A
Appendix

A.1 Matrix algebra
A.1.1 Numbers associated with a matrix
Let A = (aij )1≤i≤m,1≤j≤n be an m × n matrix of real numbers. The spectral
norm of A is deﬁned as A = {λmax (A A)}1/2 , and the 2-norm of A is
deﬁned as A2 = {tr(A A)}1/2 , where λmax denotes the largest eigenvalue
(see below). The following inequalities hold (see Lemma 3.7):
√
A ≤ A2 ≤ m ∧ nA.
If m = n, A is called a square matrix. The trace of a square matrix
n A is
deﬁned as the sum of the diagonal elements of A; that is, tr(A) = i=1 aii .
The trace has the following properties:
(i) tr(A) = tr(A ), where A denotes the transpose of A.
(ii) tr(A + B) = tr(A) + tr(B) for any square matrices A and B of the
same dimension.
(iii) tr(cA) = c tr(A) for any square matrix A and real number c.
(iv) tr(AB) = tr(BA) for any matrices A and B, provided that AB and
BA are well-deﬁned square matrices.
Let π = (π1 , . . . , πn ) denote an arbitrary permutation of (1, . . . , n). The
number #(π) of inversions of π is the number of exchanges of pairs of integers
π to bring them to the natural order 1, . . . , n. Let A = (aij )1≤i,j≤n be a square
matrix. The determinant of A is deﬁned as
|A| =


all π

#(π)

(−1)

n


aπi ,i .

i=1

The determinant has the following properties:
(i) |A| = |A |.
(ii) If the row (or column) of A is multiplied by a number c, |A| is multiplies
by c. It follows that |cA| = cn |A| for n × n matrix A.
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(iii) If two rows (or columns) of A are interchanged, the sign of |A| changes.
It follows that if two rows (or columns) of A are identical, then |A| = 0.
(iv) The value of |A| is unchanged if to its ith row (column) is added c
times the jth row (column), where c is a real number. Thus, in particular, if
the rows (or columns) of A are not linearly independent, then |A| = 0.
(v) If A = diag(a1 , . . . , an ), then |A| = a1 · · · an .
(vi) |AB| = |A| · |B| if the determinants are well deﬁned.

(vii) |AA
0 and |A A| ≥ 0 for any matrix m × n matrix A.
 | ≥ 
 AC 
 = |A| · |B|.
(viii) 
0 B 
(ix) |Im + AB| = |In + BA| for any m × n matrix A and n × m matrix B.
A.1.2 Inverse of a matrix
The inverse of a matrix A is deﬁned as a matrix B such that AB = BA = I,
the identity matrix. The inverse of A, if it exists, is unique and denoted by
A−1 . The following are some basic properties of the inverse:
(i) A−1 exists if and only if |A| = 0.
(ii) (A )−1 = (A−1 ) .
(iii) (cA)−1 = c−1 A−1 , where c is a nonzero real number.
(iv) (AB)−1 = B −1 A−1 , if A−1 and B −1 both exist.
−1
(v) diag(a1 , . . . , an )−1 = diag(a−1
1 , . . . , an ). More generally, if A is a
block-diagonal matrix, A = diag(A1 , . . . , Ak ), where the diagonal blocks
are nonsingular, which is equivalent to |Aj | = 0, 1 ≤ j ≤ k, then A−1 =
−1
diag(A−1
1 , . . . , Ak ).
An inverse-matrix identity that is very useful is the following. For any
n × n nonsingular matrix A, n × q matrix U , and q × n matrix V , we have
(P + U V )−1 = P −1 − P −1 U (Iq + V P −1 U )−1 V P −1 .

(A.1)

One of the applications of identity (A.1) is the following. Denote the n × 1
vector of 1’s by 1n (and recall that In is the n × n identity matrix). Let
Jn = 1n 1n . Then, by (A.1) it is easy to show that for any real numbers a and
b such that a = 0 and a + nb = 0, we have


1
b
(aIn + bJn )−1 =
In −
Jn ;
a
a + nb
we also have |aIn + bJn | = an−1 (a + nb).
For any matrix A, whether it is nonsingular or not, there always exists a
matrix A− satisfying AA− A = A. Such an A− is called a generalized inverse
of A. Note that here we use the term “a generalized inverse” instead of “the
generalized inverse” because such an A− may not be unique. Two special
kinds of generalized inverse are often of interest.
Any matrix A− satisfying
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AA− A = A and A− AA− = A−
is called a reﬂexible generalized inverse of A. Given a generalized inverse A− of
−
−
A, one can produce a generalized inverse that is reﬂexible by A−
r = A AA .
If the generalized inverse is required to satisfy the conditions, known as
the Penrose conditions, (i) AA− A = A, (ii) A− AA− = A− , (iii) AA− is
symmetric, and (iv) A− A is symmetric, it is called the Moore–Penrose inverse.
In other words, a reﬂexible generalized inverse that satisﬁes the symmetry
conditions (iii) and (iv) is the Moore–Penrose inverse. It can be shown that
for any matrix A, its Moore–Penrose inverse exists and is unique.
A.1.3 Kronecker products
Let A = (aij )1≤i≤m,1≤j≤n be a matrix. Then for any matrix B, the Kronecker
product A ⊗ B is deﬁned as the partitioned matrix (aij B)1≤i≤m,1≤j≤n . For
example, if A = Im and B = 1n , then A ⊗ B = diag(1n , . . . , 1n ). Below are
some well-known and useful properties of the Kronecker products:
(i) (A1 + A2 ) ⊗ B = A1 ⊗ B + A2 ⊗ B.
(ii) A ⊗ (B1 + B2 ) = A ⊗ B1 + A ⊗ B2 .
(iii) c ⊗ A = A ⊗ c = cA, where c is a real number.
(iv) A ⊗ (B ⊗ C) = (A ⊗ B) ⊗ C.
(v) (A ⊗ B) = A ⊗ B  .
(vi) If A is partitioned as A = [A1 A2 ], then [A1 A2 ]⊗B = [A1 ⊗B A2 ⊗B].
However, if B is partitioned as [B1 B2 ], then A ⊗ [B1 B2 ] = [A ⊗ B1 A ⊗ B2 ].
(vii) (A1 ⊗ B1 )(A2 ⊗ B2 ) = (A1 A2 ) ⊗ (B2 B2 ).
(viii) If A and B are nonsingular, so is A⊗B, and (A⊗B)−1 = A−1 ⊗B −1 .
(ix) rank(A ⊗ B) = rank(A)rank(B).
(x) tr(A ⊗ B) = tr(A)tr(B).
(xi) If A is m × m and B is k × k, then |A ⊗ B| = |A|m |B|k .
(xii) The eigenvalues of A ⊗ B are all possible products of an eigenvalue
of A and an eigenvalue of B.
A.1.4 Matrix diﬀerentiation
If A is a matrix whose elements are functions of θ, a real-valued variable,
then ∂A/∂θ represents the matrix whose elements are the derivatives of the
corresponding elements of A with respect to θ. For example, if




∂A
a11 a12
∂a11 /∂θ ∂a12 /∂θ
A=
.
=
, then
∂a21 /∂θ ∂a22 /∂θ
a21 a22
∂θ
If a = (ai )1≤i≤k is a vector whose components are functions of θ =
(θj )1≤j≤l , a vector-valued variable, then ∂a/∂θ is deﬁned as the matrix
(∂ai /∂θj )1≤i≤k,1≤j≤l . Similarly, ∂a /∂θ is deﬁned as the matrix (∂a/∂θ ) .
The following are some useful results.
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(i) (Innerproduct) If a, b, and θ are vectors, then
 
 
∂(a b)
∂a
∂b
=
b+
a.
∂θ
∂θ
∂θ
(ii) (Quadratic form) If x is a vector and A is a symmetric matrix, then
∂ 
x Ax = 2Ax.
∂x
(iii) (Inverse) If the matrix A depends on a vector θ and is nonsingular,
then, for any component θi of θ,


∂A−1
∂A
A−1 .
= −A−1
∂θi
∂θi
(iv) (Log-determinant) If the matrix A above is also positive deﬁnite, then,
for any component θi of θ,


∂
−1 ∂A
.
log(|A|) = tr A
∂θi
∂θi
A.1.5 Projection
For any matrix X, the matrix PX = X(X  X)−1 X  is called the projection
matrix to L(X), the linear space spanned by the columns of X. Here, it is
assumed that X  X is nonsingular; otherwise, (X  X)−1 should be replaced by
(X  X)− , the generalized inverse (see Section A.1.2).
To see why PX is given such a name, note that any vector in L(X) can be
expressed as v = Xb, where b is a vector of the same dimension as the number
of columns of X. Then we have PX v = X(X  X)−1 X  Xb = Xb = v; that is,
PX keeps v unchanged.
The orthogonal projection to L(X) is deﬁned as PX ⊥ = I − PX , where I
is the identity matrix. Then, for any v ∈ L(X), we have PX ⊥ v = v − PX v =
v − v = 0. In fact, PX ⊥ is the projection matrix to the orthogonal space of X,
denoted by L(X)⊥ .
If we deﬁne the projection of any vector v to L(X) as PX v, then if v ∈ L,
the projection of v is itself; if v ∈ L(X)⊥ , the projection of v is zero (vector).
In general, we have the orthogonal decomposition v = v1 + v2 , where v1 =
PX v ∈ L(X) and v2 = PX ⊥ v ∈ L(X)⊥ such that v1 v2 = v  PX PX ⊥ v = 0,
2
because PX PX ⊥ = PX (1 − PX ) = PX − PX
= 0.
The last equation recalls an important property of a projection matrix;
2
that is, any projection matrix is idempotent (i.e., PX
= PX ). For example, if

−1 
X = 1n (see Section A.1.2), then PX = 1n (1n 1n ) 1n = n−1 Jn = J¯n . The
orthogonal projection is thus In − J¯n . It is easy to verify that J¯n2 = J¯n and
(In − J¯n )2 = In − J¯n .
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Another useful result involving projections is the following. Suppose that
X is n × p such that rank(X) = p and that V is n × n and positive deﬁnite.
For any n × (n − p) matrix A such that rank(A) = n − p and A X = 0, we
have
A(A V A)−1 A = V −1 − V −1 X(X  V −1 X)−1 X  V −1 .

