Appendix. A Refresher

This appendix gives a condensed summary of the basic terminology used
throughout the book. To the extent possible it is organised in the order of
the chapters, indicating how they are connected. Not all the terms are standard or used in the same way as in the statistical literature. The appendix
can be used as a glossary, although the principal deﬁnitions are accompanied
by motivating examples.

A.1 Populations and Variables
We deﬁne statistics as the study of the values of variables on the members
of populations. Any collection of units can be regarded as a population. Formally, a population is deﬁned by a rule that arbitrates without any ambiguity,
about any entity, as to whether it does or does not belong to (is a member of)
the population. For instance, the population of the residents of a country is
deﬁned by a qualiﬁcation stipulated by the relevant laws of the country. Such
a population has to be associated with a date, to resolve the membership of
those who were born or died, emigrated, immigrated, or qualiﬁed for residence
by some other means around the designated date. The rule may be revised
from time to time. A population need not comprise human subjects or other
living organisms. Moments in time, repeated operations (e.g., in a production
process), locations, or computer records may form a population, as can organisations deﬁned by human subjects, such as companies, households, schools,
and (local) administrative authorities.
A variable is deﬁned on a population by its value for each member. Instead
of these values, the variable may be deﬁned by a procedure that establishes
its value for each member. For instance, the income of a resident of a country
is deﬁned as the sum of all the payments received by the member in a given
period of time. More details may be given to classify the payments into categories, such as income from employment, investments, pension, rents, sale of
property, winnings in games of chance, and the like. The details of a deﬁnition
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of a population or a variable that are essential to remove any ambiguity but
are not listed every time we refer to the population or the variable are called
the small print.
The support of a variable is deﬁned as the set of all values that occur
for the variable. The values of a variable may be counts (integers), numbers,
categories, lists, or (unordered) sets of objects. They deﬁne the type of the
variable. A variable is said to be categorical if its support comprises a ﬁnite
number of values. These values may be associated with ordering, such as for
the integers from one to six. Such a variable is called ordered categorical ; its
support consists of ordered categories. An unordered categorical variable is
also called a factor. A variable is said to be discrete if its support comprises
isolated values; around any value x in the support there is a neighbourhood
that contains no value other than x. A variable is said to be continuous if its
support contains no isolated values; any neighbourhood of any value x in the
support contains at least one other value that belongs to the support. This
deﬁnition is revised in Section A.3.
These deﬁnitions imply that the support is a subset of a space in which
certain structures and operations are deﬁned. For example, ordering is an
operation; it assigns to each pair of values their comparison (the same, greater
than, or smaller than). Whether two values are the same or not can also be
regarded as a (trivial) operation. Neighbourhoods of points deﬁne a structure.
Neighbourhoods are commonly deﬁned by a metric. A metric is an operation
that assigns to each pair of values (points) in the space their distance. The
distance is nonnegative; d(x1 , x2 ) ≥ 0 for any pair of points x1 and x2 in
the space. The only point in the distance of zero from any given point is the
point itself; d(x1 , x2 ) = 0 only when x1 = x2 . The distance is symmetric,
d(x1 , x2 ) = d(x2 , x1 ), and satisﬁes the triangular inequality:
d(x1 , x3 ) ≤ d(x1 , x2 ) + d(x2 , x3 )
for any three points x1 , x2 , and x3 . We can deﬁne the size of a value by its
distance from a common reference point, called the origin and denoted by 0 ;
that is, s(x) = d(x, 0). The origin (its existence and location) is an element
of the structure. A space is said to be bounded if there is a positive number
M such that the distance between any two points in the space is shorter than
M . The triangular inequality implies that a space is bounded only when there
is an upper bound on the size of the values. If there is no such bound the
space is said to be unbounded. Bounded and unbounded support are deﬁned
similarly.
Usually several variables are deﬁned in a population. From one or several
such variables, new variables can be deﬁned by transformations, using operations that are well deﬁned in the supports of the variables concerned. For
instance, when the values of a variable are real numbers new variables can be
deﬁned by the usual arithmetic operations.
Clustering is a commonly occurring structure in populations of human
subjects. For example, the members of a family, each of them also a member
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of the population, form a cluster. Clusters may be nested, such as families
(households) within streets, towns or villages, and districts, or cross-classiﬁed,
such as families and birthplaces. Other structures can be deﬁned by the values
of one or several variables. For instance, the geographical location of a member
of the population can be indicated by a categorical variable (place name) or
even by its coordinates (latitude and longitude, both continuous variables).
Variables are deﬁned because their values provide useful descriptions of the
members of the population. For large populations, containing tens of thousands or even millions of members, a list of the values of a variable is not very
useful for learning about the population; the values require some processing
and summarising. This often takes the form of calculating certain summaries
of the values. Examples of such summaries are the mean (average), range (the
diﬀerence between the maximum and minimum value), the fraction of the
members whose value exceeds a given threshold, and the proportion of the
members who have a particular value. Such summaries are popularly referred
to as information. A summary need not be a single number; it may comprise
several numbers, although not many, because a summary is intended as an
easy-to-digest, even if not comprehensive, description of the population.
Although it is usually derived from a single variable, a summary may involve several variables. For example, the proportion of members whose value
of one variable exceeds the value of another variable is derived from two variables. However, this proportion depends only on the diﬀerence of the two
variables. By deﬁning this diﬀerence as another variable, the summary depends only on this new (constructed) variable.
An elementary task in statistics is associated with establishing the value of
a population summary of a variable. This value could be determined by enumeration—by establishing the value of the variable on each member of the
population and then evaluating the summary. We regard the task of evaluating a summary as elementary, requiring only minimum eﬀort and expertise,
if all the values are available. The principal diﬃculty is that enumeration requires resources, such as labour, equipment, services (including transport and
telecommunications), and time, and therefore funding, and these are usually
insuﬃcient for an enumeration. Cooperation of the studied population, their
goodwill, is another important resource.
Collecting information from every member of a large population is often a
singularly unreasonable proposition, from the perspectives of both the member of the population (respondent) and the consumer of the information. The
consumer associates the required information with a ﬁnancial, ethical, professional, or some other beneﬁt (value). They would be willing to ﬁnance, and
assist by other means, the eﬀort of collecting the information if the investment
(expenditure) they make was recovered by the outcome—by valuable information that would facilitate the conduct of their business, such as governing the
country (by adjusting policies and incentives), production and distribution
for the retail trade, and location of service outlets. Instead of enumeration,
the values of the variable of interest could be collected on only a subset of the

398

Appendix. A Refresher

population. Such a subset is called a sample. The members of the population
who belong to the sample are called subjects. The number of subjects in the
sample is called the sample size. The value of the summary of interest, called
the target, could not be established with precision but, hopefully, a summary
of the sample would not be far oﬀ. Thus, the expense is reduced, but precision
is sacriﬁced in the process.
The cost can be further reduced by establishing the value of the variable
not precisely but subject to some approximation. For instance, instead of
asking for a complete list of food and drink consumed in a given period of time
(say, in a week), a questionnaire would inquire merely about the frequencies
of eating certain kinds of food and consuming beverages in a short list of
categories (types of food and drink). In this way, less detail is collected, but
the exercise of eliciting information from the subjects is made easier and less
intrusive.
In this description, we can readily identify two activities: selecting a sample (sampling) and eliciting the value (measurement). They are referred to
as processes, because they are deﬁned not by the selected sample and the
recorded values, respectively, but by how they would be applied (methods)
in any conceivable instance. Examples of these processes are all the adult
human passengers on a selected list of rail services (date and number of the
service) who are not employees of the railways, and requesting the subjects to
complete a particular questionnaire that inquires about their experiences as
railway passengers in the last few months. With this sampling process, members of the population who use rail services infrequently are less likely to be
included in the sample than those who travel by rail frequently.
Ideally, we would like to draw (select) a sample in which the country’s
regions, age groups, occupational categories, and other attributes of the members of the studied population are represented in proportions that resemble
their composition in the country. Similarly, a more elaborate process of measurement, with more detailed and clearly formulated questions, may be more
useful than the responses to a single ambiguous question for which there is
a limited set of response options, such as, at the extreme, only ‘Agree’ and
‘Disagree’. More detailed questioning takes longer and detains the respondent
for longer; it requires more preparation, instruction, and training of the interviewers and, as a result, a sample with fewer subjects (a smaller sample)
can be aﬀorded for the ﬁxed resources available. Thus, higher quality of the
measurement process may not serve well the primary purpose of the survey.
From the values of a variable recorded, possibly not precisely, on a sample
of subjects, we cannot establish the value of the target; we can merely make a
guess based on the available values and informed by the details of the sampling
and measurement processes. Such a guess is called an estimate, and the process
of deriving it is referred to as drawing (making) an inference. The process may
be described by a mathematical formula, a verbal description, such as ‘the
proportion of subjects who responded with “Yes”’, or it may be implemented
in a computer program. The process (or procedure) by which the estimate is
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evaluated (calculated) is called an estimator . A typical estimator is intended
for a speciﬁc target. A desirable property of an estimator is that it is close
to the target. The diﬀerence between estimates (numbers) and estimators
(procedures) will become clearer in Section A.2.
Among the values and summaries deﬁned so far, we can distinguish between population and sample quantities. A summary and a target are examples of population quantities; they can be established only when the values
of the relevant variable are available for every member of the population. An
estimate and the sample size are examples of sample quantities; they can be
established from the values of the variable on the sample, after one application, or realisation, of the sampling and measurement processes.
With the terms deﬁned so far, we can specify the role of statistics as making
inferences about population quantities related to variables, when the resources
available for these activities are limited. This entails specifying the processes
of sampling, measurement, and estimation that yield the best inference that
can be aﬀorded with the available resources. To solve this problem, we have to
agree ﬁrst on what to regard as ‘best’ inference. Next, we require formulae for
the cost of executing any considered sampling and measurement processes.
The estimation process can also be associated with a cost, although it is
usually ﬁxed and trivial in comparison with the expenditure on the sampling
and measurement processes.

A.2 Replications and Randomness
Replication is a key device for comparing alternative sampling, measurement,
and estimation processes (schemes). Replication is the act of repeating (repeatedly applying) a set of processes, doing so each time without being affected in any way by the previous applications. Replications are independent
applications of the same scheme. The outcome of a replication is called a
replicate. Thus, we talk about replicate samples, replicate measurements, and
replicate values of an estimator.
We assume that the estimator is perfectly replicable. That is, its application on the values of a variable for a given (ﬁxed ) set of subjects always
yields the same estimate. In general, replicate estimates are not constant (are
dispersed) because replications of the sampling process yield diﬀerent sets of
subjects, and they have diﬀerent values of the observed variable. The replications of the measurement process might yield diﬀerent values of the variable
even if the same sample were drawn in the replications, or the measurement
process were replicated on the entire population. The sampling and measurement processes involve randomness; we say that they are stochastic. Note
that the sampling process cannot be replicated in practice; resources are usually available only for one application. Nevertheless, in some circumstances
at least, we can discuss what results would be obtained in a long sequence
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of replications. In Section A.8.1, we discuss a general method for generating
replications on the computer.
Replicate measurements on the same subject are not constant because
the measurement process is aﬀected by the idiosyncrasies of the measurement
instruments or agents (interviewers), momentary distractions inﬂuencing the
respondents (subjects), and imperfect communication between the respondent
and the interviewer. In some settings, measurements can be replicated (on the
same set of subjects), especially when they leave no trace on the subject, are
not costly to conduct, and have no ethical consequences. Such replications
enable us to learn about the quality of the measurement.
Measurements are diﬃcult to replicate when the subject or the interviewer
can recall, even if only partially, the previous measurement. For instance, a
school examination would be very diﬃcult to replicate, especially if the same
questions were presented in the second version of the exam. Nevertheless, we
can speculate how diﬀerent the results would be if a replication took place,
with students unaﬀected by the experience of having taken the same exam
in the past. We say that such a replication is hypothetical. When the idiosyncrasy of the measurement process is mainly due to the interviewer, his or her
assessment, independence of the measurements can be ensured by engaging
diﬀerent interviewers who are not informed about each other’s assessments or
workloads (which subjects they assessed).
A.2.1 Eﬃciency
An estimator in a particular scheme is said to be eﬃcient if its values obtained
by replications (replicate estimates) are tightly concentrated around the target. To assess how close an estimate is to the target, we need a measure of
its distance, the deviation of the estimate from the target. The diﬀerence of
the estimate from the target is the obvious choice, although the sign of the
diﬀerence is immaterial for the assessment of the size of the deviation. For an
estimator in a scheme, represented by its replicate values, it is necessary to
summarise its deviations from the target. Two important summaries, capturing two aspects of the deviations are bias and dispersion.
The bias is deﬁned as the average deviation, with the sign of the deviation
not ignored. The dispersion of an estimator is deﬁned as the spread of its values
around its mean. No bias, or being unbiased, and having small dispersion are
desirable properties of an estimator. However, small bias is of little value
if it is accompanied by large dispersion, and small dispersion is not useful
if the bias is very large. Figure A.1 illustrates this with four examples of
combinations of small and large bias with small and large dispersion. In each
panel, the diagram, called a histogram, comprises bars. The height of each
bar is proportional to the number of replicate estimates that fall into the
(horizontal) range covered by the bar. Each histogram is based on 10 000
replications. The target is marked by a vertical line. The four panels have the
same horizontal and vertical scales.
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Fig. A.1. Histograms of replicate estimates for estimators with small and large
biases and dispersions. The target is marked by a thin vertical line in each panel.
The horizontal axes of the four histograms have the same scale.

The measurement process can be considered similarly, with the genuine
value of the variable for a subject regarded as the target. The ideal measurement process recovers the target value in each replication. Otherwise, replicate measurements concentrated more tightly around the target are preferred.
Note that the value of the variable for each member of the population is a
potential target, and so the properties of the measurement process have to be
considered for all members. The replicate measurements may be constant for
some or all members of the population, and they may agree with the target
for some members. The variable for which the value cannot be recovered with
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precision is called latent. The variable that is recorded in its stead is called
manifest. A latent variable may have several manifest versions, deﬁned by
diﬀerent measurement instruments, or other circumstances (settings or small
print) of the measurement process. Sets of replicate measurements can be
regarded as separate variables.
Before deﬁning a criterion for eﬃciency, of an estimator or a measurement
process, which combines small bias and small dispersion, we introduce some
notation.

A.3 Notation
The population is denoted by P and its members by integers i = 1, 2, . . . , N .
The number of members of the population, N , is called the population size.
It need not be known but, to avoid some complications, we assume it to be
ﬁnite, until speciﬁed otherwise. The values of a variable on the members of the
population are denoted as X1 , . . . , XN , and the variable, or its value on an
unspeciﬁed member, is denoted by X. It is practical to denote the collection
of these values by a single symbol, X; that is, X = (X1 , X2 , . . . , XN ) . Any
variable deﬁned in a ﬁnite population is discrete because it cannot have more
than N distinct values. However, when the number of unique values in X is
large (then necessarily so is N ), and any point on a continuum, such as a real
interval, could, in principle, be a value of the variable, it is more appropriate
to regard the variable as continuous. For example, income of the members of
the labour force of a country is a continuous variable because any positive
value, within a range, could be someone’s income. Income is rounded to the
smallest unit of currency, and so, strictly speaking, it is a discrete variable.
However, it will turn out to be more constructive to regard it as a continuous
variable.
The sampling and measurement processes are denoted by S and M, respectively. The sample is denoted by s, the number of its elements (subjects)
by n, the subjects by j = 1, . . . , n, and the values of the variable on the subjects by x1 , . . . , xn , or as x. Note that (sample) subject j = 1 is distinct from
(population) member i = 1, and their respective values x1 and X1 are not
related in any way other than both being one of the N values in X.
A population quantity, such as a target, is denoted by θ. For instance,
θ may stand for the mean of a variable in a population. As the mean can
be calculated for any numerical variable, a more complete notation includes
the variable involved: θ(X). The ‘same’ variable may be deﬁned in another
population, and so the population may be added as another argument of θ, in
addition to X; θ(X; P). As in most cases we work with a single population,
this is not necessary. We regard two variables as diﬀerent if they are deﬁned in
diﬀerent populations, even if their descriptions are the same. In other words,
the population is part of the small print in the deﬁnition of a variable.
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An estimator of θ is denoted by θ̂ or θ̂(x), although a more rigorous notation would include the sampling and measurement processes as arguments.
The measurement process may be subsumed in the deﬁnition of the variable
X. Then the values of one variable (on a sample of subjects) are used for
making inferences about the summary of another variable. The sampling and
measurement processes cannot be recognised from the sample values x. That
is, a particular sample x, a set of n values, could be realised by several distinct
pairs of sampling and measurement processes.
The replicate samples are denoted by x(1) , . . . , x(H) , where H is the number of replicates. Each of these samples is associated with an estimate,
and
these
are denoted by θ̂(1) , . . . , θ̂(H) , or, more completely, as θ̂(1) =

 (1)
, . . . , θ̂(H) = θ̂ x(H) , emphasising that we use the same estimator
θ̂ x
θ̂. The expectation of an estimator θ̂ is deﬁned as the mean of the estimates
in a large number of replications, that is, as

1  (1)
θ̂ + · · · + θ̂(H)
H
or, more precisely, as the limit of this expression with H diverging to inﬁnity
(H → +∞). The expectation of θ̂ is denoted as E(θ̂). The expectation depends
on the sampling process. We add the sampling process S to the notation, as
E(θ̂; S) or ES (θ̂), for emphasis or when we operate with several sampling
processes.
The bias of θ̂ is denoted by B(θ̂; θ):




B θ̂; θ = E θ̂ − θ .
It is essential to retain the target θ as an argument of B because an estimator
may be used for more than one target; it may be unbiased for one target, and
biased for another.
An obvious candidate for the estimator of a population quantity θ = θ(X)
is the same function of the sample values: θ̂ = θ(x). For instance, the population mean may be estimated by the sample mean. Such estimators are called
naive. (The term is not intended to be derogatory.) Note that θ has to be
well deﬁned for both N values in the population quantity θ(X) and n values
in the estimator (sample quantity) θ(x). In fact, many estimators have to
be similarly ﬂexible, because the (replicate) samples need not have constant
size n.
The sampling variance of an estimator θ̂ is deﬁned as the expectation of
the squared deviation of θ̂ from its expectation E(θ̂):
4
 
 2 5
.
var θ̂ = E θ̂ − E θ̂
The mean squared error (MSE) of an estimator θ̂ is deﬁned as the expectation
of its squared deviation from the target θ:
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MSE(θ̂; θ) = E

θ̂ − θ

2 

.

