Appendix A

Background Material

All who debate on matters of uncertainity, should be free from prejudice,
partiality, anger, or compassion.
—Caius Sallustius Crispus

A.1 Some Classical Likelihood Theory
Most of the VGLM/VGAM framework is infrastructure directed towards maximizing a full-likelihood model, therefore it is useful to summarize some supporting
results from classical likelihood theory. The following is a short summary of a few
selected topics serving the purposes of this book. The focus is on aspects of direct relevance to the practitioners and users of the software. The presentation is
informal and nonrigorous; rigorous treatments, including justiﬁcation and proofs,
can be found in the texts listed in the bibliographic notes. The foundation of this
subject was developed by Fisher a century ago (around the decade of WW1), and
he is regarded today as the father of modern statistics.

A.1.1 Likelihood Functions
The usual starting point is to let Y be a random variable with density function f (y; θ) depending on θ = (θ1 , . . . , θp )T , a multidimensional unknown parameter. Values that Y can take are denoted in lower-case, i.e., y. By ‘density function’,
here is meant a probability (mass) function for a discrete-valued Y , and probability density function for continuous Y . We shall refer to f as simply the density
function, and use integration rather
than summation to denote quantities such as

expected values, e.g., E(Y ) = f (y) dy where the range of integration is over the
support of the distribution, i.e., those values of y where f (y) > 0 (called Y).
A lot of statistical practice centres upon making inference about θ, having
 it is customary to cite some
observed Y = y. As well as obtaining an estimate θ,
measure of accuracy or plausibility of the estimate, usually in the form of its
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 It is also common to conduct hypothesis tests, e.g., for a
standard error, SE(θ).
one-parameter model, test the null hypothesis H0 : θ = θ0 for some known and
ﬁxed value θ0 .
Let Ω be the parameter space, which is the set of possible values that θ can
take. For example, if Y ∼ N (μ, σ 2 ) where θ = (μ, σ)T , then Ω = R × (0, ∞) =
R × R+ . Another simple example is the beta distribution having positive shape
parameters θ = (s1 , s2 )T , therefore Ω = R2+ . Clearly, Ω ⊆ Rp .
In the wider VGLM/VGAM framework, some of our responses y i may be multivariate, therefore let Y = (Y T1 , . . . , Y Tn )T be a random vector of n observations,
each Y i being a random vector. We observe y = (y T1 , . . . , y Tn )T in totality.
Each y i can be thought of as being a realization from some statistical distribution with joint density function f (y i ; θ). With n observations, the joint density
function can be written f (y; θ). We say that a (parametric) statistical model is a
set of possible density functions indexed by θ ∈ Ω, i.e.,
Mθ = {f (·; θ) : θ ∈ Ω} ,
which may be simpliﬁed to just M.
The approach considered in this book is to assume that the user knows such a
family of distributions. Often this strong assumption is groundless, and therefore
parametric models may give misleading results. A method that lies in between
the fully-parametric method adopted in this book and nonparametric methods
is based on using an empirical likelihood (Owen, 2001), which gives the best of
both worlds. The empirical likelihood supplies information at a suﬃcient rate that
reliable conﬁdence intervals/regions and hypothesis tests can be constructed.
Of course, parameterizations are not unique, e.g., for many distributions in
Chap. 12, the scale parameter b is used so that the form y/b appears in the density,
whereas some practitioners prefer to use its reciprocal, called the rate, and then
the densities have the term λy. Two other examples, from Table 12.11, are the
beta and beta-binomial distributions which are commonly parameterized in terms
of the shape parameters, otherwise the mean and a dispersion parameter.
Regardless of the parameterization chosen, the parameter must be identiﬁable.
This means that each element of Mθ corresponds to exactly one value of θ. Stated
another way, if θ 1 and θ 2 ∈ Ω with θ 1 = θ 2 then the densities Mθ1 (y) = Mθ2 (y).
As an example, consider the multinomial logit model (1.25) described in Sect. 14.2.
We can have
P (Y = j|x) =

exp{ηj + c}
exp{ηj }
ec
= M +1
,
M +1
ec
k=1 exp{ηk }
k=1 exp{ηk + c}

for any constant c, hence the M + 1 ηj s are non-identiﬁable. In practice, we choose
c = −ηt for some t, and then redeﬁne the ηj . The family function multinomial()
chooses t = M + 1, by default, as the reference group so that ηM +1 ≡ 0, but t = 1
is another popular software default.

A.1.2 Maximum Likelihood Estimation
Maximum likelihood estimation is the most widely used general-purpose estimation procedure in statistics. It centres on the likelihood function for θ, based on
the observation of Y = y:
L(θ; y) = f (y; θ),

θ ∈ Ω.

(A.1)
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With a philosophical twist, two quantities can be seen contrasted here: the likelihood function that is a function of the parameter θ, given the data y, cf. the
density that is a function of the data y, given the parameter θ. The likelihood
function is thus the probability of observing what we got (y) as a function of θ
based on our model. Clearly, this holds for discrete responses, but it can be easily
justiﬁed for continuous responses too (see below). Thus maximum likelihood estimation treats the data as being ﬁxed and given, and it determines θ which makes
our observed data most probable.
It is much more convenient to work on a log-scale. One major reason for this
monotone transformation is that data is very commonly assumed to be independent, so we can obtain additivity of log-likelihood contributions. Also, rather
than having a single observation Y = y, it is more general to have Y i = y i
for i = 1, . . . , n, where n is the sample size. Putting these two properties together,
L(θ; y) = f (y; θ) =

n


f (y i ; θ) =

i=1

n


Li ,

(A.2)

i=1

where the data is y = (y 1 , . . . , y n )T .
Now, taking the logarithm of this joint distribution gives the log-likelihood
function
(θ; y) =

n


log f (y i ; θ) =

i=1

n


i .

(A.3)

i=1

The fact that this is a sum will enable us later to state large sample properties of
ML estimators by application of the law of large numbers.
Maximum likelihood estimation involves maximizing L, or equivalently, . We
can write
 = arg max (θ; y),
θ
θ∈Ω

 is on the boundary, we
and the solution need not be unique or even exist. Unless θ

obtain θ by solving ∂(θ)/∂θ = 0. Iterative methods (Sect. A.1.2.4) are commonly
 because no closed-form
employed to obtain the maximum likelihood estimate θ,
expression can be obtained.
In maximizing , it is the relative values of (θ) that matter, not their values in
absolute terms. Hence, some authors omit any additive constants not involving θ
from  but still use “=” in (A.3). This actually holds implicitly for continuous responses Y because the probability that Y = y is actually 0, hence fundamentally,
(A.1) is actually of the form f (y; θ) · ε which is a ‘real’ probability—it represents
the chances of observing a value in a small set of volume centred at y. Then (A.2)
involves a ∝ because the width of the volume, as measured by ε, does not depend on θ, and therefore (A.3) is equality up to a constant. For families such
as posbinomial(), it is necessary to set the argument omit.constant to TRUE
when comparing nested models that have diﬀerent normalizations (Sect. 17.2.1).
ML estimators are functions of quantities known as suﬃcient statistics. A statistic is simply a function of the sample space S, and it will be denoted here by T .
Suﬃcient statistics are statistics that reduce the data into two parts: a useful
part and an irrelevant part. The suﬃcient statistic contains all the information
about θ that is contained in Y , and it is not unique. By considering only the
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useful part, suﬃcient statistics allow for a form of data reduction. The usual definition of a statistic T that is suﬃcient for Mθ of Y is that the conditional
distribution f (Y |T = t) does not depend on θ, for all values of t. However, this
deﬁnition is not as useful as one would like. Fortunately, there is a famous result
called the factorization theorem that is more useful than the original deﬁnition,
because it provides a method for testing whether a statistic T is suﬃcient, as well
as obtaining T in the ﬁrst place. It can be stated as follows.
Factorization Theorem
A statistic T (Y ) is suﬃcient for Mθ iﬀ there exist
non-negative functions g(·; θ) and h such that
f (y; θ) = g(T (y); θ) · h(y).

(A.4)

Then clearly maximizing a likelihood via f is equivalent to maximizing g only,
because h is independent of θ.
Some well-known examples of suﬃcient statistics are as follows.

(i) If Yi ∼ Poisson(μ) independently, then i Yi is suﬃcient for θ = μ. Similarly,
if Yi ∼ Binomial(n
 = 1, μ) is a sequence of independent Bernoulli random
variables, then
i Yi is also suﬃcient for θ = μ. In both cases, there is a
reduction of n values down to one value.
(ii) If the Yi are a random sample from an N (μ, σ 2 ) distribution, then (y, s2 ) are
suﬃcient for θ = (μ, σ)T . This is reduction of an n-vector down to 2 values.

A.1.2.1 Notation
The standard notation
∂(θ)
=
∂θ
∂b(θ)
=
∂θ T



∂bj (θ)
∂θk



∂(θ)
∂(θ)
,··· ,
∂θ1
∂θp


=

∂bT (θ)
∂θ



T
=

T

, and

∂(θ)
∂θ T

T

∂ 2 (θ)
=
∂θ ∂θ T

,


∂ 2 (θ)
∂θj ∂θk



is adopted.
Before describing the Fisher scoring algorithm which is central to this book, it
is necessary to deﬁne some standard quantities ﬁrst. Let the score (or gradient)
vector be deﬁned as
∂(θ)
,
∂θ

(A.5)

∂U (θ)
∂2
=
,
∂θ T
∂θ ∂θ T

(A.6)

U (θ) =
the Hessian as
H(θ) =

and the (observed) information matrix as
I O (θ) = − H(θ) = −

∂2
.
∂θ ∂θ T

(A.7)
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Sometimes it is necessary to distinguish between the true value of θ (called θ ∗ )
and θ itself. If not, then θ is used for both meanings.
The acronym “MLE” is used loosely to stand for: maximum likelihood estimation, maximum likelihood estimator, and maximum likelihood estimate.

A.1.2.2 Regularity Conditions
To formalize the method of MLE more adequately, some mathematical properties required of Mθ must be established. These are called regularity conditions.
A distribution satisfying them is called regular, otherwise it is nonregular.
Regularity Condition I The dimension of θ is ﬁxed. A counterexample is a
problem used commonly to motivate James-Stein estimation, which is that Yi ∼
N (μi , σ 2 = 1) independently. Then θ = (μ1 , . . . , μn )T grows with increasing n.
Neyman and Scott (1948) showed that MLEs could be inconsistent when the number of parameters increased with n. In such cases, a method to eliminate unnecessary parameters is often sought, e.g., by integrating or conditioning them out.
The parameter θ is identiﬁable.

