Appendix. A
Seevinck's Companding Current-Mode
Integrator

Driven by the need for achieving high-speed filtering function under low
supply voltages, Seevinck proposed a novel companding current-mode integration
scheme in 1990 [47]. Interesting, a linear integrator is designed out of nonlinear parts.
The input current signal is compressed, and integrated by a capacitor to form a
voltage, which when expanded forms an output linear current. Since both input and
output signals are in the form of current, and signal compression and expansion are
involved, the circuit was termed a companding current-mode integrator.

Although its development was totally independent of the log-domain filters
(in fact, the log-domain principles did not catch much attention until it was
resurrected by Frey [22] a few years later), the underlying principles are strikingly

similar. Therefore, for completeness, this integrator is reviewed here. At the end, we
will point out its relationship to log-domain integrators.

The block diagram of the integrator is shown in Figure A-l(a). A divider
combines the input and output current and produces a compressed signal
where
is a normalizing constant†. The current is integrated in
capacitor C, and produces a voltage v, which is given by

†. As we will see shortly, this constant is physically realized by a dc bias current.
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A bipolar transistor then serves as a transconductor to expand v into the current
with the familiar exponential relationship,

Eliminate v by combining (A.1) and (A.2), we have

Integrating each side, and arrange, we arrive at

Although the intermediate steps involve nonlinear signal operations such as division
and exponentiation, the input-output behavior is linear. Notice that the unity gain

frequency is controllable through the constant

Seeing that the currents in (A.1) are

arranged in product pairs, by the translinear principle described in Chapter 1, the
companding integrator can be realized by the simple circuit of Figure A-l(b) † .

Now, we would like to show how the integrator circuit can be understood in
using the log-domain analysis presented in Chapter 2. To do so, define the log-domain
signals as shown in Figure A-l(b), and a pair of complementary LOG/EXP operators
as

This then allows us to write the input log-domain voltage
generated by

as

†. This circuit of Figure A-l(b) is not practical as it lacks a discharge path for the
capacitor. However, it is sufficient to highlight the integrator concept without burdening the readers with non-essential details. For more complete and sophisticated
implementations, such as the Class AB circuit, please refer to [47].
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where
Notice that
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is the diode drop across the bipolar transistor
is equal to

Transistor

with dc bias current

and the capacitor then perform

integration, and produce a level-shifted log-domain output voltage,

The

KCL equation at the capacitor node is found to be

Multiply both sides by

, and rewrite

in terms of the diode equation, we

have

Apply the chain rule and re-arrange to obtain

In terms of the LOG operators, we arrive at a log-domain transfer function similar to
the one in (2.5), given by

Finally, transistor

acts as a exponential transconductor and converts the voltage

to a linear current

, so that
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The log-domain SFG is represented in Figure A-l(c). In principle, the companding
current-mode integrator is remarkably similar to those used in log-domain circuits.
Although the LOG and EXP operators presented here are different from those in (2.4),
this circuit will share many characteristics of the log-domain integrator presented
previously.

Appendix. B
Multitone Testing Using SPICE

SPICE simulation is limited by its inability to perform AC analysis on nonlinear circuits. This is due to the fact that when performing AC analysis, SPICE first
solves for the DC operating point of the circuit, then determines linearized, smallsignal models for all of the non-linear devices in the circuit. This is particularly
relevant when simulating the log-domain filter since the exponential nature of the
bipolar transistor is at the very heart of its operation.

The solution is to use a technique called multitone testing [71], [75].
Multitone testing involves applying a stimulus composed of one or more tones to the
device under test and observing its spectral response. It is commonly used in the
testing community and permits the simultaneous measurement of frequency response,
total harmonic distortion (THD) and inter-modulation distortion (IMD), thereby
reducing test time.
This appendix will show how SPICE transient analysis can be used to
perform this kind of testing. The basic approach is as follows. First, SPICE is used to

find the transient response of a circuit subjected to a multitone stimulus. Then the
mathematical software package MATLAB finds the discrete Fourier transform of the
transient output and plots it with respect to frequency.
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B.1 Review of the Discrete Fourier Transform
In order to understand some of the constraints that will be imposed on the
analysis, we begin with a review of the discrete Fourier transform (DFT) [76].
For every discrete-time sequence x(n) there exists a Fourier transform
which is defined by:

Suppose we now limit the length of x(n) to L samples, such that:

The Fourier transform of this sequence will now be given by:

We now sample
and

at N equally spaced frequencies

,

, such that:

which can be rewritten as:

Equation (B.3) denotes the relationship for transforming a sequence
of length
into a sequence of frequency samples { X ( k ) } of length N, and is called the
discrete Fourier transform (DFT). The relationship that allows us to recover the
sequence
from a set of frequency samples is called the inverse discrete
Fourier transform (IDFT) and is given by:
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The DFT is usually computed using any of a number of efficient algorithms that are
called Fast Fourier Transforms (FFT).