The sampling variance and MSE depend on the sampling and measurement
processes, and the MSE depends also on the target. The MSE, sampling variance, and bias are connected by the identity


   
2
.
MSE θ̂; θ = var θ̂ + B θ̂; θ

(A.1)

Thus the sampling variance and the squared bias are two contributors to
the MSE. An estimator with small MSE cannot have a large bias or a large
sampling variance. We adopt the MSE as a measure of eﬃciency. Suppose θ̂A
and θ̂B are estimators intended for the same target θ. Then θ̂A is said to be
more eﬃcient than θ̂B for θ if MSE(θ̂A ; θ) < MSE(θ̂B ; θ).
The MSE is an example of a sampling-process quantity. It characterises the
sampling and estimation processes engaged. Except for some simple cases, it
can be established only by replicating the sampling process many times. Usually, the MSE (of an estimator θ̂ for a target θ) depends on some population
quantities, often the target itself, and so the MSE can itself be regarded as
a target and estimated. As the MSE depends on some unknown (population)
quantities, we may consider properties of the estimator θ̂ assuming speciﬁc
values of these population quantities. One estimator of θ is said to be uniformly more eﬃcient than another estimator of the same target if it is more
eﬃcient for any conﬁguration of the population quantities on which their
MSEs depend.
Estimators of a target may have strengths and weaknesses; they may be
more eﬃcient than their competitors for some conﬁgurations of population
quantities and less eﬃcient for others. When striving to choose an eﬃcient
estimator, information, however incomplete, about the relevant population
quantities is sometimes invaluable; it can assist in discarding estimators that
are ineﬃcient for the particular setting.

A.4 Distributions
When studying the values of a variable in a population, we are usually not
interested in the identities of the members; we say that the members are
anonymous. Each member has a unique identiﬁer. It is useful for tracing the
various steps in the construction of the dataset and for connecting the values
of two (or more) variables of a member. Given the values of all the deﬁned
variables for a member, the member’s identiﬁer has no information content
and we treat it as a mere label.
We often wish to summarise a variable by how frequently certain values,
and their ranges, arise. Examples of such summaries are:
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What proportion of the households in a country have income below a
certain level?
How many households comprise a single person each?
How many students fail a particular examination?

To address the ﬁrst of the listed questions, we deﬁne a new variable, U , equal
to unity (or ‘Yes’) for members whose answer to the question
Is your household’s income below £. . . ?
is aﬃrmative, and equal to zero (or ‘No’) if the answer is negative. The summary of interest, the proportion of ‘Yes’, is equal to the mean of the variable
U . Such a population proportion is called a probability. We write P(U = 1)
for this probability, but also as P(X < c∗ ), where X is income and c∗ the
value of the threshold income in the question.
The distribution of a variable X with real values is deﬁned as any collection of probabilities from which the probability P(X < c) could be recovered
for any real value c. Of course, such a collection is not unique. For instance,
P(X < c) for every value c that occurs in the population is a distribution, but
so is P(X > c) for every such c, or indeed P(X = c), so long as the number of
distinct values c of X is ﬁnite. As every population we consider has a ﬁnite population size, the number of distinct values of the variable in the population is
ﬁnite. By deﬁnition, it can be established whether two collections of probabilities correspond to the same set of probabilities P(X = c) for values c in their
supports. If they do, it is practical to regard them as identical distributions.
With this convention, the distribution is uniquely deﬁned, and any conceivable
probability involving X, such as P(X = c1 or X = c2 or . . . or X = cK ) can
be derived by adding up the relevant probabilities P(X = ck ), k = 1, 2, . . . , K,
so long as the values c1 , . . . , cK are distinct.
The distribution of a variable often comprises many probabilities, so it
cannot be eﬀectively presented in any tabular form. The distribution of a
variable can be presented graphically by a histogram. An example is presented
in Figure A.2 for a variable with 400 distinct values in a population of size
25 000. The vertical segments represent the distinct values and the height of
each segment is equal to the frequency—how many times the value occurs
in the population. Note the similarity in the layout with the histograms in
Figure A.1. Part of the distribution is presented in tabular form in Table A.1,
giving the frequencies of the 15 smallest values of the variable.
Some of the detail in Figure A.2 is unnecessary. The segments that are very
close to one another could be represented by a single segment, or a bar, as in
Figure A.1. Two examples of this are given in Figure A.3. Either histogram
conveys much better that the most frequent values are around zero, all the
values are nonnegative, very few values exceed 7.0, there are fewer values
in the neighbourhood of 3.0 than elsewhere in the support, and so on. The
vertical axis in Figure A.1 is in fractions (probabilities), whereas in Figure
A.2 it is in counts (numbers of members). This has no impact on what we can

Appendix. A Refresher

0.000

0.002

Frequency
0.004
0.006

0.008

406

0

2

4
Value

6

Fig. A.2. Histogram—graphical representation of the distribution of a variable.

Table A.1. The distribution of the variable in Figure A.2 (an extract).

Value

Frequency

Value

Frequency

Value

Frequency

0.0004
0.0008
0.0009
0.0022
0.0025

15
52
87
62
250

0.0035
0.0042
0.0048
0.0059
0.0115

52
52
43
80
18

0.0128
0.0160
0.0165
0.0231
0.0242

71
155
134
23
73

learn about the distribution; that is, the same information could be extracted
from the diagrams with either layout.
The histogram in panel A is more detailed and the histogram in panel
B somewhat coarser. The coarseness is given by the width of the bars or by
the number of bars that cover the entire range of the values, in this example,
from zero to 7.41. The more detailed histogram in panel A has 50 bars and
the histogram in panel B 20 bars. Each histogram is associated with a table
that lists the range of each bar with the corresponding frequency. Table A.2
presents such a table for the histogram in panel B.
A.4.1 Describing Distributions
Although we can reconstruct from the distribution most of the important
facts about a variable, we do not always need to convey all the details of
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Fig. A.3. Coarse histograms of the variable in Figure A.2.
Table A.2. The ranges and frequencies associated with the histogram in panel B
of Figure A.3.
Range

Frequency

Range

Frequency

Range

Frequency

0.000–0.370
0.370–0.741
0.741–1.111
1.111–1.482
1.482–1.852
1.852–2.223
2.223–2.594

3819
811
1412
616
1046
345
721

2.594–2.964
2.964–3.334
3.334–3.705
3.705–4.075
4.075–4.446
4.446–4.816
4.816–5.187

566
914
1341
709
1112
1638
977

5.187–5.558
5.558–5.928
5.928–6.298
6.298–6.669
6.669–7.040
7.040–7.410

1218
1506
1503
1202
1478
2066

the distribution. Coarse histograms and the associated tables of frequencies
condense the information about the distribution and present it in a form that
is easy to digest. Often it useful to have a single-number or a succinct verbal
description of a particular feature of the distribution. In this section, we deﬁne
a few such features.
Any summary of the values of a variable that can be derived directly from
the distribution is also a summary, or feature, of the distribution. For instance,
the population mean of a variable can be expressed as
E(X) =

1
(M1 C1 + M2 C2 + · · · + MK CK ) ,
N

where M1 , . . . , MK are the frequencies (multiplicities) of the respective
(unique) values C1 , . . . , CK of X in the population, or as
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E(X) = C1 P(X = C1 ) + C2 P(X = C2 ) + · · · + CK P(X = CK ) ,
where P(X = Ck ) = Mk /N . Note that a more rigorous notation would use
MCk instead of Mk , to associate the multiplicity with the value Ck , not with
its order k.
Location Quantities
A population quantity is said to be a location quantity if it is a summary
that involves one variable and adding a constant to or changing the scale of
the variable corresponds to the same change of the quantity. That is, if d is a
location quantity of X, then, for any given values (constants) a and b, ad+b is
the location quantity of the (linearly transformed) variable aX + b, formed by
changing each value Xi to aXi +b. This deﬁning property of location quantities
is also referred to as invariance with respect to linear transformations. Apart
from the mean, the minimum and maximum are obvious location quantities.
The (population) median of a variable, or of a distribution, is deﬁned as
the value that is exceeded by exactly half the members of the population.
For example, in a population that comprises N = 41 members, the median
is equal to the 21st highest value of the variable. When the population size
N is even, the median is not always unique. For example, any value between
the 20th and 21st highest value is a median in a population of 40 members.
If these two values coincide, then the median is unique. Otherwise, we may
choose as the median the mean of these two values. If either of these values
occurs more than once the weighted mean of the values may be used, with
weights equal to the frequencies. The median of the distribution in Figure
A.2 is 4.200; in this case it is a value that occurs in the population, for 131
members, so the median is unique, even though the population size N is even.
The upper quartile of a variable or distribution is deﬁned as a value that
is exceeded by exactly 25% of the values, and the lower quartile as a value
exceeded by exactly 75% of the values. For the distribution in Figure A.2, these
quartiles are 1.218 and 5.915. Both values occur in the population multiply,
so both quartiles are unique.
More generally, for any number q between zero and unity, the q-quantile
is deﬁned as a value Rq for which P(X < Rq ) = q. In a more complete
notation, we would write Rq (X) instead of Rq , because the quantile depends
on the values of the variable. We drop the argument X only when there is
no ambiguity about the variable on which the quantile is evaluated. The ppercentile is deﬁned as the p/100-quantile. For example, an upper quartile is
a 0.75-quantile and a 75th percentile of the distribution. A particular quantile
may not be unique. When it is not, any point in the interval between two
consecutive values of the variable is this quantile, or a convention for averaging
or weighting of the adjacent values may be adopted. With any convention
that makes the quantiles unique we can refer to any particular quantile as the
quantile. The quantiles and percentiles are location quantities. They have a
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general invariance property that for any increasing function g, Rq {g(X)} =
g{Rq (X)}; swapping the operations ‘quantile’ and ‘function’ does not alter
the result.
A compact, though incomplete, description of a distribution is by the
values of the minimum, lower quartile, median, upper quartile, and the maximum, possibly supplemented by the mean. For example, these values for the
distribution in Figure A.2 are
(0.000, 1.218, 4.200, 5.915, 7.408)
and the mean is E(X) = 3.753. The minimum can be regarded as the 0quantile and the maximum as the 1-quantile of the distribution.
Dispersion Quantities
A population quantity, deﬁned for a variable or a distribution, is called a dispersion quantity if it is unchanged when a constant is added to each value of
the variable and is multiplied by | b | when each value is multiplied by a constant b. The diﬀerence of any two quantiles (higher quantile – lower quantile)
is a dispersion quantity, as is the range, the diﬀerence between the maximum
and minimum. The diﬀerence between the two quartiles, R0.75 (X)−R0.25 (X),
is called the interquantile range.
The population variance is deﬁned as the mean squared distance of the
values from their mean:
3
2
var(X) = E {X − E(X)}2 ;
compare this with the deﬁnition of the sampling variance in Section A.3. When
the context is insuﬃcient to distinguish between the two kinds of variance the
notation can be supplemented by subscripts to indicate whether a variance
is over sampling or population,
 varS and varP , respectively. The square root
of the population variance, varP (X), is called the standard deviation. The
standard deviation is a dispersion quantity.
Symmetry and Unimodality
A distribution is said to be symmetric if it coincides with its reﬂection across
the (suitably deﬁned) median, that is, when the distributions of X and
2R0.50 (X) − X coincide. An example of a symmetric distribution is given
in Figure A.4.
The mean and median of a symmetric distribution coincide; E(X) =
R0.50 (X). Further, for any 0 ≤ q ≤ 1, the q- and (1 − q)-quantiles are equidistant from the median:
Rq (X) − R0.50 (X) = R0.50 (X) − R1−q (X) .
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Fig. A.4. Example of a symmetric distribution.

A distribution is said to have a mode at a value X ∗ if both the nearest
value smaller than X ∗ and the nearest value greater than X ∗ have smaller
frequencies. Every distribution has a mode, but some distributions have several modes. For example, the distribution in Figure A.4 has one mode, at its
median, but the distribution in Figure A.2 has numerous modes. The modes
of a symmetric distribution are located symmetrically around the median. If
X ∗ is a mode, then so is 2R0.50 (X) − X ∗ . A distribution with a single mode
is called unimodal, with two modes bimodal and, generally, with more than
one mode as multimodal.
A.4.2 Approximating the Distribution by a Histogram
The graphs of the distributions in Figures A.2 and A.4 are rather unwieldy
and contain too much detail that may not be relevant and would be better
omitted from a compact summary. One way of achieving this is by rounding
the values of the variable. The resulting variable can be regarded as a manifest,
or coarsened version of the original variable. The distribution of the coarse
variable is simpler because the variable has fewer possible values and these
(the support) are located regularly.
In general, a coarsening is deﬁned by a set of cut points c0 < c1 < . . . < cK
and values d1 , . . . , dK , such that ck−1 ≤ dk ≤ ck , k = 1, . . . , K. If the original
value of X is in the range (ck−1 , ck ] the value of the coarse variable is set to
dk . Instead of the coarse variable we can deﬁne a variable X † with values
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equal to the category k into which the original value falls: if ck−1 < X ≤ ck ,
then X † = k. When the original variable is equal to one of the cut points ck ,
coarsening can allocate it either to dk (category k) or to dk+1 (category k +1).
A coarsening with cut points c0 < c1 < . . . < cK is said to be coarser than
with cut points c0 < c1 < . . . < cK  if the set of values (c0 , c1 , . . . , cK ) is a
subset of the set (c0 , c1 , . . . , cK  ). Necessarily, K < K  . A coarsening can be
reﬁned by introducing new cut points (and deﬁning appropriate new values
dk ), and made coarser by discarding one or several cut points ck (and deﬁning
new values dk in the aﬀected intervals).
For a given variable, such as the annual income of a household, we may
consider a few alternative ways of coarsening that are ordered according to
their coarseness. For example, the income could be rounded to units, tens,
hundreds, or thousands of £UK. The choice of the coarseness should be guided
by the purpose of the analysis (summary) to which the variable (income) is
to be subjected. For example, if the diﬀerence of several hundreds of £UK is
not important, rounding to thousands is appropriate. By a coarser rounding
we obtain a variable that is easier to handle, because is has fewer possible
values, but we may lose some detail in the process. In contrast, less coarse
(ﬁner) rounding yields values that are closer to (or the same distance from) the
original values but may contain too much detail for an eﬀective presentation
and study.
A (coarse) histogram of a variable can be identiﬁed with the distribution
of a coarsened version of the variable. The cut points of the coarsening applied
coincide with the limits of the bars. Figure A.3 gave an example of the impact
on coarsening of a continuous variable.