(A.2)

Equation (A.2) may be expressed in a diﬀerent way:
PV 1/2 A = I − PV −1/2 X ,
where V 1/2 and V −1/2 are the square root matrix of V and V −1 , respectively
(see the next section). In particular, if V = I, we have PA = I − PX =
PX ⊥ . If X is not of full rank, (A.2) still holds with (X  V −1 X)−1 replaced by
(X  V −1 X)− (see Section A.1.2).
A.1.6 Decompositions of matrices and eigenvalues
There are various decompositions of a matrix satisfying certain conditions.
Two of them are most relevant to this book.
The ﬁrst is Choleski’s decomposition. Let A be a nonnegative deﬁnite
matrix. Then there exists an upper-triangular matrix U such that A = U  U .
An application of the Choleski decomposition is the following. For any k × 1
vector μ and k × k covariance matrix V , one can generate a k-variate normal
random vector with mean μ and covariance matrix V . Simply let ξ = μ + U  η,
where η is a k × 1 vector whose components are independent N (0, 1) random
variables and U is the upper-triangular matrix in the Choleski decomposition
of V .
Another decomposition is the eigenvalue decomposition. For any n × n
symmetric matrix A, there exists an orthogonal matrix T such that A =
T DT , where D = diag(λ1 , . . . , λn ), and λ1 , . . . , λn are the eigenvalues of A.
In particular, if A ≥ 0 (i.e., nonnegative deﬁnite,
in√which case the eigenvalues
√
are nonnegative), we deﬁne D1/2 = diag( λ1 , . . . , λn ) and A1/2 = T D1/2 T  ,
called the square root matrix of A. It follows that (A1/2 )2 = A. If A is positive
deﬁnite, then we write A−1/2 = (A1/2 )−1 , which is identical to (A−1 )1/2 . Thus,
for example, an alternative way of generating the k-variate normal random
vector (see above) is to let ξ = μ + V 1/2 η. The deﬁnition of A1/2 can be
extended Ar for any A ≥ 0 and r ∈ [0, 1]; that is, Ar = T diag(λr1 , . . . , λrn ).
For example, the Löwner–Heinz inequality states that for any matrices A and
B such that A ≥ B ≥ 0 and r ∈ [0, 1], we have Ar ≥ B r .
The eigenvalue decomposition is one way of diagonalizing a matrix A such
that T  AT = D, where T is orthogonal and D is diagonal. It follows that
any symmetric matrix A can be diagonalized by an orthogonal matrix such
that the diagonal elements are the eigenvalues of A. Furthermore, if symmetric
matrices A1 , . . . , Ak are commuting—that is, if Aj Aj = Aj Ai , 1 ≤ i = j ≤ k—
then they are simultanenously diagonalizable in the sense that there is an
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orthogonal matrix T that T  Aj T = Dj , 1 ≤ j ≤ k, where Dj is a diagonal
matrix whose diagonal elements are the eigenvalues of Aj , 1 ≤ j ≤ k.
The largest and smallest eigenvalues of a symmetric matrix, A, are denoted by λmax (A) and λmin (A), respectively. The following properties hold.
Let λ1 , . . . , λn be the eigenvalues of A.
(i) For any positive integer p, the eigenvalues of Ap are λp1 , . . . , λpn . Thus,
if A ≥ 0, then λmax (Ap ) = {λmax (A)}p , λmin (Ap ) = {λmin (A)}p .
(ii) tr(A) = λ1 + · · · + λn .
(iii) |A| = λ1 · · · λn .
(iv) For any matrices A and B (not necessarily symmetric), the nonzero
eigenvalues of AB are the same as the nonzero eigenvalues of BA. This implies, in particular, that λmax (AB) = λmax (BA) and λmin (AB) = λmin (BA),
if the eigenvalues of AB, BA are all positive. Another consequence is that
λmax (A A) = λmax (AA ) for any matrix A.
Finally, if A and B are symmetric matrices, whose eigenvalues, arranged
in decreasing orders, are λ1 ≥ · · · ≥ λk and μ1 ≥ · · · ≥ μk , respectively, then
Weyl’s perturbation theorem states that
max |λi − μi | ≤ A − B.

1≤i≤k

An application of Weyl’s theorem is the following. If An is a sequence of symmetric matrices such that An − A → 0 as n → ∞, where A is a symmetric
matrix, then the eigenvalues of An converge to those of A as n → ∞.

A.2 Measure and probability
Let Ω denote the space of all elements of interest. In our case, Ω is typically
the space of all possible outcomes so that the probability of Ω is equal to one.
This said, the mathematical deﬁnition of probability has yet to be given, even
although the concept might seem straightforward as a common sense.
A.2.1 Measures
First, we need to deﬁne what is a collection of “reasonable outcomes”. Let F
be a collection of subsets of Ω satisfying the following three properties:
(i) The empty set ∅ ∈ F .
(ii) A ∈ F implies the complement Ac ∈ F.
(iii) Ai ∈ F, i ∈ I, where I is a discrete set of indexes, implies ∪i∈J Ai ∈ F.
Then F is called a σ-ﬁeld. The pair (Ω, F) is then called a measurable space.
The elements of F are called measurable sets with respect to F , or simply
measurable sets, when the context is clear. Let S be a collection of subsets
of Ω. The smallest σ-ﬁeld that contains S, denoted by σ(S), is called the σﬁeld generated by S. The smallest σ-ﬁeld does exist. To see this, let F be the
collection of all sets obtained by taking complements, union, or intersection
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of elements of S in any order and possibly multiple times, plus the empty set
(which may be understood as taking the union of no elements). It is easy to
see that F is a σ-ﬁeld and, in fact, F = σ(S). We consider some examples.
Example A.1. Let A be a nonempty proper subset of Ω (i.e., A = Ω). Then
σ({A}) = {∅, A, Ac , Ω}.
Example A.2 (Borel σ-ﬁeld). Let O be the collection of all open sets on R,
the real line. The σ-ﬁeld B = σ(O) is called the Borel σ-ﬁeld on R. It can be
shown that B = σ(I), where I is the collection of all ﬁnite open intervals.
Let (Ω, F) be a measurable space. A function ν: F → [0, ∞] is called a
measure if the following conditions are satisﬁed:
(i) ν(∅) = 0;
(ii)
i = 1, 2, . . . are disjoint (i.e., Ai ∩ Aj = ∅, i = j), then
<∞ if Ai ∈F,
∞
ν ( i=1 Ai ) = i=1 ν(Ai ).
In the special case, in which ν(Ω) = 1, ν is called a probability measure.
The triple (Ω, F, ν) is then called a measure space; when ν(Ω) = 1, this
is called a probability space. Although probability measures are what we are
dealing with most of the time, the following nonprobability measures are often
used in order to deﬁne a probability mass function, or a probability density
fuction (see the next subsection).
Example A.3 (Counting measure). Let F be the collection of all subsets
of Ω. It is easy to verify that F is a σ-ﬁeld. Now, deﬁne, for any A ∈ F,
ν(A) = the number of elements in A [so ν(A) = ∞ if A contains inﬁnitely
many elements]. It is easy to verify that ν is a measure on (Ω, F ), known as
the counting measure. In particular, if Ω is countable in the sense that there
is a one-to-one correspondence between Ω and the set positive integers, we
may let F be the collection of all subsets of Ω. This is a σ-ﬁeld, known as the
trivial σ-ﬁeld. A counting measure is then deﬁned on (Ω, F ).
Example A.4 (Lebesgue measure). There is a unique measure ν on (R, B)
that satisﬁes ν([a, b]) = b − a for any ﬁnite interval [a, b]. This is called the
Lebesgue measure. In particular, if Ω = [0, 1], the Lebesgue measure is a
probability measure.
Some basic properties of a measure are the following. Let (Ω, F, ν) be a
measure space and assume that all the sets considered are in F.
(i) (Monotonicity) A ⊂ B implies ν(A) ≤ ν(B).
(ii)
For any collection of sets Ai , i ∈ I, in F, we have
< (Subadditivity)
 
ν
i∈I Ai ≤
i∈I ν(Ai ).
(iii) (Continuity) If A1 ⊂ A2 ⊂ · · ·, then
ν( lim An ) = lim ν(An ),
n→∞

n→∞

(A.3)
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where limn→∞ An = ∪∞
i=1 Ai . Similarly, if A1 ⊃ Ac ⊃ · · · and ν(A1 ) < ∞,
then (A.3) holds with limn→∞ An = ∩∞
i=1 Ai .
A measure ν on (Ω, F) is called σ-ﬁnite if there is a countable collection
of measurable sets Ai , i ∈ I, such that ν(Ai ) < ∞, i ∈ I, and Ω = ∪i∈I Ai .
Let P denote a probability measure on (R, B). The cumulative distribution
function (cdf) of P is deﬁned as
F (x) = P ((−∞, x]), x ∈ R.

(A.4)

The cdf has the following properties:
(i) F (−∞) ≡ limx→−∞ F (x) = 0, F (∞) ≡ limx→∞ F (x) = 1;
(ii) F is nondecreasing; that is, F (x) ≤ F (y) if x < y;
(iii) F is right-continuous; that is, limy→x,y>x F (y) = F (x).
It can be shown that for any real-valued function F that satisﬁes the above
properties (i)–(iii), there is a unique probability measure P such that F can
be expressed as (A.4).
The concept of cdf can be extended to multivariate case. Let (Ωi , Fi ), i =
1,
.
.
The product
k . , k, be measurable spaces.
k
k σ-ﬁeld on the product space
Ω
is
deﬁned
as
σ(
F
),
where
i=1 i
i=1 Ωi = {(x1 , . . . , xk ) : xi ∈
k i=1 i
Ωi , 1 ≤ i ≤ k} and i=1 Fi = {A1 × · · · × Ak : Ai ∈ Fi , 1 ≤ i ≤ k}

with A1 × · · · × Ak = {(a1 , . . . , ak ) : ai ∈ Ai , 1 ≤ i ≤ k}. Note that ki=1 Fi
is not necessarily a σ-ﬁeld. If (Ωi , Fi , νi ), 1 ≤ i ≤ k, are measure spaces,
where
νi , 1 ≤

 i ≤ k, are σ-ﬁnite, there is a unique σ-ﬁnite measure ν on
{ ki=1 Ωi , σ( ki=1 Fi )} such that for all Ai ∈ Fi , 1 ≤ i ≤ k,
ν(A1 × · · · × Ak ) = ν1 (A1 ) · · · νk (Ak ).
This is called the product measure, denoted by ν = ν1 ×· · ·×νk . In particular,
if Ωi = R, Fi = B, 1 ≤ i ≤ k, the corresponding product space and σ-ﬁeld
are denoted by Rk and B k , respectively. Let P be a probability measure on
(Rk , B k ). The joint cdf of P is deﬁned as
F (x1 , . . . , xk ) = P {(−∞, x1 ] × · · · × (−∞, xk ]},

(A.5)

x1 , . . . , xk ∈ R. In the special case where P = P1 ×Pk , where Pi is a probability
measure on (Ωi , Fi ), 1 ≤ i ≤ k, (A.5) becomes
F (x1 , . . . , xk ) = F1 (x1 ) · · · Fk (xk ),

(A.6)

x1 , . . . , xk ∈ R, where Fi is the cdf of Pi , 1 ≤ i ≤ k.
A.2.2 Measurable functions
Let f be a map from Ω to Λ, an image space. Suppose that there is a σ-ﬁeld
G on Λ such that
f −1 (B) ≡ {ω ∈ Ω : f (ω) ∈ B} ∈ F , ∀B ∈ G;

(A.7)
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then f is said to be a measurable map from (Ω, F) to (Λ, G). In particular, if
Λ = Rk for some k, f is called a measurable function. If, in addition, G = B k ,
f is called Borel measurable.
Now, suppose that (Ω, F, P ) is a probability space. Any measurable function from (Ω, F) to (R, B) is called a random variable. Similarly, any measurable function from (Ω, F) to (Rk , B k ) (k > 1) is called a random vector, or
vector-valued random variable. Let X be a random variable. Deﬁne a probability measure on (R, B) by
P X −1 (B) = P {X −1 (B)}, B ∈ B,

(A.8)

where X −1 (B) is deﬁned by (A.7) with f replaced by X. P X −1 is called the
distribution of X. The cdf of X is deﬁned as
F (x) = P X −1 {(−∞, x]} = P (X ≤ x),

x ∈ R.

