff to obtain their value in dimensionless Planck
units. In the example above, meff = M /q = 0.1M , so a geometrised quantity of 2M
becomes 2M /meff = 20 in dimensionless (and thus Planck) units. We are essentially
using the freedom inherent in geometric units to choose the mass scaling which
achieves a convenient simulation unit. Converting from Planck units into scaled
geometrised units is simply the reverse of this process.
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Fig. A.1 The Lie Derivative is a measure of how much a tensor Tba changes as one moves infinitesimally along the congruence of a vector field V

A.2

Lie Derivatives - A Brief Description and Notes on Use

The concept of a Lie derivative is in many respects more fundamental than the concept
of a covariant derivative since it does not require an affine connection to be defined
on the manifold. A full discussion of Lie derivatives can be found in Schutz [2], or
other standard texts on GR and differential geometry. Here we will summarise the
key ideas and show how they are used in the derivation of the extrinsic curvature and
in the BSSN equations. We assume a coordinate basis throughout.

A.2.1

Lie Derivatives

If one has a vector field V on a manifold, it is possible to define the integral curves
x(λ) by integrating the relation for the coordinates
dxa
= V a (x(λ)) ,
dλ

(A.6)

which simply insists that that tangent to the curve at each point is the vector V at
that point. This forms a congruence, a family of such curves which fill the manifold,
with affine parameter λ. The integral curves are thus like streamlines in an (ideal)
fluid flow, with the vector V being the fluid velocity at each point; see Fig. A.1.
The Lie derivative of a tensor Tba with respect to V , written as £V Tba , is a measure of
how much that tensor changes as one moves infinitesimally along the congruence. We
have already emphasised in Chap. 1 that comparing tensorial objects (like vectors) at
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different points on a manifold is an ambiguous concept. This is because the manifold
may be curved and we must define how to transport the object from point to point.
When we define the covariant derivative, we introduce the affine connection and
the concept of parallel transport in order to make a comparison. We require the
covariant derivative to be metric compatible, i.e.
∇c gab = 0 ,

(A.7)

which means that it preserves the scalar product of two vectors as they are transported
infinitesimally along the manifold. The covariant derivative can then be expressed in
terms of the partial derivatives and the Christoffel symbols for a general tensor Tba
as
a
d
− Tda bc
.
(A.8)
∇c Tba = ∂c Tab + Tbd cd
The procedure for taking the Lie derivative is slightly different - again we want
to somehow compare our tensors at two different points, but this time we use an
infinitesimal coordinate transform, generated by the vector field, to drag the tensor
at one point an infinitesimal distance along the congruence, and compare it to the
“actual” value of the tensor at the new location. Consider the points P and Q on an
integral curve of V , separated by λ, as in Fig. A.1. What we called the “actual”
value of the tensor at Q is given by Taylor expanding from the point P
Tba (xQ ) = Tba (xP + λ V ) = Tba (xP ) + λ V c ∂c Tba + O(λ2 ) .

(A.9)

We want to compare this to the tensor at P which has been “dragged along” the
congruence to Q using the infinitesimal coordinate transform


∂xa
= δba + λ ∂b V a ,
∂xb

(A.10)

where the primed indices relate to the new transformed coordinate system. We will

call this object T̃ba (xQ ), and it is given by




T̃ba (xQ ) =

∂xa ∂xd c
T (xP ) .
∂xc ∂xb d

(A.11)

We have the relation we need to transform the raised index via Eq. (A.10), and the
second comes from inverting it
∂xa
= δba − λ ∂b V a + O(λ2 ) .
∂xb
We define the Lie derivative as

(A.12)
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£V Tba

≡ lim

λ→0



T̃ba (xQ ) − Tba (xQ )
λ
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,

(A.13)

which using the above relations is
£V Tba = V c ∂c Tba − Tbc ∂c V a + Tca ∂b V c .

