Appendix A

Historical Notes

A.1 Piotr Leonidovitch Kapitza (1894–1984)
Kapitza together with his son Sergey Petrovitch Kapitza (born in 1928) conducted
the first well-controlled experiment on a falling film [141]. Kapitza’s theoretical
contribution [140] to the subject contains some innovative and pioneering ideas,
such as the averaging of the governing equations across the film thickness. The
resulting averaged equations were later on developed with great success.
However, Kapitza is better known for his experiments on intense magnetic fields,
helium liquefaction and the discovery of helium superfluidity (see Fig. A.1), for
which he earned the Nobel Prize for Physics in 1978. His pioneering work on falling
liquid films is actually minor in comparison to his contributions to low temperature
physics, high-power electronics and plasma physics, not to mention his contributions to air liquefaction and fractionation technologies (his design of a high efficiency compressed gas turbo engine is still used in the large scale production of
oxygen). Yet, how Kapitza got interested in the problem of falling films is an interesting story by itself [28].
Kapitza was born in 1894 at Kronstad, an island fortress near St. Petersburg.
He graduated from Petrograd/St. Petersburg Polytechnic Institute in 1919. In 1916
Fig. A.1 P.L. Kapitza (right)
and his assistant
S.I. Filimonov conducting an
experiment on helium
superfluidity at the Institute
for Physical Problems,
Moscow, 1940. Reprinted
with permission from Kapitza
Memorial Museum, Kapitza
Institute for Physical
Problems, Moscow
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he married Nadezhda Kirillovna Chernosvitova. In the years 1919–1920 he lost his
wife and two children. Their death was due to the terrible conditions following the
revolution and the civil war, augmented by the so-called Spanish influenza. This
dramatic period was overcome thanks to the encouragement of eminent colleagues
and friends like A.F. Ioffe, A.N. Krylov and N.N. Semenov, who firmly believed
in Kapitza’s brilliance for science. As member of a scientific committee, Kapitza
embarked on a trip to England in 1921, eventually ending up working on his PhD
with the eminent E. Rutherford at the Cavendish Laboratory of Cambridge University. He completed his doctorate in 1923 and continued working with Rutherford
for several years after that, and although the original plan was for him to stay only
over the winter of 1921, he remained in Cambridge for 13 years. In 1927 he married
Anna Alekseyevna Krylova, daughter of the earlier mentioned Krylov. The couple
had two sons, Sergey (born in 1928) who became a physicist, and Andrei (born in
1931), who became a geoscientist. In 1929 Kapitza was elected to the Fellowship of
the Royal Society.
During his time in England, Kapitza frequently returned to Russia to give seminars. From 1926 to 1934 he visited Russia nearly every summer and was always
granted a return visa to come back to England, a very unusual practice at that time.
In autumn 1934, on one of his trips back to Russia, his unusual status came to an
end and his passport was seized at Stalin’s order. The reasons of Kapitza’s retention
in Russia are unclear. According to Rutherford, “Kapitza in one of his expansive
moods in Russia told the Soviet engineers that he himself would be able to alter
the whole face of electrical engineering in his lifetime.” The need of talented researchers in physical sciences to support the Soviet economy at that time supports
Rutherford’s testimony [28, p. 46]. Kapitza had to wait 32 years before permission
was granted him to visit England again. In Moscow he was ordered to open a new
laboratory and to found the Institute for Physical Problems, of which he was the first
director and which since then has borne his name. Kapitza’s equipment at the Royal
Society Mond laboratory was purchased by the Soviet government with the help
of Rutherford and then shipped to Russia. It is at that time that Kapitza conducted
his work on low temperature physics and discovered the superfluidity of helium II
(1937). In 1978 he was awarded the Nobel Prize in Physics “for his basic inventions
and discoveries in the area of low-temperature physics” (unusual indeed, as these
results had been obtained four decades earlier).
After the war, Kapitza refused to work under Beria (also head of the state police,
the N.K.V.D., soon renamed M.V.D., after the war) on the Russian nuclear weapon
project. Due to Beria’s hostility, he was fired from the post of director at his Institute
and he had no other choice but to retire to his dacha in Nikolina Gora (Nicholas Hill)
near Moscow to the end of the Stalin era (1946–1953). It was not the first time that
Kapitza had to face the all powerful N.K.V.D. Already in 1938, in the midst of one
of the worst purges preceding Word War II, he wrote directly to Stalin and to Beria
and obtained the release of his friend Landau, who was then accused of spying on
behalf of Germany.
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According to Landau’s own testimony:
“Kapitza went to the Kremlin and announced that he would have to leave his Institute if I
wasn’t released. It is hardly necessary to say that such an action in those years required no
little courage, great humanity and crystal-clear honesty” [28, p. 67].1

Not without a good sense of humor, Kapitza rebaptized his small dacha “Izba
for Physical Problems.” It was there that Kapitza conducted amongst other pieces
of work his pioneering experiments on falling film instabilities with the help of his
son Sergey and, at times, of his other son, Andrei.
Here is what the father Kapitza wrote about their falling film house experiments
in one of his letters dated 2 December 1949 and addressed to one of his friends and
colleagues, Vladimir Engelhardt, molecular biologist and member of the Russian
Academy of Sciences:
“I then thought that in the position I found myself, the only possibility of continuing scientific research work was to take up biology. I thought there was no branch of physics where
it would be possible to look for really new and significant phenomena. But I was wrong. Almost immediately after I was deprived of my Institute and its facilities for low temperatures
and high magnetic fields, I came across an interesting question in hydrodynamics—the flow
of a thin layer of a viscous liquid. Ever since the time of Poiseuille this was considered as a
classical case of laminar flow, but I realized that there are a number of indications that this
is not so. [. . . ] It is rare to discover a new form of wave motion and I decided to look into it.
With the modest means at my disposal in my dacha, and of course with the help of my son
[Sergey], I succeeded in observing and studying this type of wave flow and in confirming
my theory” [28, p. 388].

Would Kapitza have ever considered the problem of falling liquid films if he
had not been compelled to stop working on low temperature physics? Probably not.
In another letter addressed directly to Stalin, Kapitza complained about his work
conditions at Nikolina Gora. Referring to his experiment on falling films, he wrote:
“But the work goes slowly since I have to do everything myself, even making the necessary
apparatus with my own hands, helped only by my family” [28, p. 386].

It is not an overstatement to say that Kapitza was an outstanding experimentalist.
A favorite hobby was to dismantle watches and to repair them, manufacturing himself the spare parts.2 Indeed, reading Kapitza’s own description of his falling film
experimental set-up, one wonders how he achieved such accuracy while assigned
to residence in his country home. The fluid, water or alcohol, was injected at the
top of a vertical glass tube of 2.5 cm in diameter and 20 to 25 cm in length. To
ensure the axisymmetry of the observed waves, a great accuracy was necessary in
manufacturing the surface of the tube and of the supply unit. In fact, an accuracy to
within one micron was necessary in the design of the conical shape mandrel placed
1 All quotations in Appendix A.1, are reprinted from “Kapitza in Cambridge and Moscow: life and
letters of a Russian scientist,” J.W. Boag, P.E. Rubinin and D. Shoenberg, North-Holland, pp. 67,
386 and 388, Copyright (1990).
2 An

anecdote underlines his interest on watchmaking: On a trip to Strasbourg in 1926, Kapitza
asked the clockmaker in charge of the maintenance of the famous cathedral clock to show him the
details of the clock mechanism.
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at the top of the tube to maintain a regular distribution of the fluid. Kapitza designed
a clever stroboscopic device to illuminate the free surface of the film and to detect
the waves. A task that was not easy considering that the film thickness was no more
than a few tenths of a millimeter. The vibrations of the motor rotating the stroboscope were transferred to the tube at a small but sufficient level to synchronize the
wave dynamics of the film and the stroboscope so that standing permanent images
of the traveling waves on the film surface were produced. Up to now, the quality of
the experimental results obtained by Kapitza and his son has been rarely reached
in other experiments and their data are still used as benchmarks for the numerical
studies devoted to falling film flows.

A.2 Carlo Giuseppe Matteo Marangoni (1840–1925)
Marangoni’s influence on interfacial phenomena in liquids through two seminal contributions [179, 180] is so great that his name is nearly always associated with this
area of research. He was born in Pavia, Italy, and graduated from the University
of Pavia (“Laurea in Mathematiche pure e applicate”—somewhat equivalent to a
Masters thesis) in 1865, under the supervision of Professor Giovanni Cantoni, with
a dissertation entitled “Sull’ espansione delle goccie liquide” (On the spreading of
liquid drops) [178]. He then moved to Florence where he eventually became a high
school physics teacher at the high school “Liceo Classico Dante,” where he taught
for four decades (1869–1916) (see Fig. A.2). He died in Florence in 1925.
He dedicated much of his time to the development of the Department of Physics,
especially the Laboratory of Physics. He was recognized by his colleagues and students as a consummate teacher but also as a skilled investigator and scientist,3 patient and ingenious, always stimulating interest and curiosity.
Marangoni left many writings attesting to the high scientific quality of his works.
The most significant ones are those on capillarity, drops, on certain optical illusions
and various educational experiments. Though James Thompson [271] initially understood that the formation of “tears of wine” at the wall of a glass was promoted
by the difference of surface tensions between water and alcohol, it was Marangoni
who gave the first rigorous explanation of this phenomenon. He formulated a rather
complete theory for flows driven by surface tension gradients due to variations in
temperature or composition, an effect that now bears his name. Despite the explanation of the “tears of wine” he was a fervent teetotaler.
Marangoni also contributed to meteorology and invented an apparatus to observe
clouds. Anecdotally, the formation of hail was for him an assiduous topic, for which
he tried to give an explanation for many years. Though he did not manage to give
a satisfactory theory, his numerous observations and ideas were shown to be useful
for subsequent generations.
3 During the time, a great part of scientific research was actually conducted in high school laboratories, which were often equipped better than university ones.
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Fig. A.2 Carlo Marangoni at
the Liceo Classico Dante in
Florence, Italy [173]. This
picture comes from a larger
one showing a group of high
school teachers and students
celebrating final year high
school graduation in 1909.
The original photograph
belongs to a private collection
(Dr. Valleri). A photographic
reproduction of the original
photograph is deposited in the
archive of Liceo Classico
Dante. Photo courtesy of
Prof. G. Loglio

Noteworthy is that he had the singular merit of being one of the very first (since
1882) to claim that the “future and the economic wealth of Italy was in its mountain
water, and forests that protect water and fuel.” Being an apostle of reforestation, he
was also involved in agricultural economics.

Appendix B

On the Surface Tension Constitutive Relation
and Newton’s Law of Cooling

B.1 Surface Tension Relation
The linear approximation for the surface tension in (2.1) is the basic equation used
to model the Marangoni effect and can be viewed as an equation of state for the
interface. The rate (dσ/dTs )T∞ is the agent for this effect. Notice that although generally the surface tension decreases when the temperature increases (this is the case
of “normal thermocapillarity,” γ > 0), there are systems like some water–alcohol solutions and liquid crystals that display the opposite behavior or even exhibit a minimum for σ = σ (Ts ) (“anomalous thermocapillarity” [189], γ < 0 or both γ > 0
and γ < 0). For most of the monograph, when we examine the influence of the
Marangoni effect, i.e., in Chaps. 3, 5 and 9 where we consider the case of a film
heated uniformly from below, we restrict our attention to the normal thermocapillarity case, i.e., γ > 0.

B.2 Newton’s Law of Cooling
Around 1700 Newton considered the convective cooling of a warm body by a cool
gas and suggested that cooling would be such that the temperature T of the body
changes according to dT /dt ∝ T − T∞ , where T∞ is the temperature of the incoming fluid, but he never wrote the expression (2.2). However, from the first law of thermodynamics for a closed system and in the absence of work, Q = dU/dt ∝ dT /dt,
where Q is the heat transfer rate between the system and its surroundings and U its
internal energy. Hence, Q ∝ T − T∞ , which can be rewritten in terms of the heat
flux q = Q/A with A the body’s area as q = α(T − T∞ ).
Newton’s law of cooling is not based on fundamental principles, as, e.g., Newton’s law of viscosity, but it is phenomenological in that it is the relation that defines
the heat transfer coefficient α. It is introduced for simplicity and mathematical convenience as it allows us to bypass the substantially more involved conjugated heat
transfer problems in the air–liquid, liquid–solid and solid–air interfaces. (Although
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substantially more involved, by assuming continuity of temperatures and normal
components of heat fluxes in any boundary, in principle one could solve for the
motion and temperature distribution in all phases.)
In general, the factors influencing the heat transfer coefficient α will depend on
the particular mode of heat transfer [162]:
(i) “Forced convection,” e.g., flow over a flat plate. In this case α depends on the
physical properties of the phase to which heat is being transported. (The properties are in general a function of temperature, but for gases and relatively small
temperature differences, as is the case here, this dependence is weak.) α also depends on the physical state of this phase, i.e., a fast moving fluid will in general
have better heat transfer characteristics than a slowly moving one.
In fact, α increases with the average velocity of the phase to which heat
is transported, e.g., it is directly proportional to the average velocity raised to
the 1/2 power for flow over a flat plate. In our case the gas is dragged by the
liquid, but due to the relatively slow motion of the liquid (in this monograph the
Reynolds numbers are small to moderate) most likely forced convection in the
gas has a minimal effect on heat transfer.
(ii) “Natural convection” caused by density changes, which is quite likely the case
here for the gas in contact with both the liquid and the solid; however, in the formulation of the basic equations we adopt a one-fluid approach in which the motion of the gas does not influence the motion of the liquid (from H5 in Chap. 2).
α depends on the physical properties of the phase to which heat is being
transported (again, for gases the properties have a weak dependence on temperature) and the temperature difference T − T0 (e.g., it is directly proportional to
(T − T0 )1/4 for natural convection from a vertical or horizontal heated plane);
hence it depends indirectly on the heat resistance of the phase under consideration or equivalently its thermal conductivity—large thermal conductivity of the
phase under consideration will in general lead to a larger T and hence larger α.
These observations imply that the heat transfer characteristics of the liquid–gas
interface will in general be different from those of the solid–gas one, leading to
different heat transfer coefficients for the two interfaces. More precisely, since in
general the temperature, say Tliq , of the liquid at the liquid–gas interface will be
smaller than the temperature of the solid at the solid–gas interface and since the
heat transfer coefficient grows with T − T0 , the liquid–gas coefficient will be smaller
than the solid–gas one.
Further, since by nature a falling film evolves in both time and space, α would
also depend on both time and position. For simplicity we shall assume that wavy
regimes more or less homogenize the heat transfer process at the liquid–gas interface. In addition, changing the liquid flow rate will also influence the temperature
difference in the liquid and hence the liquid–gas heat transfer coefficient. However,
provided that the temperature difference in the liquid is small relative to the temperature difference Tliq − T∞ to begin with, the effect of liquid flow rate on the
liquid–gas coefficient will be small. As an example, consider a situation where the
temperature difference in the liquid is 2°C, Tliq = 30°C and T∞ = 0°C. Assume
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now that the flow rate is quadrupled, which from our discussion above suggests that
for convection heat transfer in the liquid, the heat transfer coefficient in the liquid
is doubled leading to a 50% reduction of the temperature difference in the liquid.
That is, it results in a difference of 1°C, which in turn leads to a new Tliq = 31°C
(assuming that the liquid temperature at the solid–liquid interface is not affected).
The heat transfer coefficient at the liquid–gas interface then changes only by a factor
of (31/30)1/4 ≈ 1.008, and hence it remains practically unaltered. A small temperature difference in the liquid can be achieved either with a high liquid conductivity
and/or by increasing the flow rate, which for simplicity we shall assume is the case
here. The liquid–gas heat transfer coefficient then becomes practically independent
of the liquid and depends only on the physical properties of the gas.

