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A
Action

code associated to an, 435
semi-free, 436
with scattered fixed point set, 433

Acyclic carrier, 49
Adem relations, 344
Admissible sequence, 347
Affine order, 9
Alexander duality, 220
Almost closed manifold, 492
Annihilator, 224, 265
Arf invariant, 485
Axial map, 246
Axioms of a cohomology theory, 123

B
Barycenter, 11
Barycentric subdivision, 11
Betti number, 23

total, 285
Binomial coefficients mod 2, 248
Bockstein homomorphism, 350
Borel construction, 260, 275
Borsuk-Ulam theorem, 245
Boundary of a simplex, 6
Boundary operator

cellular, 102
in a chain complex, 14
ordered, 51
simplicial, 13
singular, 61

Bouquet, 84
cohomology ring of, 134

Bundle, 172
induced, 183, 356

of finite type, 175
pair, 177
principal, 274, 298, 358

trivialization, 358
universal, 274, 299

vector, 186–189, 355–358
Bundle characteristic map, 189
Bundle gluing map, 189

C
C1-triangulation, 203
Cap product

functoriality, 152, 153
in relative simplicial cohomology, 152
simplicial, 150
singular, 155

Category
CW, 112
GrA, 129
GrA[u], 263
GrV, 31
Lusternik-Schnirelmann, 147
RCW, 115
Simp, 7
Top, 8
Top2, 69
TopG , 260
Top� , 275

Cell
attaching a, 97
characteristic map of a, 97
convex, 9
homology, 108
open, 97

Cellular
chain, 102
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cochain, 102
cohomology, 102
homology, 102
map, 107

Chain
cellular, 102
complex, 14

morphism of, 17
homotopy, 34, 73
map, 17
ordered, 51
simplicial, 11
singular, 60

Chain space, 444
big, 444

Chamber of a length vector, 447
Characteristic class

of a 2-fold covering, 142
of a vector bundle, 355, 372

Characteristic map
global, 99
of a 2-fold covering, 140, 141

Characteristic map of a cell, 97
Chern classes

action of the Steenrod algebra on, 410
integral, 408
mod2, 408

uniqueness, 410
Circuit, 22
Cobordant manifolds, 429
Cobordism, 431
Coboundary operator

cellular, 102
in a chain complex, 14
ordered, 52
simplicial, 13

Cochain
cellular, 102
complex, 14

morphism of, 17
map, 17
ordered, 51
simplicial, 11
singular, 60
unit, 20, 62

Cocycles
simplicial, 13
singular, 61

Code, 435
Cofibrant pair, 79
Cohomology

cellular, 102
connecting homomorphism, 36

simplicial, 42
singular, 68

extension of the fiber, 172
of a cochain complex, 16
operation, 326
ordered, 52
positive parts, 134
reduced

singular, 63
relative

simplicial, 41
singular, 67

sequence
simplicial, 42

simplicial, 13
singular, 61
theory, 123

natural transformation, 123
Colouring definitions

of cellular (co)chains, 103
of ordered (co)chains, 51
of simplicial (co)chains, 11
of singular (co)chains, 60

Combinatorial manifold, 202
Complex

chain, 14
cochain, 14
convex-cell, 9
full, 24
simplicial, 5

Component
of a simplicial complex, 8

Cone
on a simplicial complex, 23
on a topological space, 74

Conjugation
cell, 438
complex, 438
equation, 437

universal, 441
manifold, 441
space, 437

Conjugation space, 409
Connected sum, 135

cohomology ring of, 136
Connecting

1-cochain, 62, 142
homomorphism

cohomology, 36
homology, 39

Connecting homomorphism
simplicial, 44

Contiguous simplicial maps, 34
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Contractible space, 74
Convex cell, 9
Convex-cell complex, 9
2-fold covering

characteristic class of, 142
deck involution, 141
transfer exact sequence, 145
transfer homomorphism, 145

Cross product
associativity, 166
equivariant, 291

strong, 291
functoriality, 158
in cohomology, 157
in homology, 159
in relative cohomology, 158
of maps, 156
reduced, 169

equivariant, 296
Cross-square map, 333

equivariant, 339
Cup product

commutativity, 129
commutativity of, 132
functoriality, 129, 132
in relative simplicial cohomology, 130
in relative singular cohomology, 133, 155
simplicial, 128
singular, 132