Regularity Condition II

Regularity Condition III The distributions Mθ have a common support,
i.e., are independent of θ. Here are some counterexamples.
(i) The simplest is Yi ∼ Unif(0, θ), so that its support is a function of θ.
(ii) Another common type of example is a 3-parameter density parameterized
by a location (a), scale (b) and shape (s) parameter, and whose support is
deﬁned on (a, ∞). A speciﬁc example of this that has received considerable
attention is the 3-parameter Weibull distribution, whose CDF can be written
as 1 − exp{−[(y − a)/b]s } for y > a, and 0 otherwise. Another example of this
sort is the 3-parameter lognormal distribution where log(Y − a) ∼ N (μ, σ 2 )
so that a < Y < ∞.
(iii) The generalized extreme value distribution (GEV; Sect. 16.2) depends on the
unknown parameter values. This problem is studied in depth in Smith (1985),
who also considered the 3-parameter Weibull distribution.
Regularity Condition IV
Regularity Condition V

Ω is an open set (of Rp ).
The true value θ ∗ lies in the interior of Ω.

Regularity Condition VI The ﬁrst three derivatives of  exist on an open set
containing θ ∗ (call it A, say), and ∂ 3 log f (y; θ)/(∂θs ∂θt ∂θu ) ≤ M (y) uniformly
for θ ∈ A, where 0 < E(M (y)) < ∞.
The next condition addresses the interchange of the order of double diﬀerentiation with respect to θ and integration over S.
Regularity Condition VII For all y ∈ Y and θ ∈ Ω,  is twice-diﬀerentiable
with
∂
∂
f (y; θ) dy,
f (y; θ) dy =
∂θ Y
∂θ
Y
and

∂2
∂θ ∂θ T

f (y; θ) dy =
Y

Y

∂2
f (y; θ) dy.
∂θ ∂θ T
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A commonly used counterexample of regularity conditions VI–VII is the double
exponential (Laplace) distribution (Sect. 15.3.2), whose derivative does not exist
at the location parameter.

A.1.2.3 Fisher Information
A very important quantity in MLE theory is the Fisher information, which can
manifest itself in the form of the Fisher information matrix, or expected information matrix (EIM). This measures the average amount of information about the
parameter θ over all possible observations, not just those actually observed. Intu If the data
itively, it measures the average amount of curvature of  at the MLE θ.
provides a lot of information about θ, then the peak at the MLE will be sharp, not
ﬂat, because the parameter has a large eﬀect on the likelihood function. Flatness,
or a lack of steepness, denotes a lot of uncertainty in the estimated parameter.
The EIM can be deﬁned as
 
∂
.
(A.8)
I E (θ) = Var
∂θ
The Fisher information has some basic properties:
1. For independent observations, it is additive; and for i.i.d. random variables, this
can be written as
I E (θ) = n I E1 (θ),
where I E1 (θ) is the EIM for the ﬁrst observation. This makes intuitive sense, because increasing n ought to increase the amount of information there is about θ.
That the total Fisher information is the sum of each observation’s Fisher infor should
mation will be shown later to imply that the amount of uncertainty in θ

decrease with increasing n, i.e., Var(θ) should decrease in a matrix sense.
2. It is positive-semideﬁnite. Practically, for us it is positive-deﬁnite over a large
part of Ω, though singular EIMs can occur as extreme cases in likelihood theory.
3. It changes under transformations, and the EIM under monotonic transformations is readily available, as follows. Let gj (θ) be a set of p invertible functions
that are diﬀerentiable. Then
I E (g) =

∂θ T
∂θ
I E (θ)
∂g
∂g T

(A.9)

where g = (g1 (θ), . . . , gp (θ))T . This result is used much in this book, both
directly and indirectly, e.g., the variance-covariance matrix (A.27) for the delta
method, and it lurks in the background of (18.6), (18.9) and (18.11).
As a simple example, if τ = g(θ) where g is smooth and g  (θ) = 0, then I E1 (τ ) =
2
I E1 (θ)/[g  (θ)]
√ . Applied speciﬁcally to Y ∼ Poisson(λ), then I E1 (λ) = 1/λ,
and for τ = λ, I E1 (τ ) = (4λ)/4 = 4, which is independent of λ (this is known
as the Poisson variance-stabilizing transformation).
4. For some models with p > 1, it is possible for the (j, k) EIM element to be
equal to 0 (j = k). If so, then θj and θk are said to be orthogonal, and this
implies asymptotic independence between them. An important consequence of
two parameters being orthogonal is that the MLE of one parameter varies
only slowly with the other parameter. Indeed, for some models where several
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parameterizations have been proposed, it is not uncommon to prefer ones with
orthogonal parameters because of the stability they produce. Computationally,
it can lead to faster convergence and be numerically well-conditioned. And in
the case of VGAM, less storage may arise because of the matrix-band format
used to represent EIMs (Sect. 18.3.5), e.g., for the bivariate odds ratio model
it has the form (McCullagh and Nelder, 1989, p.228)
⎞
⎛
×× 0
⎝× × 0 ⎠
0 0 ×
so that the working weights can be stored in an n × 4 matrix, which is a saving
of 2n doubles compared to n general 3×3 working weight matrices. If necessary,
one might reorder the θj so that the non-zero values cluster about the diagonal
band; this idea holds for family function posbernoulli.tb() (Ex. 17.5).
For more details, see Cox and Reid (1987) and Young and Smith (2005).
Some Examples of EIMs
The VGAM package implements Fisher scoring on most parts, therefore each model
must have EIMs that are tractable or can be approximated. In the latter case,
Sect. 9.2 describes some methods. We now illustrate the former case by considering
simple distributions that have closed-form expressions for the EIM elements. These
examples come from the VGAM package.
1. betaR()
The standard beta density, as implemented by [dpqr]beta(),
parameterizes the density in terms of the two positive shape parameters, and
it is
f (y; s1 , s2 ) =

y s1 −1 (1 − y)s2 −1 Γ (s1 + s2 )
y s1 −1 (1 − y)s2 −1
=
Be(s1 , s2 )
Γ (s1 ) Γ (s2 )

for y ∈ (0, 1). For one observation,  = (s1 − 1) log y + (s2 − 1) log(1 − y) +
log Γ (s1 + s2 ) − log Γ (s1 ) − log Γ (s2 ), from which the derivatives are
∂
∂s1
∂
∂s2
∂2
− 2
∂sj
−

∂2
∂s1 ∂s2

= log y + ψ(s1 + s2 ) − ψ(s1 ),
= log(1 − y) + ψ(s1 + s2 ) − ψ(s2 ),
= ψ  (sj ) − ψ  (s1 + s2 ),

j = 1, 2,

= −ψ  (s1 + s2 ).

The second derivatives are not functions of y, and therefore the OIM and EIM
coincide, both being

 
ψ (s1 ) − ψ  (s1 + s2 )
−ψ  (s1 + s2 )
.
ψ  (s2 ) − ψ  (s1 + s2 )
−ψ  (s1 + s2 )
2. rayleigh()
Sometimes the property E[∂/∂θj ] = 0 can be used to
good eﬀect when working out elements of the EIM, as the following simple
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Fig. A.1 The ﬁrst few Newton-like iterations for a Poisson regression ﬁtted to the V1 data set.
The solid orange curve is (θ) with θ = μ. The initial value is θ (1) = 0.2. Each iteration θ (a)
corresponds to the maximum of the quadratic (dashed curves) from the previous iteration.

example shows. From Table 12.8, the density of the Rayleigh distribution
is y · exp{−2−1 (y/b)2 }/b2 for positive y and positive scale parameter b. Then,
for one observation,  = log y − 2−1 (y/b)2 − 2 log b so that  = ([y/b]2 − 2)/b.
Equating this to 0 implies that E(Y 2 ) = 2b2 . Then − = (3y 2 − 2b2 )/b4 so
that the EIM is (3 × 2b2 − 2b2 )/b4 = 4/b2 .

A.1.2.4 Newton-Like Algorithms
Given that an iterative method will be used to solve for the MLE, let’s expand 
in a ﬁrst-order Taylor series about the current estimate at iteration a − 1:
(θ (a) ) ≈ (θ (a−1) ) + (θ (a) − θ (a−1) )T

∂(θ (a−1) )
.
∂θ

Now take the ﬁrst derivatives: ∂/∂θ evaluated at θ (a) is equal to
∂(θ (a) )
∂θ

=


∂(θ (a−1) ) ∂ 2 (θ (a−1) )  (a)
(a−1)
θ
+
−
θ
∂θ
∂θ ∂θ T 


(A.10)

= U (θ (a−1) ) + H(θ (a−1) ) θ (a) − θ (a−1) .

Ideally, the next iteration will be very good, or even better, it will be optimal. If
 which is the MLE—and then its score vector
so, then θ (a) will have the value θ,
will be 0. Thus we will be totally optimistic and set the LHS of (A.10) to 0. Upon
rearrangement, this leads to the Newton-Raphson step
θ (a) = θ (a−1) − H(θ (a−1) )−1 U (θ (a−1) ).