Appendix C

Definitions and Derivations

C.1 Heat Flux Boundary Condition (HF)
The HF thermal boundary condition is obtained by solving the steady state energy
equation (2.5) for the wall temperature Tw augmented with a heat generation term
on its right hand side, qw / hw , representing the heat flux generated by the heater per
unit wall thickness:
qw
λw ∂yy Tw +
= 0,
(C.1)
hw
where λw is the wall thermal conductivity. This is a Poisson equation in a region
bounded by two surfaces: the top surface where we impose continuity of temperatures:
y = 0 : Tw = T ,

(C.2a)

with T the liquid temperature on the wall, and the bottom surface where Newton’s
law of cooling in (2.2) applies:
y = −hw : λw ∂y Tw = αw (Tw − T∞ ),

(C.2b)

where αw is the heat transfer coefficient between the wall and the gas. The geometry
is sketched in Fig. 2.2. At y = −hw , n = −j, with j the unit vector having the
direction of the positive y-axis. Notice that the heat conduction term λw ∂xx Tw has
been neglected in (C.1): Once we obtain the solution for Tw the wall thickness will
be shrunk to zero as the wall is just a heat source while the liquid and the gas are
just heat sinks, and hence streamwise heat conduction in the wall is negligible. This
would not be the case, however, for nonuniform heating, qw = qw (x), e.g., localized
heating/point source, which would induce conduction in the streamwise direction so
that the term λw ∂xx Tw in (C.1) should be retained.
The solution of (C.1) is readily obtained to be
Tw = −

qw
y 2 + Ay + B,
2λw hw
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where the two integration constants A and B are determined from the boundary
conditions (C.2a), (C.2b):
A=

−qw (1 +

αw hw
2λw ) + αw (T

− T∞ )

λw + αw hw

,

B = T.

(C.3b)
(C.3c)

Continuity of fluxes at the substrate demands
y = 0 : λ∂y T = λw ∂y Tw .

(C.4a)

By using (C.3a), (C.3b), the right hand side of (C.4a) becomes
y = 0 : λw ∂y Tw = λw A.

(C.4b)

We then shrink the wall thickness to zero: As already noted, the wall is just a boundary that serves as a heat source and its thickness is of no consequence. The resulting
solution will be then used in the development of a boundary condition for the liquid.
Taking the limit of (C.3b) as hw → 0 gives
A=

−qw + αw (T − T∞ )
,
λw

so that (C.4a) becomes
y = 0 : λ∂y T = −qw + αw (T − T∞ ).

(C.5)

Of course at the liquid–solid interface we also have Newton’s law of cooling in
(2.2) with n = j,
y = 0 : −λw ∂y Tw = α w (Tw − Tliq ),

(C.6)

where α w is the heat transfer coefficient between the wall and the liquid and Tliq
is the liquid temperature right outside the thermal resistance layer in the immediate
vicinity of the wall (see also our discussion on Newton’s law of cooling (2.2) in
Sect. 2.1); so it happens that the temperature gradient in the liquid is linear throughout for the Nusselt flat film solution in (2.15a)–(2.15f) and strictly speaking we do
not have a thermal resistance layer in the immediate vicinity of the wall. At this
stage, however, we do not know a priori what the temperature distribution in the
liquid will be; as a matter of fact we are utilizing the concept of a thermal resistance
layer precisely so we may obtain the thermal boundary condition for the HF case.
Besides, we shall eventually demonstrate that for the boundary condition we are after, the heat transfer characteristics at the liquid–solid interface are good to the point
that there is no resistance to heat transfer in the immediate vicinity of the wall and
the layer there does not exist.
The constants A and B in (C.3a) are now replaced by
A=

hw αw
2λw ) + αw (Tliq − T∞ )
,
λw (1 + αw hw + ααww )

−qw (1 +

(C.7a)
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λw

B = − w A + Tliq .
α

(C.7b)

The true boundary condition felt by the liquid is (C.4a), which with (C.6) becomes
y = 0 : λ∂y T = α w (Tliq − Tw ).

(C.8)

Via (C.3a) and (C.7b) the right hand side of this equation can be written as α w (Tliq −
Tw ) = λw A at y = 0. As before we take the limit of (C.7a) as hw → 0 which yields
λw A =

−qw + αw (Tliq − T∞ )
.
1 + ααww

Further, it is quite natural to assume that α w is large so that the above expression is
further simplified to
λw A = −qw + αw (Tliq − T∞ ).
The boundary condition in (C.8) then becomes
y = 0 : λ∂y T = −qw + αw (Tliq − T∞ ),

(C.9)

which is the same with (C.5) but with Tliq instead of T on the right hand side.
However, from (C.8), Tliq − Tw |y=0 = (1/α w )λ∂y T |y=0 , which for large α w gives
Tliq → Tw |y=0 (α w is large and Tliq − Tw |y=0 small, but the product ∂y T |y=0 is
finite). But Tw |y=0 = T |y=0 —continuity of temperatures at the substrate always
holds. Hence, the temperature variation in the thermal resistance layer in the immediate vicinity of the wall is negligible and Tliq → T |y=0 so that (C.9) and (C.5) are
identical.
The condition of large α w implies that the liquid thermal resistance layer is
very thin. Indeed, using a linear profile to approximate the liquid temperature in
the layer, we can estimate the layer’s thickness, say δTRL : from δTRL ∼ (Tliq −
T |y=0 )/(∂y T |y=0 ) → 0 as Tliq → T |y=0 . Physically, the heat transfer process in
the immediate vicinity of the wall is good to the point that the thermal resistance
layer does not exist.
To summarize, it is by approximating Tliq with T |y=0 in the second derivation,
that we obtain (C.5). But this requires one additional condition, that of large α w ,
compared to the first derivation, where only hw → 0 is assumed. This additional
condition then effectively gets rid of α w and the boundary condition at y = 0 in (C.6)
that involves α w . And that is precisely why the final forms of the wall boundary
condition obtained from the two derivations are the same.

C.2 Surface Gradient Operator
The surface gradient operator is defined as
∇s = (I − n ⊗ n) · ∇,

(C.10)

370

C

Definitions and Derivations

where I is the identity matrix and n ⊗ n is the dyadic product of the normal vector
n with itself, i.e.,
⎛
⎞
(∂x h)2 −∂x h ∂x h∂z h
1 ⎜
⎟
1
−∂z h ⎠ .
n ⊗ n = 2 ⎝ −∂x h
n
∂x h∂z h −∂z h (∂z h)2
The tensor I − n ⊗ n singles out the tangential projection of a vector, e.g., (I − n ⊗
n) · v = vs : (I − n ⊗ n) · v = I · v − (n ⊗ n) · v = v − (v · n)n = v − vn n = v − vn =
vs + vn − vn = vs , where vn is the velocity component normal to the surface and we
have used the identity (n ⊗ n) · v ≡ (v · n)n.

C.3 On the Choice of the Unit Vectors Tangential to the Surface
When we gave the governing equations and boundary conditions in Chap. 2, we deliberately did not choose the set of orthogonal tangential vectors (1/τ1 )(1, 0, ∂x h)
and (1/τ2 )(0, 1, ∂z h), since the only requirement for τ 1 and τ 2 is that they be linearly independent but not necessarily normal to each other. For example, (1, 0, ∂x h)
and (0, 1, ∂z h) (with appropriate normalization coefficients) are two such vectors
which also could have been chosen. To see this, let us write the tangential stress
balance in the form f · τ i = 0, where f = P · n − ∇s . Consider now the two linearly independent tangential vectors s i ; i = 1, 2. We then write τ 1 = a1 s 1 + a2 s 2
and τ 2 = b1 s 1 + b2 s 2 , so that
 a fa· τ 1 = a1 (f · s 1 ) + a2 (f · s 2 ) = 0 and f · τ 2 =
b1 (f · s 1 ) + b2 (f · s 2 ) = 0. But  b11 b22  = 0 due to the linear independence of the vectors s i . Hence, the only solution to this system is the trivial solution, f·s 1 = f·s 2 = 0.
The general form of the tangential stress balance is then preserved. But the two
new tangential boundary conditions will have in general a different functional form
than the previous ones. Nevertheless, each new condition is simply a linear combination of the old equations, and so we can recover the old from the new. Indeed, with the decompositions s 1 = c1 τ 1 + c2 τ 2 and s 2 = d1 τ 1 + d2 τ 2 , we have
f · s1 =
 c c1c (f · τ 1 ) + c2 (f · τ 2 ) = 0 and f · s 2 = d1 (f · τ 1 ) + d2 (f · τ 2 ) = 0, which,
since  d11 d22  = 0 due to the linear independence now of τ 1 and τ 2 , respectively give
f · τ 1 = 0 and f · τ 2 = 0. In other words, f · s i = 0 if and only if f · τ i = 0, so that in
all cases we end up with the same set of equations for the tangential stress balance.

C.4 On the Evaluation of the Right Hand Side of the Tangential
Stress Balance (2.13)
Here we comment on the evaluation of τ i · ∇s σ in (2.13). Using the definition of the
surface gradient operator (C.10) we obtain
τ 1 · ∇s =

1
(∂x + ∂x h∂y )
τ1

C.4 On the Evaluation of the RHS of the Tangential Stress Balance (2.13)
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and
τ 2 · ∇s =

1
(∂z + ∂z h∂y ).
τ2

If we now operate on σ we have τ 1 · ∇s σ = (1/τ1 )(∂x σ + ∂x h∂y σ ) and τ 2 · ∇s σ =
(1/τ2 )(∂z σ + ∂z h∂y σ ) at y = h(x, z, t). From H6 in Chap. 2, σ = σ (Ts ), with Ts =
T (x, h(x, z, t), z, t) ≡ Ts (x, z, t). Hence, σ is only a function of x, z and t . As a
result
τ 1 · ∇s σ =

1
∂x σ
τ1

τ 2 · ∇s σ =

1
∂z σ.
τ2

and

By using the equation of state in (2.1) we obtain,
∂x σ =

dσ
∂x Ts = −γ ∂x Ts ,
dTs

∂z σ =

dσ
∂z Ts = −γ ∂z Ts .
dTs

and

The gradients of the interfacial temperature ∂x Ts and ∂z Ts can be further related to
the temperature field T at y = h(x, z, t). Using the chain rule,
∂x Ts = (∂x T + ∂x h∂y T )|y=h
and
∂z Ts = (∂z T + ∂z h∂y T )|y=h ,
where it is understood that we first take the derivatives on the right hand side with
respect to x, y and z and then we substitute y = h. The final form of τ i ·∇s σ in (2.13)
is then
γ
τ 1 · ∇s σ = − (∂x T + ∂x h∂y T )|y=h
τ1
and
τ 2 · ∇s σ = −

γ
(∂z T + ∂z h∂y T )|y=h .
τ2

The same expressions can also be obtained by noting that τ i · ∇σ is the “directional derivative” ∂ti σ on the direction ti defined by τ i . We then have
τ 1 · ∇s σ = ∂t1 σ = −γ ∂t1 Ts = −γ τ 1 · ∇Ts = −

γ
γ
∂x Ts = − (∂x T + ∂x h∂y T )|y=h ,
τ1
τ1
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and
τ 2 · ∇s σ = ∂t2 σ = −γ ∂t2 Ts = −γ τ2 · ∇Ts = −

γ
γ
∂z Ts = − (∂z T + ∂z h∂y T )|y=h .
τ2
τ2

C.5 Short Library of Weakly Nonlinear Model Equations:
Bottom-up Dispersion Relation Approach
Several studies have examined the film flow dynamics within the framework of
weakly nonlinear analyses [19, 20, 41, 42, 44, 53, 164, 185, 199]. The basic idea
underlying these studies is that, sufficiently close to onset, the flow dynamics are
determined by the properties of the linear stability of the base flow and that deviations from it remain small. Fluctuations are then decomposed into elementary
instability waves of the “normal mode” form, a(x, t) exp(λt + ikx), with k their
(real) wavenumber and λ = λr + iλi a complex eigenvalue whose real part λr is the
(temporal) growth rate (subscripts “r” and “i” are used to denote real and imaginary
parts, respectively) and imaginary part λi is the negative value of the (real angular)
frequency (precise definitions of these terms are given in Chap. 3). The structure of
the weakly nonlinear equations, or amplitude equations, giving the evolution of the
envelope a(x, t) is then determined by the dispersion relation, which expresses λ as
a function of the wavenumber k.
It is then possible to invert the procedure by starting from the possible structure of
the dispersion relation at the onset of the instability. Hence, writing from the outset
generic amplitude equations without deriving them from the fully nonlinear system
is a “bottom-up dispersion relation approach,” a heuristic approach that guides qualitatively the understanding of the competing generic linear and nonlinear effects for
small amplitude disturbances. In Chap. 5 the pertinent amplitude equations for the
falling film problem are derived systematically with weakly nonlinear expansions
from the BE.
Considering the hydrodynamic surface wave instability and the Marangoni instability described earlier, the transition from the uniform laminar flow to a wavy
one can be understood as a transition from a steady to an oscillatory flow. Typically,
“oscillatory instabilities” occur when “negative feedback” exists and hence a perturbation switches on some compensating mechanisms that try to diminish it. However,
these mechanisms do not always suppress the perturbation, but sometimes they lead
to “overshooting oscillations” (“overstability”). It seems essential that the destabilizing and stabilizing factors have different time scales, so that their counteraction
is characterized by a certain effective “time delay.” The asynchronous changes of
fields of different physical variables leads to the appearance of oscillations instead
of a monotonic growth or decay of the perturbation, in which case the instability
is referred to as “monotonic” or “stationary.” We give the precise definitions of the
two basic types of instabilities, oscillatory and stationary, in Chap. 3.
A way to classify instabilities, oscillatory and otherwise, is obtained via the minimum of the neutral stability curve, that defines the critical value of the control parameter (see Chap. 3 for the definitions of these terms). If the “critical wavenumber,”
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i.e., the wavenumber of the fastest growing perturbation at the instability onset, k0 ,
is nonzero, the oscillatory instability is, generally, short wavelength; otherwise (if
k0 = 0), it is a long wavelength instability. For the long wavelength instability, it is
necessary to further distinguish between two cases.
In the first case, the eigenvalue λ(k, Σ) that determines the (temporal) growth
rate λr and the (real angular) frequency of the oscillations −λi as a function of a
given control parameter Σ (used as a generic quantity whose definition now is not
needed), can be expanded into a Taylor series near the critical point (k0 = 0, Σc ) as
1
λr = (∂Σ λr )0 (Σ − Σc ) + (∂kk λr )0 k 2 + · · · ,
(C.11a)
2
1
λi = (λi )0 + (∂k λi )0 k + (∂Σ λi )0 (Σ − Σc ) + (∂kk λi )0 k 2 + · · · , (C.11b)
2
where the subscript 0 denotes that the corresponding quantity is evaluated at the critical point. In this case, the spatially homogeneous perturbation with k = 0 oscillates
and grows with the largest growth rate, (∂Σ λr )0 (Σ − Σc ). This type of oscillatory
instability occurs frequently in reaction–diffusion systems.
However, there is a wide class of problems where growth of a spatially homogeneous disturbance is forbidden by a “conservation law.” An example is the falling
film problem. It is a system that involves liquid flow from an inlet and the conservation law is imposed by the inlet flow rate. A homogeneous change of the base state
film thickness is only possible through a change in the flow rate, but it is not allowed
if the flow rate remains fixed. The mode associated with a homogeneous change of
the base state is called Goldstone mode in condensed matter physics (e.g., [58]; we
return to this mode on several occasions in this monograph) and is characterized by
λ(0, Σ) = 0

(C.12)

for any Σ, which can produce a long wavelength instability for small but nonzero k.
In the latter case, it is not λr (0, Σ) but ∂kk λr (0, Σ) that changes sign at the threshold
of the instability, Σ = Σc :
1
1
λr = (∂kkΣ λr )0 k 2 (Σ − Σc ) + (∂kkkk λr )0 k 4 + · · · ,
2
24
1
λi = (∂k λi )0 k + (∂kΣ λi )0 k(Σ − Σc ) + (∂kkk λi )0 k 3 + · · · .
6

(C.13a)
(C.13b)