Cup-square map, 138, 249, 352
CW

complex, 97
Cartesian product, 99
equivariant, 260, 287
finite, 106
homology-cell complex, 108
regular, 104
weak topology, 97

pair, 97
space, 96
structure, 97

on Sn , 99
on projective spaces, 99
perfect, 106

Cycles
simplicial, 13
singular, 61

D
Deck involution

of a 2-fold covering, 141
Degree

local, 91
Degree of a map

between manifolds, 204
between pseudomanifold, 32
between spheres, 90

Democratic invariant, 485
Dimension

of a simplex, 5
of a simplicial complex, 6
topological invariance, 95

Disjoint union axiom, 123
Duality

Alexander, 220
Kronecker, 14–19

ordered, 52
singular, 61

Lefschetz, 211
Poincaré, 203

E
Eilenberg-MacLane space, 119

cohomology of, 349
Equivariant

cross product, 291
CW-complex, 260, 287
Stiefel-Whitney classes, 470
vector bundle, 300

Equivariant cohomology
for a pair with involution, 263
in general, 276

Equivariantly formal, 265, 278
Euclidean bundle, 187
Euler

characteristic
of a finite CW-complex, 106
of a finite simplicial complex, 25
of a manifold, 204, 217, 230

class, 184, 187
equivariant, 303

Exact sequence
cohomology, 36
homology, 40
of cochain complexes, 35
simplicial (co)homology, 42, 45

of a triple, 46
singular (co)homology, 68

of a triple, 71
Exactness axiom, 123
Excision

axiom, 123
property, 77
simplicial, 57
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Excisive couple, 132
Extension of a cochain

simplicial, 42
singular, 67

F
Face

exterior algebra, 195
front, back, 131
in a regular CW-complex, 104
inclusion, 60
of a simplex, 6
space, 194

Fiber inclusion, 172
Finite (co)homology type, 23, 72, 88
Finite type (graded vector space), 23
Flag complex, 194
Flag manifold, 376

complete, 377, 405
complex, 404

tautological bundle over..., 407
tautological bundle over..., 381

Forgetful homomorphism (in equiv. coho-
mology), 264, 278

Framed
cobordism, 487
manifold, 487

Framed bundle (of a K-vector bundle), 300
Framed bundle (of a vector bundle), 359
Framing (stable), 487
Full complex, 24
Fundamental class

of a polyhedral homology manifold, 203
of a pseudomanifold, 22
of a relative homology manifold, 213

G
G-contractible, 260
Generic length vector, 446
Genus

of a nonorientable surface, 30
of an orientable surface, 29

Geometric
open simplex, 7
simplex, 7

Geometric realization
of a simplicial complex, 6

metric topology, 6
weak topology, 6

G-homotopy, 260
Giambelli formula, 399
GKM-conditions, 483

complex case, 484
Global characteristic map, 99
G-map, 260
Good pair, 78
GrA, 129
Graded algebras

category of, 129
Graph

simplicial, 6
Grassmannian, 376

complex, 405
infinite, 382, 407
tautological bundle over, 381, 407

GrA[u], 263
GrV, 31
Gubeladze’s theorem, 196
Gysin

exact sequence, 184, 186
homomorphism, 225

H
Ham sandwich theorem, 246
Hawaiian earring, 125
Homogeneous space, 375
Homology

cell, 108
complex, 108

cellular, 102
connecting homomorphism, 39
of a chain complex, 16
ordered, 52
reduced

singular, 63
relative

simplicial, 43
singular, 67

sequence
simplicial, 45

simplicial, 13
singular, 61
sphere, 220

Homology manifold, 202
relative, 211

Homotopic maps, 73
Homotopy, 73

axiom, 123
chain, 34, 73
equivalence, 74
equivalent pairs or spaces, 74
property (in singular (co)homology), 73
quotient, 260, 275
relative, 356
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type, 74
Hopf

bundle, 241–244
vector, 244

invariant, 249, 353
map, 242

I
Intersection form, 218
Invariance of dimension, 95
Inverse problem, 464

J
Join

simplicial, 7
topological, 171

Jordan Theorem, 96

K
Kervaire

invariant, 492, 493
manifold, 496
sphere, 496

Kirwan surjectivity theorems, 317–321
Klein bottle

cohomology algebra of, 138
triangulation of, 28

Kronecker
duality, 14–19

ordered, 52
singular, 61

pair, 15
morphism of, 17

pairing
extended, 61
on (co)chains, 12
on (co)homology, 16
on cellular (co)chains, 103
on ordered (co)chains, 51
on singular (co)chains, 60