A.5 Sampling Design
When we cannot aﬀord to enumerate the population, we establish the values
of the target variable only for a sample of subjects. Such an exercise is called
a survey. Every survey involves a sampling process by which subjects are selected. Substantial advantages accrue when we can select the sampling process
purposefully. Such a sampling process is said to be controlled or planned and
is referred to as a sampling design.
A sampling design can be deﬁned by its (unambiguous) description, such
as
1. Select a member completely at random.
2. Select one member completely at random from those not yet selected.
3. Repeat step 2 until the speciﬁed number of subjects has been selected.
More formally, a sampling design is deﬁned as a way of assigning to
every subset of the population the probability that it would form the sample.
That is, the collection of all subsets of the population’s members, denoted by
exp(P), is regarded as a new population, and a probability in this population
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is interpreted by a reference to replications. This deﬁnition does not seem to
be constructive, because most populations have very many subsets, equal to
2N , where N is the population size. In a typical sampling design, most subsets have zero probability of forming a sample. For instance, when the sample
sizeis set (prescribed or ﬁxed) to be n the number of possible samples is


= N !/ {n!(N − n)!}. The controlled nature of a sampling design rests
not on which member is selected into the sample but on how the selection is
conducted.
Sampling designs in which each member has the same probability p of
being included in the sample, each pair of members has the same probability
p(2) , and so on, are called simple random. Of course, p = p(2) . A member
can be included in the sample several times. Sampling designs in which this
is possible are called designs with replacement, and designs in which this is
ruled out are called without replacement. The term replacement refers to the
description of the sampling design by a mechanism of drawing subjects into the
sample one by one. In designs with replacement, after being selected, a subject
is retained in the pool of candidates for being selected in subsequent draws.
Thus, in simple random sampling design with replacement, each member has
the same probability of being drawn as the ﬁrst subject, equal to 1/N , but,
irrespective of who was drawn ﬁrst, the probability of being drawn as the
second subject is also equal to 1/N for every member of the population. The
number of times a member of the population is included in the sample is
referred to as its multiplicity.
A sample is most conveniently speciﬁed as a list of its subjects. The order
of the subjects in such a list is immaterial; (i1 , i2 , i3 , i4 ) and (i1 , i4 , i3 , i2 ) are
identical samples, even when i2 = i4 . However, multiplicity is an important
feature; when i2 = i3 , (i1 , i2 , i3 , i3 ), (i1 , i2 , i3 , i2 ), and (i1 , i2 , i2 , i3 , i2 ) are
diﬀerent samples, even though each of them comprises the same set of subjects,
i1 , i2 , and i3 .
From the sampling design, we can derive the probability that a given
member is included in the sample by adding up the probabilities of all the
subsets that contain the member:

I(i ∈ s)P(s; D) ,
pi =
N
n

s∈exp(P)

where P denotes the probability as a function of the set s and design D and
I is the indicator function, equal to unity when its argument is true and to
zero otherwise. A sampling design D is called proper if each member has a
positive probability of being included in the sample. Members who have zero
probability of being included in the sample are, in eﬀect, excluded from the
population that is studied because they are not considered in the sampling
process.
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A.5.1 Complex Sampling Designs
Stratiﬁcation and clustering are two ways of deﬁning a wide range of sampling designs. For stratiﬁcation, the population is divided into subpopulations (groups) called strata, and a diﬀerent sampling design is applied in each
stratum. The sampling processes in the strata are independent; the subsample drawn in one stratum has no impact on the subsample drawn in another.
Stratiﬁcation has two important advantages. First, the unwieldy task of drawing a sample from one large population is simpliﬁed to a number of simpler
tasks of drawing a sample from each of several smaller subpopulations, and
second, the design can exercise tighter control over the within-stratum subsamples. For example, the within-stratum sampling designs may sample much
more densely (with relatively greater subsample sizes) in some strata, at the
expense of sparser sampling in other strata.
In most large populations of practical importance, the members are related; such populations are said to be structured. The most common element
of the structure is clustering—members form small groups (such as families or
households), the groups are further clustered (say, to clusters at level 2, such
as neighbourhoods or classrooms), and these groups may be further clustered
(clusters at level 3, such as districts or schools). In a clustered sampling design,
a sampling design is applied to the clusters (at a particular level), and independent sampling designs are then applied in each selected cluster. The design
applied in a cluster may itself be clustered. Such designs are called multistage
clustered. The clusters involved in the ﬁrst round of clustering (say, districts)
are called primary sampling units, clusters in the next round (say, neighbourhoods) secondary sampling units, and so on. Subjects are the elementary-level
sampling units (elements), unless all members of the selected clusters at level
2 (or at another level) are included in the sample.
An advantage of clustered sampling design is that it is focussed; the sampling in some (randomly selected) clusters is dense, at the expense of no
sampling in some other clusters. Dense sampling may provide more information about the associations within the clusters, such as similarity of the
members’ values of the observed variables. In a clustered sampling design, we
have a cluster-level design for each level of clustering and within-cluster designs. Clustered designs are in general easier to organise and manage. When
the cost of accessing a cluster is substantial it is more economic to collect
data in fewer clusters, but to do so from more (or all) subjects in the selected
clusters.
A.5.2 Sampling Frame
A sampling design can be constructed with purpose and implemented eﬀectively only when some basic information about the population is available.
The sampling frame is a list of all the members of the population. In ideal
circumstances, a sampling frame is complete, containing all members of the
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population (without any omissions); exclusive, containing no objects that do
not belong to the population; and nonredundant, containing no duplicates.
A sampling frame that satisﬁes these three conditions is said to be perfect.
For stratiﬁcation and clustering, it would also identify the relevant strata and
clusters into which the members belong.
Construction of a perfect sampling frame for a large population is rarely
feasible. Commonly, a sampling frame of clusters is used, with some information about the composition of each cluster. For instance, a sampling frame
may comprise the country’s districts, or smaller administrative units, and the
population size of each cluster may be available, usually subject to some approximation, for instance, because is it based on a population register that
is a few months out of date. When a clustered sampling design is planned,
construction of the sampling frame may be reduced to the selected clusters.
For example, clustering by schools is a practical proposition in a survey of
students. The school enrollments (sizes) may be available from a previous
year, informing the sampling design for the schools as clusters, and withinschool subsampling frames are obtained only from the schools that have been
selected into the sample.
A.5.3 The Planned and Realised Sampling Processes
The sampling design reduces the study of a population to operations applied
to a sample—eliciting information from the subjects and processing their responses (or information recorded about them) to make inferences about the
population. A sampling design is essential to ensure good representation (representativeness) of the population by the sample. Good representation means
that, in replications of the designed sampling process, samples would tend to
have features similar to the population and, as a consequence, eﬃcient inferences could be made about the population quantities related to the observed
variables. The requirement of good representation has to be qualiﬁed by the
targets—the population quantities for which inferences are sought.
Without a sampling design, the sampling process may conspire to yield
samples that present a distorted image of the population. The image would
be distorted in many replications. The image (a feature) may be distorted
even in a sample drawn by a well-chosen sampling design because a distortion
cannot be ruled out. As an example, consider a population that comprises
N = 100 members and a binary variable, with values of zero and unity for 50
members each. A simple random sampling design without replacement and
with ﬁxed sample size n = 10 may yield a sample in which each subject’s
value

   100
/
=
of the variable is equal to zero. The probability of this event is 50
40
90
.
(50 × . . . × 41)/(100 × . . . × 91) = 0.0006. Thus, even an extreme distortion is
possible, but its probability is very small; it would be present in only a small
fraction of replicate samples.
Without a sampling design, such a ‘protection’ would not be available.
Some distortion in the sample may be introduced by the sampling design.
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For instance, by using a stratiﬁed sampling design, the smallest regions of the
country may be overrepresented in the sample. If these regions tend to have
high values of the observed variable the sample will tend to contain more high
values than what might be regarded as an appropriate representation of the
country. However, such a ‘misrepresentation’ can be taken into account when
the sampling process is known. Without a sampling design we do not know
how the sample is likely to have been distorted.
Suppose θ(X) is a population quantity of interest (a target). Here, θ can
be interpreted as a mathematical formula or a computer program. Good representation can be interpreted that θ applied on the sample x, θ(x), would
be close to θ(X). Of course, an adjustment is necessary when θ is a total, but
this can be ‘built in’ to the deﬁnition of θ. At the outset, when the sampling
design is speciﬁed, the sample is not yet available; only the process by which
it is formed is speciﬁed. We say that at that point the sample is random. Any
sample quantity is also random at that point; its value is not known, but its
distribution could, in principle, be established, by replications. In particular,
it is meaningful to discuss how a population quantity would be estimated.
As a result of applying the sampling design, a sample is drawn. It is referred to as the realised sample. With it or, more precisely, with the values of
the relevant variable on the subjects, the selected estimator can be evaluated
and an estimate obtained. If the sampling design is implemented as prescribed
the survey is concluded by reporting the estimate. In practice, the analysis
(calculations made on the realised sample) is more extensive—several estimators are evaluated and each estimator is associated with its estimated MSE.
Other forms of inference may be conducted, such as evaluating conﬁdence
intervals; these are dealt with in Section A.20.
The good properties of an estimator are usually contingent on the sampling design. In large populations, most sampling designs are impossible to
implement exactly as planned. The sampling frame is usually imperfect and
some of the selected subjects may not be available for an interview or may
exercise their right not to cooperate with the survey. As a result, the probabilities of the samples that could be realised are altered. The sampling design
as a process is contaminated by an imperfection process. This ‘contaminated’
version of the sampling design is called the realised sampling process. We
cannot refer to it as a sampling design because it is not under our control.
Without a detailed description of the imperfection process, the probabilities
of the possible samples for a realised sampling process are not known.
The estimator selected at the planning stage may be eﬃcient when the
planned and realised sampling processes coincide, but with the imperfections
its properties may have been altered somewhat. The estimator does not have
the properties it would have had had the planned sampling design been implemented perfectly. When the realised process deviates from the plan only
slightly we can expect the ‘realised’ properties of the estimators to deviate
from the ‘planned’ properties also only slightly. Hence the strong incentive to
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reduce the diﬀerence between the planned and realised processes, even if it
cannot be eliminated altogether.

A.6 Measurement Processes
This section deals with describing measurement processes. In general, we intend to make inferences about a variable X, but we can obtain or record
(measure, elicit, or the like) only the values of a related variable Y . The measurement process can be motivated as the way in which a particular value
of the latent (underlying) variable X is ‘converted’ (distorted) to the value
of the manifest (observed or recorded) variable Y . The measurement process
can either be described by the mechanism that distorts the value of X in the
process of its measurement, or by the distribution of the diﬀerences Y − X.
Instead of these diﬀerences, the ratios Y /X, their logarithms, log(Y /X), or
the diﬀerences after some other monotone transformation, f (Y ) − f (X), may
be considered. As an alternative, the distributions of Y may be described in
each of the subpopulations deﬁned by the unique values of X. Of course, this
is not practical when X is continuous, unless these distributions have some
features in common.
When X is a categorical variable and Y is an attempt to recover the
value of X, we refer to a misclassiﬁcation process. Such a process can be
described by the table of the probabilities P(X = x, Y = y) for each pair of
possible values x and y. A desirable property of a misclassiﬁcation process
is that the probability of agreement, P(X = Y ), equal to the total of the
probabilities P(X = x , Y = x) over the possible values x, is close to unity.
When X is an ordinal categorical variable another desirable property is that
when disagreement occurs, X = Y , it is frequently by only one point on the
scale. For instance, when the possible values of X are 1, 2, . . . , K, we prefer a
manifest variable Y for which P(| X − Y | ≥ 2) is small.
Apart from the latent value Xi , the manifest value Yi may depend on
the values of some other variables. For instance, if the task of measurement
is assigned to several judges, the identity of the judge assigned to assess a
particular subject is a relevant (categorical) variable. The manifest value Yi
may be inﬂuenced even by the values of some variables, including X, for other
subjects. For instance, a judge’s assessment may be inﬂuenced by the other
assessments made (recently) by the same judge, or by instructions received
(or made aware of) halfway through the assessment process. Of course, it is
wise to avoid such inﬂuences (by training and appropriately instructing the
judges), but the process of measurement is not always under our control and
training and instruction entail costs drawn from the same budget as the other
survey tasks.
If the value of X can be established we can learn about the distortion
Y − X directly, by applying the measurement process on a sample of subjects.
Otherwise, when the act of measurement alters the state of the subject at
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most temporarily (in particular, it does not destroy it) and is not costly, we
can learn about the measurement process by replicating it on subjects. Thus,
we observe two (or more) versions of the variable Y , Y (1) and Y (2) ; the pairs
may be observed on the entire sample of subjects, a subsample of the subjects,
or an entirely diﬀerent sample drawn from the same population. These two
variables have identical distributions. Observations from other populations
have to be considered with care because the properties of the measurement
process may be speciﬁc to the population. By the same token, if repeated
observations are made on a subsample of subjects, this subsample (just like
the sample) should be representative of the population.
The variables Y (1) and Y (2) diﬀer because they are aﬀected by diﬀerent
settings, such as the assigned judge, observed circumstances that are beyond
our control, such as the temperature and the environment in which the interview is conducted, and other inexplicable inﬂuences (circumstances) that
defy our understanding. We may consider versions of Y associated with each
conceivable set of circumstances (moments or contexts). These contexts can
themselves be regarded as a population. Unlike populations considered so
far, they may be inﬁnite. To draw a clearer distinction, we refer to the population that is the original target of our inferences, as the target population,
and to the contexts as an incidental or nuisance population. This qualiﬁer
reﬂects our position—if the context had no impact on the measurement, or
indeed, if Y coincided with X, our task of making inferences about X would
be simpler.
The properties of a measurement process are described by the distribution
of the measurements on a member of the target population. The measurements
are taken in the population of contexts. For each member i of the target
(m)
the variable deﬁned as the manifest value in
population, we denote by Yi
(m)
the population of contexts. The bias of the measurement Bi is deﬁned as
the expectation of the measurement deviations,


(m)
(m)
Bi = E Yi | i − Xi ,
taken over the population of contexts. We write i behind the bar | to indicate
that the expectation is taken with the member i ﬁxed; the expectation is
conditional on and relates solely to member i. The expression for bias requires
a deﬁnition of the expectation, because E has so far been deﬁned only for
ﬁnite populations. The expectation for an inﬁnite population is deﬁned as the
limit over sequences of increasing subpopulations, such that each member is
eventually included in a subpopulation. The details are postponed to Section
A.7. We considered similar limits in the context of replications of a sampling
process in Section A.3.
The measurement variance and mean squared error (MSE) are deﬁned
similarly to the expectation:
4
1 
2 11 5


(m) 1
(m)
(m)
1i ,
var Yi 1 i = E Yi − E Yi
1

418

Appendix. A Refresher


MSE

(m)
Yi ;


1 
2 11 
1
(m)
Yi − Xi 11 i ;
Xi 1 i = E
(m)

they coincide for unbiased measurement processes, when Bi = 0 for each
member i.
Conditioning on member i in these equations is essential. Without it the
measurement process would be replicated on a diﬀerent member each time
(1)
and var(Yi ) would depend also on the dispersion of the values of X and on
the process used for selecting the member to be observed.
Just like the expectation, variance, and MSE, other features and properties
deﬁned for a (ﬁnite) target population can be deﬁned also for a population
of measurements. These features include symmetry, the median, and quantiles (percentiles), except for minimum and maximum (the zero- and unityquantiles) that need not exist. The deﬁnition of the mode is also problematic.
Every feature deﬁned for one subject or member of the population has an
obvious equivalent for every other member; after all, the ordering (labelling)
of the members of the population is immaterial. Description of the measurement process by one or a few quantities for each member is impractical for a
population of moderate or large size. The ultimate simpliﬁcation is attained
when the measurement process has the same properties for every member. Of
course, this is a very special case. For example, suppose X has possible values
0, 1, 2, . . . , 10, and its manifest version Y deviates by at most one unit in
either direction, with probability 0.1:
P(Y = X − 1 | 1 < X < 10) = P(Y = X + 1 | 1 < X < 10) = 0.1 ,
unless X = 0 or X = 10. When X = 0 or X = 10, only one kind of deviation
is possible: observing Y = 1 instead of X = 0 and observing Y = 9 instead
of X = 10. This measurement process is symmetric and unbiased, so long as
X = 0 and X = 10.
We prefer measurement processes that have smaller MSEs, and among
those with identical MSEs, those with smaller absolute bias | B | . Of course, it
may be diﬃcult to compare measurement processes when their properties are
speciﬁc to the members of the population. The distribution of the deviations
Y − X may be the same within each subpopulation deﬁned by a categorical variable (such as men and women, or occupational categories in human
populations), or by the value of X itself.
An appealing property of a measurement process is that its distribution
depends on the observed subject only through the values of a limited set of
variables, and the identity of the observed member is irrelevant otherwise. A
measurement process is said to be impartial if the distribution of Y depends
only on the value of X. A measurement process is said to be additive if
the deviations Y − X have the same distribution for every member of the
population. Such a process can be described as
Y = X + ε,
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where the distribution of ε is independent of the observed members’ values of
X. Additive processes for which ε is independent of the background variables
are impartial. Section 6.2 contains more details on impartiality and additivity.
Properties of a measurement process can be changed dramatically by a
transformation. By way of an example, suppose X is a monetary value, such
as the total value of a company’s liabilities. For many companies, their total
liabilities are not deﬁned with precision because guesses have to be made
about some of its elements, and other elements may depend on the prices in
the near future. A plausible model for a particular measurement (assessment
or audit) process is that
Yi = Xi δi ,
where the distribution of δi does not depend on the company (i). Such a
measurement process is called multiplicative. The logarithms of the assessed
and ‘true’ liabilities satisfy an additive measurement model. For instance,
suppose a typical deviation from X is by 1%, and deviations in access of
2.5% are very rare. A deviation of 1% corresponds to £10 000 for a large
company with liabilities of £1 million, but only £100 for a small company
with liabilities of £10 000. After taking logarithms, such deviations correspond
to log-deviations of log(0.01) = 0.0095, irrespective of the underlying value of
the liabilities.