B.2 The SPICE File
The first step in multitone analysis is to use SPICE to find the transient
response of a circuit stimulated by one or more sinusoidal tones. For those who are

unfamiliar with transient analysis, SPICE finds the circuit solution at a set of discretetime intervals. Consequently, the outcome of the analysis will be a sequence of
discrete-time samples
that can be used to compute the discrete Fourier
transform as described in the previous section.

The SPICE file describes the different circuit components that make up the
log-domain filter [77]. When preparing a SPICE file for multitone analysis, special
care must be taken in two particular areas. First, the signal sources that make up the
multitone input must be properly defined such that they have the right frequency,

amplitude and phase. Each of these areas will be discussed at some length. Second,
the transient analysis requests must be chosen correctly since the computation of the

FFT depends on the proper transient output.

B.2.1 The Signal Sources
The circuit is to be stimulated by a set of sinusoidal current sources each
operating at a different frequency. This section will outline some guidelines that
govern the choice of frequency, amplitude and phase of the different tones in the
multitone input.
B.2.1.1

Frequency

The choice of frequency for each different tone is important for two
reasons:

1. The frequency of each input tone must correspond to one of the discrete frequency
points in the DFT. This will ensure that every input tone completes an integral

number of cycles over the total simulation time and thus prevents leakage and
spreading effects.
2. The frequency of the different tones should not be multiples of one another. This
will minimize the chance that their harmonics and intermodulation products coincide.

The choice of sampling frequency and of the unit test period (a concept to be defined
next) will help us meet these constraints:

a) The unit test period
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In order to minimize leakage effects when calculating the DFT of a
multitone system, we must ensure that each sinusoid in the multitone input
completes an integral number periods over the time of the analysis. The
shortest time interval which allows this for all tones is called the unit test
period (UTP). For example, the unit test period for an input composed of 2

kHz, 3 kHz and 5 kHz sine waves is 1 ms, as shown in Figure B-l. The
reciprocal of the UTP is called the primitive frequency and corresponds to
the greatest divisor of the input frequencies (1 kHz in our example). The
value of the primitive frequency will help determine the sampling frequency.

b) The sampling frequency
Since we want each of the input frequencies to correspond to one of

the discrete frequencies in the DFT, we let the sampling frequency be given
by:

where

Figure B-2 shows the results of a 16 point DFT performed on a system
composed of the three sine waves described in the previous section. Note
that the sampling frequency is 16 kHz. Only the first eight samples are
shown since the other eight are given by the mirror image of the first ones.

An additional problem that will affect the choice of the sampling
frequency is aliasing. We know from the Nyquist Sampling Theory that in
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order to prevent aliasing, we must make sure that the highest frequency
contained in the sampled signal is less than the Nyquist frequency,

. In

other words, all of the input tones must be at frequencies less than
Even with this precaution, we may get aliasing if any of the harmonics or the
inter-modulation products are greater than the Nyquist frequency. In this
case, some kind of anti-aliasing filter would be needed. Most of the analysis
done is this work was done such that the cutoff frequency of the filter to be
tested was much less than
. Therefore, the natural attenuation of the
filter limits the effect of aliasing and eliminates the need for an anti-aliasing
filter.

c) Frequency resolution
For a given sampling frequency, increasing the number of points in
the DFT (N) will increase the frequency resolution of the spectral output.