(A.11)

The algorithm converges quickly at a quadratic convergence rate, provided that 
is well-behaved (close to a quadratic) in a neighbourhood of the maximum, and
if the starting value is close enough to the solution. By a ‘quadratic convergence
rate’, it is meant that
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lim

a→∞


θ (a) − θ

θ
−θ
(a−1)

2

= c

for some positive c. What this means in practice is that the number of correct
decimal places doubles at each iteration near the solution.
Figure A.1 illustrates the idea behind Newton-like algorithms for a simple oneparameter problem involving a Poisson regression ﬁtted to the V1 data set. Starting
at θ(0) = 0.2, successive quadratics are ﬁtted to approximate  and obtain the next
iteration θ(a) . These quadratics match the derivatives (ν) (θ(a−1) ) for ν = 0, 1, 2.
The Newton-Raphson algorithm requires the inversion of an order-p matrix,
which is O(p3 ) and therefore expensive for very large p, and it does require the
programming of the p(p+1)/2 unique elements of H. And a Newton-Raphson step
is not guaranteed to be an improvement: (θ (a) ) < (θ (a−1) ) is a possibility. There
have been many modiﬁcations proposed to the plain Newton-Raphson algorithm,
but that is beyond the scope of this book; for more details see, e.g., Dennis and
Schnabel (1996), Nocedal and Wright (2006), Weihs et al. (2014).
An alternative procedure proposed by Fisher is to replace the OIM by the EIM.
The result is
(a−1)
) U (θ (a−1) ),
θ (a) = θ (a−1) + I −1
E (θ

(A.12)

which is known as Fisher’s method of scoring, or just Fisher scoring. This method
usually possesses only a linear convergence rate, meaning
lim

a→∞


θ (a) − θ
(a−1)

θ
−θ

= c,

for some 0 < c < 1, however typically c ≈ 0 so that the convergence rate is quite
acceptable. As the n EIMs are usually positive-deﬁnite, this means that each step is
in an ascent direction, and half-stepping can be used to guarantee an improvement
at each step (Sect. 3.5.4).
Fisher scoring is implemented by VGAM mainly for two reasons. The ﬁrst is
that, for most models, the EIMs are positive-deﬁnite over a large portion of the
parameter space Ω, in contrast to OIMs which tend to be positive-deﬁnite in a
smaller subset. As an example,
consider the Rayleigh distribution above. Clearly,

− is positive for y > 2/3 b, whereas the EIM is positive for all b. As mentioned
elsewhere, IRLS requires each of the n EIMs to be positive-deﬁnite, not just their
sum. The second reason is that EIMs are often simpler than the OIM. Fisher
scoring may be performed by using the iteratively reweighted (generalized) least
squares algorithm—see Sect. 3.2 for details. For GLMs with a canonical link, the
OIM equals the EIM, therefore Newton-Raphson and Fisher scoring coincide.

How can one know whether one has reached the true solution? We say that θ
 = 0. Iterative numerical methods may converge
is a stationary point if U (θ)
to a stationary point called a local maximum, e.g., when  is multimodal such as
 is positive-deﬁnite,
Fig. 12.1 and the initial values are not very good. Also, if I O (θ)
 is a relative maximum. Equivalently, all its eigenvalues are positive, but
then θ
 is known as a saddle point. For
 has positive and negative eigenvalues, then θ
if H
some models, it can be proven that  is concave in θ. If so, then the MLE is unique,
and any local solution is the global solution. For example, for several categorical
regression models, see Pratt (1981).
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Incidentally, another common Newton-like method known as the Gauss-Newton
method
 is used, particularly in nonlinear regression. This approximates the Hessian
by i u(θ (a−1) ) u(θ (a−1) )T . It has the advantage that only ﬁrst derivatives are
needed, however it can suﬀer from the so-called large residual problem that causes
its convergence to be very slow.

A.1.3 Properties of Maximum Likelihood Estimators
Under regularity conditions, MLEs have many good properties. They are described
n to emphasize the MLE is based on
as asymptotic because n → ∞. We write θ
a sample of size n, because this is enlightening in the case of i.i.d. observations.
Recall here that θ ∗ is the true value of θ. The properties of MLEs include the
following.
1. Asymptotic consistency:

for all ε > 0 and θ ∗ ∈ Ω,
n − θ ∗
lim P [ θ

n→∞

∞

> ε] = 0.

(A.13)

n collapses around θ ∗ . Here, the maximum (inThat is, the distribution of θ
ﬁnity) norm is used to show that the usual plim deﬁnition (A.32) is applied
P
n −→
θ ∗ (convergence in
element-by-element to θ n . It is common to write θ
probability). This is called weak consistency; a stronger form based on almost
sure convergence in probability can be deﬁned.
n is asymptotically Np (θ ∗ , I −1 (θ ∗ )) as n → ∞, i.e.,
2. Asymptotic normality: θ
E
D
n −→
Np (θ ∗ , I −1
θ
E (θ ∗ ))

(convergence in distribution). For i.i.d. data, this can be stated as

√ 
D
n − θ ∗ −→
n θ
Np (0, I −1
E1 (θ ∗ )).

(A.14)

(A.15)

n converges to θ ∗ in distribution at a √n-rate.
Thus under i.i.d. conditions, θ
In consequence of the above,
n − θ ∗ )T I E (θ ∗ ) (θ
 n − θ ∗ ) ∼ χ2
(θ
p

(A.16)

as n → ∞.
n ) → θ ∗ as n → ∞, for all θ ∗ ∈ Ω.
3. Asymptotically unbiasedness: E(θ
4. Asymptotically eﬃciency: If a most-eﬃcient (unbiased) estimator exists, then
it will be the MLE. See the Cramér-Rao inequality of Sect. A.1.3.1.
 is the MLE, then un5. Invariance: Another fundamental property is that if θ
der a diﬀerent parameterization g(θ) (where g is some monotone function of θ),
 This means we can choose the most convenient paramthe MLE of g(θ) is g(θ).
eterization, or one having superior properties. Maximum likelihood estimation
is also invariant under transformation of the observations. This can be seen
from (A.30): the LHS density is fY (y; θ) and the RHS is fX (x(y); θ) · |dx/dy|
where dx/dy is independent of θ.

A Background Material

543

6. Under mild regularity conditions,
 
∂
E
= 0,
∂θ






∂ ∂
∂2
∂
U .
= −E
= −E
I E (θ) = E
∂θ ∂θ T
∂θ ∂θ T
∂θ T

(A.17)
(A.18)

7. Under regularity conditions, the score itself is asymptotically normal. In
particular,
U (θ ∗ ) ∼ Np (0, I E (θ ∗ ))

(A.19)

as n → ∞.

A.1.3.1 The Cramér-Rao Inequality
A simpliﬁed version of the famous Cramér-Rao inequality is stated as follows. Unn ,
der regularity conditions and i.i.d. conditions, for all n and unbiased estimators θ
n ) − I −1 (θ)
Var(θ
E

(A.20)

is positive-semideﬁnite. It is usually stated for the one-parameter case only, in
which case
1

= I −1
E (θ) ≤ Var(θn ).
n I E1 (θ)

(A.21)

That is, the inverse of the EIM (known as the Cramér-Rao lower bound; CRLB) is
a lower bound for the variance of an unbiased estimator; it is used as a benchmark
to compare the performance of any unbiased estimator. An approximation to the
multiparameter case (A.20) is to apply (A.21) to each diagonal element of I −1
E (θ).
For some models, equality in (A.21) can be attained, therefore that estimator is
(fully) eﬃcient, or best, or a minimum variance unbiased estimator (MVUE). For
other models, there exists no unbiased estimator that achieves the lower bound.
Typically, the MLE achieves the CRLB.
While unbiasedness of an estimator is considered a good thing for many people,
a viable option is to consider biased estimators which have a lower mean-squared
error
⎤
⎡
p

 − θ ∗ 2 ] = trace{E[(θ
 − θ ∗ )(θ
 − θ ∗ )T ]}.
MSE = E ⎣ (θj − θ∗j )2 ⎦ = E[ θ
j=1

The decomposition
 = trace{Var(θ)}
 + Bias(θ)

MSE(θ)

2

 − θ∗ .
is in contrast to the variance of the estimator with its bias E(θ)

(A.22)
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A.1.4 Inference
Based on the above properties, MLE provides conﬁdence intervals/regions for estimated quantities, tests of goodness-of-ﬁt, and tests for the comparison of models.
Loosely, one can view conﬁdence intervals/regions and hypothesis testing as two
sides of the same coin. Our summary here will separate out the two. Sometimes we
partition θ = (θ T1 , θ T2 )T where pj = dim(θ j ), and treat θ 2 as a nuisance parameter.
Let the true value of θ 1 be θ ∗1 .

A.1.4.1 Confidence Intervals and Regions
There are two common methods, although three are listed here to parallel the
hypothesis testing case.
1. Wald Test

Based on (A.16),


 − θ∗
θ

T



.
 − θ∗ ∼
V−1 θ
χ2p

in large samples. Here, V−1 is commonly chosen to be one of the following:
 (b) I O (θ).
 The idea behind these is to use any consistent estimator,
(a) I E (θ),
and both choices are equivalent to 1st-order approximation. Based on 2nd-order
approximations and conditional arguments, Efron and Hinkley (1978) argued
that the OIM is superior as an estimator of variance. As VGAM implements
Fisher scoring, type (a) serves as the basis for the estimated variance-covariance
matrix.
Based on the above, an approximate normal-theory 100(1 − α)% conﬁdence
region for θ 1 is the ellipsoid deﬁned as the set of all θ 1∗ satisfying
1 − θ 1∗ )T I E (θ
 1 ) (θ
1 − θ 1∗ ) ≤ χ2 (α).
(θ
p1
For VGAM, an approximate 100(1 − α)% conﬁdence interval for θj is given by
θj ± z(α/2) SE(θj ),

(A.23)

where the SE derives from the EIM, which is of the form (XTVLM W XVLM )−1
(Eq. (3.21); see Sect. 3.2 for details).
2. Score Test Like the Wald test, conﬁdence regions may be proposed which
are based on a quadratic approximation to . Consequently, parameterizations
which improve this approximation will give more accurate results, e.g., with the
aid of parameter link functions. However, since the score test method is the
least common of the three, no details are given here apart from a small mention
in the hypothesis testing situation below.
3. Likelihood Ratio Test (LRT)

Let the proﬁle likelihood for θ 1 be


R(θ 1 ) = max L(θ 1 , θ 2 )/L(θ).
θ2

Then the LR subset statistic −2 log R(θ ∗1 ) ∼ χ2p1 asymptotically, therefore an
approximate 100(1 − α)% conﬁdence region for θ 1 is the set of all θ 1∗ such that
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−2 log R(θ 1∗ ) < χ2p1 (α).
For a simple 1-parameter model, this reduces to the set of all θ values satisfying


 y) − (θ; y) ≤ χ2 (α).
2 (θ;
(A.24)
1
The methods function confint.glm() in MASS computes conﬁdence intervals
for each coeﬃcient of a ﬁtted GLM, based on the method of proﬁle likelihoods.
2 (θ 1 )),
More generally, we can write the proﬁle log-likelihood of θ 1 as P (θ 1 , θ

where θ 2 (θ 1 ) is the MLE of θ 2 given θ 1 . Being of lower dimension, P is often
2 (θ1 ) is easy.
used for inference, e.g., if θ
A.1.4.2 Hypothesis Testing
For hypothesis testing, there are three well-known ways for tests of H0 : θ = θ 0
where θ 0 is known and ﬁxed. None of the tests are uniformly better, although
the LRT is considered superior in many problems. Another advantage of the LRT
is that it is invariant under nonlinear reparameterizations—this is not so for the
Wald test, and for the score test, invariance depends on the choice of V.
1. Wald Test

