A
KI and KII Solutions for an Edge-Cracked
Beam

A.1 An Expression for KI
An expression of KI for an edge-cracked beam is originally given in [17] as

√
z
∂σ(z)
2 a
(1 − a)z
KI = πatfo (a){σ(0) +
][1 − G(a)]
dz}
(1 − z)2 cos−1 [
π 0
a(1 − z)
a
∂z
(A.1)
in which [93]


πa
0.752 + 2.017a + 0.369[1 − sin(πa/2)]2
2
fo (a) =
tan( )
(A.2)
cos(πa/2)
πa
2
and

G(a) = α(1 − 7a)(1 − a)5

where α ≈ 0.12/1.12 = 3/28, a and z are the crack length and distance normalized by thickness. Equation (A.1) is only convenient when the derivative
of the stress ﬁeld can readily be evaluated. Computer programs written in
C are provided in Appendix C to evaluate the derivative of Legendre and
Chebyshev polynomials. For a general stress ﬁeld we may rewrite Eq. (A.1)
as
 a
√
2
(1 − a)z
]
(1 − z)(2 + G/a − 3zG/a)cos−1 [
KI = πat( )fo (a)
π
a(1
− z)
0
⎫
⎪
⎪
(1 − a)(1 − zG/a) ⎬
+ 
&2 ⎪ σ(z)dz (A.3)
%
⎪
a 1 − (1−a)z ⎭
a(1−z)

One problem with Eq. (A.3) is that it is not well deﬁned for an edge
crack in semi-inﬁnite plane. It would be convenient to use a single solution to
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compute KI for the whole range of the thickness. Letting v = z/a, the ﬁrst
term of the integrand of Eq. (A.3) becomes

0

1

(1 − va)(2a + G − 3Gva) cos−1 (

(1 − a)v
)σ(va)dv
1 − av

and the second term becomes
 1
(1 − a)(1 − Gv)

σ(va)dv
2
0
1 − [ (1−a)v
1−av ]
Although evaluation of derivative is no longer needed, the second term
contains a singularity at v = 1 that makes an accurate numerical integration
diﬃcult. To eliminate the singularity, we rewrite it as

0


=
0

π/2

a

(1 − a)(1 − Gv)

σ(va)dv
2
1 − ( (1−a)v
1−av )

a sin u
(1 − a)2 [1 − a + (a − G) sin u]
)du
σ(
3
(1 − a + a sin u)
1 − a + a sin u

(A.4)

The ﬁnal expression now takes the following form
 1
√
2
(1 − a)v
KI = πat( )fo (a)
]σ(va)dv
(1 − va)(2a + G − 3Gva) cos−1 [
π
1 − av
0

 π/2
a sin u
(1 − a)2 [1 − a + (a − G) sin u]
+
)du (A.5)
σ(
(1 − a + a sin u)3
1 − a + a sin u
0

A.2 An Expression for KII
The expression for KII takes a similar form as that for KI , i.e.,
√
KII = πatgo (a) {[τ (0)]

 a
2
z
∂τ (z)
−1 F (a)z
+( )
)[1 − H(a)]
dz
(1 − z) cos (
π 0
1−z
a
∂z
where [123]
go (a) = (1.122 − 0.561a + 0.085a2 + 0.18a3 )/(1 − a)1/2
and
H(a) = α(1 − 2.5a)(1 − a)

(A.6)

B
Stresses Due to Point Forces

The normal stress on the central plane of the strip due to a pair of horizontal
or vertical point loads acting symmetrically at distance s on the upper edge
of a strip is given respectively by
 ∞
F
4s3
F
S(s, x) = { 2
+
[(α − 1)G(α, x) + αH(α, x)]e−α sin(αs)dα}
πt
πt (s + x2 )2
0
 ∞
Q
4s2 x
Q
T (s, x) = { 2
+
[αG(α, x) + (α + 1)H(α, x)]e−α cos(αs)dα}
πt
πt (s + x2 )2
0
(B.1)
where
G(α, x) =
α(1 − x) sinh(αx) − 2 cosh[(α(1 − x)] + αx sinh[α(1 − x)] − 2 cosh(αx)
sinh(α) + α
α(1 − x) sinh(αx) + 2 cosh[α(1 − x)] − αx sinh[α(1 − x)] − 2 cosh(αx)
+
(sinh(α) − α)
α(1 − x) cosh(αx) − sinh[α(1 − x)] + αx cosh[α(1 − x)] − sinh(αx)
sinh(α) + α
α(1 − x) cosh(αx) + sinh[α(1 − x)] − αx cosh[α(1 − x)] − sinh(αx)
+
sinh(α) − α

H(α, x) =

Replacing x by 1 − x in Eq. (B.1) leads to expressions for the normal stresses
due to point loads acting on the lower edge of the strip.
For strain computation the partial derivative with respect to s gives
 ∞
4s2 (3x2 − s2 )
∂S(s, x)
=
+
[(α − 1)G(α, x) + αH(α, x)]e−α α cos(αs)dα
∂s
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0
 ∞
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=
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[(α − 1)G(α, x) + αH(α, x)]e−α α sin(αs)dα
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∂s
0
(B.2)
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for the horizontal and vertical point loads respectively.
For a pair of horizontal point loads on the lower edge



∞

+
0

4s2 [3(1 − x)2 − s2 ]
∂S(1 − x, s)
=
∂s
[s2 + (1 − x)2 ]3
[(α − 1)G(α, 1 − x) + αH(α, 1 − x)]e−α α cos(αs)dα

(B.3)

which, at s = 0, reduces to
 ∞
∂S(1 − s, x)
=
[(α − 1)G(α, 1 − x) + αH(α, 1 − x)]e−α αdα (B.4)
∂s
|s=0
0
To simplify the computation of Eq. (B.4) we express it in terms of a Legendre
polynomial expansion
n

12
∂S(s, 1 − x)
L1 (x) +
=
bi Li (x)
∂s
π
s=0
i=2

(B.5)