Künneth theorem, 160
equivariant, 292
reduced, 169
relative, 164, 179

L
Lefschetz duality, 211
Length vector, 444

chamber of a, 447
dominated, 461

generic, 446
lopsidedness of a, 463
normal, 466

Leray-Hirsch Theorem, 173, 177
2nd version, 175

Link, 7
Linking number, 232
Localization

principle, 223
theorem, 283, 287

Long subset, 446
Lopsidedness, 463
Lusternik-Schnirelmann category, 147

M
Majority invariant, 485
Manifold

combinatorial, 202
PL, 202
polyhedral homology, 202
relative polyhedral homology, 211
topological, 95, 135

Map
cellular, 107
of simplicial triple, 46
of topological pairs, 69
piecewise affine, 6

Mapping cylinder
bundle pair, 182
double, 257
neighbourhood, 79

Mapping torus, 191
exact sequence, 191

Maximal simplex, 6
Mayer-Vietoris

connecting homomorphisms
simplicial, 48
singular, 87

data, 87
sequence

simplicial, 48
singular, 87

Meridian sphere, 233
M-involution, 434
Morse-Bott

function, 309
critical manifold, 309
perfect, 311
self-indexed, 377

inequalities, 310
lacunary principle, 311

polynomial, 310
Morse function, 309
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N
Natural transformation, 112
NDR-pair, 80
Negative normal bundle, 309
Nilpotency class, 147
Non-singular map, 246, 353
Null-homotopic, 121

O
Octonionic projective plane

cohomology algebra of OPn , 243
Odd map, 245
Open simplex, 7
Order

affine, 9
simplicial, 8

Ordered
chain, 51
cochain, 51
cohomology, 52
homology, 52
simplex, 50

Orientation
of a vector bundle, 360
of a vector space, 360
transport along a path, 366

P
Pair

CW, 97
good, 78
Kronecker, 15
simplicial, 41
topological, 66

map of, 69
Perfect

CW-structure, 106
Morse-Bott function, 311

Piecewise affine map, 6
Pieri formula, 398
PL-manifold, 202
Poincaré dual

functoriality, 224
of a homology class, 217
of a submanifold, 221

Poincaré duality, 203
Poincaré series/polynomial, 23, 72, 88
Pointed space, 84

well, 85, 168
Polygon space, 444

abelian, 470

free, 445
spatial, 468

Polyhedral homology
manifold, 202

relative, 211
Pontryagin-Thom construction, 430
Product

cap, see cap product
in relative simplicial cohomology,

152
cross, 156
cup, see cup product

in relative singular cohomology, 155
of CW-complexes, 99
slant, 412
tensor, 157

Projective space
RP∞ as Eilenberg-space, 121
cohomology algebra of CPn , 241
cohomology algebra of HPn , 242
cohomology algebra of RPn , 146, 239
complex, 240
octonionic (projective plane), 243
quaternionic, 242
real, 99
simplicial cohomology algebra of RP2,
137

standard CW-structure on RPn , 99
tautological line bundle, 366
triangulation of RP2, 26

Proper map, 310
Pseudomanifold, 21

fundamental class of, 22
fundamental cycle of, 22

Q
Quadratic form, 485

R
Reduced

equivariant cohomology, 266, 279
singular (co)homology, 63
suspension, 170

Reduced symmetric square, 420
Regular

CW-complex, 104
value (topological), 91

Relative
cohomology

ordered, 55
simplicial, 41
singular, 67
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homology
simplicial, 43
singular, 67

singular cycle, 68
Representable functor, 119
Retraction, 78, 94

by deformation, 78
Riemannian metric, 187
Robot arm map, 445

S
Scattered fixed point set, 433
Schubert

cell, 390
variety, 390

Schubert calculus, 393–400
complex, 411
Giambelli formula, 399
Pieri formula, 398