(A.9)

Note that (A.9) is the same as (A.4) with P replaced by P X −1 ; in other words,
the cdf of X is the same as the cdf of P X −1 . Note that a random variable,
by deﬁnition, must be ﬁnite, whereas a measurable function may take inﬁnite
values, depending on the deﬁnition of Λ. We consider an example.
Example A.5. If X is a random variable, then for any  > 0, there is b > 0
such that P(|X| ≤ b) > 1 − . This is because, by continuity [see (A.3)],
1 = P X −1 {(−∞, ∞)}
= P X −1

= lim P X
n→∞

lim [−n, n]

n→∞
−1

([−n, n])

= lim P (|X| ≤ n).
n→∞

Therefore, there must be some b = n such that P(|X| ≤ b) > 1 − .
The following are some basic facts related to Borel-measurable functions.
(i) f is Borel measurable if and only if f −1 {(−∞, b)} ∈ F for any b ∈ R.
(ii) If f and g are Borel measurable, so are f g and af + bg for any real
numbers a and b; and f /g is Botel measurable if g(ω) = 0 for any ω ∈ Ω.
(iii) If f1 , f2 , . . . are Borel measurable, so are supn fn , inf n fn , lim supn fn ,
and lim inf n fn .
(iv) If f is measurable from (Ω, F) to (Λ, G) and g is measurable from
(Λ, G) to (Γ, H), then the composite function, g ◦ f (ω) = g{f (ω)}, ω ∈ Ω, is
measurable from (Ω, F) to (Γ, H). In particular, if Γ = R and H = B, then
g ◦ f is Borel measurable.
(iv) If Ω is a Borel subset of Rk , where k ≥ 1, then any continuous function
from Ω to R is Borel measurable.
A class of noncontinuous measurable functions plays an important role
in the deﬁnition of integrals (see below). These are called simple measurable
functions, or simply simple functions, deﬁned as
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f (ω) =

s


ai IAi (ω),

(A.10)

i=1

where a1 , . . . , as are real numbers, A1 , . . . , As are measurable sets, and IA is
the indicator function deﬁned as
IA (ω) =

1, ω ∈ A
0, otherwise

A.2.3 Integration
Let (Ω, F, ν) be a measure space. If f is a simple function deﬁned by (A.10),
its integral with respect to ν is deﬁned as

f dν =

s


ai ν(Ai ).

i=1


From the deﬁnition, it follows that IA dν = ν(A). Thus, the integral may
be regarded as an extension of the measure.
Next, if f is a nonnegative Borel-measurable function, let Sf denote the
collection of all nonnegative simple functions g such that g(ω) ≤ f (ω) for all
ω ∈ Ω. The integral of f with respect to ν is deﬁned as


f dν = sup
g dν.
g∈Sf

Finally, any Borel-measurable function f can be expressed as f = f + −f − ,
where f + (ω) = f (ω) ∨ 0 and f − (ω) = −f (ω) ∧ 0. Because both f + and f − are
nonnegative Borel measurable (why?), the above deﬁnition
of integral

 applies
to both f + and f − . If at least one of the integrals f + dν and f − dν is
ﬁnite, the integral of f with respect to ν is deﬁned as



+
f dν = f dν − f − dν.

Example A.3 (continued). Let Ω be a countable set and ν be the counting
measure. Then, for any Borel-measurable function f , we have


f dν =
f (ω).
ω∈Ω

So, in this case, the integral is the summation.
Example A.4 (continued). If Ω = R and ν is the Lebesgue measure, the
integral is called the Lebesgue integral, which is usually denoted by
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∞

f dν =

f (x) dx.
−∞

The deﬁnition extends to the multidimensional case in an obvious way. The
connection between the Lebesgue integral and the Riemann integral (see
§1.5.4.32) is that the two are equal when the latter is well deﬁned. Below
are some basic properties of the integrals and well-known results. Although
some were already given in Section 1.5, they are listed again for completeness.
(i) For any Borel-measurable functions f and g, as long as the integrals
involved exist, we have



(af + bg) dν = a f dν + b g dν
for any real numbers a, b.
(ii) For any Borel-measurable functions f and g such that
f ≤ g a.e. ν

[which means that ν({ω : f (ω) > g(ω)}) = 0], we have f dν ≤ g dν,
provided that the integrals exist.

(iii) If f is Borel measurable and f ≥ 0 a.e. ν, then f dν = 0 implies
f = 0 a.e. ν.
(iv) (Fatou’s lemma) Let f1 , f2 , . . . be a sequence of Borel-measurable functions such that fn ≥ 0 a.e. ν, n ≥ 1; then



fn dν .
lim inf fn dν ≤ lim inf
n→∞

n→∞

(v) (Monotone convergence theorem) If f1 , f2 , . . . are Borel measurable
such that 0 ≤ f1 ≤ f2 ≤ · · · and limn→∞ fn = f a.e. ν, then



fn dν .
lim fn dν = lim
(A.11)
n→∞

n→∞

(vi) (Dominated convergence theorem) If f1 , f2 , . . . are Borel measurable
such
that limn→∞ fn = f a.e. ν and there is an integrable function g (i.e.,

|g| dν < ∞) such that fn ≤ g a.e. ν, n ≥ 1, then (A.11) holds.
(vii) (Diﬀerentiation under the integral sign) Suppose that for each θ ∈
(a, b) ⊂ R, f (·, θ) is Borel measurable, ∂f /∂θ exists, and supθ∈(a,b) |∂f /∂θ| is
integrable. Then, for each θ ∈ (a, b), ∂f /∂θ is integrable and


∂
∂
f (ω, θ) dν =
f (ω, θ) dν.
∂θ
∂θ
(viii) (Change of variable) Let f be measurable from (Ω, F, ν) to (Λ, G)
and g be Borel measurable on (Λ, G). Then we have


(g ◦ f ) dν =
g d(ν ◦ f −1 ),
(A.12)
Ω

Λ
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provided that either integral exists. Here, the measure ν ◦ f −1 is deﬁned similarly as (A.8); that is,
ν ◦ f −1 (B) = ν{f −1 (B)},

B ∈ G,

where f −1 (B) is deﬁned by (A.7).
(ix) (Fubini’s theorem) Let νi be a σ-ﬁnite measure on (Ωi , Fi ), i = 1, 2,
and f be Borel measurable on
 {Ω1 × Ω2 , σ(F1 × F2 )} whose integral with respect to ν1 ×ν2 exists. Then Ω1 f (ω1 , ω2 ) dν1 is Borel measurable on (Ω2 , F2 )
whose integral with respect to ν2 exists, and



f (ω1 , ω2 ) dν1 × ν2 =
f (ω1 , ω2 ) dν1 dν2 .
Ω1 ×Ω2

Ω2

Ω1

(x) (Radon-Nikodym derivative) Let μ and ν be two measures on (Ω, F)
and μ be σ-ﬁnite. ν is said to be absolutely continuous with respect to μ,
denoted by ν % μ, if for any A ∈ F, μ(A) = 0 implies ν(A) = 0. The
Radon–Nikodym theorem states that if ν % μ, there exists a nonnegative
Borel-measurable function f such that

ν(A) =
f dμ, ∀A ∈ F.
(A.13)
A

The f is unique a.e. μ in the sense that if g is another Borel-measurable
function that satisﬁes (A.13), then f = g a.e. μ. The function f in (A.13)
is called the Radon–Nikodym derivative, or density, of ν with respect to μ,
denoted by f = dν/dμ. The following result holds, which is, again, similar to
the change-of-variables rule in calculus: If ν % μ, then for any nonnegative
Borel-measurable function f , we have

  
dν
f dν = f
dμ.
(A.14)
dμ
A.2.4 Distributions and random variables
The pdf of a random variable X on (Ω, F, P ) is deﬁned as F (x) = P (X ≤
x), x ∈ R. Similarly, the joint pdf of random variables X1 , . . . , Xk on (Ω, F , P )
is deﬁned as F (x1 , . . . , xk ) = P (X1 ≤ x1 , . . . , Xk ≤ xk ), x1 , . . . , xk ∈ R. This
deﬁnition is consistent with (A.9), whose multivariate version is
F (x1 , . . . , xk ) = P X −1 {(−∞, x]}, x = (x1 , . . . , xk ) ∈ Rk ,
where (−∞, x] = (−∞, x1 ] × · · · × (−∞, xk ].
The random variable X is said to be discrete if its possible values are a
ﬁnite or countable subset of R. Let μ be the counting measure (see Example
A.3) and ν = P X −1 . It is clear that ν % μ (why?). The Radon–Nikodym
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derivative f = dν/dμ is called the probability mass function, or pmf, of X.
The deﬁnition of pmf can be easily extended to the multivariate case.
A random variable X on on (Ω, F, P ) is said to be continuous if ν =
P X −1 % μ, the Lebesgue measure. In such a case, the Radon–Nikodym
derivative f = dν/dμ is called the probability density function, or pdf, of
X. Again, the deﬁnition can be easily extended to the multivariate case.
A list of commonly used random variables and their pmf’s or pdf’s can be
found, for example, in Casella and Berger (2002, pp. 621–626).
The mean, or expected
value, of a random variable X on (Ω, F , P ) is

deﬁned as E(X) = Ω X dP . Usually, the expected value is calculated via a
pmf or pdf. Let μ be a σ-ﬁnite measure on (R, B) and assume that P X −1 % μ.
Let f = dP X −1 /dμ. Then, by (A.12) and (A.14), we have

x ◦ X dP
E(X) =
Ω
=
x dP X −1
R



dP X −1
dμ
=
x
dμ
R

= xf dμ.
In particular, if μ is the counting measure, we have


E(X) =
xf (x) =
xP (X = x),
x∈S

x∈S

where S is the set of possible values for X (note that in this case, X must be
discrete—why?); if μ is the Lebesgue measure on (a, b), where a and b can be
ﬁnite or inﬁnite, we have
 b
E(X) =
xf (x) dx.
a

The variance of X is deﬁned as var(X) = E(X −μX )2 , where μX = E(X). Another expression of the variance is var(X) = E(X 2 )−{E(X)}2 . The covariance
and correlation between two random variables X and Y on the same probability space are deﬁned as cov(X, Y ) = E(X − μX )(Y − μY ) and cor(X, Y ) =
cov(X, Y )/ var(X)var(Y ), respectively. Similar to the variance, an alternative expression for the covariance is cov(X, Y ) = E(XY ) − E(X)E(Y ).
If X = (X1 , . . . , Xk ) is a random vector, its expected value is deﬁned
as E(X) = [E(X1 ), . . . , E(Xk )] and its covariance matrix is deﬁned as
Var(X) = [cov(Xi , Xj )]1≤i,j≤k . If Y = (Y1 , . . . , Yl ) is another random vector,
where l need not be the same as k, the covariance matrix between X and Y
is deﬁned as Cov(X, Y ) = [cov(Xi , Yj )]1≤i≤k,1≤j≤l . Some basic properties of
the expected values and variances are the following, assuming their existence.
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(i) E(aX + bY ) = aE(X) + bE(Y ) for any constants a and b.
(ii) var(X + Y ) = var(X) + 2 cov(X, Y ) + var(Y ). In particular, if X and
Y are uncorrelated in that cov(X, Y ) = 0, then var(X, Y ) = var(X) + var(Y ).
(iii) Cov(X, Y ) = E{X −E(X)}{Y −E(Y )} , where the expected value of a
random matrix, ξ = (ξij )1≤i≤k,1≤j≤l , is deﬁned as E(ξ) = [E(ξij )]1≤i≤k,1≤j≤l .
This gives an equivalent deﬁnition of the covariance matrix between X and
Y , which is often more convenient in derivations. In particular, Cov(X, X) =
Var(X) = E{X −E(X)}{X −E(X)}. Thus, we have Cov(Y, X) = Cov(X, Y ) ,
and, similar to (ii), Var(X +Y ) = Var(X)+Cov(X, Y )+Cov(X, Y ) +Var(Y ).
(iv) var(aX) = a2 var(X) for any constant a; Var(AX) = A Var(X)A for
any constant matrix A; and Cov(AX, BY ) = A Cov(X, Y )B  for any constant
matrices A and B.
(v) var(X) ≥ 0 and var(X) = 0 if and only if X is a.s. a constant; that
is, P (X = c) = 1 for some constant c. Similarly, Var(X) ≥ 0 (i.e., positive
deﬁnite); and |Var(X)| = 0 if and only if there is a constant vector a and a
constant c such that a X = c a.s.
(vi) (The covariance inequality) |cov(X, Y )| ≤ var(X)var(Y ). This implies, in particular, that the correlation between X and Y is always between
−1 and 1; when cor(X, Y ) = −1 or 1, there are constants a, b, and c such that
aX + bY = c a.s.; in other words, one is (a.s.) a linear function of the other.
Other quantities associated with the expected values include the moments
and central moments. The pth moment of a random variable X is deﬁned as
E(X p ); the pth absolute moment is E(|X|p ); and the pth central moment is
γp = E{(X − μX )p }, assuming existence, of course, in each case. The skewness
and kurtosis of X are deﬁned as κ3 = γ3 /σ 3 and κ4 = (γ4 /σ 4 )−3, respectively,
where σ = var(X), known as the standard deviation of X.
The random variables X1 , . . . , Xk are said to be independent if
P (X1 ∈ B1 , . . . , Xk ∈ Bk ) = P (X1 ∈ B1 ) · · · P (Xk ∈ Bk )
for any B1 , . . . , Bk ∈ B. Equivalently, X1 , . . . , Xk are independent if their joint
pdf is the product of their individual pdf’s; that is,
F (x1 , . . . , xk ) = F1 (x1 ) · · · Fk (xk )
for all x1 , . . . , xk ∈ R, where F (x1 , . . . , xk ) = P (X1 ≤ x1 , . . . , Xk ≤ xk ) and
Fj (xj ) = P (Xj ≤ xj ), 1 ≤ j ≤ k. If the joint pdf f of X1 , . . . , Xk with respect
to a product measure, μ = μ1 × · · · × μk , exists, where the μj ’s are σ-ﬁnite,
independence of X1 , . . . , Xk is also equivalent to
f (x1 , . . . , xk ) = f1 (x1 ) · · · fk (xk )
for all x1 , . . . , xk , where fj is the pdf of Xj with respect to μj , which can be
derived by integrating the joint pdf; that is,