For n = 15 the coeﬃcients bi are tabulated in Table B.1.
Table B.1. Coeﬃcients of Legendre series for approximation of Eq. (B.4)
i

bi

i

bi

2

-2.263850148374880e-001

9

2.430841835789998e-005

3

1.479050903091393e-001

10

-5.110357726474321e-006

4

-2.610313660458882e-002

11

1.106426725616064e-006

5

9.050406633413190e-003

12

-2.283685583449879e-007

6

-1.860168650373919e-003

13

4.738479609037172e-008

7

4.934447220567688e-004

14

-9.591872844605387e-009

8

-1.045400500176257e-004

15

1.935575313092089e-009

C
C Subroutines for the Calculation of
Polynomial Series

C.1 Chebyshev Polynomials
/* This program uses the recurrence relation to compute the value of an nth
order Chebyshev polynomial series for a given value of x.
Input variables:
x - independent variable with 0 ≤ x ≤ 1;
n - order of the series;
a[] - coeﬃcients vector.*/
double ChbySum(double x,int n,double a[])
{
double v0,v1,v2,sum;
int j;
sum = a[0];
x = 2.*x-1.;
if(n>0)
{
v0 = 1.;
v1 = x;
sum += a[1]*v1;
for(j=2; j≤n; ++j)
{
v2 = 2*x*v1-v0;
sum = sum+a[j]*v2;
v0 = v1;
v1 = v2;
}
return sum;
}
return sum;
}
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/* This program uses the recurrence relation to compute the value of an
nth order Chebyshev polynomial for a given value of x.
Input variables:
x - independent variable with 0 ≤ x ≤ 1;
n - order of the polynomial;*/
double ChbyVal(double x,int n)
{
double v0,v1,v2;
int j;
if(n>0)
{
x = 2.*x-1.;
v0 = 1.;
v1 = x;
for(j=2; j≤n; ++j)
{
v2 = 2*x*v1-v0;
v0 = v1;
v1 = v2;
}
return v1;
}
return 1.;
}
/* This program uses the recurrence relation to compute the value of the
ﬁrst derivative of an nth order Chebyshev polynomial for a given value of x,
which can be used directly in Eq. (A.1).
Input variables:
x - independent variable with 0 ≤ x ≤ 1;
n - order of the polynomial;
This routine can be eﬃciently used in the numerical integration of the LEFM
solution.*/
double ChbyDVal(double x,int n)
{
double v0,v1,v2;
int j;
x = 2.*x-1.;
if(n>0)
{
n−−;
if(n>0)

C.1 Chebyshev Polynomials

{
v0 = 1.;
v1 = 2*x;
for(j=2; j≤n; ++j)
{
v2 = 2*x*v1-v0;
v0 = v1;
v1 = v2;
}
return v1*(n+1);
}
return 1.;
}
return 0.;
}
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C.2 Legendre Polynomials
/* This program uses the recurrence relation to compute the value of an nth
order Legendre series for a given value of x.
Input variables:
x - independent variable with 0 ≤ x ≤ 1;
n - order of the series;
a[] - coeﬃcients vector.
A continuous normal residual stress distribution can be obtained by setting
a[0] and/or a[1] to zero.*/
double LegenSum(double x,int n,double a[])
{
double v0,v1,v2,sum;
int j;
sum = a[0];
x = 2.*x-1.;
if(n>0)
{
v0 = 1.;
v1 = x;
sum += a[1]*v1;
for(j=2; j≤n; ++j)
{
v2 = (2*j-1.)*x*v1-(j-1.)*v0/j;
sum = sum+a[j]*v2;
v0 = v1;
v1 = v2;
}
return sum;
}
return sum;
}
/* This program uses the recurrence relation to compute the value of an
nth order Legendre polynomial for a given value of x.
Input variables:
x - independent variable with 0 ≤ x ≤ 1;
n - order of the polynomial;*/
double LegenVal(double x,int n)
{
double v0,v1,v2;
int j;
if(n>0)
{
x = 2.*x-1.;

C.2 Legendre Polynomials
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v0 = 1.;
v1 = x;
for(j=2; j≤n; ++j)
{
v2 = (2*j-1.)*x*v1-(j-1.)*v0/j;
v0 = v1;
v1 = v2;
}
return v1;
}
return 1.;
}
/* This program returns the value of the ﬁrst derivative of an nth order
Legendre polynomial for a given value of x, which can be used directly in Eq.
(A.1).
Input variables:
x - independent variable with 0 ≤ x ≤ 1;
n - order of the polynomial;
This routine can be eﬃciently used in the numerical integration of the LEFM
solution.*/
double LegenDVal(double x,int n)
{
double v0,v1,v2,d0,d1;
int j;
x = 2.*x-1.;
if(n>0)
{
v0 = 1.;
v1 = x;
d0 = 1.;
d1 = 3.*x;
for(j=2; j≤n; ++j)
{
v2 = (2*j-1.)*x*v1-(j-1.)*v0/j;
d1 = j*v1+x*d0;
v0 = v1;
v1 = v2;
d0 = d1;
}
return d0;
}
return 0.;
}
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C.3 Jacobi Polynomials
A Jacobi polynomial series can be used to represent a continuous shear stress
which vanishes at free surfaces (x = 0 and x = 1), i.e.,
τ (x) = x(1 − x)

n


Ai Ji (x)

i=1

A residual shear stress is obtained when A1 = 0
/* This program uses the recurrence relation to compute the value of an
nth order Jacobi polynomial for a given value of x.
Input variables:
x - independent variable with 0 ≤ x ≤ 1;
n - order of the polynomial;
*/
double JacoVal(double x,int n)
{
double v0,v1,v2;
int j;
x = 2.*x-1.;
if(n>0)
{
v0 = 1.;
v1 = 2.*x;
for(j=2; j≤n; ++j)
{
v2 = ((2*j+1)*(j+1)*x*v1-j*(j+1)*v0)/(j*(2+j));
v0 = v1;
v1 = v2;
}
return v1;
}
return 1.;
}
/* This program returns the sum of an nth order Jacobi polynomial series
for a given value of x.
Input variables:
x - independent variable with 0 ≤ x ≤ 1;
n - order of the polynomial;
*/
double JacoSum(double x,int n,double A[])
{
double v0,v1,v2,sum;

C.3 Jacobi Polynomials

int j;
x = 2.*x-1.;
if(n>0)
{
v0 = 1.;
v1 = 2.*x;
for(j=2; j≤n; ++j)
{
v2 = ((2*j+1)*(j+1)*x*v1-j*(j+1)*v0)/(j*(2+j));
v0 = v1;
v1 = v2;
}
return v1;
}
return 1.;
}
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D
KI Solution for an Edge-Cracked Disk

The KI solution for an edge-cracked disk due to an arbitrary loading on
crack faces has been studied by several authors using weight functions [132,
49]. As pointed out by Schindler [118], for a deep crack subjected to selfequilibrating stresses, the polynomial approximation proposed by Petroski and
Achenbach [92] is no longer applicable because of the inconsistency between
the far-ﬁeld conditions and the near crack tip functions used in the polynomial.
To overcome this problem, a new weight function is recently proposed by
Schindler [118] which leads to an improved result for deep cracks. Here we take
an alternative approach to obtain a weight function based on an asymptotic
interpolation of the solutions for a very shallow and a very deep crack.