Segre class, 411
Self-intersection, 490
Semi-free action, 436
Sequence, see exact sequence
Short subset, 56, 446

Shn(�), 446
Sh×

n (�), 459
Simp, 7
Simplex, 5

boundary of a, 6
geometric, 7
geometric open, 7
maximal, 6
ordered, 50
singular, 59
small, 75
standard, 59

Simplicial
category, 7
chain, 11
cochain, 11
cocycles, 13
cohomology, 13
exact sequence, 42, 45, 46
cohomology connecting homomorphism,
42

cycles, 13
graph, 6
homology, 13
homology connecting homomorphism,
44

map, 7
of simplicial pairs, 45

order, 8
for the barycentric subdivision, 11

pair, 41
pairs

map of, 45
relative

cohomology, 41
homology, 43

suspension, 56
triad, 47
triple, 46

map of, 46
Simplicial complex

complex, 5
finite, 6

component of, 8
connected, 8
Euclidean realization, 6
geometric realization, 6
locally finite, 6

Simplicial excision, 57
Singular

chain, 60
cochain, 60
cocycles, 61
cohomology, 61
cycles, 61
homology, 61
reduced (co)homology, 63
relative

cohomology, 67
homology, 67

simplex, 59
small, 75

Skeleton
of a CW-complex, 97
of a simplicial complex, 6

Slant product, 412
Slice inclusion, 165
Small

map, 75
singular simplex, 75

Smash product, 168
Smith inequality, 285
Spin structure, 370
Splitting principle, 402, 409

for complex bundles, 410
generalized, 401, 410

Star, 7
open, 7

Steenrod
algebra, 346
squares, 334
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characterization, 351
Stiefel manifold, 381, 407, 479
Stiefel-Whitney classes, 372

action of the Steenrod algebra on, 403
dual, 389
equivariant, 470
first, 363
of projective spaces, 416–417
second, 367
uniqueness, 403

Stiefel-Whitney numbers, 429
Subcomplex

of a CW-complex, 97
of a simplicial complex, 6

Subdivision, 10
barycentric, 11
operator, 209

Subset definitions
of (co)chains, 11
of cellular (co)chains, 102
of ordered (co)chains, 51
of singular (co)chains, 60

Sullivan conjecture, 240, 353
Surface, 26

cohomology algebra of, 137, 138
genus

of a nonorientable surface, 29
of an orientable surface, 29

nonorientable, 29
orientable, 29

Surgery, 489
Suspension, 83

isomorphism, 84
reduced, 170
simplicial, 56

Symplectic basis, 411

T
Tautological vector bundle, 244, 366, 381

complex, 407
Tensor product, 157
Thom

class, 182
isomorphism theorem, 182, 187
space, 426

Thom-Pontryagin construction
see Pontryagin-Thom construction, 430

Top, 8
Top2, 69
TopG , 260
Top� , 275
Topological

complexity, 149
pair, 66
regular value, 91

2-torus (2-elementary abelian group), 304
Torus (Lie group), 307

associated 2-torus, 307
Torus (manifold)

cohomology algebra of T 2, 137
triangulation of T 2, 27

Transfer, 145
exact sequence, 145, 186

Transport of an orientation, 366
Triangulable

pair, 211
space, 9

Triangulation, 9, 211
Triple

topological, 70
map of, 71

U
Umkehr homomorphism, 225
Unit cochain, 20, 52, 62

V
Vector bundle, 186–189, 355–358

associated framed bundle, 300, 359
complex, 362
equivariant, 300

rigid, 303, 473
Euclidean, 187, 360
induced, 188, 356
isomorphism of, 355
orientable, 360
product, 356
stable isomorphism of, 487
structures on, 359
tensor product, 302

for line bundles, 364, 409
Thom space, 426
trivial, 356
trivialization, 356

stable, 487
Whitney sum, 188

equivariant, 301
Vertex,vertices, 5

W
Wang exact sequence, 190
Weak homotopy equivalence, 122
Weak topology (for CW-complexes), 97
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Wedge, see bouquet
Weight

bundle, 473
Weighted trace, 377, 405
Well cofibrant pair, 80

equivariantly, 280

presentation of, 80
Well pointed space, 85, 168

equivariantly, 295
Wu

class, 411
formula, 412
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