Based on (A.16) and under the null hypothesis H0 : θ = θ 0 ,


 − θ0
θ

T



.
 − θ0 ∼
V−1 θ
χ2p

(A.25)

in large samples. Here, V−1 is commonly chosen to be one of the following:
 (b) I O (θ),
 (c) I E (θ 0 ), (d) I O (θ 0 ). The idea behind (a)–(b) is to
(a) I E (θ),
use any consistent estimator.
This result can be extended to arbitrary linear combinations of θ. In particular,
for the linear combination eTj θ = θj , and θ 0 = 0, we usually take the square
root and obtain the Wald statistic for H0 : θj = 0
θj − 0
θj
,
z0 = 
=
SE(θj )
 θj )
Var(
which is treated as a Z-statistic (or a t-ratio for LMs). One-sided tests are then
accommodated, e.g., H1 : θj < 0 or H1 : θj > 0, in which case the p-values
are Φ(z0 ) and Φ(−z0 ) provided θj < 0 and θj > 0, respectively [and 2 Φ(−|z0 |)
for the 2-sided alternative H1 : θj = 0]. Alternatively, Z 2 may be treated as having an approximate χ21 distribution. For VGLMs, VGAM prints out Wald statistics (usually type (a)) with the methods function summary(). The 4-column
table of estimates, SEs, Wald statistics and p-values can be obtained by, e.g.,
> coef(summary(vglmObject)) # Entire table
> coef(summary(vglmObject))[, "Pr(>|z|)"] # p-values

 and
Given a ﬁtted model (including an LM or GLM) that has θ


some estimate Var(θ) obtainable by coef() and vcov(), the function linearHypothesis() in car can test a system of linear hypotheses based
on the Wald test.
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2. Score Test
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Using the result (A.19) and under H0 : θ = θ 0 ,
2
U (θ 0 )T I −1
E (θ 0 ) U (θ 0 ) ∼ χp

(A.26)

asymptotically (Rao, 1948). The EIM is evaluated at the hypothesized value θ 0 ,
 is an alternative. Both versions of the test are valid; in
but at the MLE θ
fact, they are asymptotically equivalent. One advantage of using θ 0 is that
calculation of the MLE may be bypassed. One disadvantage is that the test can
be inconsistent (Freedman, 2007). In spite of their simplicity, score tests are not
as commonly used as Wald and LR tests. Further information about score tests
is at, e.g., Rao (1973). The package mdscore implements a modiﬁed score test
for GLMs that oﬀers improvements in accuracy when n is small.
3. Likelihood Ratio Test (LRT) This test is based on a comparison of maximized likelihoods for nested models. Suppose we are considering two models,
M1 and M2 say, such that M1 ⊆ M2 . That is, M1 is a subset or special case
of M2 . For example, one may obtain a simpler model M1 by setting some of
the θj in M2 to zero, and we want to test the hypothesis that those elements
are indeed zero.
The basic idea is to compare the maximized likelihoods of the two models. The
maximized likelihood under the smaller model M1 is
M ; y),
sup L(θ; y) = L(θ
1

θ∈M1

M is the MLE of θ under model M1 . Likewise, the maximized likeliwhere θ
1
hood under the larger model M2 has the same form
M ; y),
sup L(θ; y) = L(θ
2

θ∈M2

M is the MLE of θ under model M2 . The ratio of these quantities,
where θ
2
λ =

M ; y)
L(θ
1
,

L(θ M ; y)
2

lies in [0, 1]. Values close to 0 indicate that the smaller model is not acceptable
compared to the larger model, while values close to unity indicate that the
smaller model is almost as good as the large model.
Under regularity conditions, the likelihood ratio test statistic
M ; y) − 2 log L(θ
M ; y) → χ2
−2 log λ = 2 log L(θ
ν
2
1
where ν = dim(M2 ) − dim(M1 ), the diﬀerence in the number of parameters in
the two models. When applied to GLMs, the LRT is also known as the deviance
test.
LRTs may be performed using lrtest(), e.g., for the following two vglm()
objects where the simpler model is a special case of the more complex model,
> # Models must be nested:
> lrtest(Complex.model, Simpler.model)

returns the LRT statistic and p-value.
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In the above, the Wald and score tests were for H0 : θ = θ 0 , however, hypothesis
tests involving only a subset of dim(θ 0 ) parameters are easily handled: replace p
in (A.25) and (A.26) by p0 and choose the relevant submatrix of V−1 .
All three tests are asymptotically equivalent, and therefore can be expected
to give similar results in large samples. In small samples, simulation studies have
suggested that LRTs are generally the best. Note that the calculation of a LRT
requires ﬁtting two models (M1 and M2 ), compared to only one model for the
Wald test (M2 ), and sometimes no model at all for the score test. However, note
that the Hauck-Donner phenomenon (Sect. 2.3.6.2) may aﬀect the Wald test but
not the LRT.
The three test statistics have an elegant geometric interpretation that is illustrated in Fig. A.2a,b for the single-parameter case. In a nutshell, the pertinent
 and the
features are the horizontal and vertical distances between (θ0 ) and (θ),

slope  (θ0 ). This example comes from a negative binomial NB(μ, k) distribution
ﬁtted to the machinists data set. The two plots are for θ = k and θ = log k.
Here, H0 : k = 13 , chosen for illustrative purposes only.
• The Wald test statistic is a function of |θ − θ0 |. Heuristically, the justiﬁcation is
to expand (θ0 ) about θ in a Taylor series under the assumption that the null
hypothesis is true:
 + 1  (θ)(θ
 0 − θ)
2
(θ0 ) ≈ (θ)
2
 = 0 and H0 : θ∗ = θ0 . Then the Wald test statistic
because  (θ)
 [− (θ)]
 (θ0 − θ)
 ≈ 2{(θ)
 − (θ0 )}
(θ0 − θ)
i.e., approximates the LRT statistic. Here, choice (b) in (A.25) provides the
metric. Expanded the way it appears here, the Wald test statistic is the squared
horizontal distance after some standardization.
• The score test is a function of  (θ0 ), i.e., its slope. If θ approaches θ0 , then this
derivative gets closer to 0, hence we would tend to reject the null hypothesis
if the slope is very diﬀerent from zero. Heuristically, it can be justiﬁed by ex about θ0 in a Taylor series under the assumption that the null
panding  (θ)
hypothesis is true:
 = 0 ≈  (θ0 ) +  (θ0 )(θ − θ0 ) + 1  (θ0 )(θ − θ0 )2
 (θ)
2



so that
(θ
0 )}. Choosing choice (d) in (A.25), we can
 (θ − θ0 ) ≈  (θ0 )/{−


write I O (θ0 ) (θ − θ0 ) ≈  (θ0 )/ I O (θ0 ). Both sides are approximately standard normally distributed. Upon squaring both sides,

(θ − θ0 ) I O (θ0 ) (θ − θ0 ) = U (θ0 ) I O (θ0 ) U (θ0 )
which is a Wald test statistic expressed in terms of the gradient at the hypothesized value.
 − (θ0 ), in fact, it is simply twice that.
• The LRT statistic is a function of (θ)
This corresponds to the labelled vertical distance.
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Fig. A.2 Negative binomial NB(μ, k) distribution ﬁtted to the machinists data set. The y-axis
is . Let θ = k and θ ∗ = log k. (a) (θ) is the solid blue curve. (b) (θ ∗ ) is the solid blue curve.
Note: for H0 : θ = θ0 (where θ0 = 13 ), the likelihood-ratio test, score test and Wald test statistics
are based on quantities highlighted with respect to . In particular, the score statistic is based
on the tangent  (θ0 ).

Figure A.2b shows the same problem but under the reparameterization θ = log k.
 i.e., its quadratic approximation
The log-likelihood is now more symmetric about θ,
is improved, therefore we would expect inferences to be more accurate compared
to the ﬁrst parameterization.

A.1.4.3 Delta Method
The delta method is a general method for obtaining approximate standard errors
of functions of the parameter. Its basic idea is local linearization via derivatives.
Let φ = g(θ) be some function of the parameter. Apply a Taylor-series expansion
about the true value:
2
 − θ ∗ )T ∂ g(θ ∗ ) (θ
 − θ ∗ )T ∂g(θ ∗ ) + 1 (θ
 − θ∗ ) + · · · ,
 = g(θ ∗ ) + (θ
φ = g(θ)
∂θ
2
∂θ ∂θ T

hence


√
√ 
 − g(θ ∗ ) ≈ n (θ
 − θ ∗ )T (∂g(θ ∗ )/∂θ).
n g(θ)

Consequently, from (A.14),


D
n ) − g(θ ∗ ) −→
g(θ
Np 0, (∂g(θ ∗ )/∂θ T ) I −1
E (θ ∗ ) (∂g(θ ∗ )/∂θ) .

(A.27)

To make use of this result, all quantities are computed at the MLE: for large n,
⎧
⎫ 12
$1
#
p
p 
⎨
⎬
 2

∂g(
θ)
∂g
∂g
∂g(
θ)

 ≈
 θ)
Var(
SE(φ)
vjk
=
, (A.28)
T
⎩
⎭
∂θ
∂θ
∂θ
∂θ
j
k
j=1 k=1
 In the case of p = 1 parameter,
i.e., all the partial derivatives are evaluated at θ.
(A.28) reduces to
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% %
% dg % 

SE(φ) ≈ %% %% v11 ,
dθ

(A.29)


where dg/dθ is evaluated at θ.
For simple intercept-only models, VGAM uses the delta method in calls of the
form vcov(vglmObject, untransform = TRUE). This is possible because (A.29)
is readily computed for models having the form ηj = gj (θj ) = β(j)1 for simple
links. The accuracy of the method depends on the functional form of gj and the
precision of θj .