A.7 Inﬁnite Populations
The distribution of a variable in an inﬁnite population cannot be established
by counting the number of members with each speciﬁc value because these
counts may be inﬁnite for some or all of the possible values. Even when the
counts are inﬁnite it is meaningful to consider how much more frequently one
value occurs than another. For example, the distribution of the outcomes of
the single toss of a fair coin is given by the probabilities:
P(Y = head) = P(Y = tail) =

1
2

.

We could verify this by replicating the toss many times and observing that
about half the outcomes are heads. (The number of replications has to be
large and speciﬁed up front.)
The distribution of a general variable in an inﬁnite population is deﬁned similarly. The distributions are considered for a sequence of samples
sh , h = 1, 2, . . ., such that each sample is a subsample of the following sample, that is, sh ⊂ sh+1 , and the union of all the samples coincides with the
population; every member i belongs to all samples sh for h ≥ hi ; the index
hi is speciﬁc to member i. The distribution of the variable is deﬁned as the
limiting distribution as h increases above all bounds.
This deﬁnition requires two qualiﬁcations: how a limiting distribution is
deﬁned and by what process the sequence of samples is constructed. For simplicity, we consider ﬁrst variables that have only a ﬁnite number of possible
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Table A.3. The observed counts of the outcomes in replicate draws from the distribution with probabilities 0.08, 0.15, 0.27, 0.32, and 0.18 of the respective categories
1–5. The corresponding frequencies are plotted in Figure A.5.

Outcome
Replications
100
1000
10 000
100 000

1
10
79
798
7835

2
10
155
1489
15 058

3
25
250
2694
27 005

4
38
334
3184
32 295

5
17
182
1837
17 807

values. With the increasing sample size, the segments or bars of the histogram
become taller, even if their relative sizes are not changed radically. The eﬀect
of the sample size can be removed by plotting the proportions of subjects
in each value category, while keeping the total length of the segments constant, equal to unity. With such a standardisation, the limiting distribution is
deﬁned by the limits of the proportions for each category.
An example of convergence in distribution is given in Figure A.5. The
numbers of replicates (sample sizes) on which the plotted distributions are
based are 100, 1000, 10 000 and 100 000, given in the subtitle of each panel.
The probabilities, 0.08, 0.15, 0.27, 0.32, and 0.18, of the respective categories
1–5 are marked in each panel by thin horizontal bars. On the scale used for
plotting, the ﬁve deviations of the sample proportions from the corresponding
probabilities are substantial for n = 100 in panel A and minute for n = 100 000
in panel D. Table A.3 gives the four distributions in tabular form, expressed
as counts for each category. In contrast to the proportions, the counts tend
to diﬀer from their expectations by wider margins with more replications; for
instance, in 100 replications, outcome 1 was observed ten times, in two more
cases than expected, whereas in 100 000 replications, outcome 1 was observed
165 fewer times than the expected count of 8000. Convergence occurs for the
proportions, not for the counts.
Control over the sampling process is essential to avoid distortions such
as overrepresentation of a category. To simplify matters, we deﬁne simple
random sampling from an inﬁnite population by a sequence of replications
of drawing a single subject without any prejudice for or against any of the
members’ attributes. This sounds like a circular deﬁnition, but we cannot
deﬁne a sampling process by probabilities because the probability of any one
member being drawn is equal to zero.
The distributions drawn in Figure A.5 are called sampling distributions
because they depend on the sample (of occasions) drawn. Their limit is called
the population distribution. The adjectives sampling and population are used
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Fig. A.5. Illustration of convergence in distribution. The sample size for each distribution is given in the subtitle of each panel. The limiting frequencies are marked
by horizontal bars.

in the same way as for quantities or sets of quantities derived from them. A
distribution can be regarded as a collection of quantities.
A.7.1 Continuous Distributions
The possible values of some variables cover the entire continuum or an interval of real numbers, and so, without rounding, each value may be unique.
The distribution of such a variable cannot be described as a limit of sampling
distributions, because each (ﬁnite) sampling distribution is full of spikes corresponding to the values of the individual subjects. Yet the density of the spikes
informs us about the ranges in which values are more or less frequent. Such
features are more succinctly depicted by a coarsened histogram. It is practical
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Fig. A.6. Illustration of the convergence in distribution for a continuous variable.
The sample size for each distribution is given in the title of each panel.

to plot the standardised histogram, in which the area covered by the bars is
equal to a set value, such as unity. The distribution of a continuous variable
in an inﬁnite population is deﬁned as the limit of the standardised histograms
for random samples with sample sizes increasing beyond all bounds, while the
bars of the histograms get narrower (the coarsening is reﬁned) as the sample
size increases.
An illustration paralleling Figure A.5 is given in Figure A.6. In the limiting
distribution, each bar has the same (unit) height. For the sample size n = 100,
this could not be anticipated, but for n = 100 000 it is obvious, although one
may argue that the limit could still have an irregular pattern. The limiting
histogram, with the bar widths converging to zero, is called the density of
the distribution, if the limit is well deﬁned. A distribution that has a density
is called absolutely continuous. We drop the qualiﬁer ‘absolutely’ because we
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very rarely come across variables or distributions that are continuous but not
absolutely continuous.
A distribution with a constant density on its support is called uniform. The
standard uniform distribution is the uniform distribution with the support on
(0, 1). Its density is f (x) = 1 for x ∈ (0, 1) and f (x) = 0 otherwise. The
limiting distribution in Figure A.6 is standard uniform.
For any continuous distribution, the area under the density is equal to
unity:
%
+∞

f (x) dx = 1 .
−∞

A density deﬁnes a unique distribution by the identity
%

d

P(c < X < d) =

f (x) dx
c

for any pair of real numbers c < d.
For a variable X or its distribution, the distribution function is deﬁned as
F (x) = P(X ≤ x) ,
a function in (−∞, +∞). It is nondecreasing, with limits of zero and unity
at −∞ and +∞, respectively. The distribution function and the density of a
continuous distribution are related by the identity
f (x) = F  (x)
(the derivative of F at x). Therefore, the distribution function of a continuous
distribution is diﬀerentiable.
Strictly speaking, it cannot be proven that the limiting distribution in
Figure A.6 is the uniform or any other distribution. To justify the uniform
as the limit, we have to supplement the evidence based from sampling with
the conjecture, or appeal to ‘good reason’, that the density is smooth. In
the case of Figure A.6, it may be diﬃcult to argue why the density should
deviate from a constant (unity) according to no apparent pattern. In practice,
it is often much more diﬃcult to integrate the information extracted from the
data and obtained from other sources, such as descriptions of the studied
setting and relevant ﬁndings made by other parties, and conclude with a
simple description of the sought distribution and its properties.
A.7.2 Superpopulations: Models
Although ﬁnite, many human populations are large, with several million members, and the distributions of variables deﬁned for them are often very close to
continuous distributions with densities that contain no sharp edges or sudden
changes. Such densities are called smooth. Formally, a density f (x) is said to
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be smooth in an interval if it is diﬀerentiable at each point of the interval and
its derivative, denoted by f  (x), is a continuous function. Note that a smooth
density f corresponds to an ‘even smoother’ distribution function F ; since
f (x) = F  (x), F is twice continuously diﬀerentiable.
Using a continuous distribution has several advantages; continuous distributions tend to be easier to describe, by a mathematical formula or graph,
and various operations with them are easier to execute. The use of such a distribution may be justiﬁed by a reference to an inﬁnite-size superpopulation.
This is a hypothetical (nonexistent) population from which the studied population is assumed to have been drawn as a random sample. For instance, in a
diﬀerent context, such as the same survey conducted at a diﬀerent time point
and using slightly diﬀerent questions, the survey would be conducted on a different population, but the population would have been realised by the same
sampling process applied to the same superpopulation. We may even make
inferences about the superpopulation, regarding its features as more stable
(less transient) than the features of the population. After all, the population,
regarded as a simple random sample, is, by deﬁnition, a faithful miniature of
the superpopulation.
Superpopulation and its description (by a distribution) are an example of a
model, an analyst’s construct. A model is a stylised (simpliﬁed) description of
a studied population using one or several variables deﬁned on it. For instance,
a model may provide a description of how the values of several variables are
related in a population. The price of the simpliﬁcation is a loss of precision
and detail, but it may well be worth it if the result is greater insight and
better understanding of the studied population.

A.8 Distributions
Any sequence of values v1 , v2 , . . ., of ﬁnite or inﬁnite length, and a corresponding sequence of positive numbers p1 , p2 , . . . that add up to unity, forms
a discrete distribution, by prescribing for a random variable X that
P(X = vk ) = pk .
Any nonnegative function f † that has a ﬁnite area underneath it,
%
f † (u) du < +∞ ,
deﬁnes a continuous distribution by the density obtained by standardising f † ,
that is, by deﬁning
f † (x)
.
f (x) = # †
f (u) du
For example, the exponential distribution is deﬁned by the density

A.8 Distributions

f (x) = θ exp(−θx) ,
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(A.2)

for x > 0 and f (x) = 0 otherwise; θ is a positive constant. The distribution
function is obtained from the density by integration:
% x
f (x) dx ,
F (x) =
−∞

and the density is obtained from the distribution by diﬀerentiation: f (x) =
F  (x). The distribution function of the exponential distribution given by (A.2)
is
F (x) = P(X ≤ x) = 1 − exp(−θx) ,
for x > 0. We use the singular distribution for the density f (x) in (A.2)
with a speciﬁc parameter θ, and the plural distributions for the collection of
distributions, for θ in the entire range (0, +∞) or its subset.
The exponential distributions are a special case of the gamma distributions
given by the densities
f (x) =

1 b b−1
θ x
exp(−θx) ,
Γ (b)

for x > 0 and f (x) = 0 otherwise; b and θ are positive constants and Γ is the
gamma function; see Section A.12 for more details.
An important role in statistics is played by the normal distributions. They
are deﬁned by the densities


(x − µ)2
1
√
exp −
,
(A.3)
f (x) =
2σ 2
2πσ 2
where µ is a real and σ 2 a positive constant. We denote this distribution
by N (µ, σ 2 ). The normal distribution with µ = 0 and σ 2 = 1 is called the
standard normal distribution.
For continuous distributions, we can deﬁne various features similarly to
their counterparts for discrete distributions, with probabilities P(X = xk )
replaced by the values of the density f (x). A continuous distribution is said to
be symmetric around a value c if f (c − ∆) = f (c + ∆) for every constant ∆.
For example, the normal distribution N (µ, σ 2 ) is symmetric around µ. A
continuous distribution is said to have a mode at value c if its density has
a local maximum at c. The distribution is said to be unimodal (bimodal,
trimodal, and so on), if it has one (two, three, or more) modes.
The expectation of a continuous distribution with density f (x) is deﬁned
as
% +∞
E(X) =
xf (x) dx ,
−∞

if the integral is well deﬁned. Equivalently, the expectation can be deﬁned
as the limit of the expectations of a sequence of discrete distributions that
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converge to the distribution with density f , so long as the limit exists and the
integral is well deﬁned. The variance of a continuous distribution with density
f (x) is deﬁned as
&
'
2
var(X) = E {X − E(X)}
if the integrals involved are well deﬁned. Equivalently, we have
 
2
var(X) = E X 2 − {E(X)} ,
 
so long as E X 2 is well deﬁned. If it is, then so is E(X). For example, the
mean of the normal distribution N (µ, σ 2 ) is µ, and its variance is equal to σ 2 .
The q-quantile of a continuous distribution with density f (x) is the value
u for which
% u
f (x) dx = q .
(A.4)
P(X < u) =
−∞

This probability, the distribution function, in fact, is a continuous nondecreasing function of u, and so the equation in (A.4) always has a solution, for every
q ∈ (0, 1); the solution either is unique or is any point in an interval. In the
latter case, a sensible convention is to declare the centre of the interval as the
quantile.
Earlier we deﬁned sampling processes for ﬁnite populations. Sampling from
a continuous distribution or a related superpopulation requires a new deﬁnition, because the probability of any particular real value is equal to zero. We
deﬁne a random draw from the standard uniform distribution by the process
of drawing a single value in the range (0, 1) without any prejudice. A practical
implementation of this can rely on a sequence of independent draws from the
discrete uniform distribution on (0, 1, . . . , 9). Let these draws be (l1 , l2 , . . .).
Then the draw from the standard uniform distribution is
∞


10−h lh ,

h=1

that is, lh is the digit in the decimal place h. A random draw from a continuous distribution is deﬁned as the q-quantile of this distribution, where q is
a random draw from the standard uniform distribution. A random sample of
size n is deﬁned as a sequence of n replicate (independent) random draws from
a distribution. Note that this deﬁnition confers a pivotal role on the standard
uniform distribution. From a random sample X = (X1 , X2 , . . . , Xn ) from
the standard uniform distribution we obtain a random sample from a continuous distribution with distribution function F by the elementwise quantile
transformation


F −1 (X) = F −1 (X1 ), F −1 (X2 ), . . . , F −1 (Xn ) .
A distribution is given by a set of probabilities, a density, a distribution
function, or the like. Frequently we consider a class of distributions; they are a
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ﬁnite or inﬁnite set of distributions that have a common (or similar) functional
form and are distinguished by the values of one or several parameters.
For example, the set of all exponential distributions, given by the density
f (x) = θ exp(−θx), where θ is in the range (0, +∞), is a class of distributions.
The distributions in this class are characterised by the value of one parameter,
θ. Such a class is said to be single-parameter. The class of all the normal
distributions N (µ, σ 2 ), where µ ∈ (−∞, +∞) and σ 2 ∈ (0, +∞), is a twoparameter class of distributions. In principle, any collection of distributions
can be regarded as a class, and they need not have a description in terms of
one or a few parameters.
A.8.1 Simulations
With a considerable simpliﬁcation, a typical problem in statistics can be described as follows. The values of a variable are available for a random sample
drawn from an inﬁnite population, and the population distribution of the
variable is known to belong to a given class of distributions. The task is to
estimate this distribution or its summary. Ideally, we would like to identify it,
but that is rarely possible. For a one-parameter class, the quantity of interest
may be the value of the characterising parameter, such as θ for the exponential distributions given by (A.2). The key assumption made is that the process
that generates the values of the studied variable is well described by one of
the distributions in the posited class. We can simulate (mimic) the process of
generating a random sample from an inﬁnite population (distribution) on the
computer.
Figure A.7 displays the histogram of a computer-generated random sample
of size 50 000 drawn from the standard normal distribution. The density of the
normal distribution, suitably scaled, is superimposed. The distribution of the
computer-generated values is called empirical. Any summary of the empirical
distribution, such as its mean and variance and, in relation to an estimator,
bias and MSE, are also called empirical.
The histogram shows that with a large sample size the empirical and population distributions diﬀer only slightly and have essentially the same features,
except for a modicum of roughness of the empirical distribution. For instance,
unlike the population distribution, the empirical distribution may have more
than one mode. The symmetry is not reproduced, but the empirical distribution is very close to symmetry.
The term (computer) simulation refers to replications of the assumed datagenerating process (on a computer). In principle, any device could be used for
simulation, but the modern computer has no practical competitor, especially
when a large number of replicates and a nontrivial amount of computing are
required. By simulation, we can generate replicates fast and at a fraction of the
cost of replicates generated by the studied processes (‘real life’) and can assess
the properties and, more generally, learn about the posited distributions. To
this process, we can attach estimation, using several (candidate) estimators,
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Fig. A.7. Histogram of a computer-generated random sample of size 50 000 from
the standard normal distribution, with the density of N (0, 1) superimposed.

and compare their properties, eﬃciency in particular. In this way, we can
engage in an informed planning of a study in which observations are expensive
(as regards ﬁnance, labour, ethics or any form of undesirable destruction), and
decide how to strike a balance between the conﬂicting goals of high precision
in estimating a target and low expenditure.