Changing N is analogous to controlling the resolution bandwidth on a
spectrum analyzer. The drawback to choosing a large N is that the number of
samples needed for the transient analysis is large and thus increases the
simulation time. Usually, one attempts to find a balance between spectral
resolution and run time. A second constraint on N is the type of FFT
algorithm used. A radix-2 algorithm needs

samples while a radix-3

algorithm needs
samples and so on. In our case, the radix-2 algorithm
was always used since it is generally faster. As a result, N must always be a
power of 2.
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d) Interference
Each tone must be placed at a frequency that will minimize the
chance that its harmonics and intermodulation distortion terms fall in the
same frequency bin. This is in general a very complicated process. Often one
simply tries to use a scheme that forces any possible overlapping harmonics
to be as high order as possible. There are a number of approaches that can be
used:
Prime-Rich Signals
One strategy is to base the set of input frequencies exclusively on
prime numbers. This ensures that none of the input frequencies are harmonic
to one another and that no sum or difference products fall on a test
frequency. Unfortunately, it does not prevent third and fifth order
intermodulation interference.
An Iterative Scheme
Restricting the tones to prime numbers is a tedious process.
Because of the large number of constraints which are placed on the
multitone stimulus we eventually want to be able to automate the process by
writing a computer program that will automatically give us the frequency
and other parameters for each tone. As a result, a formula for deriving the
frequency of each tone was borrowed from telecom CODEC applications.
The frequency of each tone is computed as follows:

where:

This method is more susceptible to interference between the harmonics of
the different input tones than the prime-rich scheme was. For example, the
frequency of the 16th harmonic of the first input tone will be the same as the
frequency of the 16th tone; hence, they will interfere with one another. The
advantage of this particular scheme is that it is easier to implement
algorithmically. The designer must decide whether the added interference is
worth the greater ease of design.
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Phase

As the periods of each sinusoid in the multitone input are related to one
another, the sinusoids will tend to peak at the same points in time. When many tones
are used this could lead to clipping in the circuit. The solution is to assign a random
phase shift to each different sinusoid. This is easily done since SPICE can accept a
phase shift as one of the parameters of the input.
B.2.1.3

Amplitude

Even with phase shifting, the average power of the multitone signal will
increase with the number of tones used. To prevent overdriving the circuit, the
amplitude of each tone will be restricted to some reasonable value. Our strategy is to
assign the amplitude of each sinusoid according to the following equation:

where K = the number of tones in the multitone signal. For a sinusoid,

Therefore,

B.2.1.4 A Complete SPICE Current Source
A typical SPICE statement for one of the current sources in the multitone
input is shown below:

Some of these parameters are of no consequence in our analysis and hence have been
set to zero.

B.2.2 Analysis Requests
SPICE is told what type of analysis to perform by a command called an
analysis request. We wish to perform transient analysis such that we produce a
sequence of discrete-time samples
that represent the output current of the
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log-domain filter. This sequence will then be used to compute its discrete Fourier
transform
The SPICE request for transient analysis is done through the .TRAN
command. A typical .TRAN statement is shown below:

The three times are calculated as follows:
time_step: The step time is given by the sampling frequency.

time_stop: The stop time would normally be the time for one unit test period which is
related to the sampling frequency by:

However, we wish to allow the simulation to run long enough for the output to settle
down [78]. Therefore, the total stop time is defined as:

where NP = Number of periods needed for the simulation to settle down.
no_print_time: This makes sure that only the last N points are printed, and is
computed according to:

We now have all the tools necessary to perform a spectral analysis of our circuit. The
next section will show a simple example of how this would be done.

B.3 An Example using the Log-Domain Biquad
We wish to obtain the frequency response of the log-domain lowpass
biquad (Figure 3-7) described in Chapter 3. As we have some flexibility in choosing
the component values of the biquad, we will choose:
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which we know from theory should give us a cutoff frequency of:
The sampling criteria is chosen as follows:

A C program was written which accounts for all of the criteria outlined in the
previous two sections. The multitone inputs and the transient analysis statement were
generated automatically and are shown below:
*** Multitone Sources ***
Is1 1 0 SIN(100uA 80uA 8789.0625 0 0
184.9)
Is2 1 0 SIN(100uA 80uA 24414.0625 0 0
63.2)
Is3 1 0 SIN(100uA 80uA 40039.0625 0 0
111.1)
Is4 1 0 SIN(100uA 80uA 55664.0625 0 0
192.4)
Is5 1 0 SIN(100uA 80uA 71289.0625 0 0
341.1)
Is6 1 0 SIN(100uA 80uA 86914.0625 0 0
61.8)
Is7 1 0 SIN(100uA 80uA 102539.0625 0 0
252.8)
Is8 1 0 SIN(100uA 80uA 118164.0625 0 0
81.5)
Is9 1 0 SIN(100uA 80uA 133789.0625 0 0
178.1)
Is10 1 0 SIN(100uA 80uA 149414.0625 0 0
44.8)