D.1 Analysis
Consider a disk of diameter D with an edge crack of size a normalized by the
diameter shown in Fig. D.1. For a very shallow crack the KI solution reduces
to that of for an edge crack in a semi-inﬁnite plane. For an arbitrary normal
stress σ(x) on the crack faces, the solution has been given in [17] as

 a
√
2
αx
x
∂
KI = 1.12σ πaD
−( ) cos−1 ( )(1 −
) σ(x)dx
(D.1)
∂x
π
a
a
0
in which x is the distance taken from the crack mouth, as shown in Fig. D.2,
and α a constant approximately equal to 3/28.
Following the same consideration for an edge-cracked strip [17], the solution for an arbitrary normal stress acting on the faces of a very deep crack in
a disk may be given by
 1
√
(1 − z)σ(z)dz
(D.2)
KI = πaDf0 (a)2
0

where z is the normalized distance x/D. The KI solution f 0 (a) for a uniform
normal traction on crack faces shown in Fig. D.1 is given in a very simple

178

D KI Solution for an Edge-Cracked Disk

σo

a
x
D

Fig. D.1. A disk of diameter D with an edge crack of size a subjected to a uniform
stress σo on crack faces.

P

P
a

P/xo
a

x

xo
x

D

D

(A)

(B)

Fig. D.2. A disk of diameter D = 1 with an edge crack of size a subjected to a pair
of forces P on the crack mouth (a), which is approximated by a strip load of P/xo
in (b).

form [49] as

f0 (a) = 1.12(1 − a)−3/2

(D.3)

To obtain a solution of KI for all values of a, the corresponding expression
based on an asymptotic interpolation may be written as
√
(D.4)
KI = σ πaDf0 (a)f (a)
where σ is a reference stress and

D.1 Analysis


f (a) =
0

a

∂
∂z







2
z(1 − a)
(1 − (1 − z)2 ( ) cos−1
H(z, a)
π
(1 − z)a

σ(z)
dz
σ
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(D.5)

Eq. (D.4) reduces to Eq. (D.1) or (D.2) only if the asymptotic interpolation
function H(z, a) satisﬁes
lim H(z, a) = 1 − α

d→inf

x
lim H(z, a) = 1
a a→d

(D.6)

As will be shown later, the simplest form for H(z, a) may be given by
H(z, a) = 1 − αz(1 − a)/a

(D.7)

To show that Eq. (D.7) leads to an excellent approximation of the exact KI
solution, we consider the solution for a pair of point forces acting at the edge
of the crack as shown in Fig. D.2-a. For simplicity without losing generality,
we take D = 1 in the derivation that follows. The exact solution of KI in this
case is given in [132] as
P 2.5935 + 4.4533a
KI = √
πa
(1 − a)3/2

(D.8)

Replacing the stress ﬁeld in Eq. (D.5) by a strip load P/xo shown in Fig.
D.2-b, Eq. (D.4), when combine with Eq. (D.7), becomes



√ f0 (a)
αxo
2
xo (1 − a)
[1 −
(1 − a)]
1 − (1 − xo )2 ( ) cos−1
KI = P πa
xo
π
a(1 − xo )
a
(D.9)
Taking the limit of xo approaching zero gives

2
2
P 2.6170 + 4.4202a
1.12P
π
[α + + a(2 − α − )] = √
(D.10)
KI =
π
π
πa
(1 − a)3/2 a
(1 − a)3/2
The maximum diﬀerence between Eq. (D.10) and Eq. (D.8) is only 0.9%.
Turning to Eq. (D.7), we could also express the asymptotic interpolation function in a more general form. That is, for D = 1,
H(z, a) = 1 − αz(1 − a)(1 +

n


ci ai )/a

(D.11)

i=1

where ci are coeﬃcients to be determined. To obtain the solution for the same
problem shown in Fig. 2-b, we substitute Eq. (D.11) into Eq. (D.5) and replace
the stress ﬁeld by P/xo to obtain


√ f0 (a)
xo (1 − a)
2
1 − (1 − xo )2 ( ) cos−1
KI = P πa
xo
π
a(1 − xo )

n

xo
i
[1 − α (1 − a)(1 +
ci a )]
(D.12)
a
i=1
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Taking the limit of x approaching zero leads to

n

2
2
1.12P
π
[α
+
+
a(2
−
α
−
)
+
α(1
−
a)
ci ai ]
KI =
π
π
(1 − a)3/2 a
i=1

(D.13)

A comparison of Eq. (D.13) with Eq. (D.8) indicates that all higher order
terms of ai with i > 1 in Eq. (D.11) are redundant and coeﬃcients ci must
vanish. Substituting Eqs. (D.3) and (D.7) into Eq. (D.4), the KI solution may
be expressed in a very compact form as

√
 a
1.12 πa
2
∂
KI =
(1 − (1 − z)2 ( ) cos−1
3/2
π
(1 − a)
0 ∂z


z(1 − a)
[1 − αz(1 − a)/a] σ(z)dz
(D.14)
(1 − z)a

D.2 Results
Two loading conditions are considered. The ﬁrst one is a parabolic stress
distribution given by
(D.15)
σ(z) = σ2 (1 − 2z)2
The corresponding values of KI have been obtained by Gregory [59] using an
analytical solution. The second one is a linear stress distribution given by
σ(z) = σ1 (1 − 2z)

(D.16)

The values of KI can also be obtained by using the weight functions given by
Schindler [118] or by Fett and Munz [49].
Substituting Eqs. (D.15) and (D.16) into Eq. (D.14), the values of KI /σ
are computed and tabulated in Tables D.1 and D.2 respectively. The results
obtained by Gregory and given by Schindler or Fett and Munz using weight
function are also tabulated in the two tables. It is seen that the agreement
with the analytical solution by Gregory is excellent and the agreement with
the results by Schindler or Fett and Munz is also very good.