A.9 Classes of Distributions and Models
Simulations can use the computing power as a replacement for the analytical ability to derive properties of estimators. Sampling and measurement
processes can be explored similarly. In practice, we face a task much more
diﬃcult than simulation because only one replication of a process, governed
by a distribution that is not known to us, is available. When we know, or assume, that the sought distribution belongs to a particular class, we might look
for the member of the class that resembles the observed values more closely
than any other. For this, we have to deﬁne a metric for ‘resemblance’ but also
develop approaches to identifying suitable classes of distributions based on
the information about the studied processes.
If we had a perfect understanding of how a particular process operates, we
could anticipate what kind of values it would produce. In a typical setting,
our understanding is far from complete but is not totally hollow. We study
a process to enhance or supplement our partial understanding of it. We can
entice the process to run its course and yield values of one or several key
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variables on a sample of subjects or occasions (observational units). From this
output, commonly referred to as data, we want to estimate certain population
quantities related to the process. We can interpret this problem as an inverse
task to simulations. While in simulations we can implement a process and
obtain output (data), the task in practice is to infer from the data obtained
some properties (details) of the underlying process.
A powerful general approach to addressing this problem is by specifying a
model for the studied (target) process. This model is a collection of processes,
and we assume that one of them is the studied process. For instance, if we
believe that the process generates values drawn at random from one of a class
of distributions, then this class forms the model. Suppose the class comprises
all the normal distributions, N (µ, σ 2 ), with unknown values of µ and σ 2 , and
it would be valuable to know the values of these parameters, µ and σ 2 . The
target process may be more complex than one of the model distributions, but
the simplicity in the model speciﬁcation may be rewarded by a better choice
of an estimator or, more importantly, a better understanding of the studied
process.
For models or classes of distributions in general, we can deﬁne a partial
ordering. Model A is said to be narrower than model B if every distribution
in model A is also contained in model B. A model with a narrower class of
distributions has the advantage that we have fewer candidates for the target process, so the search among them is, in principle, easier. On the other
hand, if we choose a wider class of distributions we do not reduce the possibility that this class contains the target distribution or contains a distribution
that is close to the target distribution. This balancing act between speciﬁcity
(narrowness) and validity (containing the ‘true’ distribution) is one of the
principal unresolved problems in statistics. A model that contains the target
distribution is called valid. In later chapters we will also ﬁnd that estimation
based on narrower models is more eﬃcient, if the model is valid.

A.10 Normal Distributions
The class of normal distributions appears in many theoretical derivations as
well as in practical applications. It has some very useful properties which make
it a popular choice for a model. From its density given by (A.3), we can easily
deduce that the normal distribution N (µ, σ 2 ) is symmetric and has a single
mode at µ. These properties imply that its mean, if it exists, is equal to µ.
This can be veriﬁed by evaluating the integral


% +∞
x
(x − µ)2
√
E(X) =
exp −
dx
2σ 2
2πσ 2
−∞
 2
 2
% +∞
% +∞
1
y
y
1
√ exp −
y exp −
dy + √
dy = µ ,
=µ
2
2
2π
2π −∞
−∞
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after the transformation y = (x − µ)/σ, and realising that the ﬁrst integrand
in the second line is the density of the standard normal distribution. The
second integrand is symmetric and has the primitive function − exp(−y 2 /2),
so its integrals over (−∞, 0) and (0, +∞) are well deﬁned and add up to
zero. Similarly, it can be shown that the variance of the normal distribution
N (µ, σ 2 ) is equal to σ 2 . A more elegant proof of this is provided after deriving
another property of the class of normal distributions.
If X has the distribution N (µ, σ 2 ), then Y = (X − µ)/σ has the standard
normal distribution N (0, 1). This can be derived by expressing the distribution
of Y by the probabilities
P(Y < c) = P(X < µ + cσ) ,
and expressing this as
1

%

µ+cσ



(x − µ)2
exp −
dx
2σ 2

P(X < µ + cσ) = √
2πσ 2 −∞
% c


1
exp − 12 y 2 dy ,
= √
2π −∞

which is the distribution function of the standard normal distribution. The
variance of the standard normal distribution is equal to
% ∞


1
√
y 2 exp − 12 y 2 dy = 1 ,
2π −∞
derived by integrating by parts, using the primitive function − exp(−y 2 /2) for
y exp(−y 2 /2). As the standard deviation is a dispersion quantity, the standard
deviation of N (µ, σ 2 ) is equal to σ and the variance to σ 2 .
We can declare each constant µ the (degenerate) normal distribution
N (µ, 0). With this convention, any linear transformation of a normally distributed variable is normally distributed. We say that the normal distributions
are closed with respect to linear transformations. Any normal distribution
can be formed by a linear transformation of the standard normal distribution, and any normal distribution N (µ, σ 2 ) with positive variance σ 2 can be
transformed linearly, as from X to (X −µ)/σ, to become the standard normal.
The application of this transformation, g(X) = (X − µ)/σ, is referred to as
standardisation.
Owing to the closure of the normal distribution with respect to linear
transformations, an arbitrary quantile of any normal distribution can be derived straightforwardly from the corresponding quantile of the standard normal distribution. Denote by Φ the distribution function of N (0, 1), so that its
inverse Φ−1 (q) is the quantile as a function of the probability q. As every quantile is a location quantity, the q-quantile of N (µ, σ 2 ) is equal to µ + σΦ−1 (q).
Many estimators encountered in practice are approximately normally distributed with the approximation being very close when the sample size is large.
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A.10.1 Log-Normal Distributions
Many variables are expressed in physical units, such as degrees Fahrenheit,
miles, or degrees of latitude, which have alternatives, such as degrees Celsius,
kilometres, and radians, respectively. A class of distributions would have a
strong appeal if, among other conditions, it would be equally well suited for
either of the scales deﬁned by the alternative units. When the units are linearly
related, as in the listed examples, the normal distribution has the obvious
advantage because it is closed with respect to linear transformations.
In practice, we often encounter variables for which classes that are closed
with respect to multiplication would be suitable. For example, a natural operation for values deﬁned in monetary units is multiplication, often expressed
in terms of percentages. By taking logarithms, multiplication converts to addition, a linear transformation. Some laws of physics involve multiplication
(or division) and units that imply multiplication. Area and volume are cases
in point, and speed and shape involve division. By taking logarithms, length,
area, and volume are expressed in identical units, such as ‘log-meter’.
These examples motivate the log-normal distribution. A variable X is
said to have a log-normal distribution if its logarithm has a normal distribution. If a variable X is distributed according to N (µ, σ 2 ), then its exponential (the inverse
of logarithm)
has mean exp(µ + 12 σ 2 ) and variance


2
2
exp(2µ) exp(σ ) exp(σ ) − 1 . To prove this, we evaluate E{exp(kX)} for
k = 1 and k = 2. By reorganising the terms in the arguments of the exponentials we obtain


% +∞
1
(x − µ)2
E {exp(kX)} = √
exp(kx) exp −
2σ 2
2πσ 2 −∞
,

2 
 % +∞
x − (µ + kσ 2 )
µ2
(µ + kσ 2 )2
1
exp − 2 +
exp −
= √
2σ
2σ 2
2σ 2
2πσ 2
−∞


= exp kµ + 12 k 2 σ 2 ,


exploiting the fact that the density of N µ + k 2 σ 2 , σ 2 integrates to unity.
The expression for the mean follows directly (k = 1), and the variance is
derived from the identity
var{exp(X)} = E{exp(2X)} − [E{exp(X)}]2 .
The normal and log-normal distributions provide an eﬀective illustration
that nonlinear transformations and expectation E do not commute. We have
E{exp(X)} ≥ exp{E(X)} ,
with equality only when σ 2 = 0. The ﬁnite-sample version of this inequality
is equivalent to the statement that the geometric mean of a set of positive
numbers never exceeds the arithmetic mean:
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6
7n
n
7$
1
n
8
xi ≤
xi ,
n i=1
i=1
with equality only when all n values xi coincide.

A.11 Uniform Distributions
The uniform distribution was introduced in Section A.7.1. In this section,
we explore it in greater detail. The class of continuous uniform distributions
is given by the densities f (x) = 1/(θ2 − θ1 ) for x ∈ (θ1 , θ2 ) and f (x) = 0
elsewhere; θ1 < θ2 are the two parameters that deﬁne a distribution. We
denote the uniform distribution on (θ1 , θ2 ) by U(θ1 , θ2 ). Although θ1 has to
be smaller than θ2 , it is expedient to regard the constant θ as the (degenerate) uniform distribution U(θ, θ). For θ1 < θ2 , the distribution function of
U(θ1 , θ2 ) is piecewise linear: F (x) = 0 for x < θ1 , F (x) = (x − θ1 )/(θ2 − θ1 )
for x ∈ [θ1 , θ2 ] and F (x) = 1 for x > θ2 .
Similarly to the standard normal distribution, the standard uniform distribution is obtained from an arbitrary nondegenerate distribution U(θ1 , θ2 ),
with θ1 < θ2 , by the linear transformation g(X) = (X − θ1 )/(θ2 − θ1 ). Conversely, any uniform distribution is obtained from the standard uniform by
the transformation θ1 +(θ2 −θ1 )X. The class of uniform distributions is closed
with respect to linear transformations.
The distribution U(θ1 , θ2 ) is symmetric, with mean (θ1 − θ2 )/2 and variance (θ1 − θ2 )2 /12. The latter expression is obtained by integration (for the
standard uniform distribution),
% 1

2
1
x − 12 dx = 12
,
0

and using the fact that the standard deviation is a dispersion quantity. The
class of uniform distributions deﬁnes a model for randomness in a variety of
settings. By a number randomly drawn from a given range, such as (0, 100),
we mean a random draw from the distribution U(0, 100). The condition of ‘no
prejudice’ for or against any particular value in the support is interpreted as
a constant density of the distribution from which a draw (selection) is to be
made. It implies that the probability of a draw falling to any particular interval
depends solely on the length of the interval; P(a < X < b) = (b − a)/(θ2 − θ1 ),
so long as θ1 ≤ a ≤ b ≤ θ2 .
The standard uniform distribution has the role of a pivot among all the
continuous distributions. Suppose variable X has a continuous distribution
with distribution function F (x), strictly increasing throughout its support
(ξ1 , ξ2 ); either bound ξ1 or ξ2 may be inﬁnite. Then F (X), the distribution
function applied as a transformation, has the standard uniform distribution.
This follows immediately from the identity
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P {F (X) < u} = u
for u = F (x) = P(X < x).
Suppose continuous variable X has distribution function F (x) and G(x) is
another distribution function with a density. Then the variable G−1 {F (X)}
has the distribution function G(x). Thus, a continuous variable can be transformed to have any other continuous distribution. In particular, we can construct (by simulations) a variable with any conceivable continuous distribution.
Polynomial and Other Distributions Derived from Uniform
A polynomial distribution is derived by taking a power of a variable with uniform distribution. We focus here on polynomial distributions with support on
(0, 1); distributions with supports on other intervals are derived straightforwardly. Suppose variable X has uniform distribution on (0, 1), X ∼ U(0, 1),
so that P(X < x) = x for any x ∈ (0,√
1). Then the variable Y = X k has
k
the distribution function P(Y < x) = x, √
density k −1 x1/k−1 , expectation
1/(k + 1) and standard deviation k/(k + 1)/ 2k + 1.
The exponential distribution is obtained as the negative logarithm of
the uniform distribution. If X ∼ U(0, 1), then the distribution function of
− log(X) is P{− log(X) < x} = P{X > exp(−x)} = 1 − exp(−x). Note
that while E(X) = 12 , E{− log(X)} = 1, diﬀerent from exp( 12 ); exponentiation and expectation cannot be exchanged. An arbitrary exponential distribution is obtained by the transformation −θ−1 log(X) from X ∼ U(0, 1) for a
positive θ.

A.12 Beta and Gamma Distributions
The class of beta distributions is deﬁned by the densities
f (x) =

Γ (a + b) a−1
x
(1 − x)b−1
Γ (a)Γ (b)

(A.5)

for x ∈ (0, 1) and positive constants a and b. The gamma function Γ (a) is
deﬁned for positive arguments a as
% +∞
Γ (a) =
xa−1 e−x dx .
0

For integers a, Γ (a) = (a − 1)! = 2 × 3 × . . . × (a − 1). The beta density
with parameters a and b is denoted as B(a,
 b). Its expectation is a/(a + b)
and its variance is ab/ (a + b)2 (a + b + 1) . The expectations of the beta
distributions are in the entire range (0, 1) and their variances in the range
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{0, µ(1 − µ)} where µ is the expectation. Beta distributions with mean equal
to 12 , when a = b, are symmetric.
The gamma distributions are deﬁned by the densities
f (x) =

1 α α−1
θ x
exp (−θx) ,
Γ (α)

where α and θ are arbitrary positive constants and x > 0. The mean and variance of a gamma distribution are α/θ and α/θ2 , respectively. The parameter
α is referred to as the shape and θ as the scale. Exponential distributions are
a special case (a subclass) of gamma, with shape α = 1. A gamma distribution
with shape parameter equal to integer α can be derived as the distribution of
the sum of α independent variables each with the exponential distribution
with the same parameter θ; see Section 2.2.

A.13 Classes of Discrete Distributions
The simplest nontrivial discrete distribution is the binary distribution, also
known as the Bernoulli distribution. It has probabilities 1−p and p, 0 < p < 1,
on the two points of its support, 0 and 1, respectively. Its expectation is p and
variance p(1 − p), obtained directly from the corresponding deﬁnitions for a
general discrete distribution.
A binomial distribution is deﬁned as the number of successes in a sequence
of n independent trials, each of which has the same probability p of yielding
a successful outcome. Thus, it is a sum of n independent and identically
distributed binary variables. Its distribution is given by the probabilities
n
(A.6)
P(X = k) =
pk (1 − p)n−k .
k
Its expectation and variance are np and np(1 − p), respectively. They are both
n-multiples of the Bernoulli distribution from which the binomial is generated.
This is not a coincidence; see Section A.17. Every binomial distribution is
either unimodal or its highest probability is attained at two consecutive points.
The latter is the case when k = p(n + 1) is an integer, and then the highest
probabilities are attained at k − 1 and k. Otherwise it is unimodal, with
mode either at the integer part of p(n + 1) − 1, denoted by [p(n + 1) − 1], or
at the following integer, [p(n + 1)]. Every binomial distribution with p = 12
is symmetric, but no other binomials are, unless we deﬁne the degenerate
binomial distributions with p = 0 and p = 1.
A Poisson distribution can be derived as the limit of binomial distributions
as the probability p converges to zero and the number of trials diverges to
inﬁnity at such a speed that np converges to a ﬁnite constant λ. The Poisson
distributions are given by the probabilities
P(X = k) =

e−λ λk
,
k!
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for k = 0, 1, . . . and parameter λ > 0. The expectation and variance of this
distribution are both equal to λ. Every Poisson distribution is either unimodal,
with mode at one of the integers next to λ, or, when λ is an integer, the highest
probability is shared by the points λ − 1 and λ.
A geometric distribution is derived as the number of failures prior to the
ﬁrst success in a sequence of independent binary trials. Let q = 1 − p be the
probability of failure; q ∈ (0, 1). Then
P(X = k) = pq k ,
for a geometrically distributed variable X. The expectation of this variable is
q/p and variance q/p2 . To prove this, we diﬀerentiate both sides of the identity
∞

∞


(1 − p)k −

k=0

∞


p(1 − p)k = 1 ;

k=0

kp(1 − p)k−1 = 0 .