Past the instability threshold, the growth rate is proportional to k 2 at small k (this
effect appears akin to the role of an effective “negative viscosity”).
Equations (C.13a), (C.13b) correspond precisely to the H-mode of instability for
a falling liquid film. The dispersion relation for the growth rate λr features a band
of unstable modes extending from zero up to a “cut-off wavenumber” kc , above
which the system is stable, kc = [−12(∂kkΣ λr )0 (Σ − Σc )/(∂kkkk λr )0 ]1/2 . The unstable band 0 ≤ k ≤ kc contains the “maximum growing wavenumber” kmax with
the largest positive growth rate, λr (kmax ). We notice that even though at the critical
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wavenumber k = 0, λi vanishes, the instability is oscillatory. As a matter of fact,
k → 0 is a “degenerate” limit where from (C.12) the exponential part of the disturbances reduces to exp 0 = 1 corresponding to a uniform shift of the base state (by
changing the flow rate), the Goldstone mode defined earlier (it is neither damped
nor amplified). Infinitely long waves are a mathematical artifact and finite-size effects (finite length of the channel) will remove the degeneracy (because of the discrete spectrum of modes imposed by the finite size, while the smallest wavenumber
scales as k ∼ 1/L with L the channel’s length)1 so that a true “Hopf bifurcation”
with λi = 0 occurs. In the linear regime the disturbance will grow at rate λr (kmax )
and at the same time it is periodic in space with wavenumber kmax and oscillates in
time with frequency −λi (kmax ). The combination of periodicity in space and oscillatory behavior in time leads to a traveling wave.
The behavior of the eigenvalue in the vicinity of the point (k0 , Σc ) is crucial for
the evolution of the weakly nonlinear waves generated by the oscillatory instability.
In the case of a short wavelength instability where the fastest growing disturbance
has a finite wavenumber, k0 = 0, the complex Ginzburg–Landau equation
∂t a = γ0 a + γ2 ∂xx a − δ0 |a|2 a

(C.14)

is a universal equation for a complex envelope function a(x, t) describing the modulation of the waves; here γ0 , γ2 and δ0 are complex constant coefficients. The
space-independent case (formally γ2 = 0) is called the “Landau equation” in several areas of physics such as phase transitions. It was introduced by Stuart (e.g.,
[263]) to study flow instabilities with transition between steady fluid motions and is
also frequently referred to as the “Landau–Stuart equation.”
The Ginzburg–Landau equation (C.14) can also be used to describe the transition when an unstable wave motion of given (“fundamental”) wavenumber interacts
with its first stable harmonics (in fact, the Ginzburg–Landau equation is only valid
when the fundamental wavenumber is weakly unstable—i.e., just below kc —while
the overtone with a wavenumber twice that of the fundamental is stable [53, 274]).
This situation occurs for monochromatic waves excited on a falling film by forcing at the inlet with a frequency close to the cut-off frequency, which then yields
a wavenumber k close to the cut-off wavenumber kc (details are given in Chap. 7)
determined by the balance of the H-instability mechanism and the damping effect
of surface tension. Using (C.14), Lin [164] showed that such monochromatic waves
are sideband stable.2 This, however, was in contradiction with the experimental results by Liu and Gollub [168]. Later on, Oron and Gottlieb [199] corrected Lin’s
1 In a finite-size container, e.g., the annular container used to investigate the propagation of waves
due to solutocapillary Marangoni effect in [189, 300], the λ = k = 0 mode is removed. Clearly, due
to the conservation law, i.e., conservation of fluid volume, a homogeneous change of the layer’s
thickness is not allowed.
2 In

general, the term “sideband instability” of a wave refers to a resonance between three frequencies, the frequency of the wave, say f , and two frequencies, f + δf and f − δf with δf small.
Sideband instabilities in three dimensions are examined in Chap. 8.
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analysis and demonstrated that excited monochromatic waves at k  kc can be sideband unstable.
It is then evident that for the falling liquid film, and more general long wave instabilities with k0 = 0 and with the dependence λ(k, Σ) determined by (C.13a),
(C.13b), the Ginzburg–Landau equation (or its simplified version, the Landau–
Stuart equation) has a limited applicability, since as already emphasized above it
is only valid when the fundamental wavenumber is weakly unstable. For example,
the maximum growing wavenumber kmax ∈ [0, kc ], which, in general, is not weakly
unstable (unless we are very close to criticality), cannot be captured by (C.14).
As a matter of fact, due to the multiplicity of the dominant Fourier modes more
than one amplitude equation must be considered [42]. Alternatively, the Kuramoto–
Sivashinsky equation introduced later (which is not necessarily valid only for conditions very close to criticality—Chap. 4) can accommodate a large band of Fourier
modes.
Let us consider now the case of a negative viscosity (dispersion relations (C.13a),
(C.13b)) caused by a conservation law. The structure of an amplitude equation compatible with a conservation law is
∂t a = Lx a + ∂x F(a),

(C.15a)

where the linear operator Lx involves derivatives with respect to x only and has the
structure
Lx = γ1 ∂x + γ2 (Σ − Σc )∂xx + γ3 ∂xxx + γ4 ∂xxxx + · · · ,

(C.15b)

where
γ1 = (∂k λi )0 + (∂kΣ λi )0 (Σ − Σc ),
1
γ3 = − (∂kkk λi )0 ,
6

γ4 =

1
γ2 = − (∂kkΣ λr )0 ,
2

1
(∂kkkk λr )0 , . . . ,
24

(C.15c)
(C.15d)

and
F(a) = δ1 a 2 + δ2 ∂x a 2 + · · · .

(C.15e)

It should be noted that if the conservation law is an approximate one, the amplitude
equation can contain additional small terms not differentiated with respect to x.
The term containing γ1 can be removed by a Galilean transformation to a suitable
moving reference frame. It should also be noted that the nonlinearity in the amplitude equation (C.15a) is actually a guess, while the linear operator in (C.15a) gives
precisely the dispersion relation (C.13a), (C.13b) (which can be either exact, i.e.,
obtained from the fully nonlinear system, or a guess).
First, let us consider the generic case where all the coefficients γn , n = 1, 2, . . .
in (C.15a)–(C.15e) are of O(1). A weakly nonlinear prototype can be obtained
from (C.15a)–(C.15e) by utilizing multiple scale-type arguments. Taking Σ −
1, the expression for the cut-off wavenumber, kc =
Σc = O( 2 ) where
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[−12(∂kkΣ λr )0 (Σ − Σc )/(∂kkkk λr )0 ]1/2 , shows that kc ∼ so that x ∼ −1 , a long
scale, or equivalently ∂x = O( ) (the order of magnitude of the spatial gradient is
dictated by the order of the cut-off wavelength, which is the wavelength of the instability pattern emerging at the onset). Assuming that the largest nonlinear term
δ1 ∂x (a 2 ) is balanced by the dispersion term γ3 ∂xxx a (the term “dispersion” is used
to denote that the wave velocity depends on wavelength or “color” as in optics—
this is clarified in Sects. 5.1.4, 5.2.1), we find that a = O( 2 ), and the amplitude
equation is
∂t a = γ3 ∂xxx a + δ1 ∂x a 2 + γ2 (Σ − Σc )∂xx a + γ4 ∂xxxx a + δ2 ∂xx a 2 . (C.16)
The first two terms on the right hand side of this equation are of O( 5 ); the last
three terms, describing the instability at long wavelengths, the stabilization at short
wavelengths, and a nonlinear correction to the negative viscosity coefficient, are of
O( 6 ) (such that very close to criticality, instability at long wavelengths balances
stability at short ones). Further, the time derivative balances the dispersive and nonlinear terms on the long time scale t ∼ −3 . Thus, we find that the generic amplitude equation in (C.16) is a driven-dissipative Boussinesq–Korteweg–de Vries equation (BKdV) which is effectively a perturbed “BKdV equation”. The equation with
γ4 = δ2 = 0 is the “BKdV–Burgers equation.” The terminology used here deserves a
remark. We use BKdV equation, instead of the standard terminology “Korteweg–de
Vries equation,” because the former equation was first obtained by Boussinesq—
actually written in a footnote: p. 360, Eq. (283 bis) in [30]!
In fact, it is not necessary to introduce the small parameter . We need only
Σ − Σc
1, a condition required to obtain the dispersion relation (C.13a),
(C.13b). Now kc ∼ (Σ − Σc )1/2
1 and the appropriate long scale should be
x ∼ kc−1 (Σ − Σc )−1/2
1. Balancing the instability with the stability terms,
a(Σ − Σc )/x 2 ∼ a/x 4 , gives x ∼ (Σ − Σc )−1/2 , consistent with the above assignment (to be expected, as the balance between the instability and stability terms is
precisely what determines kc ). Balancing the nonlinearity with the dispersion term,
a∂x a ∼ ∂xxx a or a ∼ Σ − Σc . The order of magnitude of the nonlinearity and dispersion terms then is a∂x a ∼ (Σ − Σc )5/2 , while that of instability and stability,
a(Σ − Σc )/x 2 ∼ (Σ − Σc )3
(Σ − Σc )5/2 , and the relevant weakly nonlinear
prototype is the BKdV equation. In other words, the BKdV equation is always the
relevant weakly nonlinear prototype when Σ − Σc 1 and all coefficients γi of the
dispersion relation are of O(1).
If the dispersion coefficient is small, γ3 = O( ) (for instance, this feature is characteristic of the modulational instability of periodic waves with small wavenumbers), it is balanced by the nonlinearity if a = O( 3 ), and one obtains the Kawahara
equation (e.g., [144]):
∂t a = γ2 (Σ − Σc )∂xx a + γ3 ∂xxx a + γ4 ∂xxxx a + δ1 ∂x a 2 ,

(C.17)

with all terms on the right hand side of O( 7 ). The time derivative now balances all
terms on the right hand side on the long time scale t ∼ −4 .
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If the dispersion coefficient vanishes (γ3 = 0), the Kawahara equation is reduced
to the Kuramoto–Sivashinsky equation (KS)
∂t a = γ2 (Σ − Σc )∂xx a + γ4 ∂xxxx a + δ1 ∂x a 2 ,

(C.18)

first derived by Homsy [118, 119] and typical for instabilities in a wide variety of
nonlinear processes. Note that the Kawahara equation in (C.17) is also frequently
referred to as the generalized KS equation.
The KS equation can also be obtained in the case where the instability region
is no longer narrow as above because of large γ4 : This allows increase in the order of magnitude of the stability and hence instability (the two should always balance) as well as nonlinearity terms compared to dispersion. Consider, e.g., the case
Σ − Σc = O(1), γ4 = O( −2 ) (of course the dispersion relation in (C.15a)–(C.15e)
1, but here we consider (C.15a)–
was obtained with an expansion for Σ − Σc
(C.15e)
as
a
model
exact
dispersion
relation).
The
cut-off wavenumber then is
√
kc ∼ (Σ − Σc )/γ4 ∼ so that the corresponding long scale is x ∼ 1/kc ∼ 1/ .
At this long scale the two terms representing instability at long wavelengths and
stability at short ones balance as expected: a(Σ − Σc )/x 2 ∼ aγ4 /x 4 or x ∼ 1/ .
To balance the nonlinearity with these two terms, a∂x a ∼ a/x 2 or a ∼ . The order
of instability, stability and nonlinearity then is aax ∼ 3 while that of dispersion is
∂xxx a ∼ 4 .
On the other hand, having large γ4 , small Σ − Σc and γ3 = O(1) gives the Kawahara equation. Consider, e.g., the case, Σ − Σc = O( 2 ) and γ4 = O( 2 ). Then
kc ∼ 2 and x ∼ 1/kc ∼ −2 . Balance instability with stability, (Σ −Σc )/x 2 ∼ 1/x 4
or x ∼ −2 , consistent with the above order (as expected). Balance the nonlinearity
with the instability and stability terms, a∂x a ∼ a(Σ − Σc )/x 2 or a ∼ 4 . The order of instability, stability and nonlinearity terms then is a∂x a ∼ 10 while that of
dispersion is ∂xxx a ∼ 10 , so that all terms are of the same order.
In Chap. 5 we demonstrate that both KS and Kawahara equations can be obtained
from the governing equations of a falling liquid film via a weakly nonlinear expansion and multiple scale-type arguments similar to the ones adopted here. We also
demonstrate in Chap. 5 that the second-order viscous effects are responsible for the
dispersion term in the Kawahara equation.
The KS equation, which has both locally stable regular wavy solutions and
spatio-temporal chaotic regimes, provides a paradigmatic example of the transition
between regular and chaotic patterns, as well as a reference model for the application of the “dynamical systems” approach to spatio-temporal chaos. It suffices at
this point to say that the path allowing the use of the theory of dynamical systems
is the following. By a suitable Galilean boost we can look at the expected waves in
their moving frame of reference. This change of reference frame converts a partial
differential equation into an ordinary differential one, which underlines the corresponding dynamical system. A solitary wave then corresponds to a homoclinic orbit
or trajectory of the dynamical system, while the presence of dissipation exhibits repelling and attractive directions on the orbit (these points are clarified in Chap. 7).
When periodicity in time is present, as when a given steady wave solution becomes
unstable through a (new) Hopf bifurcation, the new wave solution corresponds to
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a limit cycle of the transformed problem. Other possibilities exist including chaotic
solutions, and they are studied in this monograph.
It should be noted that the KS equation is formally equally valid for both oscillatory and stationary instabilities. The only “sign” of the “wavy” origin of this
equation is the lack of the invariance of the nonlinear term to the parity (reflection) transformation x → −x: The presence of ∂x (a 2 ) breaks this symmetry and is
connected with the fact that the system has a preferred direction (this is a “mean
flow” term in the context of fluid mechanics). However, the transformation a = ∂x h
provides another form of the KS equation,
∂t h = γ2 (Σ − Σc )∂xx h + γ4 ∂xxxx h + δ1 (∂x h)2 ,

(C.19)

which is invariant to the parity transformation.
Finally, it is noteworthy that the analysis of the long wavelength instability just
given was based on the assumption of the analyticity of the function λ(k, Σ) at the
point k = 0. If the analyticity condition does not hold, the amplitude equation can
contain some nonlocal integral terms.

C.6 Negative Polarity in the BKdV Equation
Let us consider the BKdV equation with a dispersion coefficient δK :
∂u + u∂x u + δK ∂xxx u = 0.

(C.20a)

This equation is invariant under the transformation u → −u, x → −x and δK →
−δK (t is always > 0 and we do not change it). Alternatively, consider (C.20a) in
the moving frame x → x − ct,
−c∂x u + u∂x u + δK ∂xxx u = 0,

(C.20b)

which is invariant under the transformation u → −u, x → −x, c → −c and
δK → −δK . This symmetry shows that (C.20a) admits negative-hump waves traveling backward, but can we have such waves for δK > 0 much like with the Kawahara
equation as we point out in Sect. 5.3.2.
It is the sign of δK that determines the direction of propagation: δK > 0 means that
positive-hump solitary pulses travel forward while negative-hump ones √
travel backward. To see this consider the solution of (C.20a), H = 3c sech2 [(1/2) c/δK (x −
ct)], corresponding to a solitary wave traveling with speed c. It is then clear that
both c and δK must have the same sign for solitary waves to exist. Hence, as we note
in Sect. 5.3.2, negative waves of the Kawahara equation with δK > 0 no longer exist
as the Kawahara equation approaches the perturbed BKdV one.
As far as the above mentioned symmetry is concerned, it is lost with the transformation,
1/3

u = δK u,

1/3

x = δK x,

(C.21a)
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which converts (C.20a) into the BKdV equation
∂t u + u∂x u + ∂xxx u = 0

(C.21b)

with a dispersion coefficient of unity. This equation is not invariant under the transformation u → −u and x → −x and hence it does not admit negative-hump pulses
traveling backward. In fact, integrating numerically (C.21b) with an initial condition a negative-hump wave obtained by simply inverting the positive-hump wave of
the equation, shows that the negative-hump wave collapses and degenerates into a
wave train that disperses and at the same time travels backward [82]. Accordingly,
the equation ∂t u + u∂x u − ∂xxx u = 0 admits only negative-hump waves propagating backward. In essence, the transformation in (C.21a) collapses the two families of solitary wave solutions, positive-hump ones with δK > 0 and negative-hump
ones with δK < 0 of (C.20a), into the single family of positive-hump solutions with
δK = 1 of (C.21b).