D.2 Results
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Table D.1. Comparison of Eq. (D.14) and exact solution [59] for a parabolic stress
given by Eq. (D.15)
a/d

Eq.(D.14)

Ref.[59]

Eq. (14)/Ref. [59]

0.05

0.424592

0.425181 0.998614

0.10

0.577839

0.578924 0.998126

0.15

0.686358

0.688234 0.997274

0.20

0.776176

0.779163 0.996166

0.25

0.860120

0.864490 0.994944

0.30

0.947400

0.953339 0.993771

0.35

1.046424

1.053997 0.992815

0.40

1.166271

1.175407 0.992228

0.45

1.318009

1.328485 0.992115

0.50

1.516399

1.527838 0.992513

0.55

1.782608

1.794490 0.993379

0.60

2.149051

2.160730 0.994595

0.65

2.668774

2.679536 0.995983

0.70

3.435373

3.444533 0.997341

0.75

4.629964

4.637054 0.998471

0.80

6.648814

6.653977 0.999224

0.85

10.52746

10.53239 0.999532

0.90

19.88281

19.89363 0.999456

0.95

57.74163

57.78478 0.999253
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Table D.2. Comparison of Eq. (D.14) with solutions [49] and [118] for a linear
stress given by Eq. (D.16)
a/d

Eq.(D.14)

Ref. [118]

Ref.[49]

0.05

0.450909

0.45065

0.45078

0.10

0.650149

0.65084

0.65065

0.15

0.815304

0.81710

0.81646

0.20

0.968727

0.97218

0.97086

0.25

1.120928

1.12682

1.12443

0.30

1.279455

1.28879

1.28478

0.35

1.451465

1.46547

1.45905

0.40

1.645100

1.66523

1.65540

0.45

1.870766

1.89873

1.88417

0.50

2.142858

2.18062

2.15970

0.55

2.482530

2.53239

2.50303

0.60

2.922670

2.98730

2.94682

0.65

3.517533

3.60014

3.54488

0.70

4.363147

4.46769

4.39225

0.75

5.645298

5.77700

5.67239

0.80

7.769517

7.93599

7.78448

0.85

11.79163

12.0058

11.7643

0.90

21.38246

21.6732

21.1986

0.95

59.78601

60.2655

58.6965

E
Stress Variation With the Location of the
Virtual Forces on a Disk

Consider a pair of opposite forces F acting along a vertical chord AB of a disk
shown in Fig. E.1. Assuming that each of the forces produces a simple radial
stress distribution[124], the normal stress σy at location C along a horizontal
line M N passing the center of the disk O is given by

F
A

R
s
E

M
x

s
B

N
O

C(x,0)
y

F

Fig. E.1. A disk of diameter D = 2R subjected to a pair of forces F along chord
AB of length 2s.

σy (x, 0) =

4F
(1 − cos2 β) cos2 β
πs

(E.1)

where s is the distance from F to M N and β is the angle between chord AB
and the radius from F to location C. In rectangular coordinates with origin
located at N , cos2 β in Eq. (E.1) is given as
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cos2 β =

R2

+ (R −

s)2

s2
√
+ 2(R − x) R2 − s2

(E.2)

where R is the radius of the disk and x is the distance from C to N . It is
shown in [124] that Eq. (E.1) produces a uniform tension around the disk.
For a stress-free boundary we need to superpose a uniform tension around the
disk with an opposite sign, which is given by
σ=

2F
sin(θ + θ1 )
πD

(E.3)

where θ and θ1 are angles between chord AB and the distance from A or B
to a location on the rim of the disk. Noticing θ + θ1 is constant, we can write
the corresponding normal stress on plane M N as
σy (x, 0) =

4F M E AE
4F
4F s
sin θ cos θ =
=
πD
πD AM 2
πD 2R

(E.4)

where θ is the angle between AB and AM or BM . Carrying out the partial
diﬀerentiations with respect to F and s, and setting s to zero leads to1 .
∂ 2 σy (x, 0)
∂ 2 σy (x, 0)
4P
∂ 2 σy (x, 0)
=
+
=0+
∂F ∂s |s=0
∂F ∂s |s=0
∂F ∂s |s=0
πD2

1

The result of Eq. (E.5) was ﬁrst obtained during the work of [39]

(E.5)

F
Nonuniform Strain Measured Over a Finite
Length of an Electric Resistance Strain Gage

Electric resistance strain gages have been used in many applications because
of their accuracy and convenience. However, in situations where the length
of a strain gage is large compared with the size of a region with a rapidly
varying strain gradient, a question arises whether the relation based on a
uniform strain ﬁeld is still valid. In this note we will show that the relation is
still valid provided that the average strain over the length of the gage is used.
When a uniaxial load is applied to a conductor of length Lo and crosssection area Ao = wo to , the change of the resistance may be related to the
strain  , Poisson’s ratio ν and speciﬁc resistance p by [41]
dp
dR
(F.1)
= (1 + 2ν) +
Ro
p
assuming  is small and uniform.
In what follows we will demonstrate that, if the strain varies along the
length, Eq. (F.1) is still valid provided that  is replaced by the average strain
m . Since the speciﬁc resistance is much less inﬂuenced by the dimensional
change of the strain gage, we replace p by pm , which is uniform along the
length and only dependent on m .
The expression for resistance is now given by
 L0 +∆L
L0
ds
+ dp
(F.2)
R = pm
A(s)
A
0
0
in which s is the distance in the longitudinal direction. Assuming a rectangular
cross section of width w and thickness t, the area A is given by
A = w × t = A0 (1 +

dw
dt
)(1 + ) = A0 [1 − 2ν(s) + ν 2 2 (s)]
w0
t0

The change of resistance is thus given by
 L0 +∆L
R − R0
dp
(ds/L0 )
−1+
=
2
2
R0
1 − 2ν(s) + ν  (s)
pm
0