fj (xj ) = f (x1 , . . . , xk )dμ1 · · · dμj−1 dμj+1 · · · dμk .
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The random variables X1 , . . . , Xk are said to be independent and identically
distributed, or i.i.d., if they are independent and have the same distribution,
that is, F1 = · · · = Fk .
A.2.5 Conditional expectations
An extension of the expected values is conditional expectations. Let X be an
integrable random variable on (Ω, F , P ). Let A be a sub-σ-ﬁeld of F. The
conditional expectation of X given A, denoted by E(X|A), is the a.s. unique
random variable that satisﬁes the following conditions:
(i) E(X|A)
is measurable
from (Ω, A) to (R, B).


(ii) A E(X|A) dP = A X dP for every A ∈ A.
The conditional probability is a special case of the conditional expectation,
with X = 1B , the indicator function of B ∈ F, denoted by P(B|A) =
E(1B |A).
The deﬁnition leads to the following result, which is useful in checking if
a random variable is the conditional expectation of another random variable:
Suppose that ξ is integrable and η is A-measurable. Then η = E(ξ|A) if and
only if E(ξζ) = E(ηζ) for every ζ that is bounded and A-measurable.
The conditional expectation has the same properties as the expected
value—all one has to do is to keep the notation |A during the operations;
however, there are also some important diﬀerences. A main diﬀerence is that,
unlike the expected value which is a constant, the conditional expectation is
a random variable, unless in some special cases, such as when A = {∅, Ω}.
If Y is another random variable on (Ω, F, P ), the conditional expectation
of X given Y is deﬁned as E(X|Y ) = E{X|σ(Y )}, where σ(Y ) is the σ-ﬁeld
generated by Y , deﬁned as σ(Y ) = Y −1 (B) = {Y −1 (B) : B ∈ B}, where
Y −1 (B) is deﬁned by (A.7) with f = Y . Note that E(X|Y ) is a function of
Y so let E(X|Y ) = h(Y ), where h is a Borel-measurable function. Then the
conditional expectation of X given Y = y is deﬁned as
E(X|Y = y) = h(y).
Given the deﬁnitions of the conditional expectations, the conditional variances of X given A, or X given Y , are deﬁned as
var(X|A) = E[{X − E(X|A)}2 |A],
var(X|Y ) = E[{X − E(X|Y )}2 |Y ],
respectively. Similar to the variance, the identities
var(X|A) = E(X 2 |A) − {E(X|A)}2 ,
var(X|Y ) = E(X 2 |Y ) − {E(X|Y )}2
hold. The latter gives an easier way to deﬁne var(X|Y = y) as
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E(X 2 |Y = y) − {E(X|Y = y)}2 .
Two of the most useful properties of the conditional expectations (variances)
are the following, assuming the existence of those throughout.
(i) If A1 ⊂ A2 , then
E(X|A1 ) = E{E(X|A2 )|A1 } a.s.

(A.15)

In particular, because the trivial σ-ﬁeld, {∅, Ω}, is a sub-σ-ﬁeld of any σ-ﬁeld,
we have, by letting A1 = {∅, Ω} and A2 = A in (A.15),
E(X) = E{E(X|A)}.
Similarly, if X, Y , and Z are random variables, we have
E(X|Y ) = E{E(X|Y, Z)|Y } a.s.,
E(X) = E{E(X|Y )}.
Here, E(X|Y, Z) = E{X|σ(Y, Z)} and σ(Y, Z) is deﬁned the same way as
σ(Y ), treating (Y, Z) as a vector-valued random variable.
(ii) The following identity holds for the conditional variance (see above):
var(X) = E{var(X|Y )} + var{E(X|Y )}.
In addition, the conditional expectation E(X|Y ) is the minimizer of
E{X − g(Y )}2
over all Borel-measurable functions g such that E{g 2 (Y )} < ∞. Here is another useful result: Let X be a random variable such that E(|X|) < ∞, and
let Y and Z be random vectors. If (X, Y ) and Z are independent, then
E(X|Y, Z) = E(X|Y ) a.s.

(A.16)

We say that, given Y , X and Z are conditionally independent if
P(A|Y, Z) = P(A|Y ) a.s. ∀A ∈ σ(X),

(A.17)

where the conditional probability P(A|ξ) is deﬁned as E{1A|σ(ξ)} for any random vector ξ. Given the deﬁnition, a similar result to (A.16) is the following.
If (X, Y ) and Z are independent, then given Y , X and Z are conditionally
independent. The conclusion may not be true if Z is independent of X but
not of (X, Y ).
A.2.6 Conditional distributions
Let X be a random vector on a probability space (Ω, F, P ) and let A be a
sub-σ-ﬁeld of F. There exists a function P (·, ·) deﬁned on B k × Ω, where k is
the dimension of X, such that the following hold:

A.3 Some results in statistics

569

(i) P (B, ω) = P {X −1 (B)|A} a.s. for any ﬁxed B ∈ B k [see (A.7) for the
deﬁnition of X −1 (B)].
(ii) P (·, ω) is a probability measure on (Rk , B k ) for any ﬁxed ω ∈ Ω.
If Y is measurable from (Ω, F) to (Λ, G). Then there exists a function
deﬁned on B k × Λ, denoted by PX|Y (·|·), such that the following hold:
(i) PX|Y (B|y) = P {X −1 (B)|Y = y} ≡ E{1X −1 (B) |Y = y} (see above) a.s.
P Y −1 [see (A.8)] for any ﬁxed B ∈ B k .
(ii) PX|Y (·|y) is a probability measure on (Rk , B k ) for any ﬁxed y ∈ Λ.
The following holds. If g(·, ·) is a Borel function such that E|g(X, Y )| < ∞,
then
E{g(X, Y )|Y = y} = E{g(X, y)|Y = y}

=
g(x, y) dPX|Y (x|y) a.s. P Y −1 .
Rk

Let (Λ, G, P1 ) be a probability space. Suppose that P2 is a function from
B k × Λ to R such that
(i) P2 (B, ·) is Borel measurable for any B ∈ B k ; and
(ii) P2 (·|y) is a probability measure on (Rk , B k ) for any y ∈ Λ.
Then there is a unique probability measure on {Rk × Λ.
σ(B k × G)} such that

P (B × C) =
P2 (B, y) dP1 (y)
(A.18)
C

for any B ∈ B k and C ∈ G. In particular, if (Λ, G) = (Rl , B l ) and deﬁne
X(x, y) = x and Y (x, y) = y for (x, y) ∈ Rk × Rl , then P1 = P Y −1 and
P2 (·, y) = PX|Y (·|y) (see above), and the probability measure (A.18) is the
joint distribution of (X, Y ) that has the joint cdf

F (x, y) =
PX|Y {(−∞, x]|v} dP Y −1 (v), x ∈ Rk , y ∈ Rl ,
(−∞,y]

where (−∞, a] is deﬁned above (see the beginning of Section A.2.4). PX|Y (·|y),
denoted by PX|Y =y , is called the conditional distribution of X given Y = y.
If PX|Y =y has a pdf with respect to ν, a σ-ﬁnite measure on (Rk , B k ), the pdf
is denoted by fX|Y (·|y), known as the conditional pdf of X given Y = y.

A.3 Some results in statistics
A.3.1 The multivariate normal distribution
A random vector ξ is said to have a k-dimensional multivariate normal distribution with mean vector μ and covariance matrix Σ, or ξ ∼ N (μ, Σ), if the
joint pdf of ξ is given by
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f (x) =

1
(2π)k/2 |Σ|1/2

1
exp − (x − μ) Σ −1 (x − μ) ,
2

x ∈ Rk .

When k = 1, the pdf reduces to that of N (μ, σ2 ) with σ 2 = Σ. Below are some
useful results associated with the multivariate normal distribution. Here, we
assume that all of the matrix products are well deﬁned.
1. If ξ ∼ N (μ, Σ), then for any constant matrix A, Aξ ∼ N (Aμ, AΣA ).
2. If ξ ∼ N (μ, Σ), then for any constant matrices A and B, Aξ and Bξ
are independent if and only if AΣB  = 0. If ξ is multivariate normal, the
components of ξ are independent if and only if they are uncorrelated; that is,
cov(ξi , ξj ) = 0, i = j, where ξi is the ith component of ξ.
3. If ξ ∼ N (μ, Σ) and ξ, μ and Σ are partitioned accordingly as
 
 


ξ1
μ1
Σ11 Σ12
ξ=
,
μ=
,
Σ=
,
ξ2
μ2
Σ21 Σ22
then the conditional distribution of ξ1 given ξ2 is multivariate normal with
−1
−1
mean vector μ1 + Σ12 Σ22
(ξ2 − μ2 ) and covariance matrix Σ11 − Σ12 Σ22
Σ21 .

Note that Σ21 = Σ12 .
4. Let ξ be a random vector such that E(ξ) = μ and Var(ξ) = Σ. Then,
for any constant symmetric matrix A, we have
E(ξ  Aξ) = μ Aμ + tr(AΣ).
In particular, if ξ ∼ N (0, Σ), then ξ  Aξ is distributed as χ2r if and only
if AΣ is idempotent (see Section A.1.5) and r = rank(A). In particular, if
ξ = (ξi )1≤i≤k ∼ N (0, Ik ), then |ξ|2 = ξ12 + · · · + ξk2 ∼ χ2k .
5. If ξ ∼ N (μ, Σ), a is a constant vector, and A and B are constant
symmetric matrices, then a ξ and ξ  Aξ are independent if and only if b ΣA =
0; ξ  Aξ and ξ  Bξ are independent if and only if AΣB = 0. Also, we have
cov(ξ  Aξ, b ξ) = 2b ΣAμ,
cov(ξ  Aξ, ξ  Bξ) = 4μ AΣBμ + 2 tr(AΣBΣ).
6. If ξ ∼ N (0, 1), η ∼ χ2d , and ξ and η are independent, then
t=

ξ
η/d

∼ td ,

the t-distribution with d degrees of freedom, which has the pdf
Γ {(d + 1)/2}
f (x) = √
dπΓ (d/2)

−(d+1)/2

x2
, −∞ < x < ∞.
1+
d

An extension of the t-distribution is the multivariate t-distribution. A kdimensional multivariate t-distribution with mean vector μ, covariance matrix
Σ, and degrees of freedom d has the joint pdf
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Γ {(d + k)/2}
1
|Σ|−1/2 1 + (x − μ) Σ −1 (x − μ)
d
(dπ)k/2 Γ (d/2)
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−(d+k)/2

, x ∈ Rd .