(A.14)

This generalises to tensors of higher orders in the usual way, with upper
indices generating additional terms like the second, and lower indices generating additional terms like the third. Comparing this to the covariant derivative in Eq. (A.8),
we see that the Lie derivatives require the derivatives of V at each point, and it is
this piece of additional structure that replaces the chosen connection (the Christoffel
symbols) from the covariant derivative. The result is that the Lie derivative does
not require a connection and thus (in the case of the Levi-Civita connection) it is
independent of the metric.
Note that one can show that the partial derivatives in Eq. (A.14) can be replaced
by covariant ones with the same result, that is
£V Tba = V c ∇c Tba − Tbc ∇c V a + Tca ∇b V c .

(A.15)

We will use this result in the following section.

A.2.2

Lie Derivatives and the Extrinsic Curvature

We now use Eq. (A.15) to show that the two definitions of the extrinsic curvature
Kab are equivalent using the results above, as was stated in Sect. 2.2.1. Starting from
the definition of Kab in terms of the Lie derivative along the normal direction of the
spatial metric, per Eq. (2.47)

1
1
Kab ≡ − £n γab = − nc ∇c γab + γac ∇b nc + γcb ∇a nc .
2
2

(A.16)

Expanding out the spatial metric as gab + na nb and using the fact that the normal
vector is orthogonal to its gradient na ∇b na = 0 this becomes
Kab = −


1 c
n na ∇c nb + nc nb ∇c na + ∇a nb + ∇b na .
2

(A.17)

Reversing the trick to replace the normal vectors with na nb = γba − gba and using the
fact that the 4-metric commutes with the covariant derivative we find
Kab = −


1 c
γ ∇c nb + γbc ∇c na = −Pac ∇c nb ,
2 a

which is the alternative definition as per Eq. (2.46).

(A.18)
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Lie Derivatives and the Evolution Equations

ADM Equations
The ADM evolution equations are derived by finding the change of each tensor
quantity T along the normal direction to the spatial hyperslice, which is in a sense
the most “natural” direction to consider. This must then be re-expressed as the change
with respect to the coordinate time in terms of the gauge variables α and β i , i.e.
£n T =


1
1
£αn T =
£t T − £β T ,
α
α

(A.19)

which is rearranged to give the evolution in coordinate time (recognising that the
Lie derivative along t reduces to the partial derivative with respect to the coordinate
time t) such that
(A.20)
∂t T = α£n T + £β T .
The first term will be some combination of the evolution variables per the derivation
of the change along the normal direction, to which one then adds the Lie derivative
of T along the shift vector. This is what gives rise to the terms like β i ∂i T in each of
the expanded ADM equations.
BSSN Equations
In the BSSN evolution equations, the decomposition of the evolution variables into
conformal quantities means that they are no longer tensors but tensor densities. A
tensor density T̃ of “weight” w is a tensor T multiplied by the determinant of the
spatial metric γ to the power w/2, i.e.
T̃ = γ w/2 T .

(A.21)

The Lie derivative then becomes

£V T̃ = £V T̃

w=0

+ w T̃ ∂i V i ,

(A.22)

where the first term is the expression arising from Eq. (A.15) as if T̃ were a normal
tensor, and the second is the correction for the non zero tensor density. The conformal
factor χ as defined as γij = χ12 γ̃ij has weight −1/3, and the conformal metric and
the traceless part of the extrinsic curvature have weight −2/3 according to their
definitions. K is a normal tensor. This leads to additional terms in the BSSN evolution
equations, compared to the ADM versions.
The evolution of ˜ i is further complicated by the fact that it is not a true vector
density either. This is clear from the fact that the Christoffel symbols jki are not
tensors, therefore neither is their contraction. One thus obtains second derivatives of
the shift in the Lie derivative, in addition to the term to account for the tensor density
weight of 2/3, as can be seen in the second line of Eq. (B.15).
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Appendix B

Summary of Equations

B.1

Summary of the ADM Equations

For the standard 3 + 1 ADM decomposition per York of the spacetime metric
ds2 = −α2 dt 2 + γij (dxi + β i dt)(dxj + β j dt)

(B.1)