C.7 Padé Approximants
To remedy the singularity of the BE, Ooshida [196] developed a resummation technique inspired from the Padé approximants technique (see, e.g., [18, 115]). The
technique relies on the basic idea that the divergence of a power series representation of a function Q(x), namely, Q(x) = k=0,1,2,... Qk x k on [0, a], is due to the
hidden presence of poles. The divergence reflects the inability of the polynomial
representation to approximate the function adequately near a singularity. This leads
us to express Q(x) as the ratio of two polynomials FN (x) and GM (x) of degrees N
and M, respectively, where the zeros of GM are supposed to capture the causes of
the divergence. Let us define the rational function
RN,M =

FN (x)
GM (x)

for 0 ≤ x ≤ a.

We wish to make the maximum error between this function and Q(x) as small as
possible. The Padé approximants technique then requires that Q(x) and its derivatives be continuous at a point, say, x = 0. The polynomials employed are of the
form
FN (x) = f0 + f1 x + · · · + fN x N

and GM (x) = 1 + g1 x + · · · + gM x M .

They are constructed so that Q(x) and RN,M and their derivatives up to degree
N + M agree at x = 0. For a fixed value of N + M (the degrees of the polynomials
F and G are open to choice) the error is smallest when N = M or N = M + 1. The
easiest way to obtain these coefficients is by writing, Z(x) = Q(x)GM (x) − FN (x)
and ensuring that the coefficients of x k in Z(x) vanish for k = 0, . . . , N + M.
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C.8 Center Manifold Projection for a Scalar Equation
Here we illustrate how to implement the center manifold approach for a scalar nonlinear partial differential equation. Assume that the evolution of a physical variable
u(x, t) is described by
∂t u = Lu + N (u, ε),

(C.22)

where ε is a control parameter, L ≡ Lx is a linear differential operator that describes the “flow” close to the origin (u, ε) = (0, 0) and N is a nonlinear functional. We define the eigenvalue problem, LΦk = λk Φk ; k = 0, 1, 2, . . . associated with L, where Φk and λk are the eigenfunctions and eigenvalues of L, respectively, and where appropriate boundary conditions depending on the physical problem have been imposed. We also define the adjoint eigenvalue problem,
L∗ Φ̂k = λ̄k Φ̂k ; k = 0, 1, 2, . . . , where the overbar is used to denote complex conjugation. The adjoint operator L∗ can be defined with respect to an appropriately
chosen inner product, e.g., in an infinite domain the L2 (−∞, +∞) inner product,
+∞
f |g = −∞ f ḡ dx, for any two functions f and g decaying sufficiently fast at
infinity and such that Lf |g = f |L∗ g.
Assume now for simplicity that the linear operator L has a single zero eigenvalue,
λ0 = 0, while all other eigenvalues have negative real parts (all eigenvalues assumed
simple). We then decompose u into eigenmodes as u = aΦ0 + û where û is the
“complement” with respect to the null eigenfunction Φ0 and is given by
û =

ui Φi .

(C.23a)

i≥1

By introducing the “projection operator”, P to denote projection onto the null space,
Pf = f |Φ̂0 Φ0 ,
and the “complementary projection operator”, F − P to denote projection onto the
complement of Φ0 ,
∞

f |Φ̂i Φi

(F − P)f =
i=1

for any function f in the domain of L, u can be written as
u = Pu + (F − P)u.

(C.23b)

The above expansion is a real-valued function even when complex eigenvalues
and eigenfunctions are present: For real operators complex eigenvalues and eigenfunctions appear in conjugate pairs and hence if u|Φ̂k  and u|Φ̂k+1  are the coefficients of Φk and Φk+1 in the projection for u, respectively, with λk+1 = λ̄k and
∞
Φk+1 = Φ̄k , we must have u|Φ̂k+1  = −∞ uΦ̂¯ k+1 dx = Φ̂k |u = u|Φ̂k .
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Substituting the projection for u into (C.22) and taking inner products of both
sides with the adjoint eigenfunctions Φ̂0 , Φ̂i with i = 0 and using the orthogonality
condition Φi |Φ̂j  = δij leads to
∂t a = F (û, a, ε)

(C.24a)

û = Lû + H (a, û, ε),

(C.24b)

where the functions F and H are given from
F (û, a, ε) = N (aΦ0 + û, ε)|Φ̂0 

(C.24c)

H (a, û, ε) = (F − P)N (aΦ0 + û, ε).

(C.24d)

and

Assume now that we wish to study small solutions of (C.22) for ε
1. The
center manifold approach requires that the eigenvalues of L have zero or negative
real parts and in addition the eigenvalues with zero real parts must be well isolated
from those with negative ones. However, for the system in (C.24a)–(C.24d) it can
very well happen that the associated linearized problem has eigenvalues that are
positive (and small) for ε = 0 (see [38] for examples of application of the center
manifold theorem to systems of nonlinear ordinary differential equations and to
singular perturbation problems). Nevertheless, we can write the above system in the
following “extended manner”:
∂t a = F (û, a, ε)

(C.25a)

û = Lû + H (a, û, ε)

(C.25b)

∂t ε = 0,

(C.25c)

thus ensuring that all eigenvalues are either zero or negative. The addition of (C.25c)
introduces a second zero eigenvalue.
According to the center manifold approach then, the system (C.25a)–(C.25c) has
a two-dimensional center manifold given by the “adiabatic coupling” û = û(a, ε) =
O(2) to leading order with respect to a, ε. To obtain the flow onto the center manifold we note that ∂t a = O(2) so that ∂t û = O(3) and the leading-order center manifold projection, the so-called “tangent space approximation,” is simply ∂t û = 0 or
Lû = −H2 where H2 contains the O(2) terms of H (terms of O(3) and higher
are neglected). Note that L is a singular operator and hence the right hand side
of (C.25b) must satisfy the Fredhölm alternative solvability condition (see Sect. 5.1),
but it does so automatically since the null eigenfunction has already been removed
in the projection that leads to (C.24a)–(C.24d) (see, e.g., [135] for an example on
how this is done in practice). By inverting L, i.e., taking inner products with the
adjoint eigenfunctions, one then obtains explicitly û:
û = −L−1 H2 = −

∞
i=1

1
H2 |Φ̂i Φi .
λi
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Substituting this result into (C.25a) eliminates û from the problem and leads to a
partial differential equation for a:
∂t a = F −L−1 H2 , a, ε ≡ G(a, ε).

Appendix D

Scalings, Dimensionless Groups and Physical
Parameters

D.1 The Viscous-Gravity Scaling
In the falling liquid film the gravitational acceleration g causes flow, and the kinematic viscosity ν (friction) resists the flow. The balance between the two, which
gives rise to the Nusselt flat film solution in (2.15a)–(2.15f), can be rendered explicit
with the viscous-gravity length and time scales introduced in Sect. 2.2. These scales
can be obtained from simple physical considerations without prior knowledge of the
specific details of the system. In fact, straightforward dimensional analysis dictates
that
g sin β ∼

lν
tν2

and ν ∼

lν2
,
tν

from which lν and tν , can be readily obtained:

lν =

ν2
g sin β



1/3
and

tν =

ν
(g sin β)2

1/3
.

Their ratio gives the characteristic velocity for viscous-gravitational drainage:
uν ∼

lν
g sin βlν2
∼
∼ (νg sin β)1/3 .
tν
ν

With this definition of uν , viscous diffusion in the y direction and gravity in (2.4)
balance automatically, i.e., μ∂yy u ∼ ρg sin β. The pressure scale is selected from
balancing the pressure gradient with viscous forces in (2.4), i.e., ∂x p ∼ μ∂yy u or
pν ∼

μuν
∼ ρu2ν ∼ ρ(νg sin β)2/3 .
lν

With sin β ∼ 1 and for water at 25°C, ν ≈ 10−2 cm2 s−1 , which yields lν ≈ 4.7 ×
10−3 cm. The corresponding Nusselt flat film thickness is then always small, e.g.,
with Re = 50, from (2.37) h̄N ≈ 0.25 mm.
S. Kalliadasis et al., Falling Liquid Films, Applied Mathematical Sciences 176,
DOI 10.1007/978-1-84882-367-9, © Springer-Verlag London Limited 2012
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The above scaling will be referred to as the viscous-gravity scaling as it expresses
the importance of viscous and gravitational forces in our system. This scaling is relevant for inclined plates for which sin β is of order unity and film thickness h̄N
of the order of the length scale lν . It allows us to assess the incompressibility assumption in H1, Sect. 2.1. For a film with thickness h̄N ∼ lν , the Reynolds number
Re = g sin β h̄3N /(3ν 2 ) is of O(1) (lν3 ∼ ν 2 /(g sin β)) so that the “Grashof number”
Gr = γT T /Re is small since the thermal expansion coefficient γT is usually small
for typical fluids (the “Boussinesq approximation”). The Grashof number decreases
further as Re increases, i.e., the film thickness h̄N becomes large compared to lν .
Hence, buoyancy can be neglected.
We can also assess the neglect of heat production by viscous dissipation in H8,
Sect. 2.1. In fact, this is not just a complementary assumption but a direct consequence of a small h̄N and large constant pressure heat capacity. By comparing the
strength of the dissipation function Φv 1 to the heat transport by the flow leads to the
ratio ν 2 /(cp T h̄2N ) = BqRe2 where Bq = g h̄N /(cp T ) is the “Boussinesq number.” With h̄N very small and the constant pressure heat capacity of the liquid being
generally high, the Boussinesq number is in general very small so that the group
BqRe2 has in general a negligible value, even with Re > 1.
By introducing the nondimensionalization,
(x, y, z) → lν (x, y, z),
t → tν t,

h → lν h,
(D.1a)

(u, v, w) → uν (u, v, w),

p → p∞ + pν p,

T → T∞ + T T ,

(D.1b)

where T = Tw − T∞ for ST and T = qw lν /λ for HF (see Sect. 2.2), the dimensionless versions of the equations of motion and energy (2.3)–(2.5) and wall and
free surface boundary conditions (2.6)–(2.9) and (2.12)–(2.14) contain the parameters in (2.29)–(2.34). The Reynolds number based on uν and lν , uν lν /ν does not
appear in the equations as it is equal to unity. That is because with the viscousgravity scaling inertia balances automatically all other terms in (2.4): ρ∂t u ∼ μ∂yy u
and ρ∂t u ∼ ρu∂x u.
However, the Reynolds number in (2.35) based on film thickness h̄N and average velocity ūN is effectively hidden in the inlet boundary condition that defines
the Nusselt flat film solution (2.15a)–(2.15f). Therefore, the dimensionless equations of motion and energy and wall and free surface boundary conditions obtained
with the viscous-gravity scaling are governed by the dimensionless Nusselt flat film
1 The

“viscous dissipation function” is defined as [26]
 

Φv = μ 2 (∂x u)2 + (∂y v)2 + (∂z w)2
+ (∂x v + ∂y u)2 + (∂y w + ∂z v)2 + (∂z u + ∂x w)2



such that the product (ν/cp )Φv represents the viscous heating that would have been added to
the energy equation (2.5) if significant. Curiously enough, the minimization of φv leads to the
semiparabolic Nusselt flat film solution, as pointed out in the Introduction.
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thickness hN = h̄N / lν or, equivalently, the Reynolds number, which appears implicitly through hN , Re = h3N /3 (see (2.37)), Ct and the four dimensionless groups, Γ ,
Ma, Pr and Bi for ST and the five dimensionless groups, Γ , Ma, Pr, Bi and Biw
for HF. Hence, a complete investigation over the entire parameter space would be
very cumbersome. However, for a fixed liquid and inclination angle β, the Prandtl
and Kapitza numbers are fixed, thus reducing the number of relevant parameters
by three. On the other hand, for given properties of the gas–liquid–solid system
(physical properties of the gas–liquid system and wall heating conditions (wall temperature/heat flux)) and β, the only free parameter is the Reynolds number (through
the inlet condition), which from Sect. 2.2 is the flow control parameter.
In other words, by using the above nondimensionalization, which is based on
viscosity and gravity, we have ended up with only one parameter, Re, that depends
on hN , with the remaining parameters, Ct, Γ , Ma, Pr, Bi and Biw are all independent
of hN and fixed for a given gas–liquid–solid system and given β. Hence, the viscousgravity scaling is experimentally quite relevant: In experiments the film thickness is
modified by changing the flow rate and therefore for comparisons with experiments
it is useful to have only one parameter that depends on hN .
However, the Nusselt flat film solution can also be taken as the boundary condition h → hN far from a local surface deformation like a solitary hump, which also
corresponds to the inlet boundary condition as discussed above. Hence, for numerical purposes the formulation of a model in which the film thickness has been scaled
out of the boundary conditions and the Nusselt flat film solution is fixed, thus allowing useful numerical comparisons to be made, seems desirable. Therefore, for
convenience another scaling is employed based on hN through the following transformation of the dimensionless variables in (D.1a)–(D.1b):
(x, y, z) → hN (x, y, z),

h → hN h,

(u, v, w) → h2N (u, v, w),

t→

p → hN p,

t
hN ,

(D.2a)
(D.2b)

ST: T → T ,

(D.2c)

HF: T → hN T ,

(D.2d)

or

which converts the boundary condition h → hN far from a solitary hump to h → 1.
The combination of (D.1a)–(D.1b) and (D.2a)–(D.2d) is precisely the scaling given
in (2.16a)–(2.16f). This scaling is based on the Nusselt flat film solution (2.15a)–
(2.15f) and is defined as the Nusselt scaling. Notice that the numerical factor of 3
appearing along with the Reynolds and Péclet numbers in the dimensionless momentum and energy equations (2.18)–(2.21) is due to the definition of the Reynolds
number (2.35) based on the flow rate.
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The Nusselt scaling explicitly scales out h̄N from the full equations of motion
and energy and wall and free surface boundary conditions, but as a consequence all
governing dimensionless groups, Pe, We, M, B, Bw , and of course Re, depend on
the flow rate (through the dimensionless Nusselt flat film thickness hN ).
As an example, assume that we wish to construct numerically a local surface
deformation like a solitary hump and examine the influence of the flow rate and
the temperature difference between wall and ambient gas phase or wall heat flux
(corresponding to the ST or HF cases, respectively) only on this deformation. We
then need to fix β and the physical properties of the liquid–gas system, i.e., fix the
viscous-gravity parameters Pr, Γ and Bi or Biw for ST or HF, respectively. The only
free parameters then are Re or, equivalently, hN and Ma. In the numerical scheme
for the construction of the deformation, the Nusselt parameters Pe, We and B are
then varied with hN according to their definitions in (2.38), (2.39) and (2.41) while
M is varied with both hN and Ma according to (2.40a) for ST and (2.40b) for HF.
The results of different characteristics of the deformation, e.g., amplitude, speed are
then reported as a function of Re or hN , different Ma and fixed β, Pr, Γ and Bi or
Biw for ST or HF, respectively, reflecting precisely how the different parameters are
input in the numerical scheme.
Hence, although the Nusselt scaling is the most widely used scaling in the literature, in this monograph it is used as in experiments (where it is much easier to fix
the gas–liquid–solid system and β), instead of, e.g., varying independently Re and
We, as is often the case in the literature.