7. If ξj ∼ χ2dj , j = 1, 2, and ξ1 and ξ2 are independent, then
F =

ξ1 /d1
∼ Fd1 ,d2 ,
ξ2 /d2

the F -distribution with d1 and d2 degrees of freedom, which has the pdf
Γ {(d1 + d2 )/2}
f (x) =
Γ (d1 /2)Γ (d2 /2)



d1
d2

d1 /2


d1 /2−1

x

1+

d1
d2



−(d1 +d2 )/2

x

,

−∞ < x < ∞.
A.3.2 Maximum likelihood
Let X be a vector of observations and let f (·|θ) the pdf of X, with respect
to a σ-ﬁnite measure μ—that is dependent on a vector of parameters, θ. Let
x denote the observed value of X. The notation f (x|θ) can be viewed in two
ways. For a ﬁxed θ, it is the pdf of X when considered as a function of x;
for the ﬁxed x (as the observed X), it is viewed as a function of θ, known as
the likelihood function. In the latter case, a diﬀerent notation is often used,
L(θ|x) = f (x|θ). The log-likelihood is the logarithm of the likelihood function,
denoted by l(θ|x) = log{L(θ|x)}.
A widely used method of estimation is the maximum likelihood; namely, the
parameter vector θ is estimated by the maximizer of the likelihood function.
More precisely, let Θ be the parameter space—that is, the space of possible
values of θ. Suppose that there is θ̂ ∈ Θ such that
L(θ̂|x) = sup L(θ|x);
θ∈Θ

then θ̂ is called the maximum likelihood estimator, or MLE, of θ.
Under widely existing regularity conditions, the maximum likelihood is
carried out by diﬀerentiating the log-likelihood with respect to θ and solving
the equations that equate the derivatives to zero; that is,
∂
l(θ|x) = 0.
∂θ

(A.19)

Equation (A.19) is known as the ML equation. It should be noted that a
solution to the ML equation is not necessarily the MLE. However, under
some more restrictive conditions, the solution indeed coincides with the MLE.
For example, if (A.19) has a unique solution and it can be made sure that the
maximum of L(θ|x) does not occur on the boundary of Θ, then the MLE is
identical to the solution of the ML equation.
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Associated with the log-likelihood function is the information matrix, or
Fisher information matrix, deﬁned as


∂l ∂l
I(θ) = Eθ
,
(A.20)
∂θ ∂θ
where ∂l/∂θ = (∂/∂θ)l(θ|X) and Eθ stands for expectation with θ being the
true parameter vector. It should be noted—and this is important—that the θ
in Eθ must be the same as the θ in ∂l/∂θ on the right side of (A.20).
Under some regularity conditions, the following nice properties hold for
the log-likelihood function.
(i) [An integrated version of (A.19)]
Eθ

∂
l(θ|X)
∂θ

= 0.

(ii) [Another expression of (A.20)]
I(θ) = −Eθ

∂2l
∂θ∂θ

,

where ∂ 2 l/∂θ∂θ = (∂ 2 /∂θ∂θ )l(θ|X). Properties (i) and (ii) lead to a third
expression for I(θ):
 
∂l
,
I(θ) = Varθ
∂θ
where ∂l/∂θ = (∂/∂θ)l(θ|X) and Varθ stands for covariance matrix with θ
being the true parameter vector.
A well-known result involving the Fisher information matrix is the Cramér–
Rao lower bound. For simplicity, let θ be a scalar parameter. Let δ̂ be an
unbiased estimator of δ = g(θ); that is, Eθ (δ̂) = g(θ) for all θ, where g is a
diﬀerentiable function. Under regularity conditions, we have
varθ (δ̂) ≥

{g  (θ)}2
.
I(θ)

For a multivariate version, see, for example, Shao (2003, p. 169).
An important and well-known property of the MLE is its asymptotic efﬁciency in the sense that, under regularity conditions, the asymptotic covariance matrix of the MLE is equal to the Cramér–Rao lower bound. For
example, in the i.i.d. case, we have, as n → ∞,
√
d
n(θ̂ − θ) −→ N {0, I −1 (θ)},
where the right side is the multivariate normal distribution with mean vector
0 and covariance matrix I −1 (θ) = I(θ)−1 (see Section A.3.1).
Many testing problems involve the likelihood ratio. This is deﬁned as

A.3 Some results in statistics

supθ∈Θ0 L(θ|x)
,
supθ∈Θ L(θ|x)
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(A.21)

where Θ0 is the parameter space under the null hypothesis, H0 , and Θ is the
parameter space without assuming H0 .
A.3.3 Exponential family and generalized linear models
The concept of generalized linear models, or GLMs, is closely related to that of
the exponential family. The distribution of a random variable Y is a member
of the exponential family if its pdf or pmf can be expressed as
f (y; θ) = exp

yθ − b(θ)
+ c(y, φ) ,
a(φ)

(A.22)

where a(·), b(·), and c(·, ·) are known functions, θ is an unknown parameter,
and φ is an additional dispersion parameter, which may or may not be known.
Many of the well-known distributions are members of the exponential family.
These include normal, Gamma, binomial, and Poisson distributions.
An important fact regarding the exponential family is the following relationship between the mean of Y and θ:
μ = E(Y ) = b (θ).
In many cases, this establishes an 1–1 correspondence between μ and θ. Another relationship among θ, φ, and the variance of Y is
var(Y ) = b (θ)a(φ).
The following is an example.
Example A.6. Suppose that Y ∼ Binomial(n, p). Then the pmf of Y can
be expressed as (A.22) with


 
p
n
.
, b(θ) = n log(1 + eθ ), and a(φ) = log
θ = log
y
1−p
Note that in this case, φ = 1. It follows that b (θ) = neθ /(1 + eθ ) = np = E(Y )
and b (θ) = neθ /(1 + eθ )2 = np(1 − p) = var(Y ).
McCullagh and Nelder (1989) introduced the GLM as an extension of the
classical linear models. Suppose the following:
(i) The observations y1 , . . . , yn are independent.
(ii) The distribution of yi is a member of the exponential family, which
can be expressed as
fi (y) = exp

yθi − b(θi )
+ ci (y, φ) .
ai (φ)
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(iii) The mean of yi , μi , is associated with a linear predictor ηi = xi β
through a link function; that is,
ηi = g(μi ),
where xi is a vector of known covariates, β is a vector of unknown regression
coeﬃcients, and g(·) is a link function.
Assumptions (i)–(iii) deﬁne a GLM. By the properties of the exponential
family mentioned above, θi is associated with ηi . In particular, if
θi = ηi ,
the link function g(·) is called canonical.
The function ai (φ) typically takes the form ai (φ) = φ/wi , where wi is a
weight. For example, if the observation yi is the average of ki observations
(e.g., a binomial proportion, where ki is the number of Bernoulli trials), then
wi = ki ; if the observation is the sum of ki observations (e.g., a binomial or
sum of Bernoulli observations), then wi = 1/ki .
A.3.4 Bayesian inference
Suppose that Y is a vector of observations and θ is a vector of parameters
that are not observable. Let f (y|θ) represent the probability density function
(pdf) of Y given θ and let π(θ) represent a prior pdf for θ. Then the posterior
pdf of θ is given by
p(θ|y) = 

f (y|θ)π(θ)
.
f (y|θ)π(θ) dθ

(A.23)

Obtaining the posterior is often the goal of Bayesian inference. In particular,
some numerical summaries may be obtained from the posterior. For example,
a Bayesian point estimator of θ is often obtained as the posterior mean:

E(θ|y) = θp(θ|y) dθ

θf (y|θ)π(θ) dθ
= 
;
f (y|θ)π(θ) dθ
the posterior variance, var(θ|y), on the other hand, is often used as a Bayesian
measure of uncertainty. The notation dθ in the above, which corresponds to
the Lebesgue measure, can be replaced by dμ, where μ is a σ-ﬁnite measure
with respect to which π(·) is deﬁned.
A discrete probabilistic version of (A.23) is called the Bayes rule, which is
often useful in computing the conditional. Suppose that there are a number
of events, A1 , . . . , Ak , such that Ai ∩ Aj = ∅, i = j, and A1 ∪ · · · ∪ Ak = Ω,
the sample space. Then, for any event B, we have

A.3 Some results in statistics

P(B|Ai )P(Ai )
P(Ai |B) = k
,
j=1 P(B|Aj )P(Aj )
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(A.24)

1 ≤ i ≤ k. To see the connection between (A.23) and (A.24), suppose that
π is a discrete distribution over θ1 , . . . , θk , and the distribution of Y is also
discrete. Then, for any possible value y of Y , we have, by (A.24) with Ai =
{θ = θi }, 1 ≤ i ≤ k, and B = {Y = y},
P(Y = y|θ = θi )P(θ = θi )
P(θ = θi |Y = y) = k
,
j=1 P(Y = y|θ = θj )P(θ = θj )
which is the discrete version of (A.23).
The posterior can be used to obtain a posterior predictive distribution of
a future observation, Ỹ . Suppose that Y and Ỹ are conditionally independent given θ (see Section A.2.5); then, by (A.17), we have f (ỹ|θ, y) = f (ỹ|θ).
Therefore, the posterior predictive pdf is given by

p(ỹ|y) = p(ỹ, θ|y) dθ

= f (ỹ|θ, y)p(θ|y) dθ

= f (ỹ|θ)p(θ|y) dθ
(here, as usual, f and p denote the pdf’s, and the rule of notation is that p is
used whenever the conditioning involves y only; otherwise, f is used).
Similar to Section A.3.2, the pdf f (y|θ), considered as a function of θ, is
called the marginal likelihood, or simply likelihood. The ratio of the posterior
p(θ|y) evaluated at the points θ1 and θ2 under a given model is called the
posterior odds for θ1 compared to θ2 —namely,
π(θ1 )f (y|θ1 )/f (y)
p(θ1 |y)
=
p(θ2 |y)
π(θ2 )f (y|θ2 )/f (y)
π(θ1 ) f (y|θ1 )
·
,
=
π(θ2 ) f (y|θ2 )
according to the Bayes rule (A.23). In other words, the posterior odds is simply
the prior odds multiplied by the likelihood ratio, f (y|θ1 )/f (y|θ2 ) [see (A.21)].
The concept of (posterior) odds is most familiar when θ takes two possible
values, with θ2 being the complement of θ1 .
A similar concept is the Bayesian factor. This is used, for example, when a
discrete set of competing models is proposed for model selection. The Bayesian
factor is the ratio of the marginal likelihood under one model to that under
another model. If we label the two competing models by M1 and M2 , respectively, then the ratio of their posterior probabilities is
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p(M1 |y)
π(M1 )
=
× Bayesian factor(M1 , M2 ),
p(M2 |y)
π(M2 )
which deﬁnes the Bayesian factor—namely,
f (y|M1 )
f (y|M2 )