(A.7)

k=1

The ﬁrst summation, the total of a geometric sequence, is equal to 1/p and
second to the 1/q-multiple of the expectation; hence E(X) = q/p. Another
diﬀerentiation of (A.7) yields the identity
−2

∞

k=1

k(1 − p)k−1 +

∞


k(k − 1)p(1 − p)k−2 = 0 ,

k=2

and by relating the two summations to E(X) and E{X(X − 1)}, respectively,
we obtain the identity
2q 2
E {X(X − 1)} = 2 ,
p
from which the result for var(X) = E{X(X − 1)} + E(X) − {E(X)}2 follows
immediately.
A.13.1 Discrete Uniform Distributions
The class of discrete uniform distributions is deﬁned by equal probabilities on
each possible outcome. For example, the toss of a fair coin is represented by
the uniform distribution on the set (H,T), head and tail of the coin. Casting
a die corresponds to the uniform distribution on its six faces, or on the digits
1, . . . , 6. Similarly, by drawing a random digit, we mean drawing one member
from the population (0, 1, . . . , 9) with probability equal to 0.1 for each digit.
Lottery and games of chance provide further examples (and applications) of
discrete uniform distributions.
The distributions supported on a ﬁnite number of values are called multinomial. The discrete uniform and binomial are their subclasses. A discrete
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distribution that is supported on inﬁnitely many values can be approximated
with arbitrary precision by a distribution that has the same probabilities on
a suitably selected ﬁnite subset of the support, and the remaining probability
is gathered in a single point. This sequence of subsets can be set to the n
values that have the highest probabilities, with an arbitrary way of resolving
ties, and letting n diverge to inﬁnity.

A.14 Discrete Bivariate Distributions
So far, we have considered in detail only distributions deﬁned on the real numbers, (−∞, +∞), or its subsets, such as ﬁnite-length intervals and integers.
We refer to such distributions as univariate. However, distributions can be
deﬁned in any space. In this section, we consider distributions on I 2 = I × I,
where I is the set of integers 0, 1, . . . . They are essential for dealing with
pairs of univariate variables and for studying how they are associated.
A discrete bivariate distribution is derived from a pair of random variables,
X1 and X2 ; it is given by the probabilities
P(X1 = x1 and X2 = x2 ) ,
for all integers x1 and x2 . The two variables are said to be independent if
P(X1 = x1 and X2 = x2 ) = P(X1 = x1 ) P(X2 = x2 )

(A.8)

for all x1 and x2 . Independence is a special case of association. A trivial case
of dependence (the negation of independence) is the association of the variable
with itself; the identity
2

P(X = x) = {P(X = x)} ,
required for independence, holds only when P(X = x) is equal to zero or unity,
so a variable is independent with itself only when it is degenerate (supported
by a single value x). As a nontrivial example of dependence, consider a single
cast of a die and denote by X1 and X2 the dichotomous variables that indicate
whether the outcome is even (2, 4 or 6), and whether it exceeds 3. Both
variables have binary distributions on (Yes, No), with identical distributions
given by P(X1 = Yes) = P(X2 = Yes) = 12 . However,
P(X1 = Yes and X2 = Yes) =

1
3

,

diﬀerent from P(X1 = Yes) × P(X2 = Yes) = 14 .
A probability that involves both variables X1 and X2 is called joint, and
a probability that involves only one of them is called marginal. These terms
are motivated by the table of the (joint) probabilities in Table A.4.
In general, we have the identity

A.14 Discrete Bivariate Distributions

437

Table A.4. Joint and marginal probabilities (an example).

X2
X1

Yes

No

Margin

Yes

1
3
1
6

1
6
1
3

1
2
1
2

1
2

1
2

No
Margin

P(X1 = x1 ) =



P(X1 = x1 and X2 = x) ,

x

where the summation is over the support of X2 . From the joint distribution
(probabilities) we can derive the marginal distributions, but these are not
suﬃcient for recovering the joint distribution of a pair of variables. If we
know that X1 and X2 are independent, then their joint distribution is easily
reconstructed from the marginal distributions according to (A.8).
A.14.1 Conditional Distributions
A conditional distribution is deﬁned for a variable and a condition. A simple
example is drawn from Table A.4. The conditional distribution of X1 , given
that the outcome of casting a die exceeds 3 (X2 is equal to ‘Yes’), is deﬁned
by
P(X1 = Yes | X2 = Yes) = 23 .
This is derived by reducing our attention to the outcomes that satisfy the
condition stated behind the vertical
 bar | . The probability is derived from
the ﬁrst column of the table as 13 / 13 + 16 or, in general, as
P(X1 = x1 | X2 = x2 ) =

P(X1 = x1 and X2 = x2 )
.
P(X2 = x2 )

This may be easier to motivate by replacing the probabilities in the table
by counts. It corresponds to multiplying each entry in the table by a large
number, but it has no impact on the ratio.
The roles of the two variables in the probability P(X1 = x1 | X2 = x2 )
diﬀer substantially. In general,
P(X1 = x1 | X2 = x2 ) = P(X2 = x2 | X1 = x1 )
even though P(X1 = Yes | X2 = Yes) = P(X2 = Yes | X1 = Yes) = 23 in
Table A.4. The following example conﬁrms this rule. Let X1 be the higher
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outcome of the two casts of a die and X2 the sum of the two outcomes.
The conditional probability that X1 = 6, given that the total is X2 = 8, is
P(X1 = 6 | X2 = 8) = 25 , whereas the conditional probability that X2 = 8
2
. A
given that six has come up at least once is P(X2 = 8 | X1 = 6) = 11
conditional probability is well deﬁned only when the condition itself has a
positive probability.
The two sets of probabilities are connected by the identity
P(X1 = x1 | X2 = x2 ) =

P(X2 = x2 | X1 = x1 ) P(X1 = x1 )
P(X2 = x2 )

(A.9)

(assuming that P(X2 = x2 ) and P(X1 = x1 ) are both positive), called the
Bayes theorem. Further, the denominator in (A.9) can be expressed as

P(X2 = x2 ) =
P(X2 = x2 | X1 = x) P(X1 = x) ,
x

where the summation is over the (ﬁnite) support of X1 .
Let pkh = P(X1 = k and X2 = h), k = 1, . . . , K and h = 1, . . . , H, be
the two-way table of the joint probabilities (rows k and columns h) associated
with discrete variables X1 and X2 . Then the conditional distribution of X1
given X2 = h is derived by standardising column h of the table, that is,
dividing its entries by the column total (so that they add up to unity):
pkh
.
P(X1 = k | X2 = h) =
p1h + p2h + · · · + pKh
It is useful to introduce the notation pk+ and p+h for the marginal probabilities, as they are derived by summing up over the index that is replaced by
the summation sign ‘+’. The conditional distribution of X2 given X1 = k is
derived by interchanging the roles of the rows and columns:
pkh
P(X2 = h | X1 = k) =
.
pk+
Of course, we assume that none of the margins (row or column totals) vanish;
otherwise the row or the column concerned could be deleted.
Variables X1 and X2 are independent when none of the conditional probabilities P(X1 = k | X2 = h) depend on the condition and all are equal to
P(X1 = k). This follows immediately from the deﬁnition of independence.
When the conditional probabilities P(X1 = k | X2 = h) do not depend on h for
any h in the support of X2 , the conditional probabilities P(X2 = h | X1 = k)
do not depend on the condition either. Independence is a symmetric property,
but conditional probabilities are not symmetric.

A.15 Bivariate Continuous Distributions
Most of the deﬁnitions and theory of bivariate discrete distributions carry
directly over to bivariate continuous distributions, with the various probabil-
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ities replaced by densities. A pair of continuous random variables X1 and X2
is said to have a continuous joint distribution when the limit
P(|X1 − x1 | < δ and |X2 − x2 | < δ)
δ→0+
δ2
lim

(A.10)

exists for every x1 and x2 in the respective supports of X1 and X2 . The limit
is called their joint density and is denoted by f (x1 , x2 ). When any ambiguity
might arise, we indicate the variables as subscripts of the density function,
such as fX1 , X2 for the density of (X1 , X2 ).
Even though every (univariate) continuous distribution has a density, not
every pair of continuous distributions has a (bivariate) joint density. As an
example, suppose X1 has the standard uniform distribution and let X2 =
1 − X1 . It is easy to show that the limit in (A.10) is either equal to zero
(when x1 + x2 = 1) or diverges to +∞. Therefore the joint distribution of the
pair (X1 , X2 ) is not continuous.
Two continuous distributions are independent when they have a joint density f (x1 , x2 ) and it is equal to the product of the (marginal) densities of the
(univariate) component variables: f (x1 , x2 ) = fX1 (x1 ) fX2 (x2 ). This deﬁnition is equivalent to the natural deﬁnition of independence, requiring that
P(X1 ∈ U1 and X2 ∈ U2 ) = P(X1 ∈ U1 ) P(X2 ∈ U2 )
for any pair of intervals U1 and U2 .
The marginal densities are obtained from the joint density of a pair of
variables by integration:
% +∞
fX1 (x1 ) =
f (x1 , x) dx
−∞

and similarly for X2 .
The conditional density of X1 , given a value of X2 , is deﬁned as
fX1 (x1 | X2 = x2 ) =

f (x1 , x2 )
,
fX2 (x2 )

so long as the denominator is positive. In parallel with conditional probabilities, in general, fX1 (x1 | X2 = x2 ) = fX2 (x2 | X1 = x1 ). The two sets of
conditional distributions are connected by the Bayes theorem for conditional
densities,
fX2 (x2 | X1 = x1 ) fX1 (x1 )
,
fX1 (x1 | X2 = x2 ) =
fX2 (x2 )
#
and fX2 (x2 ) = fX2 (x2 | X1 = x) fX1 (x) dx; compare with (A.9).
Two continuous random variables are independent when the conditional
distribution of one, given a value of the other, does not depend on the value,
that is, when fX1 (x1 | X2 = x2 ) = fX1 (x1 ) for all x1 and x2 in the respective
supports of X1 and X2 .
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A bivariate distribution is deﬁned for any two random variables, and these
may be of diﬀerent types, such as one continuous and one discrete. A practical
way of deﬁning their joint distribution is by the set of (continuous) conditional
distributions fX1 (x1 | X2 = x2 ) given category x2 of the discrete variable X2 .
The marginal density of X1 is

fX1 (x1 | X2 = x) P(X2 = x) ,
fX1 (x1 ) =
x

where the summation is over the (discrete) support of X2 . The distribution
of X1 is called a discrete mixture (of the conditional distributions given the
categories of X2 ). When X2 is supported by a ﬁnite set of values, the mixture
is said to be ﬁnite. A natural mechanism (process) for generating a draw from
such a distribution is by drawing ﬁrst a value of X2 , which determines the
distribution from which X1 is to be drawn next. A ﬁnite mixture of variables
can be expressed as
X = I1 X1 + I2 X2 + · · · + IK XK ,
where Ik is the indicator of category k: Ik = 1 if category k is realised and
variable Xk used, so that X = Xk , and Ik = 0 otherwise. It is assumed
that I1 , . . . , IK are independent of all the constituent variables X1 , . . . , XK .
However, they are correlated among themselves, as I1 + · · · + IK = 1.

A.16 Operating with Bivariate Distributions
The expectations, medians, quantiles, variances, and the like, are deﬁned for
bivariate distributions componentwise, that is, separately for each variable
(component), so they entail no new deﬁnitions. An important quantity that
describes the association of two variables X1 and X2 is the covariance, denoted by cov(X1 , X2 ). It is deﬁned as
cov(X1 , X2 ) = E [{X1 − E(X1 )} {X2 − E(X2 )}]
so long as all three expectations (including those of X1 and X2 ) are well
deﬁned. Simple operations yield the identity
cov (X1 , X2 ) = E (X1 X2 ) − E(X1 ) E(X2 ) ,

(A.11)

if the expectations are well deﬁned. Variance is a special case of covariance—it
is the covariance of a variable with itself: var(X) = cov(X, X).
It is expedient to use a single symbol for the pair of variables; X =
(X1 , X2 ) , so that X is a 2 × 1 column vector. A clash with the notation
introduced in the context of sample surveys in Section A.3 is unavoidable.
Later we will use boldface symbols for vectors of arbitrary (unspeciﬁed) ﬁnite
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length. We write E(X) = {E(X1 ), E(X2 )} , and deﬁne the variance matrix
var(X) as the matrix
!
"
var(X1 ) cov(X1 , X2 )
var(X) =
.
cov(X1 , X2 ) var(X2 )




For an arbitrary 2 × 1 vector a, E a X = a E(X) and var a X =
a var (X) a, so long as each element of E(X) and var(X) is well deﬁned.
The latter identity implies that var(X) is a nonnegative deﬁnite matrix, and
hence
2
(A.12)
{cov(X1 , X2 )} ≤ var(X1 ) var(X2 ) ,
with equality only when X1 and X2 are linearly dependent (and when a X
is equal to a constant for a nonzero vector a).
The correlation of two variables X1 and X2 that have well-deﬁned (ﬁnite)
positive variances is deﬁned as
cor(X1 , X2 ) = 

cov(X1 , X2 )

.
var(X1 ) var(X2 )

The inequality in (A.12) implies that −1 ≤ cor(X1 , X2 ) ≤ 1. Further,
cor(X1 , X2 ) = ±1 only when X1 and X2 are linearly dependent. In such
a case, X1 and X2 are said to be perfectly correlated; cor(X1 , X2 ) = 1 when
X1 − cX2 is constant for a positive constant c, and cor(X1 , X2 ) = −1 when
X1 − cX2 is constant for a negative constant c.
Variables X1 and X2 are said to be uncorrelated when cov(X1 , X2 ) = 0.
When X1 and X2 are independent they are also uncorrelated. To prove this,
we evaluate ﬁrst E(X1 X2 ). The distribution of the product Y = X1 X2 is in
general given by the density
1


%
y 11
X
fX1
=
x
fY (y) =
2
2 fX2 (x2 ) dx2 ,
x2 1
obtained by conditioning on X2 . Hence, discarding the condition (owing to
independence),
 
% %
y
y fX1
fX2 (x2 ) dx2 dy ,
E(X1 X2 ) =
x2
and the change of variables x1 = y/x2 yields the identity
%
%
E(X1 X2 ) =
x1 f (x1 ) dx1 x2 f (x2 ) dx2 ,
that is, E(X1 ) E(X2 ). Now, cov(X1 , X2 ) = 0, according to (A.11), and so also
cor(X1 , X2 ) = 0. The proof carries over to discrete variables, by replacing
each integral with the corresponding summation.
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Table A.5. Example of a pair of variables that are uncorrelated but dependent.
X1
X2

−2

−1

1

2

1

0

1
4

1
4

0

2

1
4

0

0

1
4

Note however, that absence of correlation does not imply independence.
The following is a simple example of two dependent uncorrelated discrete variables. Variable X1 is uniformly distributed on (−2, −1, 1, 2), that is, each value
in its support has probability 14 . Variable X2 is equal to the absolute value of
X1 , so it is uniformly distributed on (1, 2); see Table A.5. The two variables are
dependent because P(X1 = 1 and X2 = 2) = 0 whereas P(X1 = 1) = 14 and
P(X2 = 2) = 12 , yet they are uncorrelated because E(X1 X2 ) = E(X1 ) = 0.
Independence is maintained by transformations. If X1 and X2 are independent variables, then so are their transformations g1 (X1 ) and g2 (X2 ). Of
course, the transformed variables g1 (X1 ) and g2 (X2 ) may be independent
when the original variables X1 and X2 are not. Further, if X1 and X2 are
both independent of X3 , then any function of X1 and X2 is also independent
of X3 .
The covariance has the following ‘quadratic’ property. If cov(X1 , X2 ) is
well deﬁned for a pair of variables X1 and X2 , then
cov(a1 X1 + c1 , a2 X2 + c2 ) = a1 a2 cov(X1 , X2 )
for arbitrary constants a1 , a2 , c1 , and c2 . Hence
cor(a1 X1 + c1 , a2 X2 + c2 ) = sign(a1 a2 ) cor(X1 , X2 ) ,
where sign is the function equal to +1 for positive, −1 for negative arguments,
and sign(0) = 0; the absolute value of the correlation is unaﬀected by (nontrivial) linear transformations. Recall that var(aX + b) = a2 var(X), since
standard deviation is a dispersion quantity.
For any two variables with ﬁnite variances,
var(X1 + X2 ) = var(X1 ) + var(X2 ) + 2cov(X1 , X2 ) ;
the covariance is well deﬁned, so long as any two variances in this expression
are. For independent variables X1 and X2
var(X1 + X2 ) = var(X1 ) + var(X2 ) .

(A.13)

This is a key identity for working with random samples, sequences of independent and identically distributed random variables.

A.17 Random Samples

443

For expectations, we have an identity similar to (A.13), except that it
holds even when X1 and X2 are correlated;
E(X1 + X2 ) = E(X1 ) + E(X2 ) ,

(A.14)

so long as two of the expectations are well deﬁned. This result is derived
similarly to its counterpart for the product of two independent variables:
% %
E (X1 + X2 ) =
yfX1 (y − x2 | X2 = x2 ) fX2 (x2 ) dx2 dy
%

%
=

xfX1 (x) dx +

x2 fX2 (x2 ) dx2

= E(X1 ) + E(X2 ) ,
after the change of variables x = y − x2 .