D.2 On the Orders of Magnitude for the Different Groups in the
Boundary Layer Equations
The orders of magnitude assignments for the different dimensionless groups in the
derivation of the boundary layer equations in Sect. 4.1 are made for simplicity and
in order to fix ideas. These assignments can be relaxed.
For example, let us relax the order of magnitude assignment on Re while the
remaining groups have the assignments used in the derivation of the boundary layer
equations in Sect. 4.1. For the second-order boundary layer equations then, the y
component of the momentum equation (4.2c) shows that in order to neglect the
O(ε 2 Re) cross-stream inertia terms on the left hand side of this equation compared
to the smallest term on the right hand side, i.e., ε∂yy v, we must have εRe 1. Hence
Re can only increase at a rate slower than 1/ε. This also ensures automatically that
Re We, the condition for cross-stream inertia to be negligible compared to surface
tension in the free surface pressure distribution across the film (4.4). At the same
time, in order for the streamwise inertia terms in (4.2b) to be kept compared to the
neglected O(ε 3 ) terms on the right hand side of this equation we must have Re ε 2 .
For the first-order boundary layer equations, εRe can be at most of O(1), the
maximum order on the right hand side of the streamwise momentum balance (4.2b),
which automatically satisfies ε 2 Re 1 for cross-stream inertia to be negligible in
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the y component of the momentum equation (4.2c) and it satisfies Re
We for
cross-stream inertia to be negligible compared to surface tension in the pressure
distribution across the film (4.4). At the same time, for the streamwise inertia terms
in (4.2b) to dominate over the neglected O(ε 2 ) terms of the right hand side in the
same equation, Re ε.
As an example, let us take the upper bound on Re for the first-order boundary
layer equations, Re ∼ 1/ε. Assume also that we are not too close to criticality, more
specifically, Re − Rec = O(1). As pointed out in Sect. 4.1, in this case k ∼ ε. For
a wavelength of the waves ∼1 mm, i.e., of the order of the capillary length (see
Introduction) and h̄N ∼ 0.1 mm, k ∼ 0.1 so that ε ∼ 0.1, which gives Re ∼ 10,
a moderate value.
Let us now relax the order of magnitude assignments for both Re and We in the
second-order boundary layer equations while the remaining parameters remain of
O(1). The y component of the momentum equation (4.2c) then shows that in order
to neglect cross-stream inertia, ε 2 Re ε∂yy v, i.e., εRe 1. The neglected terms in
the pressure distribution (4.4) then are of O(ε 2 , ε 2 Re), while for surface tension we
require ε2 We at most of O(1). At the same time, for surface tension to dominate over
these neglected terms we need ε 2 We ε 2 , or We 1, and ε 2 We ε 2 Re, or simply
Re We. The pressure distribution (4.4) is then substituted into the x component
of the momentum equation (4.2b). Following the differentiation of this distribution
once, the contribution of its neglected terms in (4.2b) is of O(ε3 , ε 3 Re). To keep
the inertia terms on the left hand side of (4.2b), we need εRe ε 3 or Re ε 2 and
εRe ε 3 Re, which is automatically satisfied. Also, the viscous terms on the right
hand side of (4.2b) must be kept compared to the O(ε 3 Re) neglected terms in ε∂x p,
i.e., ε3 Re ε 2 or εRe 1, a condition we already have.
To summarize:
(i) The conditions on Re are Re
ε2 , Re
We and Re
−1
min{We, ε }.
(ii) The conditions on We are ε 2 We at most of O(1), We 1.

ε −1 or Re

Assume now that for the first-order boundary layer equations, B, Bw remain of
O(1), but we relax the orders of magnitude assignments for Re, We and M. The more
general orders of magnitude assignments for these groups then are εRe at most of
O(1), Re
ε, εM at most of O(1) and M
ε, and ε 2 We at most of O(1) and
εWe 1 (i.e., We Re, a condition that has already been utilized in the derivation
of the above orders of magnitude assignments). However, the final (first- or secondorder) boundary layer equations remain the same, and in fact the neglected terms are
of O( 2 ) for the first-order boundary layer equations and of O( 3 ) for the secondorder ones, as they should be: e.g., for the first-order equations the neglected terms
are of O(ε 2 , ε 3 Re, ε 3 M) ≡ O(ε 2 ) since εRe, εM are at most of O(1) [207].
In all cases, We must be large, i.e., We = O(ε −2 ), O(ε −1 ) and We = O(ε −2 ),
O(ε −3/2 ) are possible orders of magnitude assignments for the second- and firstorder boundary layer equations, respectively. Large We is an essential requirement
for the validity of the boundary layer approximation. This point is discussed in detail
in Sect. 4.4.
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D.3 Dimensionless Groups and Their Relationships for the ST
Case
δ
3η1/2
ζ
Inclination number:
Ct = 1/2
η
δ 2/3
Kapitza number:
Γ = 11/6 = We(3Re)2/3
η
Mδ 2/3
Marangoni number:
Ma = 5/6 = M(3Re)2/3
η
B
Biot number:
Bi =
(3Re)1/3
1
Γ
Weber number:
We = 3/2 =
η
(3Re)2/3
M
Ma
Film Marangoni number:
M = 1/2 =
η
(3Re)2/3
1/3
Film Biot number:
B = Bi (3Re)
3Re
(3Re)11/9
Reduced Reynolds number:
δ=
=
1/3
Γ 1/3
We
Ct
Ct(3Re)2/9
Reduced inclination number:
ζ=
=
Γ 1/3
We1/3
1
(3Re)4/9
Viscous dispersion number:
η=
=
Γ 2/3
We2/3
M
Ma
Reduced film Marangoni number: M =
= 1/3
1/3
4/9
Γ
(3Re)
We
Re =

Reynolds number:

D.4 Physical Parameters
Table D.1 shows typical properties and parameter values for different liquids used
in experiments [3, 131, 132, 239]. The Marangoni number is calculated with the
Table D.1 Physical properties of different liquids [296] and corresponding dimensionless parameters, with ΔT = 1 K used for Ma and α = 100 W m−2 K−1 used for Bi
Liquid

lν (µm)

tν (ms)

Γ

Ma

Bi

Water at 20°C

47

2.2

3375

8.9

0.008

Water at 15°C

50

2.3

2950

7.7

0.009

FC–72 at 20°C

26

1.6

1100

9.7

0.045

MD–3F at 30°C

31

1.8

703

5.8

0.047

25% ethyl alcohol at 20°C

87

3.0

500

1.5

0.02
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temperature difference ΔT = 1 K and the Biot number with the heat transfer coefficient α = 100 W m−2 K−1 . These are reference values and in practice, typical
values would be 10 times larger for Ma, i.e., T = 10 K, and 5 times larger for Bi,
i.e., α = 500 W m−2 K−1 .

Appendix E

Model Details

E.1 Dynamical System Corresponding to the Full Second-Order
Model
In the moving frame ξ = x − ct, the four-equation system (6.78) is transformed into
a set of four ordinary differential equations. One corresponds to the mass balance
q  = ch , which after one integration gives q = c h + q0 . We can then eliminate
q from the other three equations. Solving the system of equations for h , s1  and
s2  leads to an autonomous five-dimensional dynamical system in the phase space
spanned by U = (U1 , U2 , U3 , U4 , U5 ) where U1 = h, U2 = h , U3 = h , U4 = s1
and U5 = s2 :
U1 = U2 ,
U3 = 3

q0

U2 = U3 ,
+3

c
−1+ 3
U12
U1 (c2 U12 +

(E.1a)
1

2
− 444
11 q0 )
 

2160 4 720 3
3060 2 2 2 540 3
580 4 4
3
× δ
q −
cq U1 −
c q 0 U1 +
c q 0 U1 +
c U1
121 0
11 0
121
121
363


152
444 2
3
2 2
+ BU1 c U1 +
cq0 U1 −
q
11
11 0


10080 3 7056 2
24584 2
504 3 3
+δ
q0 +
cq0 U1 −
c q0 U12 −
c U1 U4
121
121
121
11

 
25920 3 74376 2
27336 2
324 3 3
+δ
q0 +
cq0 U1 +
c q0 U12 −
c U1 U5 U2
121
121
121
11


909 3 1971 2
42589 2
4525 3 3
2
+η
q −
cq0 U1 −
c q 0 U1 −
c U1 U22
4 0
11
352
176



15957 3 7221 2
6727 2
9071 3 3
2
+η −
q +
cq0 U1 +
c q 0 U1 −
c U1 U1 U3 ,
88 0
88
704
2112

U13

152
11 cq0 U1

(E.1b)
S. Kalliadasis et al., Falling Liquid Films, Applied Mathematical Sciences 176,
DOI 10.1007/978-1-84882-367-9, © Springer-Verlag London Limited 2012
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1
δU1 (c2 U12

+

152
11 cq0 U1

−

444 2
11 q0 )




949
91143
37479
13689
q0 +
cU1 U4 +
q0 +
cU1 U5
11
11
22
11

 
45942 3 24986 2
533 2
16003 3 3
2
q +
cq U1 −
c q 0 U1 −
c U1
+ δ
4235 0
4235 0
8470
25410


50772 2 5850
1069 2 2
+δ −
q +
cq0 U1 +
c U1 U4
605 0
121
55
 

166644 2 96825
5058 2 2
q0 −
cq0 U1 +
c U1 U5 U 2
+δ −
4235
847
385


905931 2 436553
35659 2 2
q0 +
cq0 U1 +
c U1 U22
+η −
24640
12320
3080
 

1647087 2
61217
50167 2 3
2
q U1 +
cq0 U1 +
c U1 U3 ,
+η −
49280 0
9856
18480


×

U5 =

(E.1c)

1
444 2
δU1 (c2 U12 + 152
11 cq0 U1 − 11 q0 )




728
4559
1729
4186
q0 +
cU1 U4 +
q0 −
cU1 U5
×
11
33
11
11

 
1404 3 312 2
13 2
416 3 3
q0 +
cq0 U1 −
c q0 U12 +
c U1
+ δ
605
605
605
5445


6552 2 6188
182 2 2
+δ
q0 +
cq0 U1 −
c U1 U4
605
363
165
 

51528 2 1146
94 2 2
q +
cq0 U1 − c U1 U5 U2
+δ −
605 0
121
55


75179 2 3913
3497 2 2
q +
cq0 U1 −
c U1 U22
+η
1760 0 5280
2640
 

16783 2
611
11947 2 3
q 0 U1 −
cq0 U12 −
c U1 U3 .
+η
3520
528
31680

(E.1d)

This dynamical system becomes singular with U not defined at points where the
denominator of (E.1b)–(E.1d) vanishes:


152
444 2
(E.2)
cq0 U1 −
q0 = 0.
δU1 c2 U12 +
11
11
U1 = 0 corresponds to the onset of dry patches on the inclined plate. However,
physically the formation of dry patches requires forces of nonhydrodynamic origin, such as long-range attractive intermolecular interactions that are not con-
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sidered in this monograph. The touch down with U1 = 0 of a trajectory in the
phase plane therefore is
√ a nonphysical solution. The other two roots of (E.2) are
2
Using± = 11
q0 (−38 ± 2665)/c. At least one of these roots is positive. The presence of the singular planes U1 = Using± in the phase space is a sign of the complexity of the full second-order model and does not result from any actual physical
limitations. It is rather a direct consequence of the projection of the velocity field on
a small set of polynomials.
On the other hand, the three-dimensional dynamical system (7.42) does not have
any denominators and the above difficulty is avoided. This is due to the simplicity of
the corresponding models. Notice, however, that the choice of only one test function
does not necessarily sidestep the onset of singular planes in the phase space. The
formulation adopted by Lee and Mei [161] by retaining cross-stream inertial terms
while using the assumption of a self-similar parabolic velocity profile also led to the
presence of singular planes in a three-dimensional phase plane.
By setting q0 to 1/3 − c as in (7.39), the two fixed points of the flow (E.1a)–
(E.1d) verify U2 = U3 = U4 = U5 = 0 and (7.44). To simplify notations, the two
fixed points are denoted with the same symbols used for the fixed points UI and UII
of the three-dimensional system (7.42). Heteroclinic orbits must connect the two
fixed points without encountering
one of the singular planes. For c > 1/3, q0 < 0
√
2
(38 + 2665)(1 − 1/(3c)) is positive. Using− = 1 admits a
and only Using− = 11
root
√
2 38 + 2665
≈ 0.355127.
c− =
√
3 65 + 2 2665
Similarly, Using− = hII leads to c = 1/3 or to the second-order equation,
√
√


17272 326 2665
16436 304 2665
+
−
+
c + c2 = 0,
1089
1089
363
363
which admits two roots, c− ≈ 0.315117 and c+ ≈ 93.6279. The first value is lower
than the limiting value 1/3, below which the second fixed point UII vanishes. The
second one is much larger than the usual speed of observed waves. The limiting
speeds c− and c+ correspond to extreme positions of the fixed point UII , either very
close to the origin, UII ≈ 0.0615879, or very far from it, UII ≈ 16.2372. Therefore,
the condition
c− < c < c+

(E.3)

is not restrictive and does not limit the exploration of the pertinent solutions (limit
cycles, homoclinic and heteroclinic orbits) to the dynamical system.
The position of the fixed points influences the orbits in the phase space. Homoclinic orbits connecting UI to itself spiral around UII such that the maximum
amplitudes of U2 , . . . , U5 increase with the distance separating the two fixed points.
The two values 1 − c− and c+ − 1 can be viewed as upper limits on the distance
between the two fixed points, which in turn correspond to upper limits on the wave
amplitude.

394

E

Model Details

E.2 Three-Dimensional Full Second-Order Model
Following the weighted residuals methodology detailed in Chap. 6, the velocity field
is projected onto the polynomials F0 , F1 and F2 defined in (6.74) and repeated
below for convenience:
1
F0 = ȳ − ȳ 2
2
17 2
F1 = ȳ − ȳ +
6
13 2
F2 = ȳ − ȳ +
2

(E.4a)
7 3
7
ȳ − ȳ 4
3
12
57 3 111 4 99 5 33 6
ȳ −
ȳ + ȳ − ȳ .
4
8
16
32

(E.4b)
(E.4c)

The streamwise and spanwise velocity distributions thus read
3
s1
s2
(q − s1 − s2 )g0 (ȳ) + 45 g1 (ȳ) + 210 g2 (ȳ)
h
h
h
3
r1
r2
w = (p − r1 − r2 )g0 (ȳ) + 45 g1 (ȳ) + 210 g2 (ȳ),
h
h
h
u=

(E.5a)
(E.5b)

h

where ȳ = y/ h and the streamwise and spanwise flow rates q = 0 u dy and q⊥ =
h
0 w dy, respectively, appear with two corrections each, namely s1 , s2 and r1 , r2 .
Applying the Galerkin method, which consists of integrating the boundary layer
equations (4.5a), (4.5b) across the film, substituting the projections (E.5a)–(E.5b)
into the integrated equations, taking the test functions (E.4a)–(E.4c) as weight functions and using the boundary conditions (4.2f), (4.2k), (4.2l) yields the full secondorder model for three-dimensional flows. Let us define two fictitious parameters,
x ≡ 1 and z ≡ 0. They will be used as “tracers” to identify in-plane gravity terms
that are equal to zero for the momentum equations in the transverse z direction. The
evolution equations for q , s1 and s2 read

27
s1
3069 s2
12 q s1 ∂x h 126 q s2 ∂x h
81 q
δ∂t q = x h −
− 33 2 −
+δ −
−
2
2
28
28 h
28 h
5
65
h
h2
h2
+

2
12 s1 ∂x q 171 s2 ∂x q 12 q ∂x s1 1017 q ∂x s2 6 q ∂x h
+
+
+
+
5
h
65
h
5
h
455
h
5 h2

−

12 q ∂x q 6 q ∂z q⊥ 6 q⊥ ∂z q 6 q q⊥ ∂z h 6 q r1 ∂z h
−
−
−
+
5
h
5 h
5 h
5 h2
5 h2

−

63 q r2 ∂z h 6 q⊥ s1 ∂z h 63 q⊥ s2 ∂z h 6 s1 ∂z q⊥ 108 s2 ∂z q⊥
−
−
+
+
65 h2
5 h2
65 h2
5 h
65
h

6 r1 ∂z q 63 r2 ∂z q 6 q ∂z r1 576 q ∂z r2 6 q⊥ ∂z s1
+
+
+
+
5 h
65 h
5 h
455 h
5 h


5025 q (∂x h)2 5055 ∂x q ∂x h 10851 q ∂xx h
63 q⊥ ∂z s2
−
+η
−
+
65 h
896
896
h
1792
h
h2

+

E.2

Three-Dimensional Full Second-Order Model

+

395

2027
2463 ∂z q ∂z h 2433 q (∂z h)2 5361 q ∂zz h
∂xx q + ∂zz q −
+
−
448
1792
h
1792
3584 h
h2

7617 q⊥ ∂x h∂z h 4749 ∂z q⊥ ∂x h 10545 ∂x q⊥ ∂z h 16341 q⊥ ∂xz h
−
−
−
1792
3584
h
3584
h
3584
h
h2

27
27
1579
∂xz q⊥ − ζ h ∂x h + h(∂xxx + ∂xzz )h
(E.6a)
+
448
28
28

+


2
3 q 126 s1
3 q ∂x h
1
126 s2
1 q ∂x q
−
δ∂t s1 = x h −
−
−
+δ
10
10 h2
5 h2
5 h2
35 h
35 h2
+

108 q s1 ∂x h 5022 q s2 ∂x h 103 s1 ∂x q 9657 s2 ∂x q
−
−
+
55
5005 h2
55
h
5005 h
h2