π(θ1 |M1 )f (y|θ1 , M1 ) dθ1
= 
.
π(θ2 |M2 )f (y|θ2 , M2 ) dθ2

Bayesian factor(M1 , M2 ) =

A.3.5 Stationary processes
Many important processes have the stationarity properties, in one way or the
other. For simplicity, consider a process X(t), t ≥ 0, taking values in R.
The process is said to be strongly stationary if [X(t1 ), . . . , X(tn )] and
[X(t1 + h), . . . , X(tn + h)] have the same joint distribution for all t1 , . . . , tn
and h > 0. Note that if X(t), t ≥ 0, is strongly stationary, then, in particular, the X(t)’s are identically distributed. However, strong stationarity is a much stronger property than identical distribution. The process is
said to be weakly (or second-order) stationary if E{X(t1 )} = E{X(t2 )} and
cov{X(t1 ), X(t2 )} = cov{X(t1 + h), X(t2 + h)} for all t1 , t2 and h > 0.
The terms used here might suggest that a strongly stationary process must
be weakly stationary. However, this is not implied by the deﬁnition, unless the
second moment of X(t) is ﬁnite for all t (in which case, the claim is true). On
the other hand, a weakly stationary process may not be strongly stationary,
of course, unless the process is Gaussian, as in the ﬁrst example below.
Example A.7 (Gaussian process). A real-valued process X(t), t ≥ 0, is
said to be Gaussian if each ﬁnite-dimensional vector [X(t1 ), . . . , X(tn )] has a
multivariate normal distribution. Now, suppose that the Gaussian process is
weakly stationary. Then the vectors U = [X(t1 ), . . . , X(tn )] and V = [X(t1 +
h), . . . , X(tn + h)] have the same mean vector [which is (μ, . . . , μ), where μ =
E{X(0)}]. Furthermore, the weak stationarity property implies that Var(U ) =
Var(V ) (see Section A.2.4). Thus, by the properties of multivariate normal
distribution (see Section A.3.1), U and V have the same joint distribution. In
other words, the Gaussian process is strongly stationary.
Example A.8 (Markov chains). Let X(t), t ≥ 0, be an irreducible Markov
chain taking values in a countable subset S of R and with a unique stationary
distribution π (see Section 10.2). The ﬁnite-dimensional distributions of the
process depend on the initial distribution p0 of X(0), and it is not generally
true that X(t), t ≥ 0, is stationary in either sense. However, if p0 = π—that
is, the initial distribution is the same as the stationary distribution—then the
distribution pt of X(t) satisﬁes
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pt (j) = P{X(t) = j)

=
P{X(0) = i}P{X(t) = j|X(0) = i}
i∈S

=



p0 (i)p(t) (i, j)

i∈S

=



π(i)p(t) (i, j) = π(j),

j ∈ S,

i∈S

the last identity implied by (10.7) and (10.17). In other words, the distribution
of X(t) does not depend on t. By a similar argument, it can be shown that
the joint distribution of X(t1 + h), . . . , X(tn + h) does not depend on h for
every n > 1. Thus, the process X(t), t ≥ 0, is strongly stationary.
A fundamental theory associated with weak stationary processes is called
the spectral theorem, or spectral representation. Deﬁne the autocovariance
function of a weakly stationary process X(t), −∞ < t < ∞, by
c(t) = cov{X(s), X(s + t)}
for any s, t ∈ R. Thus, in particular, c(0) = var{X(t)}. The autocorrelation
function is deﬁned as ρ(t) = c(t)/c(0), t ∈ R. The spectral theorem for autocorrelation functions states that if c(0) > 0 and ρ(t) is continuous at t = 0,
then ρ(t) is the cf (see Section 2.4) of some distribution F ; that is,
 ∞
ρ(t) =
eitλ dF (λ), t ∈ R.
−∞

The distribution F is called the spectral distribution function
∞of the process. If
X(n), n = 0, ±1, . . ., is a discrete-time process such that n=−∞ |ρ(n)| < ∞,
then F has a density f , called the spectral density function, given by
f (λ) =

∞
1  −inλ
e
ρ(n), λ ∈ [−π, π].
2π n=−∞

Not only does the autocorrelation function of a weakly stationary process
have the spectral representation, but the process itself also enjoys a nice spectral representation. Suppose that X(t), −∞ < t < ∞, is weakly stationary
with E{X(t)} = 0 and that ρ(t) is continuous. Then there exists a complexvalued process S(λ), −∞ < λ < ∞, such that
 ∞
X(t) =
eitλ dS(λ), −∞ < t < ∞
−∞

(see Section 10.6 for the deﬁnition of a stochastic integral). The process S is
called the spectral process of X.
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As for strongly stationary processes, a well-known result is the ergodic
theorem. This may be regarded as an extension of the SLLN. The theorem
is usually stated for a discrete-time process, Xn , n = 1, 2, . . .. If the latter is
strongly stationary such that E(|X1 |) < ∞, then there is a random variable,
Y , with the same mean as the X’s such that
1
a.s.
Xi −→ Y
n i=1
n

and E(Xn ) → E(Y ) as n → ∞. The random variable Y can be expressed as
a conditional expectation. Let (Ω, F , P ) be a probability space. A measurable map T : Ω → Ω is said to be measure-preserving if P (T −1 A) = P (A)
for A ∈ F, where T −1 A = {ω ∈ Ω, T (ω) ∈ A}. Any stationary process
Xn , n = 0, 1, . . ., can be thought of as being generated by a measure-preserving
transformation T in the sense that there exists a random variable X deﬁned on a probability space (Ω, F , P ) and a map T : Ω → Ω such that the
process XT n , n ≥ 0, has the same joint distribution as Xn , n ≥ 0, where
XT n (ω) = X{T n(ω)}, ω ∈ Ω, and XT 0 = X. The process Xn , n ≥ 0, is said
to be ergodic if the transformation T satisﬁes the following: For any A ∈ F,
T −1 (A) = A implies P (A) = 0 or 1. The ergodic theorem can now be restated
as that if T is measure-preserving and E(|X|) < ∞, then
n−1
1
a.s.
XT i −→ E(X|I),
n i=0

where I is the invariant σ-ﬁeld deﬁned as I = {A ∈ F : T −1 A = A}. In
particular, if the process Xn , n ≥ 0, is ergodic, then Y = E(X|I) = E(X).

A.4 List of notation and abbreviations
The list is in alphabetical order, although the actual letters that appear in
diﬀerent places in the text may be diﬀerent:
a ∧ b: = min(a, b).
a ∨ b: = max(a, b).
a.s.: almost surely.
a : the transpose of vector a.
dim(a): the dimension of vector a.
A ≤ B, where A and B are symmetric matrices: This means B − A is
nonnegative deﬁnite.
A < B, where A and B are symmetric matrices: This means B − A is
positive deﬁnite.
Ac : the complement of set A.
|A|: the determinant of matrix A.
A : the transpose of matrix A.
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λmin (A): the smallest eigenvalue of matrix A.
λmax (A): the largest eigenvalue of matrix A.
tr(A): the trace of matrix A.
A: the spectral norm of matrix A deﬁned as A = {λmax (A A)}1/2 .
A2 : the 2-norm of matrix A deﬁned as A2 = {tr(A A)}1/2 .
rank(A): the (column) rank of matrix A.
A1/2 : the square root of a nonnegative deﬁnite matrix A (see Section
A.1.6).
If A is a set, |A| represents the cardinality of A.
ACR: autocorrelation.
ACV: autocovariance.
AIC: Akaike’s information criterion.
ANOVA: analysis of variance.
AR: autoregressive process.
ARMA: autoregressive moving average process.
ARE: asymptotic relative eﬃciency.
an = O(bn ): This means that the sequence an /bn , n = 1, 2, . . ., is bounded.
an = o(bn ): This means that the sequence an /bn → 0 as n → ∞.
an ∼ bn , where both an and bn are sequences of real numbers: This means
an /bn → 1 as n → ∞.
AU: asymptotically unbiased.
B: the Borel σ-ﬁeld.
BIC: Bayesian information criterion.
BLUE: best linear unbiased estimator.
BLUP: best linear unbiased predictor.
BP: best predictor.
C: the space of continuous functions with the uniform metric.
cdf: cumulative distribution function.
cf: characteristic function.
CLT: central limit theorem.
Ckm : the binomial coeﬃcient equal to the number of ways of choosing
 k
items from m items without considering the order; this is also denoted by m
k .
Cov(ξ, η): the covariance matrix between random vectors ξ and η (see
Section A.2.4).
a.s.
−→: almost sure convergence.
d
−→: convergence in distribution.
P
−→: convergence in probability.
Lp
−→: convergence in Lp .
c.u.: continuous uniformly.
D: the space of functions that are right continuous and possess left-limit
at each point, with the uniform metric.
diag(A): for A being a square matrix, this is the vector of diagonal elements
of A.
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diag(A1 , . . . , Ak ): the block-diagonal matrix with A1 , . . . , Ak on its diagonal; the deﬁnition also includes the diagonal matrix, when A1 , . . . , Ak are
numbers.
Distributions: Binomial(n, p) — binomial distribution with n independent
trials and probability p of success for each trial; Cauchy(μ, σ) — Cauchy distribution with pdf f (x|μ, σ) = (πσ[1+{(x−μ)/σ}2 ])−1 , −∞ < x < ∞; DE(μ, σ)
— double exponential distribution with pdf f (x|μ, σ) = (2σ)−1 exp(−|x −
μ|/σ), −∞ < x < ∞; χ2ν — χ2 -distribution with ν degrees of freedom;
Exponential(λ) — exponential distribution with mean λ; N (μ, σ 2 ) — normal distribution with mean μ and variance σ2 , or N (μ, Σ) — multivariate
normal distribution with mean vector μ and covariance matrix Σ; NM(p, τ )
— normal mixture distribution with cdf (1 − p)φ(x) + pΦ(x/τ ), where Φ is
the cdf of N (0, 1); Poisson(λ) — Poisson distribution with mean λ; tν — tdistribution with ν degrees of freedom; Uniform[a, b] — uniform distribution
over [a, b].
∇: the gradient operator.
δx (y): the Dirac (or point) mass at x, which = 1 if y = x and 0 otherwise.
Eθ : This notation is often used for expectation under the distribution with
θ being the true parameter (vector).
EM : This notation is sometimes used for model-based expectation; or expectation under model M .
Ed : This notation is sometimes used for design-based expectation.
E(ξ|η): conditional expectation of ξ given η.
EBLUE: empirical best linear unbiased estimator.
EBLUP: empirical best linear unbiased predictor.
EBP: empirical best predictor.
EM: Expectation–Maximization (algorithm).
∅: empty set.
Eθ : expectation when θ is the true parameter (vector).
f ◦ g: f ◦ g(x) = f (g(x)) for functions f, g.
F −1 (t): If F is a cdf, this is deﬁned as inf{x : F (x) ≥ t}.
f (x) = O{g(x)}: This means f (x)/g(x) is bounded for all x.
f (x) = o{g(x)}: This means f (x)/g(x) → 0 as x → ∞ (or x → 0).
f (x) ∼ g(x): This means f (x)/g(x) → 1 as x → ∞ (or x → 0).
f (x|y): the conditional density function.
F: This notation is usually used for a σ-ﬁeld.
Fn : a sequence of σ-ﬁelds such that Fn ⊂ Fn+1 , n = 1, 2, . . ..
Fn : This notation is often (but not always) used for the empirical distribution of observations X1 , . . . , Xn .
F− (x) (F+ (x)): the left (right) derivative of F at x.
Γ (·): the gamma function.
GLM: generalized linear model.
GLMM: generalized linear mixed model.
HQ: Hannan–Quinn criterion.
√
i: in the deﬁnition of cf (see above), for example, this represents −1.
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iﬀ: if and only if.
i.i.d.: independent and identically distributed.
inf: inﬁmum.
In : the n-dimensional identity matrix.
I(θ) (or I(θ)): the Fisher information (matrix).
Jn : the n × n matrix of 1’s, or Jn = 1n 1n (see below).
J¯n : = n−1 Jn .
κ3 : the skewness (parameter).
κ4 : the kurtosis (parameter).
L(A): the linear space spanned by the columns of matrix A.
LIL: law of the iterated logarithm.
log: logarithm of base e, or natural logarithm.
logit: the logit function deﬁned as logit(p) = log{p/(1 − p)}, 0 < p < 1.
Lp : the Lp space of functions or random variables.
lim inf xn : the smallest limit point of the sequence xn .
lim sup xn : the largest limit point of the sequence xn .
lim sup An , where A1 , A2 , . . . is a sequence of events: This is deﬁned as
∞
∩∞
N =1 ∪n=N An .
LLN: law of large numbers.
LSE: least squares estimator.
MA: moving average process.
MC: Markov chain.
MCEM: Monte Carlo EM (algorithm).
MCMC: Markov-chain Monte Carlo.
Mf : This notation is often used to denote a full model.
mgf: moment generating function.
MINQUE: minimum norm quadratic unbiased estimation.
ML: maximum likelihood.
MLE: maximum likelihood estimator.
MM: method of moments.
Mopt : This notation is often used to denote an optimal model.
MSA: for balanced data yij , 1 ≤ i ≤ m, 1 ≤ j ≤ k, MSA = SSA/(k − 1).
MSE: mean squared error (or, see below).
MSE: for balanced data yij , 1 ≤ i ≤ m, 1 ≤ j ≤ k, MSE = SSE/m(k − 1).
MSM: method of simulated moments.
MSPE: mean squared prediction error.
#A, where A is a set: This represents the cardinality of set A.
N (μ, Σ): The multivariate normal distribution with mean vector μ and
covariance matrix Σ.
OLS: ordinary least squares.
1A , where A is an event: This represents the indicator of event A.
1n , where n is a positive integer: the n-dimensional vector of 1s.
10n : = In .
11n : = 1n .
Ω: This usually represents a probability space.
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OP , oP : big O and small o in probability (see Section 3.4).
⊗: Kronecker product.
P(A|B): conditional probability of A given B.
PA : the projection matrix to L(A) deﬁned as PA = A(A A)− A , where A−
is the generalized inverse of A (see §A.1.2).
PA⊥ : the projection matrix with respect to the linear space orthogonal to
L(A), deﬁned as PA = I − PA , where I is the identity matrix.
∂A, the boundary of set A.
∂ξ/∂η  : When ξ = (ξi )1≤i≤a , η = (ηj )1≤j≤b , this notation means the
matrix (∂ξi /∂ηj )1≤i≤a,1≤j≤b .
∂ 2 ξ/∂η∂η  : When ξ is a scalar, η = (ηj )1≤j≤b , this notation means the
matrix (∂ 2 ξ/∂ηj ∂ηk )1≤j,k≤b .
pdf: probability density function.
pmf: probability mass function.
PQL: penalized quasi-likelihood.
∝: proportional to.
r.c.: relatively compact.
Rd : the d-dimensional Euclidean space; in particular, R1 = R represents
the real line.
REML: restricted maximum likelihood.
RSS: residual sum of squares.
s.d.: standard deviation.
SDE: stochastic diﬀerential equation.
Sδ (a): the δ-neighborhood of a; that is, {x : |x − a| < δ}.
SLLN: strong law of large numbers.