(F.3)
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=
0

1+

m

dp
ds
−1+
1 − 2ν(s ) + ν 2 2 (s )
pm

(F.4)

in which s = s/Lo . To check Eq. (F.4), we let  be a constant, i.e.,


1+

0

1+
ds
−1=
−1
1 − 2ν + ν 2 2
1 − 2ν + ν 2 2
 + 2ν − ν 2 2
≈ (1 + 2ν)
=
1 − 2ν + ν 2 2

(F.5)

which, when substituted into Eq. (F.4), leads to an expression identical to Eq.
(F.1).
Consider an nth order nonuniform strain ﬁeld which may take a form as
n (s ) = m (n + 1)(s )n

(F.6)

where m is the average strain of n (s ). Using Eq. (F.6), the ﬁrst term in Eq.
(F.4) becomes

0

1+

m

1 − 2νm (1 +

ds
−1
+ ν 2 2m (1 + n)2 (s )2n

n)(s )n

(F.7)

As a comparison we tabulate the values of the ratio of Eq. (F.7) to the ﬁrst
term of Eq. (F.1) in Table F.1 for various values of ν, m and n. It is seen
that the diﬀerence varies slightly with diﬀerent values of n and ν, and it is
nearly proportional to m . It should be pointed out that if any uniform strain
is included in Eq. (F.6) the combined diﬀerences will be smaller than those
tabulated in Table F.1. Thus, we may conclude that for elastic deformation
Eq. (F.1) is suﬃciently accurate to obtain the average strain over a region
of nonuniform strain. In other words, the strain measured by an electricalresistance strain gage represents closely the average strain over the length of
the gage.
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Table F.1. Ratio of Eq. (F.7) to Eq. (F.1) for diﬀerent values of m and ν for n = 1
to n = 3
n=1

m = 0.1 m = 0.01 m = 0.001 m = 0.0001

ν =0.25 1.09347 1.00843

1.00083

1.00008

ν =0.30 1.11081 1.00987

1.00098

1.00010

ν =0.35 1.12084 1.01127

1.00111

1.00011

n=2

m = 0.1 m = 0.01 m = 0.001 m = 0.0001

ν = 0.25 1.15005 1.01248

1.00123

1.00012

ν = 0.30 1.17872 1.01458

1.00143

1.00014

ν = 0.35 1.20761 1.01661

1.00163

1.00016

n=3

m = 0.1 m = 0.01 m = 0.001 m = 0.0001

ν = 0.25 1.21831 1.01663

1.00161

1.00016

ν = 0.30 1.26245 1.01941

1.00189

1.00019

ν = 0.35 1.30780 1.02209

1.00215

1.00021

G
C++ Programs for the Calculation of Eq.
(10.24)

Following the derivation of Eq. (A.5) we have




a

f (x, a)

=

+
0

0
π/2

1

0

(1 − va)(2a + G − 3Gva) cos−1 [

S(∆s, 1 − x)
dx
∆s

(1 − a)v S(∆s, 1 − va)
]
dv
1 − av
∆s

(1 − a)2 [1 − a + (a − G) sin u] S(∆s, (1 − a)/(1 − a + a sin u))
du(G.1)
(1 − a + a sin u)3
∆s

The numerical integration of Eq. (G.1) is encapsulated in a C++ class, PointF.
A sample C++ program is provided to show the usage of PointF. The program
has been tested using the Microsoftr Visual studio.net C++ 2005.

G.1 PointF Class Header – Listing of PointF.h
#define GSQN 30 // number of Gaussian quadrature points
class PointF
{
public:
PointF(void);
∼PointF(void);
// Gaussian-Lagrrier quadrature routine
double infintg(double (PointF::*grand)(double));
// integrand for Gaussian-Lagrrier quadrature
double integrandS(double x);
// Set gage length gl and offset dy for computing ave. strain
void SetGPos(double x,double y) {gl=x; dy = y;};
void SetNVal(int i);
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// Compute stress due to F
double FunS(double y);
///////////////////////////////////////////////////////////
// A modified Gaussian quadrature
double intek(double a, double b,double (PointF::*grand)(double));
double Fun1(double v);
double Fun2(double u);
double FunF(double a);
private:
int n; // number of Gaussian-Lagrrier quadrature points
static double ab[GSQN];
static double wb[GSQN];
static double add[GSQN];
static double wkb[GSQN];
double (PointF::*f)(double x);
double ao; // current normalized depth of cut
double Ga; // current value of G(a)
double yo; // normalized distance on cut plane for stress due to F
double so; // distance from the position of F to the plane of cut
double gl; // Gage length
double dy; // Offset of gage center
};

G.2 Code for Class Deﬁnition – Listing of PointF.cpp
#include ‘‘pointf.h"
#define USE MATH DEFINES
#include <math.h>
PointF::PointF(void)
:n(21), // accurate to at least 1.0e-9 for n = 21
ao(0), Ga(0) { }
PointF::∼PointF(void) { }
///////////////////////////////////////////////////////////
double PointF::ab[GSQN] =
{0.234526109519618537, 0.576884629301886424, 1.07244875381781771,
1.72240877644464545, 2.52833670642579507, 3.49221327302199439,
4.61645676974973095, 5.90395850417717807, 7.35812673158943653,
8.98294092506170375, 10.7830186325538887, 12.7636979795992374,
14.9311397434474381, 17.2924543449313719, 19.8558608677867421,
22.6308889326376814, 25.6286360941471892, 28.8621018735170335,
32.3466291442543635, 36.1004948095275791, 40.1457197693999658,
44.5092079943361867, 49.2243949878495185, 54.3337213335559171,
59.8925091630914400, 65.9753772877550561, 72.6876280911816123,
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80.1874469777939813, 88.735340417914390, 98.8295428682851138};
double PointF::wb[GSQN] =
{0.21044310793881323, 0.23521322966984802, 0.19590333597288113,
0.12998378628607033, 0.070578623865717035, 0.031760912509175152,
0.011918214834847041, 0.0037388162946272654, 9.8080331147953040e-4,
2.1486491849068858e-4, 3.9203419695654058e-5, 5.9345416585029408e-6,
7.4164047196725324e-7, 7.6045677945004026e-8, 6.3506043286326967e-9,
4.2813811668291118e-10, 2.3058991426852954e-11, 9.7993789867899799e-13,
3.2378020233599416e-14, 8.1718229928234848e-16, 1.5421338096502519e-17,
2.1197923331866732e-19, 2.0544296755444497e-21, 1.34698259129703856e-23,
5.6612941065144460e-26, 1.4185605452783491e-28, 1.9133754915490041e-31,
1.1922487604782053e-34, 2.6715112191015198e-38, 1.3386169421024840e-42};
/* A Gaussian-Laguerre quadrature based on 32 nodes. Only the first
n nodes and corresponding weights are used in the program. User
can change the number of nodes used in the program by specifying
the value of computation n. */
double PointF::infintg(double (PointF::*grand)(double))
{
int i;
double vk,*pa,*pw;
pa = ab;
pw = wb;
vk = (this-->*grand)(0.044489365833267)*0.109218341952385;
for(i=1;i<=n;++i)
vk += (this-->*grand)(*pa++)**pw++;
return vk;
}
void PointF::SetNVal(int i)
{
if(i>30)
n = 30;
else
n = i;
}
double PointF::FunS(double y)
{
double t,x,S1,S2;
yo = y;
x = 1.0-yo;
so = gl/2.0+dy; // distance from centerline
t = so*so+x*x;
f = &PointF::integrandS;
S1 = infintg(f)/so+4.0*so*so/(t*t);
so = gl/2.0-dy; // distance from centerline
t = so*so+x*x;
f = &PointF::integrandS;
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S2 = infintg(f)/so+4.0*so*so/(t*t);
return S1+S2;