A.2 Some Useful Formulas
A.2.1 Change of Variable Technique
Suppose that a random variable X has a known PDF fX (x), and Y = g(X) is some
transformation of X, where g : R → R is any diﬀerentiable monotonic function.
That is, g is increasing or decreasing, therefore is invertible (one-to-one). Then the
PDF of Y , by the change-of-variable formula, is
%
%
% %
% dx %
& −1 ' % d −1 %
%
%
(A.30)
fY (y) = fX g (y) · % g (y)% = fX (x(y)) · %% %% .
dy
dy

A.2.2 Series Expansions
The following series expansions are useful, e.g., to work out the ﬁrst and expected
second derivatives of the GEV and GPD, as ξ → 0:
z3
z4
z2
+
−
+ · · · for |z| ≤ 1 and z = −1,
2
3  4
n
z
= lim 1 +
,
n→∞
n
α(α − 1) 2 α(α − 1)(α − 2) 3
z +
z + · · · , for |z| ≤ 1,
= 1 + αz +
2!
3!
= 1 − x + x2 − x3 + · · · for − 1 < x < 1.

log(1 + z) = z −
ez
(1 + z)α
(1 + x)−1

A.2.3 Order Notation
There are two types of Landau’s O-notation which are convenient abbreviations
for us.
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A.2.3.1 For Algorithms
Here, the O(·) notation is mainly used to measure the approximate computational
expense of algorithms, especially in terms of time and memory. For functions f (n)
and g(n), we say f (n) = O(g(n)) if and only if there exists two (positive and ﬁnite)
constants c and n0 such that
|f (n)| ≤ c |g(n)|

(A.31)

for all n ≥ n0 . For us, f and g are positive-valued, therefore (A.31) states that f
does not increase faster than g. Saying that the computing time of an algorithm
is O(g(n)) implies that its execution time takes no more than some constant multiplied by g(n).
It can be shown that, e.g., O(1) < O(log n) < O(n) < O(n log n) < O(n2 ) <
O(n3 ) < O(2n ) < O(n!) < O(nn ). In any pairwise comparison, these inequalities
usually do not hold in practice unless n is suﬃciently large. As an example, the
fastest known sorting algorithms for elements of a general n-vector cost O(n log n)
whereas simpler algorithms such as bubble sort cost O(n2 ). Some people have
suggested that usually an algorithm should be no more than O(n log n) to be
practically manageable for very large data sets.
The so-called big-O notation, described above implicitly for integer n, is also
useful and similarly deﬁned for a real argument. For example, an estimator with an
asymptotic bias of O(h2 ) has less asymptotic bias than another estimator whose
asymptotic bias is O(h), because h → 0+ as n → ∞. Such considerations are made
in, e.g., Sect. 2.4.6.2.

A.2.3.2 For Probabilities
In direct parallel with the above, the order in probability notation deals with
convergence in probability of sets of random variables. A sequence of random
variables X1 , X2 , . . . is said to converge in probability to the random variable X if,
for all ε > 0,
(A.32)
lim P [ |Xn − X| > ε] = 0.
n→∞

The random variable X is called the probability limit of Xn , and it is written
P
plim Xn = X, or alternatively, as Xn −→X.
Now if {Xn } is a set of random variables and {an } is a set of constants,
then Xn = Op (an ) if for all ε > 0, there exists a ﬁnite N > 0 such that
%
%
% Xn %
% > N < ε,
(A.33)
P %%
an %
for all n. If Xn = Op (an ), then we say that Xn /an is stochastically bounded. As an
example, we say that {Xn } is at most of order in probability nk if, for every ε > 0,
there exists a real N so that P [n−k |Xn | > N ] < ε for all n.
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A.2.4 Conditional Expectations
Provided that all the expectations are ﬁnite, for random variables X and Y ,
E(Y ) = EX {E(Y |X)} ,
E[g(Y )] = EX {E[g(Y )|X]} (iterated expectation),

(A.34)
(A.35)

Var(Y ) = EX {Var(Y |X)} + VarX {E(Y |X)} (conditional variance). (A.36)
One application of these formulas is the beta-binomial distribution (Sect. 11.4).

A.2.5 Random Vectors
Here are some basic results regarding random vectors X = (X1 , . . . , Xn )T and Y =
(Y1 , . . . , Yn )T , i.e., vectors of random variables.
1. E(X) = μX , where the ith element of μX is E(Xi ). Similarly, E(Y ) = μY .
2. Cov(X, Y ) = E[(X − μX )(Y − μY )T ], with Var(X) = Cov(X, X) (=
Σ X , say). We write X ∼ (μX , Σ X ).
3. Cov(AX, BY ) = A Cov(X, Y ) BT for conformable matrices A and B of constants.
4. E[X T AX] = μTX AμX + trace(AΣ X ).
5. trace(AB) = trace(BA) for conformable matrices A and B.
6. rank(A) = rank(AT ) = rank(AT A) = rank(AAT ).
7. If A is n × n with eigenvalues λ1 , . . . , λn , then
trace(A) =

n

i=1

λi ,

det(A) =

n


λi .

i=1

8. A symmetric matrix A is positive-deﬁnite if xT Ax > 0 for all x = 0. Such
matrices have positive eigenvalues, are invertible, and have a Cholesky decomposition that exists and is unique.
Some proofs for these can be found in, e.g., Seber and Lee (2003).

A.3 Some Linear Algebra
Least squares computations are usually based on orthogonal methods such as the
QR factorization and singular value decomposition, because they are numerically
more stable than naı̈ve methods. They almost always give more accurate answers.
A few details are given below.
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A.3.1 Cholesky Decomposition
Given an n × n symmetric positive-deﬁnite matrix A, its Cholesky decomposition A = UT U where U is an upper-triangular matrix (i.e., (U)ij ≡ Uij = 0
for i > j) with positive diagonal elements. When A is 1 × 1, then U is just the
square root of the element A11 . The computation of U might be written:
Iterate:

For
...,n
 i = 1, 
i−1
2
(i) Uii = Aii − k=1 Uki
(ii) Iterate: For j = i + 1, . . . , n
i−1
Uij = (Aij − k=1 Uki Ukj )/Uii

√
The ﬁrst operation is to compute U11 = A11 . The algorithm requires 13 n3 +O(n2 )
ﬂops, which is about half the cost of the more general LU decomposition (Gaussian
elimination).
Solving the linear system of equations Ax = y can be achieved by ﬁrst solving UT z = y by forward substitution, and then solving Ux = z by backward
substitution. Each of these steps requires n2 + O(n) ﬂops. Forward substitution
here might be written as
Iterate: For i = 1, . . . , n
i−1
zi = (yi − k=1 Uki zk )/Uii
The ﬁrst operation is to compute z1 = y1 /U11 . Likewise, backward substitution
here might be written as
Iterate: For i = n, . . . , 1
n
xi = (zi − k=i+1 Uik xk )/Uii
The ﬁrst operation is to compute xn = zn /Unn .
A variant of the above is the rational Cholesky decomposition, which can be
written A = LDLT , where L is a unit lower-triangular matrix, and D is a diagonal
matrix with positive diagonal elements. By ‘unit’, we mean that the diagonal
elements of L are all unity. This variant avoids computing n square roots in the
usual algorithm, and should be used if A is banded with only a few bands, e.g.,
tridiagonal. (A matrix T is tridiagonal if (T)ij = 0 for |i − j| > 1).
If A is a band matrix, with (2m + 1) elements in its central band, then the
Hutchinson and de Hoog (1985) algorithm is a method for computing the 2m + 1
central bands of its inverse. The rational Cholesky decomposition of A has an L
which is (m + 1)-banded, and the approximate cost is 13 m3 + nm2 + O(m2 ) ﬂops.
For cubic smoothing splines, m = 2 and the algorithm can be applied to compute
the GCV.
Incidentally, a common method of measuring the width of a symmetric band
matrix is by its half-bandwidth, e.g., c = (2m + 1) elements in its central band corresponds to a half-bandwidth of (c + 1)/2 = m + 1. Hence diagonal and tridiagonal
matrices have half-bandwidths 1 and 2, etc.
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A.3.2 Sherman-Morrison Formulas
If A is invertible, and u and v are vectors with 1 + v T A−1 u = 0, then the
Sherman-Morrison formula is
&

A + uv T

'−1

= A−1 −

A−1 uv T A−1
.
1 + v T A−1 u

(A.37)

If A is invertible, then the Sherman-Morrison-Woodbury formula is
(A + UV)

−1

&
'−1
= A−1 − A−1 U I + VA−1 U
VA−1 .

(A.38)

Incidentally, provided all inverses exist,


A11 A12
A21 A22



−1
=

A11 A12
A21 A22


(A.39)

&
'−1
−1
−1
where A11 = A−1
A21 A−1
11 + A11 A12 A22 − A21 A11 A12
11 or equivalently,
'
&
−1
11
−1
.
A = A11 − A12 A22 A21

A.3.3 QR Method
The QR decomposition of an n × p matrix X with n > p is


R1
= Q1 R1 ,
X = QR = (Q1 Q2 )
O

(A.40)

where Q (n × n) is orthogonal (i.e., QT Q = QQT = In , or equivalently, Q−1 =
QT ) and R1 (p × p) is upper triangular.
In R, the function qr() computes the QR factorization, and there are associated
functions such as qr.coef(), qr.qty(), qr.Q() and qr.R(). These functions are
based on LINPACK by default, but there is a logical argument for qr() in the
form of LAPACK = FALSE that can be set to TRUE to call LAPACK instead. One can
think of LAPACK (Anderson et al., 1999) as a more modern version of LINPACK
(Dongarra et al., 1979).
Given a rank-p model matrix X, solving the normal equations (2.6) by the
 = R−1 QT y is easily computed beQR method means that the OLS estimate β
1
1
T
cause qr.qty() returns Q1 y, and back substitution can be then used. As X is of
full column-rank, all the diagonal elements of R1 are nonzero (positive by convention, actually).
It is easily veriﬁed that if the diagonal elements of R1 are positive (trivially
achieved by negating certain columns of Q1 if necessary) then R1 corresponds to
the Cholesky decomposition of XT X, i.e., XT X = RT1 R1 . But the QR decomposi because there is no need to compute
tion is the preferred method for computing β
the sum-of-squares and cross-products matrix XT X—doing so squares the condition number, so that if the columns of X are almost linearly dependent, then
there will be a loss of accuracy. In general, orthogonal methods do not exacerbate
ill-conditioned matrices.
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For large n and p, the cost of performing a QR decomposition on X using
Householder reﬂections1 is approximately 2np2 ﬂoating point operations. This is
about twice the cost of solving the normal equations by Cholesky when n  p.