−

2 q ∂z q⊥
3 q⊥ ∂z q
39 q ∂x s1 10557 q ∂x s2
+
−
+
55 h
10010 h
35 h
35 h

−

3 q q⊥ ∂z h 54 q r1 ∂z h 54 q⊥ s1 ∂z h 54 r1 ∂z q
+
+
−
35 h2
55 h2
55 h2
55 h

−

54 q⊥ ∂z s1 2511 q⊥ s2 ∂z h 2511 q r2 ∂z h 2511 r2 ∂z q
−
−
+
55 h
5005 h2
5005 h2
5005 h

3 q ∂z r1
2511 q⊥ ∂z s2 49 s1 ∂z q⊥ 7146 s2 ∂z q⊥
−
+
+
5005 h
55 h
5005 h
11 h


93 q (∂x h)2 69 ∂x h∂x q 21 q ∂xx h
1107 q ∂z r2
+η
+
+
−
2002 h
40
40
h
80 h
h2
+

57 ∂z q ∂z h 81 q (∂z h)2
3 q ∂zz h 27 q⊥ ∂xz h
9
∂xx q −
+
+
−
2
40
80
h
80
40 h
80 h
h

9 ∂z h∂x q⊥
9
21 q⊥ ∂x h∂z h 63 ∂z q⊥ ∂x h
−
− ∂xz q⊥
−
+
16
80
h
40
h
40
h2

−

−
δ∂t s2 =

1
1
ζ h∂x h + h(∂xxx + ∂xzz )h
10
10

(E.6b)


13 q 39 s1
13
11817 s2
4 q s1 ∂x h 18 q s2 ∂x h
h
−
−
−
+
δ
−
+
x
420
140 h2
5 h2
140 h2
11 h2
11 h2
−

6 q ∂x s1 288 q ∂x s2
2 q r1 ∂z h
2 s1 ∂x q 19 s2 ∂x q
−
+
−
−
33 h
11 h
55 h
385 h
11 h2

−

2 q⊥ ∂z s1
9 q r2 ∂z h
2 q⊥ s1 ∂z h
2 r1 ∂z q
9 q⊥ s2 ∂z h
+
+
+
+
2
2
11 h
11 h
11 h
11 h
11 h2

−

9 r2 ∂z q
9 q⊥ ∂z s2
8 s1 ∂z q⊥ 10 s2 ∂z q⊥
4 q ∂z r1
−
−
−
−
11 h
11 h
33 h
11 h
55 h

396

E



Model Details


3211 q (∂x h)2 2613 ∂x h∂x q 2847 q ∂xx h
+η −
−
+
4480
4480
h
8960 h
h2

+

27 q ∂z r2
385 h

+

559
3029 ∂z q ∂z h 3627 q (∂z h)2
299 q ∂zz h
+
∂xx q +
−
2
2240
8960
h
8960
17920 h
h

533 ∂x q⊥ ∂z h
5993 q⊥ ∂xz h
4927 ∂z q⊥ ∂x h
559 q⊥ ∂x h∂z h
−
−
+
1792
17920
h
17920
h
17920 h
h2

13
13
559
∂xz q⊥ −
ζ h∂x h +
h(∂xxx + ∂xzz )h.
(E.6c)
+
2240
420
420

−

The equations for q⊥ , r1 and r2 are obtained from (E.6a)–(E.6c) through the exchanges {x ↔ z, q ↔ q⊥ , s1,2 ↔ r1,2 , x ↔ z } (hence the introduction of the
“tracers” x,z reduces to a minimum the set of equations to be written). The set of
equations is completed by the mass conservation ∂t h = −∂x q − ∂z q⊥ .
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∂t h = −∂x q − ∂z q⊥
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E.5 Second-Order Inertia Corrections to the Regularized
Model (9.33a), (9.33b) for the ST Case
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E.6 Weighted Residuals Modeling for the HF Case
Up to now, the weighted residual approach has been applied for the problem of
a uniformly heated film corresponding to the ST condition. Here we develop the
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weighted residuals modeling for the HF condition which takes into account heat
losses from the wall to the gas phase in contact with the wall. The condition is given
in (2.23b) and is rewritten here for clarity:
∂y T |0 = −1 + Bw T |0 .

(E.10)

As emphasized in Sect. 9.4, at zeroth order the heat transfer and mechanical
equilibrium of the film are decoupled from each other. The coupling between the two
appears at first order through the presence of interfacial deformations. Moreover, the
zeroth-order formulation of the surface temperature (5.4b)
θ (0) =

1
B + Bw (1 + Bh)

(E.11)

yields the same formulation of the second-order terms KM (recall that these terms
are induced in the momentum equation by the Marangoni flow produced by the
gradient of temperature at the film surface) as obtained in (9.40) for ST. Therefore,
the momentum equation (9.43b) of the reduced model will remain unaltered with
HF and we hence focus only on the energy equation in what follows. In addition,
the Galerkin averaging procedure for the energy equation is overall similar to the
one presented in Sect. 9.2, but with some modifications.
Much like with the ST case, we wish to have the film surface temperature θ in
the formulation of the averaged model. Let us then rewrite the linear zeroth-order
temperature profile across the film (5.3f) in terms of the surface temperature θ :
T (0) = θ + F(h − y) where F =

1 − Bw θ
.
1 + Bw h

(E.12)

The effective heat flux F(x, t) at the wall decreases with the intensity Bw of the
heat losses from the liquid to the wall and with the increase of the film surface
temperature θ . To satisfy the boundary condition (E.10), we write the temperature
field as


imax
y
T (x, y, t) = −F(x, t) y +
bi (x, t)gi
,
(E.13)
h(x, t)
i=0

where g0 = 1 corresponds to the base state, and the set of test functions is completed
with gi (ȳ) = ȳ i+1 , i ≤ 1, to obtain the polynomial basis for the projection.

E.6.1 Formulation at First-Order
Turning to the weighted residuals for the energy equation (9.7b) and with the same
arguments as in Sect. 9.2, the unknowns bi , i ≥ 1, may only play a role through the
h
integral, 0 wj ∂yy T . With two integrations by parts and making use of the boundary
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condition at the surface (9.6f) and the heat flux condition at the wall (E.10), we
obtain
 h  
y
wj
∂yy T dy = −Bwj (1)T |h + wj (0)(1 − Bw T |0 )
h
0


1
wj  (0)T |0 − wj  (1)T |h
+
h
 

1 h  y
wj
+ 2
T dy.
(E.14)
h
h 0
In order to put the emphasis on θ ≡ T |h , we choose for the first weight function
wimax (0) = 0, wimax = 0, so that wimax ∝ 1 = g0 . It is next appropriate to replace the
physically meaningless unknown b0 by θ through the substitution
imax

b0 = Fh + θ −

bi .

(E.15)

i=1

The evaluation of the first residual (9.7b) corresponding to wimax = g0 = 1 then
yields




1
3 Fq∂x h
q∂x θ
+ F∂x q + q∂x F +
3εPe F∂t h + h∂t F + ∂t θ +
2
8
h
h
(F − Bθ)
−
= 0.
(E.16)
h
Substituting now F = (1 − Bw θ )/(1 + Bw h) and using the kinematic equivalence,
∂t h = −∂x q, leads to the following equation for θ :


(1 − Bw θ )
Bθ
(5 + Bw h)(1 − Bw θ )
∂x q
−
+ 3εPe
3εPe∂t θ =
h(1 + Bw h)
h
8(1 + Bw h)2



3 Bw h
q
3 (1 − Bw θ ) q
h
−
1
−
θ
∂
∂
−
x
x
8 (1 + Bw h)2 h
8 (1 + Bw h) h

−1
Bw h
× 1−
,
(E.17)
2 + 2Bw h
where the unknowns bi do not appear. This equation is consistent at O(ε) and can
be substituted for (9.17c) into (9.17a)–(9.17c) to get the first-order model for the
heat flux condition; the model consists of three coupled evolution equations for h,
q and θ .

E.6.2 Formulation at Second-Order
As in Sect. 9.3, we extend here the first-order formulation to take into account the
second-order thermal effects. For this purpose, we need the explicit expressions for
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the amplitudes bj of the projection at first order. This is done by eliminating the
coefficients of the polynomial obtained by substituting the temperature field (E.13)
and the velocity field (9.2a) into the second-order energy equation (4.6b). Since the
amplitudes ai are known from (9.18a)–(9.18e) and b0 from (E.15), and the bi , i ≥ 1,
are at least of O(ε), the coefficients of the above polynomial provide the required
expressions of the bi as functions of h, θ , q and their derivatives:
3
b1 = εPeh2 (h∂t F + ∂t θ − F∂x q)
2


1
b2 = − εPeh h2 ∂t F − 3q(F∂x h + h∂x F + ∂x θ )
2


3
b3 = − εPeh −hF∂x q + q(3F∂x h + 3h∂x F + ∂x θ )
8


3
b4 = εPeh −hF∂x q + 3q(F∂x h + h∂x F)
40
bi = 0, i ≥ 5.

(E.18a)
(E.18b)
(E.18c)
(E.18d)
(E.18e)

In contrast to the ST case, here the amplitude b1 is nonzero. Therefore, the temperature T at first order is a combination of five independent fields, namely, θ , b1 , b2 ,
b3 and b4 . As a consequence, a consistent formulation of a model for the dynamics
of the flow at second order would require 14 unknowns, instead of 13 for the ST
case. However, rather than solving 14 equations, let us use the same approach as for
the ST case and construct a set of orthogonal test functions for the temperature field
from linear combinations of g0 , g1 , g2 , g3 and g4 such that G0 ≡ g0 :
G0 = 1

(E.19a)

G1 = 1 − 3ȳ 2

(E.19b)

G2 = 1 − 15ȳ + 16ȳ
2

3

(E.19c)

G3 = 1 − 45ȳ 2 + 112ȳ 3 − 70ȳ 4

(E.19d)

G4 = 1 − 105ȳ + 448ȳ − 630ȳ + 288ȳ .
2

3

4

5

(E.19e)

Therefore, the temperature field can be accurately described at O(ε) from
T = −Fy + (Fh + θ − t1 − t2 − t3 − t4 )G0 +

1
2

4

(−1)i ti Gi .

(E.20)

i=1

The set of test functions Gi must be completed at second order with 10 polynomials of degree up to 14. Nevertheless, since Gi , 0 ≤ i ≤ 4, are not linear combinations
of Gi , 0 ≤ i ≤ 4, the five first residuals do not form a closed set of equations for θ ,
t1 , t2 , t3 and t4 . Yet, a basis for the set of polynomials of degree up to five satisfying
the HF condition can be obtained by introducing only one polynomial orthogonal to
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ȳ + 140ȳ 2 − 336ȳ 3 + 350ȳ 4 − 132ȳ 5 .
3

(E.21)

the first four Gi . This polynomial, G5 , is
G5 (ȳ) = 1 −

The temperature field can now be written explicitly at second order as
1
T = −Fy + (Fh + θ − t1 − t2 − t3 − t4 )G0 (ȳ) − t1 G1 (ȳ)
2


9
1
1
1
+ t2 G2 (ȳ) − t3 G3 (ȳ) +
ti G4 (ȳ)
t4 −
2
2
2
i=6

9

− 3t5 G5 (ȳ) +

ti
i=6

Gi (ȳ)
.
Gi (1)

(E.22)

The choice of this formulation ensures that the evaluation of 0 Gj (ȳ)T dy, 0 ≤
j ≤ 5, does not require the definitions of Gj , j ≥ 6. By applying next the Galerkin
method to the energy equation we find that the first six residuals Rθ (Gi ), 0 ≤
i ≤ 5, constitute a closed set. Since the amplitude t5 is of O(ε 2 ), its space and
time derivatives can be neglected at this order, so that an explicit formulation in
terms of h, θ , t1 , t2 , t3 and t4 can be obtained, expressing the slaving of the former
to the latter. We can then derive a set of five evolution equations for θ , t1 , t2 , t3 , t4
that couple with the five other evolution equations (E.8a)–(E.8e) to provide the full
second-order model, a system of 10 equations with 10 unknowns.
However, we will take a shortcut here based on considerations already developed
in the ST case (see Sect. 9.4.3). In fact, the aim is once again to obtain a threeunknown regularized model for h, q and θ that remains asymptotically correct up
to O(ε 2 ) with the long-wave theory. Yet, as temperature is coupled through its gradient in the momentum equation, the second-order terms in the energy equation do
not enter the second-order gradient expansion. Further, recall that it is not possible
to take into account the second-order corrections appearing in the averaged energy
equation—which are induced by the deviations of the temperature and velocity profiles from the Nusselt flat film solution—if the temperature field is assumed to be
slaved to the free surface temperature θ only. Hence, we restrict ourselves here to
the second-order averaged energy equation obtained from the first residual, Rθ (G0 )
with G0 = 1, as we did for the first order. The result written in terms of the Shkadov
scaling is



3
∂x h
1
F − Bθ
− Prδ h∂t F + ∂t θ + q ∂x F + F
h
2
8
h




q∂x θ
1
(∂x h)2
5
+ η 2∂x F∂x h + F − Bθ
− F∂x q +
8
h
2
h

∂x h∂x θ
1
+
(E.23)
+ h∂xx F + F∂xx h + ∂xx θ = 0,
h
2
h
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where the second bracketed expression contains the second-order thermal effects.
Equation (E.23) should be coupled with the continuity and the momentum equations (9.43a), (9.43b). This three-equation system constitutes the regularized model
for the HF case.

Appendix F

Numerical Schemes

F.1 Solving the Orr–Sommerfeld Equation by Continuation
Solving the Orr–Sommerfeld eigenvalue problem is not a straightforward task. Numerical schemes for its solution were proposed as early as 1964 [298] for the problem of a falling film with surfactants (the Orr–Sommerfeld problem for the purely
hydrodynamic case was treated for the first time in [10]). The different schemes are
based, for example, on the “shooting method” (see, e.g., [67] or [259]), “pseudospectral methods” (see, e.g., [44, 202]) or “finite differences.” In the last two cases
the aim is to discretize the (infinite-dimension) differential eigenvalue problem appropriately and thus convert it to a (finite-dimension) matrix eigenvalue problem,
whereas, in the shooting method one looks for the parameter values for which the integration of the equation from one side of the domain (the wall) satisfies the boundary conditions at the other side (the free surface).
Here we present an alternative approach based on continuation, which demands
a minimum of code writing due to a freely distributed software. The basic idea is
the following: Suppose one trivial solution of the problem at hand is known and that
this solution is not isolated in the parameter space but lies on a continuous branch of
solutions, i.e., a continuous distribution of solutions as a function of a single parameter (a “codim 1 manifold”). One may then construct the whole branch of solutions
in small steps, starting from the known trivial solution. An introduction to continuation methods can be found in the monograph by Allgower and Georg [8]. Based on
the initial work by Keller [146], accurate continuation algorithms have been developed by Doedel et al. [80, 81] and implemented in the software package AUTO -07 P,
which can be downloaded from http://indy.cs.concordia.ca. The software is designed
as a collection of subroutines that enables the solution of bifurcation problems for
ordinary differential equations. It can be installed on most operating systems, including Windows and Linux. For details, we refer the reader to the documentation
of the software. Here we provide the basic steps to using the software and how to
implement it for the numerical solution of the Orr–Sommerfeld eigenvalue problem.
The user gives a name to the problem to be solved, say xxx, and defines it in
the file xxx.f. The numerical constants of each run are specified in separate files
S. Kalliadasis et al., Falling Liquid Films, Applied Mathematical Sciences 176,
DOI 10.1007/978-1-84882-367-9, © Springer-Verlag London Limited 2012
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c.xxx.1, c.xxx.2 and so on. The computations are initiated by the command
@r, by typing in a unix shell @r xxx 1, for example. The software then compiles
the program using the routines defined in xxx.f, reads the numerical constants
stored in c.xxx and the initial solution stored in the file q.1 produced by a previous run.1
The results of the computation are stored using @sv. They can be plotted with the
software P LAUT run by the command @p. Details can be found in the user manual,
which contains numerous useful examples, i.e., a variety of dynamical systems, such
as reaction-diffusion equations [79].
As an example, let us consider the search for the neutral stability curve of streamwise perturbations in terms of the wavenumber k versus angular frequency ω for
an isothermal film falling down an inclined plate. We then need to solve numerically (3.22a) with boundary conditions (3.22c), (3.22g) and (3.22h), where η is
given by (3.22f) and M is set to zero.
As the Orr–Sommerfeld system is linear, a constraint/normalization condition on
the amplitude must be added. Here we choose the integral constraint
 1
ϕ dy = 1/3,
(F.1)
0

which is compatible with the normalization of ϕ0 in (3.24). In practice, the search
for the neutral stability conditions is facilitated by the long-wave nature of the instability. The onset of instability corresponds to a zero wavenumber k and the neutral
stability curve emerges from the “trivial solution”:
ϕ = y2,

k = 0,

c = 1.