A.17 Random Samples
A single observation of a process, yielding a random draw from a distribution, is rarely of much use because it conveys little information. Much more
commonly we work with a sequence of independent realisations of the studied
process and the resulting random sample from a distribution. This section
summarises the properties of random samples.
Suppose X1 , X2 , . . . , Xn is a random sample from a distribution with
ﬁnite mean µ and ﬁnite variance σ 2 . Then the mean of the sample, X̄ =
(X1 + · · · + Xn )/n has the expectation µ and variance σ 2 /n. This result,
derived from (A.14), supports the estimation of the (ﬁnite) expectation of
a distribution. It can be rephrased as follows: if the population mean µ is
ﬁnite, then the sample mean of a random sample is an unbiased estimator of
µ and, if the population variance is ﬁnite, its sampling variance converges to
zero as the sample size increases above all bounds. That is, greater sample
size is rewarded by greater precision, conﬁrming the intuition that more data
amounts to more information and yields better inference (about µ).
The sample mean is unbiased for the population mean even when the
observations are correlated.
  However, independence is essential for the result
about the variance, var X̄ = σ 2 /n. In fact, absence of any correlation among
Xj would suﬃce, but the additional generality is of little practical importance.
When any pair of observations Xj have the same positive correlation ρ, then


 
σ2
n−1
var X̄ =
ρ ,
1+
n
n
so inferences are profoundly handicapped vis-à-vis independent observations
with the same sample size.
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It might seem that the variance σ 2 would also be estimated without bias
naively, as
n
2
1 
Xj − X̄ .
σ̂†2 =
n j=1
That is not the case;
E



σ̂†2



n


2 
1 
2
=
E (Xj − µ) − E X̄ − µ
n j=1

 
n−1 2
σ ,
= σ 2 − var X̄ =
n
and so

2
1 
Xj − X̄
n − 1 j=1
n

σ̂ 2 =

is unbiased for σ 2 . The unity subtracted from the divisor for σ̂ 2 is interpreted
as a degree of freedom lost due to estimating a parameter, in this case µ.
Indeed, if µ were known, the estimator
1
(Xj − µ)2
n j=1
n

σ̂ 2 =

would be unbiased.
In many settings, the sample mean X̄ is eﬃcient, or nearly so, but that
is not always the case. For example, for a uniform distribution U(θ1 , θ2 ), the
sample mean is a very ineﬃcient estimator of the population mean 12 (θ1 + θ2 );
the average of the extremes, 12 (max xj + min xj ), is much more eﬃcient. In
contrast, the sample mean of a normally distributed random sample is eﬃcient
for the population mean, and the average of its extremes is very ineﬃcient.

A.18 Regression
Regression of one variable, Y , on another, X, is the term used for the conditional expectation of Y given a value of X, E (Y | X = x), treated as a function
of the value x. It provides a description, alternative or additional to covariance and correlation, for the association of the two variables. For example,
when X and Y are independent, E (Y | X = x) = E(Y ), and regression of Y
on X is constant. The conditional variance var (Y | X = x), as a function of
x, is called the residual variance.
The regression can be interpreted as the contribution made by X to the
information about Y . When we know the distribution of Y but we do not
observe Y , its expectation E(Y ) is a reasonable estimate (prediction) of the
value of Y that would or might be observed in the future, especially when
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the distribution of Y is symmetric. By deﬁnition, E(Y ) is unbiased for the
realisation of Y , and its variance is var(Y ). If we know the value of X that
accompanies Y , we should be able to predict the value of Y more eﬃciently
(with smaller MSE)—the additional information, in the form of the value of
X, should not be detrimental to our eﬀorts at predicting the value of Y . The
logic of this statement does not hold up all the time, certainly not when the
expectation or the variance of Y is not deﬁned, but a weaker result is obtained
from the identity
var(Y ) = EX {var(Y | X = x)} + varX {E(Y | X = x)} ,
in which the ‘outer’ expectation and variance, with the subscript X, are over
the distribution of X, that is, over all possible conditions X = x. This identity
implies that var(Y ) ≥ EX {var(Y | X = x)}, and equality occurs only when the
regression E (Y | X = x) is constant, that is, when X and Y are uncorrelated.
Therefore, by using the regression X helps us in predicting Y on average.

A.19 Multivariate Distributions
For a vector of more than two variables, some but not all of the deﬁnitions for bivariate distributions are extended straightforwardly. Let X =
(X1 , . . . , XK ) be a vector of K variables. Its expectation is deﬁned componentwise,

E(X) = {E(X1 ), . . . , E(XK )} ,
and its variance matrix is deﬁned as the matrix
ances of its components,
⎛
var(X1 )
cov(X1 , X2 )
⎜ cov(X , X )
var(X2 )
2
1
⎜
var(X) = ⎜
..
..
⎜
⎝
.
.
cov(XK , X1 )
cov(XK , X2 )

of the variances and covari...
...
..
.
...

cov(X1 , XK )
cov(X2 , XK )
..
.
var(XK )

⎞
⎟
⎟
⎟.
⎟
⎠

Commonly, the following notation is used: Σ = var(X), with diagonal elements σk2 = var(Xk ), and σkh = cov(Xk , Xh ), with the convention that
σkk = σk2 .
The correlation matrix of X is deﬁned as the matrix of the pairwise correlations cor(Xk , Xh ), with unities on the diagonal. Let σ = diag(k) (σk ) be
the diagonal matrix with the standard deviations of X on its diagonal; then
cor(X) = σ −1 Σσ −1 . The variables in X are said to be uncorrelated if they
are pairwise uncorrelated, so that the correlation and variance matrices of X
are diagonal. Recall that the correlation of two variables is not deﬁned if one
of them has zero variance or its variance is not deﬁned.
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The variables in X are said to be mutually independent if each variable Xk
is independent of any transformation g (X−k ) that involves the variables in
X except for Xk . Mutual independence is a stricter condition than pairwise
independence.
A multivariate distribution, say of a vector X, has univariate marginals,
the distributions of X1 , X2 , . . . , XK , bivariate marginals, the joint distributions of any pair of components Xk and Xh of X (k = h), and so on,
(K − 1)-variate marginals, the distributions of X−k , k = 1, . . . , K, obtained
by dropping one of the components of X.
A.19.1 Multivariate Normal Distributions
A random vector X is said to have multivariate normal distribution if any
linear combination of its components, a X, has a univariate normal distribution. This deﬁnition may appear a bit awkward, but a vector comprising
normally distributed variables as its components may not satisfy this deﬁnition, and it is desirable to exclude such (joint) distributions. The joint density
of the multivariate normal distribution is


1
1
1
f (x) = √ K det(Σ)− 2 exp − (x − µ) Σ−1 (x − µ) ,
2
2π
where µ and Σ are a vector of length K and a K × K symmetric positive
deﬁnite matrix, respectively. It turns out that E(X) = µ and var(X) = Σ;
this can be veriﬁed directly by integration. We denote a K-variate normal
distribution by NK (µ, Σ); the subscript K will be dropped whenever the
dimension K is immaterial or is obvious from the context (e.g., when the
length of µ is speciﬁed).
Any marginal distribution of N (µ, Σ) is also (multi- or univariate) normal with its mean vector and variance matrix obtained as the corresponding
subvector of µ and submatrix of Σ. The proof of this is immediate from the
deﬁnition of N (µ; Σ), since any linear combination of a subvector is also a
linear combination of the original vector. More generally, let A be a H × K
matrix of constants
of full rank
H (H ≤ K). Then X ∼ N (µ, Σ) implies


that AX ∼ N Aµ, AΣA . For a choice of A such that AA = Σ−1 ,
A(X − µ) ∼ N (0, I), where 0 is the vector of zeros (of length K) and I the
K × K identity matrix. A vector with the distribution NK (0, I) can be constructed from K independent standard normal variates, variables distributed
identically according to N (0, 1).
The class of multivariate normal distributions is complete in the sense that
a distribution can be constructed for any vector of means µ and any positive
deﬁnite matrix Σ of compatible dimensions. The class of multivariate normal
distributions can be extended by attaching to a vector X ∼ N (µ, Σ) linear
combinations of the components of X, and permuting the resulting vector. The
variance matrix of this vector is not positive deﬁnite, but it has no negative
eigenvalues—it is nonnegative deﬁnite.
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The class of multivariate log-normal distributions is formed by componentwise log-transformations of vectors with multivariate normal distributions.
Other classes of distributions, with prescribed univariate marginals can be
formed by componentwise transformations, using the standardized uniform
distribution as a pivot.
A.19.2 Regression with Normally Distributed Variables
A common task in statistics is concerned with the (joint) distribution of a
vector or variable constructed by mathematical operations. In most cases,
the solution involves expressions that are not analytic and can at best be
evaluated only approximately. Some exceptions from this ‘rule’ involve the
class of normal distributions.
Suppose (X, Y ) have bivariate normal distribution with the vector of ex2
2
and σY
and covariance σXY . We derive the
pectations (µX , µY ), variances σX
regression of Y on X. First, we require the conditional distribution of Y given
X, which we denote by (Y | X). Its density is given by the ratio f (x, y)/fX (x),
and this is equal to
(
)




2
)
1 x − µX
σX
(x
−
µ
x
−
µ
X
X

exp −
,
Σ−1
+
2
y − µY
2 y − µY
2σX
2π det (Σ)
where Σ is the variance matrix of (X, Y ). Its inverse is
 2

σY −σXY
1
Σ−1 = 2 2
.
2
2
−σXY σY
σX σY − σXY
Hence, after simplifying the argument of the exponential, we obtain


σXY
σ2
2
(Y | X = x) ∼ N µY + 2 (x − µX ), σY
− XY
.
2
σX
σX
Several aspects of this result are remarkable. First, the normal distribution
is ‘closed’ with respect to conditioning; if (X, Y ) is (bivariate) normally distributed, then (Y | X = x) is also normally distributed. Next, the regression
2
. And ﬁnally, the residual
of Y on X is linear, with slope equal to σXY /σX
variance is constant, not depending on the value of X in the condition. The
2
2
/σX
is the reduction of the variance due to knowing the value of X.
ratio σXY
The squared correlation
σ2
(A.15)
ρ2 = 2XY2 ,
σX σY
is the fraction of the variance of Y by which the variance of the prediction
of the value of Y is reduced when we know the value of X. Prediction with
smaller MSE and, when the prediction is unbiased, with smaller variance
is preferred, so variables X for which ρ2 is high are particularly valuable,
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Fig. A.8. Example of ordinary regression.

especially when their observation is easy and inexpensive. When X and Y
are strongly associated and observing X is much cheaper than observing Y ,
we may observe only X and pay a small ‘penalty’ of uncertainty due to the
positive residual variance.
The regression of Y on X can be obtained also as the linear

 transformation
a + bX that diﬀers from Y least, that is, by minimising E (Y − a − bX)2 .
This expectation is equal to
2
2
var(Y − bX) + {E(Y − a − bX)}2 = σY
− 2bσXY + b2 σX
+ (µY − a − bµX )2 ,

a quadratic function of a and b. Its minimum is attained when a = µY + bµX
2
2
and bσX
− σXY = 0. Hence b = σXY /σX
.
A geometric interpretation of regression of Y on X is that in the plot
of the values of X against Y , the points are scattered around the straight
2
; hence the
(regression) line with intercept a = µY + bµX and slope σXY /σX
2
terms regression slope for b = σXY /σX and regression line for a + bx. The
dispersion of the points around the regression line, measured vertically, is
equal to the residual variance. See Figure A.8 for an illustration.

A.20 Formulating Inferences
The starting point of a statistical analysis is to specify the target—the population quantity that we would like, in ideal circumstances, to determine. This
goal is reduced to estimation, based on the values of the key (and maybe some
other) variables on a sample of subjects. The outcome of the analysis is an
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estimate of the target. It is an established practice in statistics to indicate the
precision of the estimator that was applied, to inform how much faith can be
placed in the estimate. The MSE is commonly adopted as a measure of the
precision. It is equal to the sampling variance when the estimator is unbiased.
Usually the MSE cannot be determined and has to be estimated. Thus, the
estimation task comprises two parts:
•
•

estimation of the target θ, by evaluating an estimator θ̂;  
 θ̂; θ .
estimation of MSE(θ̂; θ), by evaluating an estimator MSE

Since eﬃcient estimation is valued, the analyst’s reward should be inversely
proportional to MSE(θ̂; θ) and the analyst has an obvious incentive to present
the estimate in as good a light as possible. One unfair means of doing this is
by estimating MSE(θ̂; θ) with a negative bias (underestimating the MSE). In
contrast, overestimating the MSE is comparable to underselling the product
of the analyst’s eﬀort—understating the quality of the analysis.
Commonly, the term estimation is used for generating a statement of the
 θ̂; θ)} for a target θ. We say that such an estimation is dishonest
form {θ̂, MSE(
if the MSE is underestimated. Note that underestimation does not mean that
 θ̂; θ) < MSE(θ̂; θ), because the realised value of MSE
 may exceed the
MSE(
MSE even when it does not do so in expectation (on average in replications).
A more appropriate, although rather cumbersome, term for underestimation
 θ̂; θ)} ≤ MSE(θ̂; θ).
might be ‘dishonest in the long run’, standing for E{MSE(
A.20.1 Conﬁdence Intervals
The ‘honestly’ estimated root-MSE indicates how far we can expect the estimate to be from the target on average, if we replicated the sampling and
estimation processes many times. An alternative formulation of the inference
is by a conﬁdence interval. The conﬁdence interval is deﬁned as an interval
(CL , CH ) delimited by sample quantities CL and CH that satisfy the inequality
(A.16)
P(CL < θ and CH > θ) ≥ α ,
where α, called the level of conﬁdence, is a prescribed (a priori set) value in
the range (0, 1). Practical choices for α are values close to unity, so that the
interval with the data-dependent (random) bounds CL and CH is very likely
to contain the target, an unknown constant. As a convention, α = 0.95 and
α = 0.99 are often used, allowing an error rate (probability of not covering the
target by the conﬁdence interval) of not more than 5% and 1%, respectively.
We may set out to obtain a conﬁdence interval with a particular level of
conﬁdence, but as a result of errors, incorrect assumptions, or approximations,
we end up with a level of conﬁdence that does not satisfy the condition in
(A.16). The probability on the left-hand side of (A.16) is called the coverage
rate. It may depend on some parameters, even on the target itself.