A.3.4 Singular Value Decomposition
The singular value decomposition (SVD) of X as above is
X = UDVT ,

(A.41)

where U (n × p) is such that UT U = Ip , and V (p × p) is orthogonal, and D is a
p × p diagonal matrix with non-negative elements dii (called the singular values).
The matrix U here comprises the ﬁrst p columns of an orthogonal matrix, much
like Q1 does to Q in (A.40).
It is easy to show that the eigenvalues of XT X are d2ii , and it is usual to sort
the singular values so that d11 ≥ d22 ≥ · · · ≥ dpp ≥ 0. With this enumeration,
the eigenvectors of XT X make up the columns of V, and the ﬁrst p eigenvectors
of XXT make up the columns of U. A common method for determining the rank
of X is to count the number of nonzero singular values, however, comparisons
with 0 are made in light of the machine precision, i.e, .Machine$double.eps. In R,
svd() computes the SVD by LAPACK, and the cost is approximately 6np2 + 11p3
ﬂops—which can be substantially more expensive than the QR decomposition.
A special case of the SVD is when X is square, symmetric and positive-deﬁnite.
Then its SVD can be written as
X = PΛPT ,

(A.42)

where Λ has the sorted eigenvalues of X along its diagonal, and P is orthogonal
with the respective eigenvectors of X deﬁning its columns. Equation (A.42) is
known as the spectral decomposition or eigendecomposition of X, and a useful
consequence is that powers of X have the simple form
Xs = PΛs PT ,

(A.43)

e.g., s = ± 12 especially.

A.4 Some Special Functions
Many densities or their log-likelihoods are expressed in terms of special functions.
A few of the more common ones are mentioned here.

1

Ex. A.6; another common algorithm by Givens rotations entails an extra cost of about 50%
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A.4.1 Gamma, Digamma and Trigamma Functions
The gamma function is deﬁned for x > 0 as
∞

Γ (x) =

tx−1 e−t dt

(A.44)

0

and can be computed by gamma(x), and its logarithm by lgamma(x). For positive
integer a,
Γ (a + 1) = a Γ (a) = a!

(A.45)

and Stirling’s approximation for large x is
√
Γ (x + 1) ∼ 2πx xx e−x .

(A.46)

A useful limit is
Γ (n + α)
= 1
Γ (n) nα

lim

n→∞

∀α ∈ R.

(A.47)

ta−1 e−t dt

(A.48)

The incomplete gamma function
P (a, x) =

1
Γ (a)

x
0

may be evaluated by pgamma(x, a).
Derivatives of the log-gamma function are often encountered in discrete and
continuous distributions. For such, deﬁne ψ(x) = Γ  (x)/Γ (x) as the digamma
function, and ψ  (x) as the trigamma function.
For the digamma function, since ψ(x + 1) = ψ(x) + x−1 , it follows that for
integer a ≥ 2,
ψ(a) = − γ +

a−1


i−1 where − ψ(1) = γ ≈ 0.5772

(A.49)

i=1

is the Euler–Mascheroni constant. For large x, a series expansion for the digamma
function is
∞

ψ(x) = log x −

 B2k
1
1
1
+
−
= log x −
+ ··· ,
2k
2x
2kx
2 x 12 x2

(A.50)

k=1

where Bk is the kth Bernoulli number.
For the trigamma function, since ψ  (x + 1) = ψ  (x) − x−2 , it follows that for
a−1
integer a ≥ 2, ψ  (a) = π 2 /6 − i=1 i−2 because ψ  (1) = π 2 /6. For large x, a series
expansion for the trigamma function is
ψ  (x) =

∞

 B2k
1
1
1
1
1
1
+
+
+
=
+
−
+ ··· .
2
2k+1
2
3
x 2x
x
x 2x
6x
30 x5
k=1

Higher-order derivatives of ψ(x) may be computed by psigamma().

(A.51)
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A.4.2 Beta Function
The beta function is deﬁned as
1

Be(a, b) =
0

ta−1 (1 − t)b−1 dt,

0 < a, 0 < b.

(A.52)

Then
Be(a, b) =

Γ (a) Γ (b)
.
Γ (a + b)

(A.53)

Bex (a, b)
,
Be(a, b)

(A.54)

ta−1 (1 − t)b−1 dt.

(A.55)

The incomplete beta function is
Ix (a, b) =
where

x

Bex (a, b) =

0

The function Ix (a, b) can be evaluated by pbeta(x, a, b).

A.4.3 The Riemann Zeta Function
The Riemann zeta function is deﬁned by
ζ(s) =

∞


n−s ,

(s) > 1.

(A.56)

n=1

Analytic continuation via
ζ(s) = 2s π s−1 sin(πs/2) Γ (1 − s) ζ(1 − s)
implies that it can be deﬁned for all (s), with ζ(1) = ∞. Some special values
are ζ(2) = π 2 /6, and ζ(4) = π 4 /90. Euler found that for integer n ≥ 2, ζ(2n) = A2n
where A2n is rational. Indeed, A2n = 12 (−1)n+1 B2n (2π)2n /(2n)! in terms of the
Bernoulli numbers.

A.4.4 Erf and Erfc
The error function, erf(x), is deﬁned for all x as
2
√
π

x

exp(−t2 ) dt,

(A.57)

0

therefore is closely related to the CDF Φ(·) of the standard normal distribution.
The inverse function is deﬁned for x ∈ [−1, 1], i.e., erf(x, inverse = TRUE).
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The complementary error function, erfc(x), is deﬁned as 1-erf(x). Its inverse
function is deﬁned for x ∈ [0, 2].

A.4.5 The Marcum Q-Function
The (generalized) Marcum Q-function is deﬁned as
( 2
)
∞  m−1
x
x + a2
Qm (a, b) =
x
exp −
Im−1 (ax) dx
a
2
b
( 2
) 
∞
 a k
a + b2
= exp −
Ik (ab)
2
b

(A.58)

k=1−m

where a ≥ 0, b ≥ 0 and m is a positive integer. Here, Im−1 is a modiﬁed Bessel
function of the ﬁrst kind of order m − 1 (as in Table A.1). The Marcum Q-function
is used, e.g., as a CDF for noncentral chi-squared and Rice distributions, i.e.,
price().
The case m = 1 is known as the ordinary Marcum Q-function.

A.4.6 Exponential Integral, Debye Function
The exponential integral, which is deﬁned for real x, can be computed by expint()
and is
x

t−1 et dt,

Ei(x) =
−∞

x = 0.

(A.59)

The function expexpint() computes e−x Ei(x), and expint.E1() computes
∞

E1 (x) =

t−1 e−t dt,

x ≥ 0.

(A.60)

x

The Debye function Dn (x) is deﬁned as
Dn (x) =

n
xn

x
0

tn
dt
et − 1

(A.61)

for x ≥ 0 and n = 0, 1, 2, 3, . . ..

A.4.7 Bessel Functions
Bessel functions appear widely in probability and statistics, e.g., distributions for
directional data such as those deﬁned on circles and spheres, Poisson processes and
distributions (the most notable being the diﬀerence of two Poisson distributions,
called the Skellam distribution). Of the various kinds, Table A.1 lists the most
relevant ones relating to Chaps. 11–12.
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Table A.1 Bessel functions (modiﬁed and unmodiﬁed) of order ν. The order nu may be fractional.
Function

Iν (x)

Formula
∞

m=0

Kν (x)

Jν (x)

lim

λ→ν
∞

m=0

Yν (x)

lim

λ→ν

R function

Name

 x 2m+ν
1
m! Γ (m + ν + 1) 2

besselI(x, nu)

Modiﬁed Bessel function of the ﬁrst kind

π I−λ (x) − Iλ (x)
2
sin(λπ)

besselK(x, nu)

Modiﬁed Bessel function of the third kind

 x 2m+ν
(−1)m
m! Γ (m + ν + 1) 2

besselJ(x, nu)

Bessel function of the
ﬁrst kind

Jλ (x) cos(λπ) − J−λ (x)
sin(λπ)

besselY(x, nu)

Bessel function of the
second kind (Weber’s
function)
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Exercises
Ex. A.1. Let A and B be general n × n matrices, and x and y be general
n-vectors. Work out the cost (expressed in O(·) complexity) of computing the
following quantities in terms of the number of multiplications and additions, e.g.,
n(n − 1) = n2 + O(n) multiplications, n − 1 = n + O(1) additions.
(a) A + B,
(b) 5 A,
(c) xT y,
(d) A x,
(e) xT A x,
(f) AB,
(g) trace(A),
(h) trace(AT A).
(i) Which is cheaper for computing ABx: A(Bx) or (AB)x? By how much?
Ex. A.2.

Prove that if f1 = O(g1 ) and f2 = O(g2 ) then f1 · f2 = O(g1 · g2 ).

Ex. A.3. The R function sort(), by default, uses an algorithm called Shellsort.
There are variants of this algorithm, but suppose the running time is O(n4/3 ).
Suppose it takes 2.4 seconds to sort 2 million (random) observations on a certain
machine. Very crudely, how long might it be expected to sort 11 million (random)
observations on that machine?
Ex. A.4. Use the results of Sect. A.2.4 to derive the mean and variance of Yi∗
for the beta-binomial distribution, i.e., (11.13).
Ex. A.5.

From Sect. A.3.2, if K is a positive-deﬁnite matrix, show that


I + TKTT

−1


−1
= I − T K−1 + TT T
TT .