(F.2)

We therefore proceed in two steps.
Step 1: We start from the trivial solution (F.2) and follow the horizontal axis
ω = k = 0 until the critical value of the Reynolds number is detected as a bifurcation
point.
Step 2: We restart the computation from Re = Rec and construct the neutral stability curve. The process is called stab and the three necessary files, stab.f,
c.stab.1 and c.stab.2 are in the AUTO source code discussed later.
The first step is implemented with the following sequence of commands:
cp c.stab.1 c.stab
@r stab
@sv 1
During the computation, AUTO summarizes the results on the screen:

1 The

latest distribution AUTO -07 P, released in 2007, has a user-friendly command line interface
based on the “Python language,” as well as a graphical user interface (GUI). Yet, AUTO -07 P, like
older versions of AUTO, can still be used effectively with the help of the standard Unix commands.
Therefore, we leave to the reader the choice of using the Python and GUI interfaces or not and
present only the standard Unix procedure to which most current users of AUTO are accustomed.

F.1 Solving the Orr–Sommerfeld Equation by Continuation
BR
PT
MAX U(2)
1
1
0.00000E+00
1
15
0.00000E+00
1
100
0.00000E+00

409

TY

LAB
PAR(1)
L2-NORM
MAX U(1)
MAX U(3)
MAX U(4)
PAR(2)
PAR(3)
EP
1
1.00000E-01
2.42212E+00
1.00000E+00
2.00000E+00
0.00000E+00
0.00000E+00
1.00000E+00
BP
2
1.19172E+01
2.42212E+00
1.00000E+00
2.00000E+00
0.00000E+00
0.00000E+00
1.00000E+00
EP
3
9.69172E+01
2.42212E+00
1.00000E+00
2.00000E+00
0.00000E+00
0.00000E+00
1.00000E+00

The switch from the trivial solution to the neutral stability boundary is enabled by
setting the constant ISW to −1 in c.stab.2. The results are stored in files b.1,
s.1 and d.1. The critical point is detected as a “branch point” (indicated by BP in
the screen outputs) at Re = 11.91722, in agreement with the theoretically predicted
value of the critical Reynolds number, Rec = 5/6 cot(4π/180). This point is labeled
as 2 and gives the starting conditions for the second step. Notice that the detection of
the (bifurcation) point 2 is enabled by setting the constant ISP to 2 in the constant
file c.stab.1.
The second step is achieved with the following commands:
cp c.stab.2 c.stab
@r stab 1
@sv 2
The computation is stopped when Re reaches the value 70 (last row of the constant
file c.stab.2). The results are then stored in files b.2, s.2 and d.2, and can
be visualized with the command @p 2 using the software P LAUT which opens a
Tektronix window. Next, typing the following commands in the P LAUT window
ax
1 8
select the Reynolds number and the frequency (first and eighth columns of the file
b.2). Finally, the neutral stability curve is plotted and saved in a file 2.fig using
the commands:
bd0
sav
2.fig
To convert this file into a postscript one, we can use the command @ps 2.fig,
which creates the file 2.fig.ps. The result is displayed in Fig. F.1 for a particular
set of parameters (β = 4°, ν = 2.3 10−6 m2 s−1 , σ/ρ = 62.6 × 10−6 m3 s−2 ) corresponding to an experiment by Liu et al. [170] and to Fig. 7.2. Notice that AUTO
draws the neutral curve for ω < 0. As the curve is symmetric around ω = k = 0, its
part for positive values of ω can be easily recovered through ω → −ω, k → −k.

F.1.1 AUTO Source Code
The files necessary for the above example on the use of the software AUTO can be
downloaded from extras.springer.com (search for the book by its ISBN, you will
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Fig. F.1 Neutral stability curve as plotted by the software Plaut in the (Re, ω)-plane. Notice
that the second run of the computation, stored in b.2, s.2 and d.2 follows the first run stored in
b.1, s.1 and d.1. File s.1 already contains three solutions labeled 1, 2 and 3, so that the fourth
one, stored in s.1, is labeled 4 and corresponds to the solution at the end of the computation

then be asked to enter a password, which is given on the copyright page of this print
book). They are written in the “old” Fortran style and are therefore compatible with
the current release AUTO -07 P (and of course with older versions). File stab.f
contains the Orr–Sommerfeld equation (3.22a) in the format of an autonomous complex dynamical system of dimension 5 (subroutine FUNC), the boundary conditions
(3.22c), (3.22g) and (3.22h) (subroutine BCND), the integral condition (F.1), and
the trivial solution (F.2) (subroutine STPNT).
There are three “active” continuation parameters in the problem the way it is
formulated: Re, k and c, corresponding to the parameters PAR(1), PAR(2) and
PAR(3), respectively (subroutine FUNC). There are two more active parameters
that are not changed in the runs, Ct and Γ , whose values are set once and for all in
STPNT. Since the frequency ω is not a true continuation parameter in the chosen
formulation based on the wavenumber k but a combination of the two parameters k
and c, the dimensional frequency ω is denoted as PAR(6) in a separate subroutine
PVLS that defines specific “solution measures” (non-free parameters). Of course,
the value of the dimensionless frequency can be obtained as a combination of k and
c, but it is useful to store the dimensional frequency in a user-defined parameter
(UZR) in AUTO such that it explicitly appears in the output AUTO files and there is
no need for additional post-processing.

F.2 Computational Search for Traveling Wave Solutions and
Their Bifurcations
To investigate the behavior of the solutions of the BE, we employ bifurcation analysis using numerical continuation techniques [79]. Continuation is a very effective
method for determining branches of stationary solutions and their bifurcations, fol-
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lowing them in the parameter space using the Newton iteration method. In the context of thin films, continuation was applied in studies of traveling and solitary waves
of falling films [52, 227, 228, 239], sliding drops on slightly inclined plates [268,
269], and transverse instabilities of sliding liquid ridges [266].
We seek traveling wave solutions, i.e., stationary solutions of (5.13) in a frame
of reference moving downstream at constant speed c. We present the computational
methodology for the BE in terms of the Nusselt scaling to illustrate how some of
the figures in Chap. 5, prior to the introduction of the Shkadov scaling, are obtained.
Introducing h(x, t) = h(ξ ) with ξ = x − c t, the BE (5.13), truncated at first order
for simplicity and dropping ε, can be integrated once to yield
−c h +

h3
2
h3
h3
h2 BM h
= 0,
− q0 + Reh6 h + We h − Ct h +
3
5
3
3
2 (1 + B h)2

(F.3)

where the primes denote differentiation with respect to ξ ; q0 is the integration constant and represents the flow rate in the moving frame of reference (see (5.51)). Its
value is negative because the phase speed c of surface waves is generally higher
than the mean velocity of the film. Assuming that no dry spots are possible, i.e.,
h = 0, (F.3) can be divided by −We h3 /3 to get


1 3
6
3 BM h


3 

(q0 + c h) − 1 − Reh h + Cth −
. (F.4)
h = F [h, h ] =
We h3
5
2 h(1 + B h)2
The differential equation (F.4) is recast into a dynamical system, as follows:
⎧

⎪
⎨ U 1 = U2
U2 = U3
⎪
⎩ U  = F [U , U ],
1
2
3

(F.5)

where U1 = h, U2 = h and U3 = h . The dimension of the dynamical system
(= 3) is fixed by the third-order surface tension term, which makes the system (F.5)
applicable to the majority of the equations for the film thickness discussed in this
monograph.
To determine iteratively the periodic solutions of the dynamical system (F.5),
we use the continuation and bifurcation tools for ordinary differential equations
in the software AUTO -07 P. During the computations the periodicity of the solution is enforced, the “phase” of the wave is fixed by U1 |ξ =0 = 1 (which fixes the
λ
origin) and the total volume 0 U1 dξ = hξ —with λ = 2π/k—is controlled as
specified by the flow condition, open or closed (see Sect. 5.3.1; both boundary conditions have been treated even though for the specific example given in the source
code the closed-flow condition is enforced). This amounts to one integral and four
boundary conditions, hence the continuation requires three free parameters [146].
By specifying the set of viscous-gravity parameters {Re, Γ, Ma, Bi, Ct}, the remaining free parameters are {k, c, q0 }. The continuation is started from the neutral mode
at criticality corresponding to the Hopf bifurcation point with kc from (5.18a) and
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c from (5.16). The starting value of q0 is fixed by the Nusselt flat film solution
h(ξ ) = 1 such that from (F.3), q0 = −2/3.
Notice that we have avoided specifying the set of Nusselt parameters {Re, We, M,
B, Ct} (see, e.g., Appendix D.1 and Sect. 4.10). Indeed, the advantage of working
with the viscous-gravity parameters is that all these parameters, apart from Re, are
independent on the flow rate, which is usually the principal control parameter in
experiments.
We now give the necessary steps to compute the results in Figs. 5.2, 5.4 and 5.5,
namely how to follow a branch of stationary solutions from the Hopf bifurcation
point, how to detect and follow a period-doubling bifurcation and, finally, how to
trace the locus of saddle-node bifurcation points in the parameter space.

F.2.1 Hopf Bifurcation
We compute here the γ2 -family of traveling wave solutions of (F.3) using the equation file be.f and the constants files c.be that define the different constants. The
command is
@r be
Once this is executed, one can visualize the results by launching the P LAUT program
with the command
@p
In the P LAUT environment, entering successively the commands
ax
1 3
d1bd0
gives the γ2 branch as plotted in Fig. 5.2a for hmax versus k. Now, entering successively
2d
a
gives solutions for different values of k as specified in the constants file c.be.
The labels 2–5 correspond to the wave profiles 1–4 plotted in Fig. 5.2b. Exiting the
PLAUT environment using the “quit” command, one can save the γ2 -family with
the command
@sv g2

F.2.2 Period-Doubling Bifurcation
Let us now compute the γ2 -family of solutions for the first harmonic. To do so
one has to set f = 2, the “harmonic parameter” (≡ n, the number of waves in the

F.2 Computational Search for Traveling Wave Solutions and Their Bifurcations

413

wavetrain required to compute the period-doubling bifurcation—see Sect. 5.3.2)
in the solution subroutine STPNT() of the file be.f. Once changed and saved,
the file must be run with another constant file, c.be.HP2, where the detection of
the bifurcation point is enabled (ISP = 2), the number of mesh points is doubled
(NTST = 100), the tolerance parameters (EP*) are slightly decreased and the initial
continuation stepsize is adjusted (DS = −1.e−06). The commands then to run and
save are
@r be HP2
@sv be
AUTO -07 P finds several bifurcation points (BP), the first one of which corresponds to the period-doubling bifurcation point for the γ1 -family of traveling waves.
We shall then compute the corresponding branch using the third constants file,
c.be.PD, where the label of the starting bifurcation point is specified (IRS = 2),
the branch switching is enabled (ISW = −1) and the direction of the continuation is
changed (by changing the sign of DS). The commands then to run and save are
@r be PD
@sv g1
One can finally append the two families of solutions and plot them as follows
@ap g1 g12
@ap g2 g12
@p g12
In the P LAUT environment, entering as before the commands
ax
1 3
d0bd0
shows the two families of solution for hmax versus k, while entering
ax
1 7
d0bd0
shows the two families of solution for c versus k, exactly as presented in Fig. 5.2a.
As an exercise, one can try to compute other bifurcating families by changing the
value of the BP-starting solution in the constants file c.be.PD, i.e., IRS = 3–6,
then following the same procedure as above to run, save, append and plot. Once
finished and before going to the next section, delete the bifurcation, solution and
diagnostic files, respectively b.be, s.be and d.be, with the following command,
@dl be
and set back to f = 1 the harmonic parameter in be.f.
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F.2.3 Locus of Saddle-Node Bifurcation Points
The different branches of solutions reported in Fig. 5.4 can be reproduced by tuning
the Kapitza number to Γ = 2950 in the equation file be.f and varying the value of
the Reynolds number. Let us trace here the branch for Re = 3:
@r be
@sv be
Because the detection of fold is enabled (ILP = 1) in the file c.be, a turning point
(see the asterisk in Fig. 5.4) is found (LP) and recorded with the label 6. We shall
then track the locus of this turning point in the parameter space. The constants
file c.be.TP0—with the turning point as initial solution (IRS = 6), the Reynolds
number as an additional continuation parameter (PAR(3)), the continuation of fold
enabled (ISW = 2) and the tolerance parameters (EP*) decreased—is first used to
generate starting data
@r be TP0
@ap be
The fold continuation can then be performed using the constants file c.be.TP
starting with the last solution (IRS = 11), and where the iteration parameters are
increased (ITMX = 10, ITNW = 8) and the initial continuation stepsize is adjusted
(DS = 0.1):
@r be TP
@ap be
Launching the PLAUT environment with @p and typing the commands
ax
7 1
d0bd0
shows the blow up boundary as plotted in Fig. 5.5 (dashed line).

F.2.4 AUTO Source Code
The Fortran files necessary for the above example on the use of the software AUTO 07P can be downloaded from extras.springer.com (search for the book by its ISBN,
you will then be asked to enter a password, which is given on the copyright page of
this print book). These are: be.f that contains subroutines FUNC, STPNT, BCND,
ICND and all the constants files.

F.3 Time-Dependent Computations Using Finite Differences
We briefly present here the key points of the algorithm implemented to simulate the
spatio-temporal evolution of the film based on models of reduced dimensionality,
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i.e., one evolution equation for h, e.g., the BE (5.12), two coupled evolution equations for h, q, e.g., the Kapitza–Shkadov model (6.13a), (6.13b) and the regularized
model (6.1), (6.92), or more than two as, e.g., the three-equation model formulated
in [226]. The reader interested in more details of finite difference schemes can refer
to one of the many available textbooks, e.g., [220].
In all cases, the equations to be solved can be recast in the form
∂t H = L(H) + N (H),

(F.6a)

where H denotes the set of unknowns. Therefore, in the case of the Kapitza–
Shkadov model or the more refined two-equation models, H = (h, q). L is a linear matrix-differential operator and N is a nonlinear functional of H and its spatial
derivatives. The spatial evolution of the film is then determined by solving system (F.6a) in a semi-infinite domain with initial conditions
H(x, 0) = H0 (x)

(F.6b)

and boundary conditions
H(0, t) = Hf (t),

H(∞, t) = H0 (∞) = const.