450

Appendix. A Refresher

In analogy with honest estimation, we say that a conﬁdence interval is
honest if condition (A.16) is satisﬁed; that is, if the coverage rate does not
fall short of the (intended) level of conﬁdence. For the conﬁdence intervals
for a speciﬁed target and level of conﬁdence, we can deﬁne a partial ordering.
Conﬁdence interval A is said to be narrower than conﬁdence interval B, if A is
a subset of B. Note that both A and B are data-dependent, so the lengths of
A and B, as random variables, may overlap even when A is narrower than B.
For a given target and conﬁdence level, there may be several alternative
conﬁdence intervals. We should discard all dishonest intervals and compare
the honest ones by their length or expected length. Shorter (narrower) conﬁdence intervals are preferred because they narrow down the range of plausible
values of the target. Suppose conﬁdence interval A has coverage rate 95%,
equal to the level of conﬁdence, and has constant length 2.7. Suppose another
conﬁdence interval, B, has coverage rate 96.5% and length constant 2.5. Conﬁdence interval B is preferred because it is shorter. The fact that it could, in
principle, be improved by reducing it so that its coverage rate would match
the level of conﬁdence is beside the point; there may be a conﬁdence interval better than B, but it is not A. The length of a conﬁdence interval is a
sample quantity, so it may be random. This makes the comparison of conﬁdence intervals more diﬃcult than this example may suggest. Comparison
of the realisations of the two conﬁdence intervals is not suﬃcient, although
it may happen that one conﬁdence interval is longer than another for every
replication (with probability equal to one).
In some settings, only conﬁdence intervals of the form (−∞, CH ) are of
interest. Such intervals, as well as intervals of the form (CL , +∞) are called
one-sided . We can adopt any function of the pair (CL , CH ) as the criterion
for what we regard an optimal conﬁdence interval among the intervals with
the prescribed level of conﬁdence. However, only three criteria are of any
practical relevance: minimum width of the interval, preferring intervals that
are symmetric around the estimate (CL = θ̂ − ξ and CC = θ̂ + ξ for a suitably
deﬁned sample quantity ξ), and using only one-sided intervals (either CL =
−∞ and preferring small CH or CH = +∞ and preferring large CL ). And
ﬁnally, instead of conﬁdence intervals, we may consider conﬁdence regions,
which may be any subsets of real numbers. We need to do this very rarely,
most often to consider a pair of intervals symmetric around
zero,
such as


(−a, −b) ∪ (a, b) for some positive numbers a < b, when a2 , b2 would be a
conﬁdence interval for the square of the parameter.
A conﬁdence interval (or region) is interpreted as a range of plausible values of a parameter. Naturally, it is often corrupted to the range of possible
values. We should bear in mind that the conﬁdence limits are sample quantities and a ‘surprise’, in the form of θ ∈
/ (CL , CH ), has a positive probability.
When several conﬁdence intervals are considered, the probability of such a
surprise in connection with at least one of the intervals may be much greater
than the error rate associated with a single interval.
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Problems and Exercises
A.1. Formulate for your country the current deﬁnitions of
(a) the citizen;
(b) the resident.
Consult the appropriate sources for the legal deﬁnitions. Discuss elements or
clauses in these deﬁnitions that might be ambiguous or contentious.
A.2. Describe the population of all applications to study at a university in
your country in a recent year. Relate it to the population of all applicants
in the year, to all functioning universities and their departments, and to the
population of all eligible persons. Deﬁne some variables and structures (divisions into clusters) for these populations. Describe the variables by type and
specify their supports.
A.3. On the web site of a national statistical institute, such as the Ofﬁce for National Statistics (ONS, www.ons.gov.uk) or the Catalan Statistical Institute (IDESCAT, www.idescat.es), ﬁnd summaries of basic sociodemographic and economic indicators for a recent year and determine which
of them were established by enumeration and which by a survey. Identify
some consumers of such information and how they would draw beneﬁt from
them. For any sample quantity you come across, identify its target and look
for any information about its precision. Are these sample quantities estimates
or estimators? What about their precision?
A.4. In the training of assessors (graders) of essays in a particular academic
subject, the trainees are presented essays as typical examples that should be
marked with a particular score. The trainees are not informed about these
scores. In one such exercise, copies of an essay that is supposed to be marked
75 are distributed and the twelve trainees mark it, without conferring, as 72,
70, 83, 79, 76, 76, 75, 69, 73, 80, 70, and 75. In another scheme, the trainees
discuss an essay that is supposed to be marked 62 and collectively come to
the conclusion that it should be marked 65. In a third scheme, the trainees
are presented an essay that is supposed to be marked 95, are informed about
this score, and are asked to agree or raise objections to the score. Discuss the
merits and drawbacks of each scheme for essay marking and for assessment of
the accuracy of the marking in the case when each essay is marked only by
one person assigned at random from the pool of qualiﬁed assessors.
A.5. In a particular context, the sampling variance of an estimator is 2.6 and
its bias for a given target θ is 1.2. An alternative estimator of the same target
θ is unbiased, with the sampling variance 3.5. Which estimator of θ is more
eﬃcient? Could your choice, when applied to a dataset, be more distant from
the target than the other estimate?
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Fig. A.9. Plot of the MSEs of four estimators of θ as functions of θ. For Exercise
A.9.

A.6. In a population of households in a region, the percentage of those with
per capita income below a certain level is of interest. A simple random sample
of households is selected and their size (number of members of the household)
and income in the last year, rounded to hundreds of $US, are established.
Deﬁne the naive estimator of the sought percentage. Consider how diﬀerent
it would be if the income were established with greater or smaller precision.
A.7. Derive the identity in (A.1)
(a) from the deﬁnitions of expectation and variance;
(b) from the deﬁnition of replications.
Suppose the square root of the MSE (root-MSE) is equal to the bias. What
can be said about the sampling variance?
A.8. Calculate the mean and variance of the variable deﬁned on a population
of 22 members by their values:
3, 7, 11, 11, 13, 4, 7, 8, 11, 12, 2, 7, 9, 15, 18, 6, 6, 9, 12, 12, 10, 15 .
Find the interquantile range of this variable. Present these values in a way
that is more informative about the distribution of the variable.
A.9. Figure A.9 is a plot of the MSEs of four estimators of the same target θ
as functions of the parameter θ in the interval (0, 1). Is any of the estimators
uniformly more eﬃcient than one of the others? Describe the strengths and
weaknesses of the
 four
 estimators. Suppose we can reduce our attention to θ
in the interval 0, 12 . Would your answer be diﬀerent?
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A.10. Which of the following summaries of a variable X are location quantities?
median; maxi Xi ; the standard deviation of X; the value for member
1, X1 ; the interquantile range; sum of squares of the values of X; the
number of positive values of X; the distribution of X.
Which are dispersion quantities?
A.11. What is the mode of a distribution with support on the digits 0, 1, . . . ,
9, if the value 0 is attained for more than 60% of the population? Is there a
distribution with the same support that has mode at 5 and the frequency of
this value is 15%? Give an example of a symmetric trimodal distribution with
this support.
A.12. Construct a without-replacement sampling design that is diﬀerent from
the simple random sampling design and in which every member has the same
probability of being included in the sample. On a population of small size,
say, N = 4, construct a sampling design in which each pair has the same
probability of being included in the sample but each member has a diﬀerent
probability.
A.13. Summarise the advantages of designs with stratiﬁcation and clustering
in a national survey of individuals or households. Find in the literature or on
the Web an example of a national survey with a stratiﬁed clustered sampling
design and discuss its details and what information about the design is not
given.
A.14. A market research company engages interviewers who are assigned to
be at particular locations in the centres of some cities and large shopping
areas of the UK or United States at selected times of the day (lunchtime, the
afternoon rush hour, Saturday morning, and the like). They collect responses
to a questionnaire about a car brand from a given number (quota) of adult
English-speaking passersby. Comment on the diﬃculties in making population
inferences based on the collected data.
A.15. Construct a small population with the values of one variable and design
a sampling scheme for this population. Replicate the sampling design in this
population and record the values of an estimator based on the sample drawn.
Compare the replicate values of the estimator with the target and estimate
the bias and MSE of the estimator.
This exercise can be conducted on paper, with a device for random selection,
e.g., based on a table of random numbers, but it is much more eﬀective when
executed on a computer using a more extensive population.
A.16. Generate at least 100 values of the discrete manifest variable Y for a
latent variable X according to the matrix of probabilities P(Y = k, X = h)
for k = 1, 2, 3, 4 (rows) and h = 1, 2, 3, 4 (columns)
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⎛
⎜
⎜
⎜
⎜
⎝

1
10
1
20
1
100
1
50

1
25
1
5
1
10
1
50

1
100
1
20
1
5
1
25

0
1
100
1
20
1
10

⎞
⎟
⎟
⎟.
⎟
⎠

Find the marginal distributions of X and Y from this matrix and estimate
the latter from the generated values of Y .
For each value k = 1, 2, 3, and 4 of X, ﬁnd the bias, measurement variance,
and MSE of the misclassiﬁcation process given by this matrix. How can it be
veriﬁed using computer-generated values of X and Y ?
A.17. Relate what is commonly understood by the term ‘impartial jury’ in
the criminal justice system, ‘impartial assessment’ in educational testing, and
‘impartial referee’ in a sport event to the deﬁnition of impartiality in Section
A.6. How is impartiality related to the frequency of incorrect decisions in these
examples?
A.18. Replicate the example in Figure A.5 and Table A.3 in your own computational environment with probabilities and numbers of replications of your
choice.
A.19. Revise the rules for integration of continuous functions on ﬁnite intervals and how integration and diﬀerentiation are associated. When can the
order of integration and diﬀerentiation be exchanged, that is,
% 1
% 1
∂f (u, x)
∂
du ?
f (u, x) du =
∂x 0
∂x
0
Under what conditions do we have the identity
% x
∂
f (u) du = f (x)
∂x 0
for a continuous function f ?
A.20. Find the distribution function F (x) = P(X < x) of a continuous variable with support on (−1, 1) and density f (x) = C(x + 1)(x + 2) for a suitable
constant C. Sketch the density and describe the properties of this distribution.
What is the probability of a positive value of X?
A.21. For a random sample from the uniform distribution on (θ1 , θ2 ), consider
the following estimators of the population mean:
(a) the
(b) the
(c) the
(d) the

sample mean;
sample median;
average of the ﬁrst and third sample quartiles;
average of the maximum and minimum of the sample.
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Compare these estimators by simulation. That is, set a sample size n (say,
n = 150) and the limits θ1 < θ2 , and replicate many (say, K = 1000) times
the following steps:
(A) draw a random sample of size n from U (θ1 , θ2 );
(B) evaluate the estimators a,–d, on this sample.
Finally, calculate the empirical biases, variances, and MSEs of these estimators. Explain why the study can focus on the standard uniform distribution,
setting θ1 = 0 and θ2 = 1, so that the target is 12 .
If you have diﬃculties with this question, repeat the study for several settings
of θ1 and θ2 and compare the results. As an alternative, you could conduct
the separate studies within a single simulation study by linearly transforming
each sample from U(0, 1) to be a sample from U(θ1 , θ2 ).
A.22. Repeat the study in the previous exercise, with the normal distribution
in place of the uniform. Explain why this study can focus on the standard
normal distribution.
A.23. For revision. How is the integral of a function over an inﬁnite interval
deﬁned? Revise the calculus of inﬁnite sequences and sums, in particular the
principal results about their convergence.
Let pk = 1/k − 1/(k + 1) for k = 1, 2, . . . . Do these values deﬁne a distribution
on the integers? If not, do Cpk for a positive constant C?
 
A.24. Show that when the expectation of the square of a distribution, E X 2 ,
is well deﬁned, then so is the expectation E(X). Find a distribution for which
E(X) is well deﬁned, but var(X) is not.
Hint: Consider the functions f (x) = x−k on (0, 1) and (1, +∞) for k > 0.
A.25. Show that when a discrete distribution
on the integers 0, 1, . . . has
∞
an expectation, then the summation k=1 Fk , where Fk = p0 + · · · + pk ,
converges and its limit is equal to the expectation.
A.26. Generate the empirical distribution of the continuous uniform distribution on (0, 1) and the negative logarithm, − log(X), of the values. Compare
the latter with the empirical distribution of the exponential distribution with
parameter θ = 1.
A.27. Carry out a simulation study to compare estimators of your choice for
the expectation of the distribution with density f (x) = 2x for x ∈ (0, 1).
Include the trimmed mean among the estimators. The p%-trimmed mean
is deﬁned as the mean of the subsample formed by discarding 12 p% of the
smallest and 12 p% of the largest observations.
 
A.28. Derive E X k for a centred normally distributed random variable X
and integer k. Derive var{(X − µ)2 } for an arbitrary distribution N (µ, σ 2 ).
Hint: Apply integration by parts.
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A.29. Asymptotic normality. For an estimator of your choice, show empirically that its distribution approaches normality as the sample size increases.
Hint: Conduct separate simulations of the estimator for samples of sizes 10,
30, 100, 300, 1000, or similar, and draw the empirical distributions. Each
simulation should be based on the same number of replications.
 
A.30. Derive the moments E X k for X with distribution U(0, 1). Conﬁrm
that




− log E(X k ) < E − log(X k )
both analytically and by simulations. Check that
 
var X k =

k2
.
(k + 1)2 (2k + 1)

Derive an expression for E{X k − 1/(k + 1)}3 .
A.31. Check the expressions for the expectations and variances of the beta
and gamma distributions given in Section A.12. Prove the identity

 

E (X − µ)3 = E X 3 − 3µ var(X) − µ3
for any distribution with expectation µ and ﬁnite third moment E(X 3 ).
A.32. Derive the probability in (A.6) and prove the statements about the
modes of binomial distributions made in Section A.13.
Hint: Consider the ratios of P(X = k)/P(X = k + 1) for integers k and
variable X with binomial distribution.
A.33. Prove that for every ﬁxed integer k the probability P(X = k ; n, p) for
a binomial variable B(n, p) converges to the probability P(Y = k; λ) for a
Poisson-distributed variable when n and p are such that npn → λ as n → ∞.
A.34. Devise a way of drawing a random sample from a binomial distribution
using a source of independent draws from a uniform distribution.
Describe how a random sample from a discrete uniform distribution could be
generated using a source of independent draws from the standard uniform
distribution. How about a random sample from a multinomial distribution?
A.35. Show that for an exponentially distributed variable X, its conditional
distribution given that X > t is also exponential for every real constant t.
Show that no binomial distribution B(n, p) with n > 2 has this property for
any k < n. What about the geometric distributions?
A.36. Table A.6 gives the conditional probabilities P(X1 = k | X2 = h) for
h = 0, 1, . . . , 9. Marginally, X2 has the binomial distribution B(9, 0.4). Find
the marginal distribution of X1 . Construct the table of conditional probabilities P(X2 = h | X1 = k).
Note: This exercise is intended not for pencil and paper but for computer
programming.
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Table A.6. The conditional distributions of X1 given values of X2 . The entries of
the table are P(X1 = k | X2 = h), h = 0, 1, . . . , 9 and k = 0, 1, 2.
X2
X1

0

1

2

3

4

5

6

7

8

9

0

0.70

0.60

0.55

0.50

0.40

0.40

0.35

0.30

0.25

0.15

1

0.20

0.20

0.20

0.20

0.25

0.30

0.35

0.40

0.40

0.45

2

0.10

0.20

0.25

0.30

0.35

0.30

0.30

0.30

0.35

0.40

A.37. Show that independence is maintained by transformations. That is,
if X1 and X2 are independent, then so are g1 (X1 ) and g2 (X2 ) for any two
functions g1 and g2 . Show by example that the converse does not apply. That
is, ﬁnd transformations g1 and g2 and variables X1 and X2 such that X1 and
X2 are not independent, but g1 (X1 ) are g2 (X2 ) are.
Hint: Focus on discrete variables with few categories.
A.38. Explore the variety of distributions that can be generated as mixtures of
two or three univariate normal distributions. Write a programme for plotting
the densities of such distributions and execute it for a range oftrinomial proba
bilities (p1 , p2 , p3 ), expectations (µ1 , µ2 , µ3 ), and variances σ12 , σ22 , σ32 . Explain why no generality is lost by setting µ1 = 0 and σ12 = 1. Present the
conditional and the mixture densities in a suitable graph.
A.39. For a discrete mixture of a set of continuous distributions with densities
f1 , f2 , . . . , fK , derive the conditional distribution of the category given the
realised value of the mixture.
A.40. Find a class of distributions that are closed with respect to mixing.
That is, if K distributions belong to this class, then so does their ﬁnite mixture
with any multinomial distribution.
A.41. Revise the following topics: matrix calculus, including inverse and determinant; properties of (symmetric) positive and nonnegative deﬁnite matrices; and eigenvalue and other decompositions.
A.42. Show that if variable X is a mixture of variables X1 , . . . , XK , each of
them with ﬁnite variance, then
E(X) =

K


pk E (Xk ) ,

k=1

cov (X, Xk ) = pk var (Xk ) ,
var(X) =

K

k=1

&
'
2
pk var(Xk ) + {E(Xk )} − {E(X)}2 ,
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where pk is the probability of category k.
A.43. Derive the covariance and correlation of a pair of indicators Ik and Ih
in a multinomial distribution. The indicator for category k is deﬁned as Ik = 1
if component k is realised and Ik = 0 otherwise.
A.44. Derive the distributions of the sum and product of two independent
uniformly distributed variables. Check your results by simulations.
A.45. Suppose a set of identically distributed variables X1 , X2 , . . ., XK is
such that each pair of them has the same correlation ρ = cor(Xk1 , Xk2 ). Find
the highest lower bound for ρ.
Hint: Consider the variance of the sample mean.
Relate this result to the correlation of the K-nomial distribution with equal
probabilities 1/K.
A.46. Construct a symmetric matrix with unities on its diagonal and all other
entries in the range (−1, 1) that is not a correlation matrix. Interpret this
matrix as an example that its symmetry and all correlations in the range
[−1, 1] are not suﬃcient for it to be a variance matrix.
A.47. Compare the regressions E(X | Y ) and E(Y | X) for a vector (X, Y ) with
bivariate normal distribution and relate them to the correlation cor(X, Y ).
Explain why the product of the regression slopes is not equal to unity when
the two variables are not perfectly correlated.
A.48. Explore how the regression E(Y | X) for a vector (X, Y ) with bivariate
normal distribution is altered when Y is replaced by Y +ξ, where ξ ∼ N (0, σ 2 )
is independent of of both X and Y . What change is brought about by replacing
X with X + ξ?
A.49. Suppose (CL , CH ) is an honest conﬁdence interval for a population
quantity µ. Find honest conﬁdence intervals for exp(µ) and µ2 . Discuss the
advantages
and drawbacks of constructing conﬁdence intervals for σ 2 , log(σ),
√
and σ for a population variance σ 2 .
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