(A.62)

Ex. A.6. QR Factorization by the Householder Reflections
Suppose X is n × p with n > p and of rank p. A Householder matrix is of the form
P = In −

2vv T
vT v

(A.63)

for some n-vector v = 0.
(a) Show that P is symmetric and orthogonal.
(b) If v = x − y with x 2 = y 2 , show that Px = y.
(c) Let x(1) be the ﬁrst column of X. Suppose we want to choose v so that Px(1) =
c e1 for some c = 0. Show that selecting v = x(1) + αe1 with α = ± x(1) 2 will
achieve this. Given the choice of the sign of α, why is α = sign(x11 ) · x(1) 2
the better choice?
(d) Now for the kth column of X, suppose we want to annihilate elements below the kth diagonal, leaving elements above the kth diagonal unchanged.
∗∗T T
be the kth column of X, for k = 2, . . . , p, where
Let x(k) = (x∗T
(k) , x(k) )
is
the diagonal element xkk . We want to choose v k
the ﬁrst element of x∗∗
(k)
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T
T
so that P k x(k) = (x∗T
for some ck = 0. Show that select(k) , ck , 0n−k )
T
∗∗T
T
ing v k = (0k−1 , xkk + αk , x(k)[−1] ) with αk = ± x∗∗
(k) 2 achieves this.
(e) Show that the product of two orthogonal matrices is orthogonal.
(f) Deduce that Q1 comprises the ﬁrst p columns of the product P 1 P 2 · · · P p ,
and that R = P p · · · P 2 P 1 X, in the QR factorization (A.40) of X.

Ex. A.7. QR Factorization and Hilbert Matrices
Hilbert matrices, which are deﬁned by (X)ij = (i + j − 1)−1 for i, j = 1, . . . , n,
are notorious for being ill-conditioned for n as little as 8 or 9. Compute the QR
decomposition of the 8×4 left submatrix of an order-8 Hilbert matrix by explicitly
computing the Householder matrices P 1 , P 2 , P 3 , P 4 described in the previous
exercise. Then check your answer with qr().
Ex. A.8.

QR Method and Weighted Least Squares

 by the QR method to handle
(a) Extend the algorithm for estimating the OLS β
WLS.
 be computed?
 β)
(b) For (a), how can Var(
Ex. A.9.

Show that

(a) the inverse of a nonsingular upper triangular matrix is also upper triangular,
(b) the product of two upper triangular matrices is upper triangular.
Ex. A.10.
or Φ−1 (·).

Express the error function (A.57), and its inverse, in terms of Φ(·)

Ex. A.11. Consider the log-gamma function. Show that log Γ (y+a)−log Γ (y) ∼
a log y as y → ∞, where 0 < a  y.
Ex. A.12.

Digamma Function

(a) Verify the recurrence formula ψ(z + 1) = ψ(z) + z −1 .
(b) The digamma function has a single root on the positive real line. Apply the
Newton-Raphson algorithm (A.11) to compute this root to at least 10 decimal
places.
Ex. A.13. Derive the score vector and EIM for the following distributions, to
show that they involve digamma and trigamma functions.
(a) The log-F distribution (logF()).
(b) The Dirichlet distribution (dirichlet()).

Everything comes to an end which has a beginning.
—Marcus Fabius Quintilianus

Glossary

See Tables A.2, A.3, A.4, A.5.
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Table A.2 Summary of some notation used throughout the book. Some R commands are given.
Notation

Comments

μ

Mean

μ


Median

u+ = max(u, 0)

Positive part of u, with up+ = (u+ )p and not (up )+ , pmax(u, 0)

u− = − min(u, 0)

Negative part of u, so that u = u+ − u− & |u| = u+ + u− , -pmin(u, 0)

u

Floor of u, the largest integer not greater than u, e.g., 28.1 = 28,
floor(u)

u

Ceiling of u, the smallest integer not less than u, e.g., 28.1 = 29,
ceiling(u)

sign(u)

Sign of u, −1 if u < 0, +1 if u > 0, 0 if u = 0, sign(u)

I(statement)

Indicator function, 1/0 if statement is true/false, as.numeric(statement)

C
N0
N+
R
Z

Complex plane (excluding inﬁnity), with (z) = the real part of z

a(b)c

{a, a + b, a + 2b, . . . , c}; seq(a, c, by = b)

xp

( i |xi |p )1/p , the p-norm of x, so that x∞ = max(|x1 |, |x2 |, . . .). By
default, p = 2 so that x is the length of x

x − y

Euclidean


1M

M -vector of 1s, rep(1, M)

0n

n-vector of 0s, rep(0, n)

ei

(0, . . . , 0, 1, 0, . . . , 0)T , a vector of zeros, but with a one in the ith position, diag(n)[, i, drop = FALSE]

Set of all nonnegative integers, 0(1)∞
Set of all positive integers, 1(1)∞
Real line (excluding inﬁnity), i.e., (−∞, ∞)
Set of all integers



distance between two
(x − y)T (x − y), norm(x - y, "2")

vectors

x

and

y,

ncol(A)

Number of columns of matrix A, ncol(A). And Rk = ncol(Hk )

vec(A)

T T
Vectorization of matrix A by columns, (aT
1 , . . . , an ) , c(A)

i.e.,

x[−1]i

The vector xi with the ﬁrst element deleted, x[-1]

B[−1,]

The matrix B with the ﬁrst row deleted, B[-1, ]

B[,−1]

The matrix B with the ﬁrst column deleted, B[, -1]

⊗

Kronecker product, A ⊗ B = [(aij B)], kronecker(A, B)

◦

Hadamard (element-by-element) product, (A ◦ B)ij = Aij Bij , A * B
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Table A.3 Summary of further notation used throughout the book.
Notation

Comments

∼

Is distributed as

∼

Is asymptotically equivalent to, or converges to (e.g., (2.75), (2.79))

.

∼
D

−→
P

Is approximately distributed as
D

Convergence in distribution, i.e., {Yi } −→ Y if limn→∞ Fn (y) = FY (y)
for all y where FY is continuous (Yi has CDF Fi )

−→

Convergence in probability, (A.32)

φ(z)

PDF of a standard normal, N (μ = 0, σ 2 = 1), (2π)− 2 e− 2 z for z ∈ R,
dnorm(z)

Φ(z)

CDF of a standard normal, pnorm(z)

z(α)

(1 − α)-quantile of N (0, 1), i.e., qnorm(1-alpha), qnorm(alpha,
lower.tail = FALSE)

χ2ν (α)

(1 − α)-quantile of a chi-square distribution with ν degrees of
freedom, i.e., qchisq(1-alpha, df = nu), qchisq(alpha, df = nu,
lower.tail = FALSE)

tν (α)

(1−α)-quantile of a Student t distribution with ν degrees of freedom, i.e.,
qt(1-alpha, df = nu), qt(alpha, df = nu, lower.tail = FALSE)

iﬀ

If and only if, i.e., a necessary and suﬃcient condition, ⇐⇒

log x

Natural logarithm, loge , ln, log(x)

Γ (x)

Gamma function

ψ(x) = Γ  (x)/Γ (x)

Digamma function, d log Γ (x)/dx, digamma(x)

ψ  (x)

Trigamma function, trigamma(x)

γ = −ψ(1)

Euler–Mascheroni constant, ≈ 0.57722, -digamma(1)

Cauchy sequence

1

∞
0

1

2

tx−1 e−t dt for x > 0, Sect. A.4.1, gamma(x)

A sequence {xn } in a vector space V satisfying: given any ε > 0, ∃N ∈

N+ such that xm − xn  ≤ ε whenever m, n ≥ N

L2 (a, b)

{f : f is a Lebesgue square integrable function on (a, b)}, i.e.,
b
|f (t)|2 dt < ∞. For (a, b) = R, we write L2
a

C k [a, b]

{f : f  , f  , . . . , f (k) all exist and are continuous on [a, b]}. Note that f ∈
C k [a, b] implies that f ∈ C k−1 [a, b]. Also, C[a, b] ≡ C 0 [a, b] = {f (t) : f (t)
continuous and real valued for a ≤ t ≤ b}

Wm
2 [a, b]

A Sobolev space of order m is {f : f (j) , j = 0, . . . , m − 1, are absolutely
continuous on [a, b], and f (m) ∈ L2 [a, b]}

f absolutely continuous on [a, b]

∀ ε > 0, ∃ δ > 0 such that

n


i=1

|f (xi ) − f (xi )| < ε whenever {[xi , xi ] : i =

1, . . . , n} is a ﬁnite collection of mutually disjoint subintervals of [a, b]
with

n


i=1

|xi − xi | < δ. That is, f is diﬀerentiable almost everywhere and

equals the integral of its derivative

n

lp (R n )

{x = (x1 , . . . , xn )T : (

Convex
function f : X → R

f (tx1 + (1 − t)x2 ) ≤ t f (x1 ) + (1 − t) f (x2 ) ∀t ∈ [0, 1] and x1 , x2 ∈ X ,
e.g., x2 and ex on R. A suﬃcient condition is that f  (x) > 0 ∀x ∈ X

Concave
function f : X → R

f (tx +(1−t)x2 ) ≥ t f (x1 )+(1−t) f (x2 ) ∀t ∈ [0, 1] and x1 , x2 ∈ X , e.g.,
√ 1
x and log x on (0, ∞). A suﬃcient condition is that f  (x) < 0 ∀x ∈ X

i=1

|xi |p )1/p < ∞ for 1 ≤ p < ∞}
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Table A.4 Summary of some quantities. Data is (yi , xi ) for i = 1, . . . , n. See also Table 8.5. The
indices i = 1, . . . , n, j = 1, . . . , M , k = 1, . . . , p, s = 1, . . . , S, q = 1, . . . , Q. Starred quantities are
estimated, as well as C and A.
Notation

Comments

S

Number of responses. If S > 1 then these are
“multiple responses”

M1

Number of ηj for a single response

M

Number of ηj (summed over all S responses),
e.g., M = M1 S

Q1

dim(y i ) for a single response, hence Q = Q1 S

Y = (y 1 , . . . , y n

)T

X
=
XLM
(x(1) , . . . , x(p) )

=

(y (1) , . . . , y (Q) )
(x1 , . . . , xn

=

)T

Response matrix, is n × Q
=

LM (model) matrix [(xik )], is n × p (= nLM ×
pLM ); x(1) = 1n if there is an intercept term

XVLM

VLM (model) matrix, (nM ) × pVLM (= nVLM ×
pVLM ), (3.18), (3.20)

T T
x = (x1 , . . . , xp )T = (xT
1 , x2 )