(F.6c)

appropriate for a semi-infinite domain, where Hf is a function of time corresponding to the forcing at the inlet. Notice that for a semi-infinite domain the boundary
condition at infinity will not affect the spatial evolution, provided that it is compatible with the initial condition, more specifically that the limit of the initial condition at infinity coincides with the boundary condition there, as is indeed the case
with (F.6a)–(F.6c).
Because boundary conditions (F.6c) are not periodic, a spectral method for the
numerical integration of (F.6a)–(F.6c) cannot be used. Instead, a finite-difference
scheme is employed.
The computational domain of size L is discretized into a regular grid of N points
or “nodes,” xj = j x; j = 1, 2, . . . , N , x = L/N . The discretized variables at
(n) (n)
the node (xj , tn ) are denoted by H(n)
qj , . . .). Notice that the necessary
j = (hj
limitation in size of the actual semi-infinite domain demands the introduction of
additional boundary conditions at the downstream limit x = L that do not generate
parasitic reflections upstream. We shall return to this point below.
We choose the Crank–Nicholson scheme,
(n)
H(n+1)
− Hj =
j

t
(n+1)
(n+1)
(n)
(n)
+ N Hj
+ L Hj + N H j
,
L Hj
2

(F.7)

(n)

where t = tn+1 − tn is the time step. As the solution Hj is known at time step n,
(n+1)

. This can be achieved using Newton’s method.
the inversion of (F.7) gives Hj
However, it might not always be easy to implement due to the nature of the nonlin(n+1)
) and the dimensionality of the equations to be solved. A quasiearities N (Hj
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linearization can be employed instead which gives
(n+1)

Hj

(n)

− Hj =

t 
(n+1)
(n)
(n)
L Hj
+ L Hj + 2N Hj
2
(n)
(n+1)
(n) 
Hj
.
+ N  Hj
− Hj

(F.8)

This scheme substantially simplifies the numerical analysis, though in general the
time steps must be smaller than those required for the Newton method. The scheme
(F.8) is “consistent” (the solution of the numerical scheme converges to the solution
of the partial differential equation (F.6a) as t goes to zero) and of “second-order
precision” in time (the error associated with the time integration is of O(t 2 ))).
Indeed, a Taylor expansion at the node (xj , tn+1/2 = 12 (tn+1 + tn )) yields
t 
(n+1)
(n)
(n)
L Hj
+ L Hj + 2N Hj
2

Hj(n+1) − H(n)
− Hj(n+1) − H(n)
+ N  H(n)
j
j
j

(n+1/2)
(n+1/2)
(n+1/2) 
− t L Hj
+ N Hj
− (∂t H)j
= O t 2 .

(F.9)

The spatial derivatives are approximated by central difference schemes whose precision is again of second-order:
1
(Hj +1 − Hj −1 ) + O x 2
(F.10a)
2x
1
(Hj +1 − 2Hj + Hj −1 ) + O x 2
(F.10b)
(∂x 2 H)j =
x 2
1
(∂x 3 H)j =
(Hj +2 − 2Hj +1 + 2Hj −1 − Hj −2 ) + O x 2 . (F.10c)
2x 3
(∂x H)j =

The quasi-linearized Crank–Nicholson scheme is then formally written as
Hn+1 = Ln Hn ,

(F.11)

where Ln corresponds to the linear operator I − (t/2)[L + N  (Hj )] and where
Hn and Hn+1 are the unknowns. Thanks to the choice of central differences, Ln
is a diagonally dominant matrix2 with a nonzero determinant, which then ensures
the existence of the inverse of this matrix, which in turn ensures the existence and
uniqueness at each time step of the solution to (F.8). Ln is a “banded matrix,” i.e.,
a sparse matrix whose nonzero entries are confined to a diagonal band whose bandwidth depends on the order of the spatial derivatives. In practice, the numerical
(n)

2 A matrix A = (a ) is said to be “diagonally dominant” if in every row of the matrix the magnitude
ij

of the diagonal entry in that row is larger than the sum of the magnitudes of all the other (nondiagonal) entries in that row, i.e., ∀i |aii | ≥ j =i |aij |. For the properties of diagonally dominant
matrices see for example [104].

F.3 Time-Dependent Computations Using Finite Differences

417

inversion of (F.11) at each time step can be achieved effectively by direct methods
like “LU decomposition,” for which, in the case of a banded matrix, the number of
required operations is proportional to N and to the bandwidth.
Applying our equations at the first node j = 1 demands the values of the film
height at two fictitious nodes, x0 = 0 and x−1 = −x, upstream of the left end of the
computational domain: The finite difference approximation for the third derivative
in (F.10c) (the highest derivative for h) involves the nodes j − 1 and j − 2. For the
flow rate, the highest derivative of our equation is a second one, which from (F.10b)
involves the node j − 1 and hence we need to know the flow rate at the fictitious
node x0 = 0. We then impose
(n)
h(n)
−1 = h0 = hf (tn ),
(n)

q0 = qf (tn ),

(F.12a)
(F.12b)

so that nodes h1 and h0 are excited simultaneously. Hence, we have a total of three
boundary conditions at the inlet.
The treatment of the outlet boundary condition is more subtle. If we had to solve
a system of hyperbolic equations (where information travels from left to right) we
would not need an outlet boundary condition. But the presence of surface tension
makes our equations parabolic and we need boundary conditions at two points. At
the same time, we wish to avoid fictitious nodes outside the right end of the computational domain, as we do not have any information about the dynamics there (we
wish to keep the “flow” of information from the left to the right). Hence, if j = N is
the last node, we could utilize backward finite differences and use only the information at nodes j = N − 1, N − 2, N − 3, . . . . Any boundary condition which would
require more than three nodes would introduce more diagonals in the matrix to be
inverted (and hence the bandwidth of the matrix to be inverted would be larger) and
would therefore increase the number of operations needed at each time step, which
in turn might generate spurious reflections of the waves at the endpoint of the domain. A simple and effective way then to deal with the right end of the domain is to
impose there a set of linear hyperbolic equations, e.g.,
∂t H = vf ∂x H,

(F.13)

with vf > 0, corresponding to two boundary conditions for h and q at the outlet,
which together with (F.12a), (F.12b) means a total of five boundary conditions for
our equations (we have a third spatial derivative for h and a second one for q). The
wave equation (F.13) is an ad hoc outlet “soft” boundary condition that simulates
the wavy behavior of the film, with vf being a relaxation parameter that is empirically tuned to limit wave reflections. It has a first-order spatial derivative whose
discretization in (F.14) requires only the j = N, N − 1, N − 2 nodes and hence it
does not increase the bandwidth of the matrix to be inverted.
Equation (F.13) ensures that the information is transported downstream and limits wave reflection. It effectively “hyperbolizes” our original system of equations
at the end of the domain, ensuring that the information travels from the left to the
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right. The drawback of using (F.13) is the generation of some numerical errors at
the outlet. However, thanks to the convective nature of the primary and secondary
instabilities of falling film flows (Sect. 7.1.2), these numerical disturbances cannot invade the numerical domain and therefore affect only a few nodes at an outlet
boundary layer. At the last node, the spatial derivative is discretized using an upstream second-order accurate scheme (for consistency with (F.10a)–(F.10c)):
(∂x H)N =

1
(HN−2 − 4HN−1 + 3HN ) + O x 2 .
2x

(F.14)

Notice that according to the “Lax–Richtmyer equivalence theorem”, for a consistent difference scheme for a linear system of equations, there is equivalence between
convergence and stability [220]. For linear systems a stability analysis is therefore
sufficient to determine the convergence properties of the scheme. However, in our
case, a stability analysis is rather difficult, if not impossible.
As far as the Crank–Nicholson scheme is concerned, Richtmyer and Morton
[220] give the following result on its stability. Consider the one-dimensional problem
∂t u + a(x)∂x u = 0,

(F.15a)

u(0, t) = 0,

u(x, 0) = F (x),

(F.15b)

where a(x) is a positive function. The Crank–Nicholson scheme for (F.15a), (F.15b)
is stable and convergent if
4KL t < 1

(F.16)

is satisfied, where KL is a Lipschitz constant of the function a(x) such that
∀x, x  , |a(x) − a(x  )| ≤ KL |x − x  |. Since a(x) = −∂t u/∂x u ∼ −x/t , this result suggests that we impose a condition similar to the “Courant–Friedrichs–Lewy
(CFL) condition” [5, 59]. Stated in simple terms, the CFL condition demands that
the speed at which the information propagates in the numerical scheme (∼x/t )
must be larger than the speed of propagation of the physical phenomenon (∼KL )
that is simulated, which in turn implies a constraint on the time step, t < K  x,
where K  is a constant.
Assume for simplicity now that we are dealing with a surface equation so that H
is a scalar, H . For our quasi-linearized Crank–Nicholson scheme (F.11) then let
(n)

(n)

aj = t

|(∂x H )j |
(n)

|Hj

(n−1)

− Hj

|

be a measure of the local propagation speed of the physical phenomenon. At each
time step, the maximum speed maxj |aj(n) | is computed and the time step is adjusted
to verify the CFL-like condition,
t <
where C a constant larger than unity.

Cx
(n)

maxj |aj |

,

(F.17)
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F.4 Spectral Representation and Aliasing
The time-dependent simulations and the stability analysis of the traveling wave solutions shown in Sects. 8.3 and 8.4 made extensive use of the representation of
periodic solutions in Fourier space. For this purpose, an efficient algorithm, the fast
Fourier transform (FFT), was utilized. It enables us to go back and forth from the
physical space to the Fourier space at a low computational cost. We sketch below
the representation of the solutions in the Fourier space and its main limitation related to the aliasing phenomenon to be defined soon. Interested readers can consult
the book by Press et al. as an introduction to the use of spectral and pseudo-spectral
methods [213].
Real periodic solutions can be represented by Fourier series of the form
∞

X(ξ ) = Ξ̂0 +

Ξ̂2j −1 cos(j kx ξ ) + Ξ̂2j sin(j kx ξ ),

(F.18)

j =1

where kx again denotes the streamwise wavenumber. Equation (F.18) can be rewritten in the equivalent form
X(ξ ) =

1
Lx

∞

X̂j exp(−ij kx ξ ).

(F.19)

j =−∞

Complex Fourier coefficients X̂j are defined by means of a continuous Fourier transform,
 Lx
X(ξ ) exp(ij kx ξ ) dξ,
(F.20)
X̂j =
0

√
where i = −1 denotes the imaginary unit. As X is a real function, the complex
 = X̂ = L (Ξ̂
coefficients X̂j satisfy X̂−j
j
x
2j −1 −i Ξ̂2j ), where the star denotes complex conjugation.
An approximation to X can be obtained by truncating the Fourier series (F.18) at
N coefficients,


X  Ξ̂0 + Ξ̂N−1 cos (N/2)kx ξ +

N/2−1

Ξ̂2j −1 cos(j kx ξ ) + Ξ̂2k sin(j kx ξ ),
j =1

(F.21)

where N is an even integer; this is equivalent to canceling the coefficients of all
frequencies that are not in the interval [−fc , fc ] with fc = N/(2Lx ), the “Nyquist
cut-off frequency.” This truncation is acceptable only when the neglected part of the
spectrum has a sufficiently small norm, which can be easily controlled by looking
at the coefficient Ξ̂N−1 of the cut-off frequency.
1 is satisfied, one can replace the continuous
Whenever the condition Ξ̂N−1
Fourier transform with a discrete one,
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N −1

X̂jN =

X(ξp ) exp(ij kx ξp ),

(F.22)

p=0

where the nodes ξp = pLx /N are evenly distributed over a period. We note that
N = X̂ N
X̂N/2
−N/2 are real coefficients. The exponent N here is reserved for the discrete Fourier transform and is introduced to distinguish discrete and continuous
Fourier transforms. For periodic signals the two transforms converge to the same
result after rescaling:
Lx X̂jN

→ X̂j .
(F.23)
N
The bad news about the discrete Fourier transform is that it “confuses” harmonics:
lim

N →∞

N −1

X̂jN =
p=0

=

=

1
Lx
N
Lx

1
Lx

∞

X̂q exp(−iqkx ξp ) exp(ij kx ξp )
q=−∞

∞

N −1

X̂q
q=−∞



exp i2πp(j − q)/N

p=0

∞

(F.24)

X̂j +qN .
q=−∞

As a result, the part of the power spectrum density that does not lie in the frequency
range [−fc , fc ] is moved into that range. This phenomenon is called aliasing. Any
frequency coefficient outside this range is aliased, that is falsely displaced. AliasN  corresponding to the
ing errors can be limited by ensuring that the norm X̂N/2
Nyquist frequency is sufficiently small.
In any algorithm based on pseudo-spectral methods, derivatives are computed in
the Fourier space, as a differentiation there corresponds to a simple product,
N

X̂  j = −ij kx X̂jN ,

(F.25)

whereas nonlinearities are computed in the physical space as they correspond to
convolutions in the Fourier space. Unfortunately, convolutions in the Fourier space
widen the spectrum.
Consider an order σNL nonlinearity X σNL with σNL an integer. We have

σNL
N/2

σNL
1
N
−ij kx ξp
X(ξp )
=
X̂j exp
N
j =1−N/2

=

1
N σNL

σNL N/2
j =σNL −σNL N/2 D N
j

σ
NL

l=1


X̂jNl

exp(−ij kx ξp ),

(F.26)

F.4 Spectral Representation and Aliasing

421

where DjN is the set defined by

DjN

"
! σNL
= (j1 , j2 , . . . , jσNL )
jl = j ; −N/2 + 1 ≤ jl ≤ N/2 .

(F.27)

l=1

Let us assume that σNL is even (only the details of the proof are modified in the odd
case) and let us “aliase” the frequencies outside the interval [−fc , fc ], first by use of
the periodicity exp(−ij kx ξp ) = exp[−ip(j + N )kx Lx /N ] = exp[−i(j + N )kx ξp ],

σ
X(ξp ) NL =

1
σ
NNL

#

σ
NL


−(σNL −1)N/2

j =σNL −σNL N/2 D N
j

+
j =−(σNL −1)N/2+1

DjN

e−i(j +σNL N/2)kx ξp

l=1

σ
NL


−(σNL −2)N/2


X̂jNl


X̂jNl e−i(j +(σNL −2)N/2)kx ξp

l=1

σ
NL


σNL N/2

+ ··· +
j =(σNL −1)N/2+1 D N
j


X̂jNl

$

e

−i(j −σNL N/2)kx ξp

, (F.28)

l=1

and then through a change of variables,
σ

X(ξp ) NL =

1
σ
NNL

#

σ
NL


N/2
j =σNL D N
j −σ



l=1

NL N/2


σNL

0

+
j =−N/2+1 D N
j −(σ

NL −2)N/2

N/2

+ ··· +

e−ij kx ξp

X̂jNl

l=1

σ
NL


j =−N/2+1 D N
j


X̂jNl e−ij kx ξp


X̂jNl

e−ij kx ξp

l=1

σ
NL


0

+ ··· +
j =−N/2+1 D N
j +σ

NL N/2


X̂jNl

e

$
−ij kx ξp

.

(F.29)

l=1

In (F.29) the result of the convolution of the frequencies that lie inside the inter% NL N −ij k ξ
N/2
x p . All other terms in
X̂jl )e
val [−fc , fc ] is the sum j =−N/2+1 D N ( σl=1
j
(F.29) arise from the aliasing of frequencies outside this interval.
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σ for j < 0 are thus given by
The Fourier coefficients of XNL
#
σ

NL

1 σ N
1
N
X̂
= σ
X̂jl
N NL j
NNL
N
m∈[0, (σNL −2)/4[ ∩ N D
j −(σ

NL −2−4m)N/2

+

σ
NL


m∈[0, σNL /4[ ∩ N D N
j +(σ

NL −4m)N/2

l=1



X̂jNl

σ
NL


+
DjN

l=1

$
X̂jNl

. (F.30)

l=1

Similar expressions are obtained for j > 0.
One solution to limit aliasing is to truncate the Fourier spectrum of the function X. Let M be an integer that divides N and ftrunc = M/(2Lx ) = Mfc /N ,
a truncation frequency. If the coefficients of all frequencies outside the range
[ftrunc , ftrunc ] are set to zero, expression (F.30) is modified by the substitution of
the sets DjM for DjN . It is therefore sufficient to chose M so that the set




&
m∈[0, (σNL −2)/4[ ∩ N

DjM−(σNL −2−4m)N/2



&

∪

m∈[0, σNL /4[ ∩ N


DjM+(σNL −4m)N/2

is empty. A sufficient condition is that the sets DjM±N be empty, which reads
σNL

jl < j + N ;

j −N <

j, jl ∈ {−M/2 + 1, M/2},

(F.31)

j, jl ∈ {−M/2 + 1, M/2}.

(F.32)

l=1

or, equivalently,
σ

NL

−N <


jl − j < N ;

l=1

Since, σNL − (σNL + 1)M/2 ≤ (
the sufficient condition

σNL
l=1 jl ) − j

M≤

≤ (σNL + 1)M/2 − 1, we finally obtain

2
N.
σNL + 1

(F.33)

For quadratic nonlinearities (σNL = 2), as in the case of the Navier–Stokes equations, condition (F.33) is known as the “two-third rule.” Inequality (F.33) is a constraining condition. As the price to pay for the elimination of the cross-stream coordinate y in our modeling strategy is the emergence of high-order nonlinearities, the
treatment of the aliasing phenomenon imposes shutting down a significant number
of Fourier coefficients.
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