}
// The integrand for stress due to horizontal point forces on lower edge
double PointF::integrandS(double x)
{
double sh,chy,shy,xy,xy1,shy1,chy1,t1,t2,t3,t4;
xy = x*(1.0-yo);
sh = sinh(x);
chy = cosh(xy);
shy = sinh(xy);
xy1 = x*yo;
shy1 = sinh(xy1);
chy1 = cosh(xy1);
// G(a,1-x)
t1 = (xy1*shy-2*chy1+xy*shy1-2*chy)/(sh+x);
t2 = (xy1*shy+2*chy1-xy*shy1-2*chy)/(sh-x);
t1 = (x-1)*(t1+t2);
// H(a,1-x)
t3 = (xy1*chy-shy1+xy*chy1-shy)/(sh+x);
t4 = (xy1*chy+shy1-xy*chy1-shy)/(sh-x);
t3 = x*(t3+t4);
return (t1+t3)*sin(so*x);
}
///////////////////////////////////////////////////////////
double PointF::add[GSQN] =
{3.8220118431826414e-4, 2.0127000924398829e-3, 4.9416273837414745e-3,
9.1619943579814602e-3, 1.4662870583408546e-2, 2.1429924043507954e-2,
2.9445506659319426e-2, 3.8688709308522369e-2, 4.9135418762999415e-2,
6.0758381392559484e-2, 7.3527274576168277e-2, 8.7408785945670025e-2,
1.0236670035882018e-1, 1.1836199441384390e-1, 1.3535293827526745e-1,
1.5329520455275442e-1, 1.7214198395246456e-1, 1.9184410740103914e-1,
2.1235017432458469e-1, 2.3360668674853737e-1, 2.5555818886887394e-1,
2.7814741173073420e-1, 3.0131542263712170e-1, 3.2500177889796658e-1,
3.4914468551848464e-1, 3.7368115641547325e-1, 3.9854717874097075e-1,
4.2367787988459235e-1, 4.4900769671886297e-1, 4.7447054664601283e-1};
double PointF::wkb[GSQN] =
{9.8072668083514134e-4, 2.2804620030062086e-3,3.5761774958745448e-3,
4.8627309151780669e-3, 6.1366317539060523e-3, 7.3945329424689573e-3,
8.6331464938068718e-3, 9.8492388730505907e-3, 1.1039636574159522e-2,
1.2201233593772101e-2, 1.3330999262075445e-2, 1.4425986044091701e-2,
1.5483337184198697e-2, 1.6500294137953705e-2, 1.7474203758266676e-2,
1.8402525211577409e-2, 1.9282836603504086e-2, 2.0112841295499124e-2,
2.0890373895444246e-2, 2.1613405906248049e-2, 2.2280051017541744e-2,
2.2888570026572980e-2, 2.3437375375404533e-2, 2.3925035292547804e-2,
2.4350277528205763e-2, 2.4711992673367795e-2, 2.5009237054089127e-2,
2.5241235193398702e-2, 2.5407381834409172e-2, 2.5507243519348632e-2};
/* A Legendre-Gaussian quadrature using 41 nodes which is exact for
a polynomial of up to order 59 */

G.2 Code for Class Deﬁnition – Listing of PointF.cpp
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double PointF::intek(double ak,double bk,double(PointF::*grand)(double))
{
int i;
double sk,vk,ad,*pa,*pw;
sk = bk - ak;
vk = 0.025540559720393109*(this-->*grand)(ak+.5*sk);
pa = add;
pw = wkb;
for(i=1;i<=GSQN;++i)
{
ad = sk**pa++;
vk += ((this-->*grand)(ak+ad)+(this-->*grand)(bk-ad))**pw++;
}
return vk*sk;
}
// Integrand for the first part of the integral defined in [0,1]
double PointF::Fun1(double v)
{
double t1,t2;
t1 = v*(1.0-ao)/(1-ao*v);
t2 = (1.0-ao*v)*(2.0*ao+Ga-3.0*Ga*v*ao);
return t2*acos(t1)*FunS(ao*v);
}
// Integrand for the second part of the integral defined in [0,π/2]
double PointF::Fun2(double u)
{
double su,t1,t2,t3;
su = sin(u);
t1 = 1.0-ao;
t2 = t1+ao*su;
t3 = t1*t1*(t1+(ao-Ga)*su)/(t2*t2*t2);
return t3*FunS(ao*su/t2);
}
// Compute the integral for a given value of a
double PointF::FunF(double a)
{
ao = a; // store the value of normalized crack size
Ga = 3.0*(1.0-7.0*ao)*pow(1.0-ao,5.0)/28.0;
double f1,f2;
f = &PointF::Fun1;
f1 = intek(0.0,1.0,f);
f = &PointF::Fun2;
f2 = intek(0.0,M PI 2,f);
return (f1+f2)/M PI 2;
}
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G.3 Sample Code for Usage of Class PointF
#include ‘‘stdafx.h"
#include <iostream>
#include <fstream>
#include <string>
#include <iomanip>
#include ‘‘PointF.h"
int tmain(int argc, TCHAR* argv[])
{
using namespace std;
string str;
size t i,m;
double x,x1,x2,y;
double gl,dy;
double thk;
// Create the class
PointF Kf;
cout << ‘‘Output file name: ";
cin >> str;
ofstream ofile(str.c str());
if(!ofile)
{
cerr << ‘‘Can’t open input file ‘‘" << str << "" " << endl;
exit(EXIT FAILURE);
}
cout << ‘‘Number of data to be computed = ";
cin >> m;
cout << ‘‘Starting and ending points on plane of cut = ";
cin >> x1 >> x2;
cout << ‘‘Thickness = ";
cin >> thk;
cout << ‘‘Gage length = ";
cin >> gl;
cout << ‘‘Gage position offset = ";
cin >> dy;
if(dy>=gl/2)
{
cout << ‘‘Error: Strain gage is off the centerline." << endl;
exit(EXIT FAILURE);
}
// Compute the values of ff (a,s)
Kf.SetGPos(gl/thk,dy/thk);
for(i=0;i<=m;i++)
{
x = (x1+(x2-x1)*i/m)/thk;
y = Kf.FunF(x);