Vector of explanatory variables, with x1 = 1 if
there is an intercept term, x1 is p1 × 1, and x2
is p2 × 1. Sometimes x = (x1 , . . . , xd )T , especially when referring to additive models

T
T
xT
i = (xi1 , . . . , xip ) = (x1i , x2i )

ith row of X

xij = (xi1j , . . . , xipj )T

Vector of explanatory variables for ηj (xij ). Explanatory variables speciﬁc to ηj (see xij argument). Partitioned into x∗i and x∗ij as in (3.35)

Xform2

LM (model)
Has n rows

η = (η1 , . . . , ηM )T

Vector of linear/additive predictors, with η i =
(η1i , . . . , ηM i )T



Hk

=

(h1k , . . . , hM k
ηi =
ηi =

p


k=1

d


k=1

ηj (xi ) =
ηj (xi ) =

(1)

(Rk )

hk , . . . , hk


=

)T

Vector of additive predictors, (3.25)

p

k=1

d


k=1

β(j)k xik

jth linear predictor (without constraints), (1.1)

f(j)k (xik )

jth additive predictor (without constraints),
(1.2)

k )k

(xk )

ν = (ν1 , . . . , νR

)T

ν i = (νi1 , . . . , νiR

T

A Rk -vector of smooth functions of xk

)T

A = (a(1) , . . . , a(R) ) = (a1 , . . . , aM

B

Matrix of constrained coeﬃcients, (5.3)

)T

Matrix of regression coeﬃcients, (5.4)

T

= C x2
)T

Vector of R latent variables or gradients, (5.1)

T

= C x2i

ith site score

∗
∗
(β(1)k
, . . . , β(R
)T
k )k

=

form2.

Constraint matrix (M × Rk ) for xk . Known,
ﬁxed and of full column-rank, (3.25)

Hk f ∗k (xik )

C = (c(1) , . . . , c(R) ) = (c1 , . . . , cp2



argument

Vector of linear predictors, (3.27)



=

for

Hk β ∗(k) xik

∗
∗
f ∗k (xk ) = f(1)k
(xk ), . . . , f(R

β ∗(k)

matrix

(β 1

β2

H1 β ∗(1) | · · · | Hp β ∗(p)

···

T

Coeﬃcients for xk to be estimated, (3.28)
βM )

=

Matrix of VLM/VGLM regression coeﬃcients,
p × M , (1.32), (3.29)
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Table A.5 Summary of some further quantities. See also Table 8.5.
Notation
A

T

Comments
Transpose of A, (AT )ij = (A)ji

β†

T T
vec(B) = (β T
1 , . . . , β M ) , (3.8)

θ

A generic vector of parameters to be estimated, often (θ1 , . . . , θp )T ,
can denote its true value

θ∗

The true value of θ, used occasionally when needed, p.536

H

Hat matrix, (2.10)

H

Hessian matrix, [(∂ 2 /(∂θ ∂θ T ))], (A.6)

IE

Expected (Fisher) information matrix (EIM), (A.8)

I E1

EIM for one observation

IO

Observed information matrix, −H (OIM), (A.7)

P

Householder matrix, (Ex. A.6)

Y(i)

ith order statistic of Y1 , Y2 , . . . , Yn , so that Y(1) ≤ Y(2) ≤ · · · ≤ Y(n)

y i•

Mean of yij over all j,

D

Deviance, e.g., (3.53)

 ni

j=1

yij /ni , (Sect. 1.5.2.4)
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Pólya, 324
Pearson system, 354
Plackett (bivariate), 376
Poisson, 6, 46, 98, 194
Poisson points in the plane and volume, 355
positive-Bernoulli, 474
positive-binomial, 474
statistical size, 353, 370
two-stage sequential binomial, 305
zero-inﬂated binomial, 489
zero-inﬂated Poisson, 472
E
eﬀective nonlinear degrees of freedom
(ENDF), 79, 240
equidispersion, 325
equivalent kernel, 77
vector local regression, 150
vector splines, 132
exceedances, 454
excesses, 454
expected information matrix, 93, 278, 346, 538
expected shortfall, 437
expectiles, 433
exponential family, 40, 91
F
Fisher scoring, 42, 93, 277, 538
ﬂoating absolute risks, 191
Functions
Bessel, 557
beta, 329, 367, 539, 556
Debye, 383, 557
digamma, 555
erf, 556
erfc, 363, 556
exponential integral, 557
gamma, 369, 555
incomplete beta, 556
incomplete gamma, 555
Marcum Q, 557
Riemann zeta, 343, 556
special, 554
trigamma, 323, 555
G
generalized additive models, 81
generalized linear models, 39
genetics, 407

587
glossary, 561
Goldilocks principle, 202
H
Hardy-Weinberg equilibrium, 407
hat matrix, 36, 123
Hauck-Donner eﬀect, 47
Hutchinson and de Hoog algorithm, 134, 552
I
idempotent matrix, 36, 123
identiﬁability, 534
inheritance, 519
initial values, 509
inner product, 136
intraocular ocular pressure, 103
inverse transform method, 320
iterative proportional ﬁtting procedure, 311
iteratively reweighted least squares, 41, 92,
153, 280
K
Kendall’s tau (ρτ ), 378
L
LASSO, 20
latent variable, 167, 173, 179, 202, 398
least signiﬁcant diﬀerence (LSD) plots, 193
link functions, 10, 501
LMS quantile regression method, 416
local regression
for M = 1, 66
for M ≥ 2, 141
log-likelihood, 535
exponential family, 41
multinomial, 386
positive-binomial, 475
VGLMs, 92
M
marginal eﬀects, 390
mean squared error, 74, 543
median predicted value, 453
missing values, 28
Models
adjacent categories, 406
AR(1) time series, 303
bivariate odds ratio, 8
bivariate probit, 309
Bradley-Terry, 306
Bradley-Terry with ties, 307
continuation-ratio, 404
ephemeral and enduring memory
(capture–recapture), 487
genetics, 407
Goodman’s RC(R), 184
grouped continuous, 396
loglinear for binary responses, 310
multinomial logit, 11, 190, 387, 394
NB-1, 326

588
NB-2, 327
NB-H, 7, 324
NB-P, 327
occupancy model, 489
power-of-the-mean, 176
proportional odds, 11, 396
quasi-Poisson, 325
Rasch, 188
RR-ZIP, 489
stereotype (RR-MLM), 171, 390
stopping-ratio, 404
Tobit, 294
varying-coeﬃcient, 291
multiple responses, 115
N
natural cubic spline, 58, 130, 140
O
O-notation, 549
O-splines, 64
odds ratio, 9, 98, 160, 311, 376, 396
oﬀset, 7, 23, 39, 97, 108
one standard error rule (1-SE rule), 195
onion quantile regression method, 431
ordination, 201
orthogonal matrix, 553
orthogonal parameters, 538
P
P-splines, 64
peaks over thresholds, 454
penalty function approach, 19
Poisson (multinomial) trick, 394
preface, vii
probability generating function, 331
proﬁle log-likelihood, 327, 545
projection matrix, 36, 123
Q
Q-Q plots, 351
QR method, 94, 553
quasi-likelihood, 45
quasi-Newton method, 219, 280
quasi-variances, 190
R
R functions
I(), 23
as.numeric(), 24
bs(), 56, 57, 111, 270
contr.SAS(), contr.sum(),
contr.treatment(), 25
cooks.distance(), 38
expm1(), 514
gl(), 405
glm(), 45
influence.measures(), 38
linearHypothesis(), 35, 120, 402, 545
lm(), 21, 39

Index
log1p(), 514
lrtest(), 546
na.exclude(), na.fail(), na.omit(),
na.pass(), 28
ns(), 56, 58, 103, 270
offset(), 23, 39
optim(), 219, 241
poly(), 22, 29, 51, 92, 101, 256
scale(), 27
substitute(), 183, 502, 513
R packages, 21
AER, 388
BradleyTerry2, 313
COUNTS, 327
COUNT, 20
KernSmooth, 73
MASS, 52, 387
MNP, 313
Rcapture, 479, 491
SemiParBIVProbit, 313
SemiParSampleSel, 313
SpatialExtremes, 466
VineCopula, 380
bbekfkr, 73
biglm, 84
brglm, 84, 285
car, 37, 120, 402, 545
censReg, 313
copula, 380
datasets, 52
dglm, 313
evd, 466
evir, 466
expectreg, 443
extRemes, 466
fCopulae, 380
gam, 79, 85, 128
glm2, 84
gnm, 195
gss, 85
hexbin, 420
ismev, 458, 466
lmtest, 37
locfit, 294
logistf, 285
lokern, 73
mgcv, 85, 128, 164
np, 73
prefmod, 313
quantreg, 443
qvcalc, 190, 195
safeBinaryRegression, 285
splines, 26, 62, 128, 257
survival, 313
systemfit, 313
zelig, 30
regularity conditions, 345
likelihood theory, 537
local regression, 148
reproducing kernel Hilbert space, 136

Index
residual mean life, 455
residual sum of squares (ResSS), 34
residuals
GLM, 43
LM, 37
VGLMs, 121
return level, 451
return period, 451
Riemann zeta function, 343
row–column interaction models, 183
S
S4, 519
scale parameter, 40
seemingly unrelated regressions, 142, 297
separation
complete, 48, 282
quasi-complete, 48, 282
series expansions, 549
Sherman-Morrison formulas, 553
simulated Fisher scoring, 278, 524
singular value decomposition, 554
smart prediction, 256
programming, 526
smoothing spline ANOVA, 82
Sobolev space, 137, 563
Spearman’s rho (ρS ), 378
species packing model, 204
spectral decomposition, 554
spline
B-spline, 56
cubic smoothing, 59

589
natural cubic spline, 58
O-spline, 64
P-spline, 64
regression, 56, 111, 270
SS-ANOVA, 82
vector, 130
standard errors
LM, 35
smoothing, 79, 153, 156
VGLM, 94
Stirling’s approximation, 555
structural zero, 177, 184, 233, 471, 472, 490
suﬃcient statistic, 41, 535
support, 533
T
Tests
likelihood ratio, 47, 397, 545, 546
score, 157, 544
Wald, 47, 545
trajectory plots, 224
V
value at risk (VaR), 437
vector (smoothing) spline, 130
W
website for book, ix
worst conditional expectation, 437
Z
zero-inﬂation, -alteration, -deﬂation, 470