SSA: for balanced data yij , 1 ≤ i ≤ m, 1 ≤ j ≤ k, SSA = k m
(ȳ −ȳ )2 .
mi=1ki· ··
SSE: for balanced data yij , 1 ≤ i ≤ m, 1 ≤ j ≤ k, SSE = i=1 j=1 (yij −
2
yi· ) .
sup: supremum.
TMD: two-parameter martingale diﬀerences.
Var(ξ): covariance matrix of the random vector ξ.
varθ : variance when θ is the true parameter (vector).
WLLN: weak law of large numbers.
WLS: weighted least squares.
WN: white noise process.
w.r.t.: with respect to.
[x] for real number x: This is the largest integer less than or equal to x.

|x| for x ∈ Rd : This is deﬁned as ( di=1 x2i )1/2 , where xi is the ith component of x, 1 ≤ i ≤ d.
x+ : deﬁned as x is x > 0 and 0 otherwise.
x− : deﬁned as −x if x < 0 and 0 otherwise.
X̄: the sample mean of X1 , . . . , Xn .
X(i) : the ith order statistic of X1 , . . . , Xn such that X(1) ≤ · · · ≤ X(n) .
Var(ξ): the covariance matrix of random vector ξ (see §A.2.4).
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(Xi )1≤i≤m : When X1 , . . . , Xm are matrices with the same number of
columns, this is the matrix that combines the rows of X1 , . . . , Xm , one after the other.
(yi )1≤i≤m : When y1 , . . . , ym are column vectors, this notation means the
 
column vector (y1 , . . . , ym
).
(yij )1≤i≤m,1≤j≤ni : In the case of clustered data, where yij , j = 1, . . . , ni ,
denote the observations from the ith cluster, this notation represents the vector (y11 , . . . , y1n1 , y21 , . . . , y2n2 , . . . , ym1 , . . . , ymnm ) .
yi· , ȳi· , y·j , ȳ·j , y·· and
of clustered data
ij , i = 1, . . . , m,
ni ȳ·· : In the case−1
m y
ni
j = 1, . . . , ni , yi· =
yij , ȳi· = ni yi· , y·· =
j=1
j=1 yij , ȳ·· =
i=1
m
( i=1 ni )−1 y·· ; in the case of balanced data yij , 1 ≤ i ≤ a, j = 1, . . . , b, yi· =
b
a
a b
−1
−1
yi· , y·j =
y·j , y·· =
j=1 yij , ȳi· = b
i=1 yij , ȳ·j = a
i=1
j=1 yij ,
−1
ȳ·· = (ab) y·· .
y|η ∼: the distribution of y given η is ...; note that here η may represent
a vector of parameters or random variables, or a combination of both.
Y-W: Yule–Walker.
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χ2 distribution, 71
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√
n-consistency, 61
m-dependent, 277
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t-distribution, 107
absolute convergence, 13
acceptance probability, 534
adapted process, 341
adapted sequence of random variables,
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adaptive fence, 426, 513
Akaike’s information criterion, AIC,
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almost sure convergence, 23
Anderson–Darling test, 370
aperiodicity, 323, 530
aperiodicity of the M-H kernel, 535
arithmetic mean, 129
ARMA model identiﬁcation, 294
arrival times of Poisson process, 330
Arzelá–Ascoli theorem, 193
asymptotic bootstrap variance, 502
asymptotic distribution, 71
asymptotic distribution of U -statistics,
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asymptotic distribution of MLE, 113
asymptotic eﬃciency, 419
asymptotic equivalence, 351
asymptotic expansion, 73, 81
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asymptotic normality, 89, 402
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asymptotic null distribution, 222, 412
asymptotic power, 367
asymptotic relative eﬃciency, ARE, 366
asymptotic signiﬁcance level, 363
asymptotic unbiasedness, AU, 478, 485
asymptotic variance, 19, 473
auto-exponential Gibbs, 531
autocorrelation function, 285
autocovariance function, 101, 285
autoregressive chain, 534
autoregressive moving average process,
ARMA, 284
autoregressive process, AR, 284
backward operator, 545
balanced mixed ANOVA model, 401
bandwidth, 382
Bayesian information criterion, BIC,
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Bayesian missing value problem, 546
Bernoulli distribution, 333
Bernstein’s inequality, 152
Berry–Esseen theorem, 90
best linear unbiased estimator, BLUE,
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best linear unbiased predictor, BLUP,
117, 405
best predictive estimator, BPE, 464
best predictor, BP, 117, 436
Beta distribution, 93
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bias correction, 443, 446, 475, 486
bias-variance trade-oﬀ, 384
binomial distribution, 5, 24, 383
birth and death process, 325
bivariate-normal Gibbs, 531
Blackwell theorem, 333
block bootstrap, 505
Bolzano–Weierstrass theorem, 14
bootstrap, 427, 443, 471, 490
bootstrap MSPE estimator, 515
bootstrap vs normal approximation, 492
bootstrap, a counter-example, 496
bootstrapping mixed models, 508
bootstrapping the mean, 491, 506
bootstrapping the median, 495
bootstrapping the MSPE of EBLUP,
515
bootstrapping the quantile process, 495
bootstrapping the random eﬀects, 514
bootstrapping the residuals, 499
bootstrapping time series, 498
bootstrapping von Mises functionals,
492
Borel–Cantelli lemma, 44, 195
borrowing strength, 434
boundedness in probability, 23, 58
bracketing number, 232
branching process, 246, 321
Brownian bridge, 220, 338
Brownian motion, 193, 335
Burkholder’s inequality, 63, 150
Burkholder’s inequality for TMD, 307
canonical functions of U -statistics, 374
Carlson’s inequality, 168
Cauchy criterion, 11
Cauchy distribution, 30, 175
Cauchy sequence, 11
Cauchy–Schwarz inequality, 68, 130,
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central limit theorem, CLT, 5, 173, 182
Chapman–Kolmogorov identity, 320
characteristic function, cf, 28
Chebyshev’s inequality, 4, 59, 152
Chow’s theorem, 255
Chung’s theorem, 223
closed set, 13
CLT for diﬀusion process, 346
CLT for Poisson process, 330

CLT for quadratic forms, 268, 404
CLT for sample autocovariances, 288
CLT for triangular arrays of TMD, 303
cluster analysis, 70
collapsed sampler, 544
communicate states, 323
complete degeneracy, 375
concave function, 72, 129
conditional distribution, 527
conditional expectation, 240
conditional logistic model, 258
consistency, 2, 33
consistency of LSE, 203
consistency of MLE in GLMM, 541
consistent model selection, 293
consistent uniformly, c.u., 485
continuous function, 14
continuous functional, 219
continuous mapping theorem, 30
continuous martingale, 336
continuous-time Markov process, 335
convergence in distribution, 7, 26
convergence in probability, 2, 20, 174
convergence of Gibbs sampler, 531
convergence of inﬁnite series, 13
convergence rate in martingale CLT,
260
Convergence rate in martingale LIL,
262
Convergence rate in martingale SLLN,
262
convergence rate in WLLN, 199
convergence rate of Gibbs sampler, 541
convergence rate of sample autocorrelations, 289
convergence rate of sample autocovariances, 289
convex function, 129
convex function inequality, 63, 128
Cornish–Fisher expansion, 98
correlation, 148
covariance between U -statistics, 377
Cramér consistency, 8, 403
Cramér series, 200
Cramér’s condition, 199
Cramér’s theorem, 188
Cramér–von Mises test, 370
cumulants, 199
cumulative distribution function, cdf, 6