G.3 Sample Code for Usage of Class PointF
ofile << std::fixed << x << ‘\t’ << std::scientific
<< std::setprecision(10) << y << endl;
}
cout << ‘‘Completed." << endl;
return 0;
}
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2. C. C. Aydiner, E.Üstündag, M. B. Prime, and A. Peker. Modeling and measurement of residual stresses in bulk metallic glass plate. Journal of Non-Crystalline
Solids, 316:82–95, 2003.
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Index

E, see elastic modulus
E  for plane stress or plane strain, 34
J-integral, 54
Jn (x), Jacobi polynomials of nth order,
13
KI for an edge-cracked disk, 180
KI (a), Mode I stress intensity factor
for a general normal stress, 34
KIf (a), Mode I stress intensity factor
for a horizontal line force F , 34
KIq (a), Mode I stress intensity factor
for a vertical line force Q, 34
KII (a), Mode II stress intensity factor
for a general shear stress, 40
h
KII
(a), Mode II stress intensity factor
for a horizontal line force Qh , 40
v
(a), Mode II stress intensity factor
KII
for a vertical line force Qv , 40
Li (x), Legendre polynomial of ith order,
12
Ti Chebyshev polynomial of ith order,
76
U strain energy, 34
∆p , error bound on the peak variation,
111
∆n+1 ,overall deviation, 107
δi , main deviation, 106
 normal strain, 24
m , average strain, 185
η, combined error bound, 112
ηe , error bound based on oscillation of
the estimated stresses, 112

ηl , error that resembles a strain variation produced by an unbalanced
load, 113, 114
ν, see Poisson’s ratio
σ normal stress, 11, 20, 39
τ shear stress, 12, 20, 40
ζ, exponent of weight, 81
a, for
depth of crack, 33
depth of cut, 9
thickness of a slice, 124
cond([C]), condition of compliance
matrix, 77
w(ak /t), the weight applied to the kth ,
depth, 81
[C], compliance matrix, 74
alignment of cutting path, 104
amplitude factor, 39, 73
annular element, 45
approximation
initial strain, 137
power series, 72
used for unknown stress, 69
array of gages, 31
asymmetric geometry, 59
average strain, 98, 160
average strain due to
linear stress, 26
quadratic stress, 26
uniform stress, 26
averaged estimates, 107
axial crack, 33
axisymmetric axial residual stress, 45
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axisymmetric residual stresses, 117
beam subjected to bending, 103
BFM, see body force method
body force method, 19
boring-out method, 5
Bueckner’s principle, 9
cardiac devices, 146
Castigliano’s theorem, 33, 40, 42
change of strain energy, 156
Chebyshev polynomial, 58, 169
Chebyshev polynomial, 4th order, 93
Chebyshev series, 79
choice of slice thickness, 129
clamping force, 18
closing of crack mouth, 164
combined error, 114
comparison
a slot and a crack, 25
avergae strain due to normal and
shear stresses, 61
compliances of a slot and a crack, 63
condition numbers of compliance
matrix, 78
FEM and BFM, 30
increasing number of elements, 56
layer removal and overlapping
piecewise approximation, 98
measurement methods, 6
plate and plate with T-joint, 60
slitting and hole-drilling, 27
complete circumferential crack, 33, 45
complete Legendre series, 114
compliance function, 17, 39, 53, 73, 90
for a cylinder with a radial crack, 49
compliance functions
for 3-D bodies, 64
initial strain functions, 150
compliance matrix, 74
condition number, 75
determinants, 75
ill-conditioned, 75
matrix norms, 75
numerical stability, 78
compliance matrix, strip load, 83
compliance method, 17
component integrity, 3
compressive residual stress, 3

conceptually separated, 45
conductive materials, 18
consistent-splitting method, 8
continuity of rotation, 45
contour method, 8
convergency study for FEM, 58
crack compliance, 27, 33
crack compliance function, 39, 51
crack compliance method, 160
initial strain, 138
crack propagation, 18
cut in an oblique angle, 61
cut of ﬁnite width, 16
cut with semi-circular bottom, 62
deep crack, 56, 58
deformation due to initial strain, 143
detecting surface ﬂaw, 155
diametral cut, 132
diﬀerence
bodies with and without the cut, 139
circular bottom and ﬂat bottom, 30
crack and cut of ﬁnite width, 27
FEM and LEFM, 57
hole-drilling and slitting methods, 29
discontinuity across interface, 151
discretization, 25
disk, 51
displacement
at crack mouth, 156
on lower edge, 36
on upper edge, 34
produced by shear stress, 41
distributed error with alternating sign,
86
domain from 0 to 1, 73
dominant variation, 109
dye penetrant, 3, 153
edge-cracked beam, 33
edge-cracked circular body, 42
edge-cracked plate, 54
edge-creacked disk, 33
EDM
conventional, 18
electrode, 18
thin wire, 101
wire, 18
eﬀect of residual stress, 158
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eigenstrain method, 136
elastic limit
exceed, 9
elastic modulus, 24
element mesh around the bottom of cut,
150
element mesh for semi-circular bottom,
63
elements along the circular bottom, 63
energy release rate, Irwin’s classic
paper, 164
equilibrium equations, 14
error
unbalanced term, 78
error analysis, 70
error bound
peak variation, 111
error propagation, a unit perturbance,
85
experimental validation, two-axial-cuts
method and single-slice method,
133
expression
KI for an edge-cracked beam, 165
KII for an edge-cracked beam, 166
for axial stress, 127
for the axial stress in terms of hoop
stress, 120
measurement of KI of an edge-cracked
disk, 161
expressions
in-plane stress, 14
normal stress, 12
shear stress, 13