γij is the induced metric on the spatial slices with timelike unit normal
nμ =

1 μ
μ
∂t − β i ∂i
α

(B.2)

The extrinsic curvature is defined as
1
Kij = − (£n γij )
2

(B.3)

H = R + K 2 − Kij K ij − 16πρ

(B.4)

The Hamiltonian constraint

The Momentum constraint
Mi = Dj (γij K − Kij ) − 8πSi

(B.5)

The definition of the extrinsic curvature (and evolution equation for γij )
∂t γij = −2αKij + Di βj + Dj βi
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The evolution equation for Kij
∂t Kij = β k ∂k Kij + Kki ∂j β k + Kkj ∂i β k − Di Dj α




+ α (3) Rij + KKij − 2Kik Kjk + 4πα γij (S − ρ) − 2Sij
(B.7)
where the various components of the matter stress tensor are defined as
ρ = na nb T ab , Si = −γia nb T ab , Sij = γia γjb T ab , S = γ ij Sij (B.8)

B.2

Summary of the BSSN Equations

In the BSSN formalism used in our GRChombo simulations, the induced
metric is decomposed as
γij =

1
γ̃ij
χ2

− 1

det γ̃ij = 1 χ = det γij 6

(B.9)

The extrinsic curvature is decomposed into its trace, K = γ ij Kij , and its
traceless part γ̃ ij Ãij = 0 as
Kij =

1
χ2

Ãij +

1
K γ̃ij
3

(B.10)

The conformal connections ˜ i = γ̃ jk ˜ ijk where ˜ ijk are the Christoffel symbols associated with the conformal metric γ̃ij .
The evolution equations for BSSN are
∂t χ =

1
1
α χ K − χ ∂k β k + β k ∂k χ
3
3

∂t γ̃ij = −2 α Ãij + γ̃ik ∂j β k + γ̃jk ∂i β k −

(B.11)
2
γ̃ij ∂k β k + β k ∂k γ̃ij
3

(B.12)

1
∂t K = −γ ij Di Dj α + α Ãij Ãij + K 2 + β i ∂i K + 4π α(ρ + S) (B.13)
3
 TF

∂t Ãij = χ2 −Di Dj α + α Rij − 8π α Sij
+ α(K Ãij − 2Ãil Ãl j )
2
+ Ãik ∂j β k + Ãjk ∂i β k − Ãij ∂k β k + β k ∂k Ãij
(B.14)
3
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∂j χ
2 ij
γ̃ ∂j K − 3 Ãij
3
χ
1
+ β k ∂k ˜ i + γ̃ jk ∂j ∂k β i + γ̃ ij ∂j ∂k β k
3
2 i
k
k
i
˜
˜
+  ∂k β −  ∂k β − 16π α γ̃ ij Sj
3

∂t ˜ i = −2 Ãij ∂j α + 2 α ˜ jki Ãjk −

(B.15)

The covariant derivative of the lapse in the term Di Dj α is calculated with
reference to the full spatial metric, and not the covariant one, i.e.
Di Dj α = ∂i ∂j α − ijk ∂k α
where
ijk = ˜ ijk −


1 k
δi ∂j χ + δjk ∂i χ − γ̃ij γ̃ kl ∂l χ
χ

(B.16)

(B.17)

The Ricci tensor Rij is split into conformal and non conformal parts Rij =
χ
R̃ij + Rij which are calculated as
1
k ˜
k ˜
j)km + ˜ im
klj )
R̃ij = − γ̃ lm ∂m ∂l γ̃ij + ˜ k ˜ (ij)k + γ̃ lm (2˜ l(i
2
and
χ

Rij =

1
2
(D̃i D̃j χ + γ̃ij D̃l D̃l χ) − 2 γ̃ij D̃l χD̃l χ.
χ
χ

(B.18)

(B.19)

The scalar field matter evolution equations are
∂t φ = αM + β i ∂i φ
∂t M = β i ∂i M + α∂i ∂ i φ + ∂i φ∂ i α + α KM − γ ij ijk ∂k φ −

(B.20)
dV
dφ
(B.21)
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