Index
data augmentation, DA, 546
decreasing sequence, 12
delta method, 492
design-based MSPE, 448, 466
design-unbiased estimator, 467
design-unbiased MSPE estimator, 448
deviance, 413
diﬀerentiability, 14
diﬀusion process, 343
direct Gibbs sampler, 544
Dirichlet’s theorem, 96
distance, 192
distributional free, 371
DKW inequality, 227
dominated convergence theorem, 32,
184, 187
Doob’s inequality, 151
Doob–Donsker theorem, 221, 372
double bootstrap, 515
Edgeworth expansion, 89, 410
eﬃcacy, 366
elementary expansion, 103
elementary renewal theorem, 331
EM algorithm, 537
empirical Bayes, 483, 509
empirical best predictor, EBP, 437
empirical BLUE, EBLUE, 143
empirical BLUP, EBLUP, 117, 405
empirical d.f., 215
empirical ODC, 234
empirical process, 216
empirical processes indexed by
functions, 231
empirical ROC, 234
entropy, 198, 232
equal probability sampling, 467
ergodic theorem, 229, 306, 546
exponential distribution, 60, 93
exponential family, 396
exponential inequality, 135, 306
Fatou’s lemma, 32, 248
Fay–Herriot estimator, 444
Fay–Herriot model, 116, 444, 509
fence method, 294, 422, 512
Fibonacci numbers, 78
ﬁltration, 341
ﬁnite population, 65
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Finkelstein’s theorem, 224
Fisher information, 113
Fisher information matrix, 114
Fisher’s dilution assay, 328
Fisher’s inequality, 145
forward operator, 542
Fourier approximation, 96
Fourier expansion, 95
Fourier series, 95
Fourier–Stieltjes transformation, 93
Fubini’s theorem, 102
GARCH model, 347
Gauss–Markov theorem, 203
Gauss–Seidel algorithm, 527
Gaussian mixed model, 394
generalized binomial distribution, 230
generalized information criterion, GIC,
292, 461
generalized linear mixed model, GLMM,
110, 396
geometric mean, 129
geometric rate, 544
Gibbs distribution, 526
Gibbs Markov chain, 530
Gibbs sampler, 526, 538
Glivenko–Cantelli theorem, 217
GLM iterated weights, 414
global convergence, 528
global score statistic, 414
goodness-of-ﬁt test, 370, 407
Gram–Schmidt orthonormalization, 97
grouped Gibbs sampler, 544
Hölder’s inequality, 131, 147
Hájek–Sidak theorem, 183
Haar functions, 98
Hadamard’s inequality, 145
Hannan–Quinn criterion, HQ, 293
harmonic mean, 129
Hartley–Rao form, 395
Hartman–Wintner LIL, 191, 196
Heine–Borel theorem, 14
Herglotz theorem, 286
Hermite polynomials, 411
heteroscedastic linear regression, 476
hierarchical Bayes, 450
Hilbert space, 542
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hitting time, 336
Hoeﬀding representation, 375
Huang’s ﬁrst method of ARMA model
identiﬁcation, 297
Huang’s theorems, 289
Hungarian construction, 225
hypothesis testing, 70
i.i.d., 3, 173
i.i.d. spatial series, LIL, 300
i.i.d. spatial series, SLLN, 299
importance ratio, 525
importance sampling, 540
importance weights, 541
inconsistency of PQL, 415
increasing sequence, 12
induced probability measure, 193
inﬁnite informativity, 401
inﬁnite series, 12
inner product, 133, 542
innovations, 286, 298
integrated MSE, IMSE, 385
intrinsic time, 346
invariance principle, 192, 339
invariance principle for LIL, 195
invariance principle in CLT, 194
invariance principle in CLT for
martingales, 265
invariance principle in LIL for
martingales, 267
Iowa crops data, 513
irreducibility of the M-H kernel, 535
irreducible Markov chain, 323, 530
Itô integral, 341
Itô’s formula, 344
jackknife, 474
jackknife bias estimator, 475
jackknife MSPE estimator, 482
jackknife variance estimator, 476
jackkniﬁng MSPE of EBP, 482
James inequality, 225
James–Stein estimator, 483
Jensen’s inequality, 9, 146
jumping distribution, 532
jumping kernel, 535
kernel estimator, 383
key renewal theorem, 334

Kolmogorov’s inequality, 155
Kolmogorov’s three series theorem, 181
Kolmogorov–Smirnov statistics, 221,
338
Kolmogorov–Smirnov test, 370
Kronecker’s lemma, 181, 254
Kullback–Leibler discrepancy, 290
kurtosis, 90
Ky Fan’s inequality, 145
Lévy–Cramér continuity theorem, 28
Laplace approximation, 106, 413, 451
Laplace transformation, 29
large deviation, 197
large deviations of empirical d.f., 228
law of the iterated logarithm, LIL, 174,
188
least squares, LS, 202
Lebesgue measure, 24
Liapounov condition, 182
Lieb–Thirring’s inequality, 144
likelihood ratio, 244
likelihood ratio test, LRT, 71
LIL for Brownian motion, 338
LIL for empirical processes, 223
LIL for LSE, 206
LIL for TMD, 304
Lindeberg condition, 182
Lindeberg–Feller theorem, 182
linear mixed models, 158, 394
linear spatial series, 305
linearization, 506
link function, 396
log-concave, 163
longitudinal data, 394
longitudinal model, 395
lower limit, 12
LS estimator, LSE, 203
M-estimators, 483
M-H algorithm, 539
M-H chain, 534
Móricz’s inequality, 151
Maclaurin’s series, 84
Marcinkiewicz–Zygmund inequality, 150
marginal distribution, 505, 527
Markov chain, 318, 319
Markov-chain convergence theorem,
325, 528, 530
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Markov-chain Monte Carlo, MCMC,
523
Markovian properties of random ﬁelds,
308
martingale, 239
martingale approximation, 273
martingale central limit theorem, 257,
410
martingale convergence theorem, 250
martingale diﬀerences, 242, 288
martingale representation of U statistics, 376
martingale strong laws of large numbers,
254
martingale weak law of large numbers,
253
maximum correlation, 544
maximum exponential inequality, 156
maximum likelihood estimator, MLE, 4
mean squared approximation error,
MSAE, 482
mean squared prediction error, MSPE,
117, 435
measure of lack-of-ﬁt, 292, 422
median, 5
method of formal derivation, 89, 438
method of moments, 417, 441, 444
method of simulated moments, MSM,
418
metric space, 192
Metropolis algorithm, 532
Metropolis–Hastings algorithm, M-H
algorithm, 534
minimum phase property, 308
Minkowski’s inequality, 133, 143, 147
mixed ANOVA model, 394
mixed eﬀect, 117, 435
mixed eﬀects model, 393
mixed logistic model, 397, 435, 539
mixed model prediction, 508
mixed model selection, 420, 512
mixing condition, 231
ML estimator, 444, 484
model diagnostics, 405
moment generating function, mgf, 28
moment-matching, 515
moments, 158
monotone convergence theorem, 44
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monotone function inequality, 134, 147,
168
Monotone sequence, 12
Monte Carlo EM, MCEM, 538
Monte Carlo method, 372, 436
moving average process, MA, 280, 284
MSPE of EBLUP, 445
multivariate normal distribution, 157
Murray’s data, 547
negative log-likelihood, 422
neighborbood, 13
nested-error regression, 39, 116, 460,
513
Neyman–Scott problem, 398
non-Gaussian linear mixed model, 394
nondecreasing sequence of σ-ﬁelds, 240
nondegenerate, 402
nonparametric models, 452
nonparametrics, 357
norm of forward operator, 544
normal approximation, 361
normal distribution, 199
normal mixture distribution, 70
null hypothesis, 222
number of knots, 453
one-sample Wilcoxon statistic, 494
one-way random eﬀects model, 395
open set, 13
optimal bandwidth, 386
optional stopping theorem, 247
order determination, 296
ordinal dominance curve, ODC, 234
orthogonal sequence, 244
P-spline, connection to linear mixed
model, 453
P-splines, 452
parametric bootstrap, 500, 510
partial order among matrices, 56
Pearson χ2 -discrepancy, 542
penalized least squares, 452
penalized quasi-likelihood, PQL, 414
period of a state, 323
permutation test, 358
Poisson approximation, 29
Poisson approximation to binomial, 327
Poisson distribution, 176
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Poisson log-linear mixed mode, 397
Poisson process, 326
pooled sample variance, 358
positive recurrency, 325
posterior, 525, 546
posterior mean, 450
posterior variance, 450
Prasad–Rao method, 115, 435
predictable sequence of random
variables, 242
prediction interval, 508
prediction of random eﬀect, 436
predictive distribution, 546
predictive fence, 465
predictive measure of lack-of-ﬁt, 464,
468
probability density function, pdf, 9
probability of large deviation in CLT,
199
probability of large deviation in WLLN,
197
Prussian horse-kick data, 328
purely non-deterministic, 287
quadratic form, 243
quantile, 219
quantile process, 495
random eﬀects, 394
random walk, 320
random walk chain, 534
rank-sum, 360
receiver operating characteristic, ROC,
233
recurrent state, 323
reﬂection principle, 336
regression analysis, 203
regression coeﬃcients, 203
rejection sampling, 525
rejection sampling chain, 535
REML equations, 399
REML estimator, 399, 444, 484
residual sum of squares, RSS, 422
restricted maximum likelihood, REML,
158, 268, 399
reversible transition kernel, 534
Riemann integral, 15
Riemann–Stieltjes integral, 16
robustness, 359

Rolle’s theorem, 14
Rosenthal’s inequality, 150
sample covariance, 138
sample mean, 3, 60, 472
sample median, 5, 209, 473
sample proportion, 33
sample variance, 472
Schur’s inequality, 167
second-order MSPE approximation, 456
second-order stationary, 285
second-order unbiased MSPE estimator,
441, 445, 516
sieve bootstrap, 501
sieve bootstrap vs block bootstrap, 507
sign test, 362
simpliﬁed adaptive fence, 514
skewness, 90
Skorokhod representation, 225, 266, 340
Skorokhod representation theorem, 44
Slepian’s inequality, 157, 363
SLLN for Brownian motion, 338
SLLN for diﬀusion process, 346
SLLN for renewal process, 331
Slutsky’s theorem, 30, 187
small area estimation, 115, 433
small area means, 435, 454
spatial ACV and ACR, 304
spatial AR model, 307
spatial AR order determination, strong
consistency, 310
spatial AR with TMD innovations, 310
spatial ARMA model, 286
spatial series, 286
spectral density function, 285
spectral distribution function, 285
spectral representation theorem, 285
stable convergence, 258
standard error, 472
standard M-estimating equations, 485
stationary distribution, 324, 529, 534
stationary increments, 327
stationary time series, 101
statistical functionals, 218
Stirling’s formula, 54, 324
stochastic diﬀerential equation, SDE,
343
stochastic integrals, 341
stochastic process, 193, 317

Index
stopping time, 246
Stout’s inequality, 249
Strassen’s theorem, 196
strictly stationary, 285
strictly stationary spatial series, 304
strong approximation, 507
strong consistency of LSE, 206
strong consistency of spatial Y-W
estimator, 308
strong law for sample autocovariances,
288
strong law of large numbers, SLLN, 25,
173, 178, 523
strong Markov property, 336
Student’s t-distribution, 472
submartingale, 240
subsequence, 12
super-population model, 454
superiority of REML over ML, 405
supermartingale, 240
supremum metric, 217
Sylvester’s inequality, 141
target distribution, 534
Taylor expansion, 74, 83, 417, 440, 487
Taylor expansion (multivariate), 85
Taylor series, 84
the -δ argument, 1, 24
the argument of subsequences, 12, 32
the baseball problem, 67
the delta method, 88, 210
the heat equation, 344
the intermediate-value theorem, 14
the inverse transformation, 216
the mean value theorem, 15
the method of moments, MoM, 118
the plug-in principle, 500
time series, 283
transient state, 323
transition kernel, 528
transition probability, 320
triangle inequality, 127
triangular arrays, 228
two-parameter martingale diﬀerences,
TMD, 301
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two-sample t-statistic, 358
two-sample U -statistics, 380
two-step procedure, 419
two-way random eﬀects model, 428, 516
unconfounded, 402
uniform convergence, 7
uniform convergence rate for spatial
ACV and ACR, 305
uniform distribution, 4, 216, 330, 525
uniform empirical process, 217
uniform integrability, 33
uniform SLLN for empirical d.f., 217
unspeciﬁed c, 64, 480
upcrossing inequality, 251
upper limit, 12
variance components, 395
Wald consistency, 8, 403
Wald’s equation, 331
Wallis formula, 76
weak convergence of empirical processes,
220
weak law for sample autocovariances,
288
weak law of large numbers, WLLN, 4,
173, 174
weighted delete-d jackknife, 477
weighted empirical process, 230
weighted jackknife estimator, 477
weighted least squares, WLS, 140, 477
Weyl’s eigenvalue perturbation theorem,
145, 459
white noise, WN, 284
Wiener process, 193, 220, 335
Wilcoxon signed-rank test, 361
Wilcoxon test, one-sample, 361
Wilcoxon test, two-sample, 360
Wold coeﬃcients, 295
Wold decomposition, 102, 286
Y-W estimation for spatial AR model,
308
Yule–Walker equation, 295