four-point bending, 103

face closure, 19
FE, ﬁnite element, 53
FEM, see ﬁnite element method
FEM, ﬁnite element method, 53
ﬁllet weld, 59
ﬁnal estimated residual stress, 108
ﬁnite element, 53
evenly spaced, 55
number of elements, 55
reduction ratio, 55
ﬁnite element method, 53
model geometry of a slot with a
semicircular bottom, 147
forward substitution, 84

laser clad and a plate, 65
laser cladding of stellite on steel, 98
layer-removal method, 5
least squares ﬁt, 72, 74, 125
initial strain approach, 140
least squares ﬁt, with constraint, 131
LEFM solution, 78
LEFM, linear elastic fracture mechanics,
58
Legendre polynomial, 39, 44, 56, 58, 76,
172
Legendre polynomials, 12
Legendre-Gaussian quadrature, 192
linear elastic fracture mechanics, 33

Gaussian-Laguerre quadrature, 38, 191
glass
low tensile strength, 153
graphite substrate, 151
Griﬃth’s work, 153
high compressive stress in plastic zone
in glass, 154
hole-drilling, 87
hole-drilling method, 5, 29
Hook’s law, 24
hoop strain, 47
hoop strain due to a radial crack, 49
hoop stress in plane stress and plane
strain, 127
horizontal displacement
on upper edge, 34
incompatible thermal expansion
coeﬃcients, 147
inherent ﬂaws concept, 154
inherent-strain method, 135
initial strain
analytical solutions, 151
axisymmetric problems, 141
original stress computed, 146
solution for stress in beam, 139
two independent parts, 147
initial strain approach, 7, 17
initial strain in a beam, 139
interpolation procedure, 68, 105
Jacobi polynomials, 13, 174
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linear superposition, 9
location
ideal for measurement, 39
location directly opposite the cut, 41
locations inside a valve body, 101
longitudinal strip, 46
main convergence test, 105
mean between E and E/(1 − ν 2 ), 105
measurement
axial stress, 132
on plane near the toe of a weld, 99
stress intensity factor, 153
measurement error, 72
measurement of hoop stress, 98
median crack, 154
Mesnager-Sachs procedure, 117
milling, 17
minimum accuracy achievable, 110
Mode I stress intensity factor, 205
edge-cracked disk, 177
Mode II stress intensity factor, 41
multi-pass weld, 98
multiply-connected 2-D body, 13
nonuniform width, 102
numerical integration, 189
order of approximation, 108
orthogonality, 12
over-determined linear system equation,
74
overall convergence, 107
overlapping-piecewise function, 88, 98
partial-through-thickness, 78
parts of large diameter, 129
plane strain, 24, 104
one diameter from the end, 129
plane stress, 24
plastic zone, 154
point force solution, 51
point load solution, 19
Poisson’s ratio, 24, 185
power series, 25
prescribed displacement, 9
propagation of error, 85
pyrolytic carbon coating, 151
pyrolytic carbon-coated graphite part,
146

radial deﬂection, 47
radial stress obtained from hoop stress,
119
random error, 94
recurrence relation, 12, 169
reduction of interval size, 88
region
high compressive stress, 18
high tensile stress, 18
regular element, 54
releasing residual stress, 17
residual hoop stress in the original
cylinder, 128
residual stress
compressive, 1, 3, 153
due to shot-peening, 99
inﬂuence on glass strength, 154
nonuniform along the length of cut,
31
normal stress, 11
shear stress, 11
tensile, 2
residual stress measurements
several adjacent planes, 9
rigid body movement, 36, 41
ring
hoop stress, 51
rounding-oﬀ error, 82
Saint-Venant’s principle, 11, 41, 53
sawing, 17
scratching or scribing, 154
sectioning method, 5
semi-inﬁnite plane, 20
semicircular bottom, 29
separate conceptually, 49
shape error, 112
shear stress, 31, 40
shot-peening, 3, 100, 155
SIF, see stress intensity factor
simply-connected 2-D body, 11
single-pass weld, 98
single-slice method, 124
experimental validation, 131
initial strain approach, 140
length of specimen, 134
residual stress in the original part
after fracture, 133

Index
slicing technique, 123
slitting method, 6, 19
improved estimation, 29
soda-lime glass, fracture toughness, 154
solution for average strain, 162
solution for thin-walled cylinder, 48
sources of error, 70
state of deformation, plane stress or
plane strain, 70
static shift, 85
strain
due to shear stress, 61
produced by shear stress, 41
strain at lower edge, 38
strain energy
change due to normal stress, 34
change due to shear stress, 40
strain gage, 17
gage length, 17, 39
strain response to releasing residual
stress, 69
stress components, on faces of cut, 16
stress intensity factor
edge-cracked disk, 42
Mode I for edge-cracked beam, 34
Mode II for edge-cracked beam, 41
Stresses Due to Point Forces, beam, 167
Stresses Due to Point Forces, disk, 183
strip loading, 82
sub-surface crack, 154
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T-joint weld, 59
tapered beam, 66
thermal expansion coeﬃcient, 17
thick-walled cylinder, 50
thin specimen, 61
thin-walled non-circular part, 51
through-thickness residual stress, 103
toe of a ﬁllet weld, 98
trepanning method, 5
truncated Legendre polynomial, 78
truncated Legendre polynomial series,
44
truncated Legendre series, 79
truncational error, 75
uncertainties, 70
unconstrained nodes, 54
varying strain gradient, 185
varying width, a part of, 64
vertical displacement
on upper edge, 34
virtual forces, 34, 38
water-quenched bar, 131
weighted least squares ﬁt, 81
weighted LSF, 82, 108, 114
wire EDM, 99
zero shift error, 125
zero-shift, 94
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