Is11 1 0 SIN(100uA 80uA 165039.0625 0 0
30.2)
Is12 1 0 SIN(100uA 80uA 180664.0625 0 0
140.2)
Is13 1 0 SIN(100uA 80uA 196289.0625 0 0

99.8)
Is14 1 0 SIN(100uA 80uA 211914.0625 0 0
132.5)
Is15 1 0 SIN(100uA 80uA 227539.0625 0 0
354.0)
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Is16 1 0 SIN(100uA 80uA 243164.0625 0 0
192.7}

*** Analysis Requests ***
.THAN 0.000002 0.1024 0.101378 0.000002

We then run SPICE and use MATLAB to calculate the FFT of the output.
The result is plotted and is shown in Figure B-3.

The reader can clearly see the presence of the 16 tones of the multitone
input. This allows us to verify the frequency response and measure the cutoff

frequency, which is around 65 kHz, as expected. The smaller tones represent the many
intermodulation products that occur when a multitone signal is applied to a circuit

with non-linearity present in it. Overall, we can see how this offers an excellent
alternative for finding frequency information about non-linear circuits. By varying the

number of tones at the input we can get total harmonic distortion and intermodulation
distortion results, as well as frequency response.

Appendix. C
Synthesis of High-Order Log-Domain
Filters by a Cascade of Biquads

To illustrate the low-sensitivity of the ladder-based log-domain filter in
Section 3.5 of Chapter 3, a seventh-order Chebyshev lowpass filter consisting of a

cascade of biquads was used for comparison. In this appendix we shall describe the
details of this filter.

A seventh-order filter consists of three second-order sections and one firstorder section in cascade is shown in Figure C-1. The first three stages are similar to
the lowpass biquad filter shown in Figure 3-7 without the output EXP stage. In
addition, the input for each biquad is applied to the usually ground terminal of the
LOG input stage. In this way, a natural LOG-EXP cancellation occurs between stages.
The one-pole filter section is realized using the damped positive integrator shown in
Figure 2-4 of Chapter 2. The overall input-output
linearity is maintained

with the addition of an output EXP block.
For the Chebyshev filter approximation, a simple Matlab command [53]
can be employed

which returns the zeroes (Z), poles (P) and filter gain (K) when the filter order (N) and
passband ripple (Rp, in dB) are specified. For a 7th-order filter, we can then group six
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of the seven poles into three pairs. They will be realized by the three biquadratic filter
sections. The remaining pole will be implemented by single first-order section. For a
passband ripple of 1 dB and cutoff frequency of 1 MHz, the capacitor values of the
log-domain filter were computed and are summarized in Table C-1.

Appendix. D
Derivation of Equation (5.16) - Compensation of Emitter Resistance, RE

In Chapter 5 we demonstrated a method in which to compensate for the
effects of transistor nonzero emitter resistance RE. This involved tuning the logdomain integrator bias current from a nominal current level of
to a new value

as described by (5.16). In this appendix, we shall derive this formula.

from

Assuming the bias current for the log-domain cell in Fig. 5-1 is changed
we can write the RE-corrupted log-domain integrator expression as

to

which is derived simply by replacing each occurrence of
Rearranging the expression, we get

which equals to

in (5.8) by
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Defining the EXP and LOG complementary mappings as

we have

Rearranging, the log-domain integrator equation becomes

Comparing (D.6) and the ideal integration function (2.5), the effects of RE can be
eliminated by setting the bracketed multiplicative factor to unity. Therefore, by setting

the expression for

is found to be

In summary, we can compensate for the RE nonideality by tuning
where

is given by (D.8). This is the result shown in equation (5.16).

to

Appendix. E
Goodness of Fit Test

We have assumed that deviations of the log-domain filter due to area
mismatches are normally distributed. Based on this assumption, confidence intervals
of the performance criteria are derived for any given
(variance of the
) in
Section 5.4.1. Here we will inquire how good the filter deviations approximate normal
distribution.
From the Monte-Carlo simulation, 1000 observations of the filter
deviations are generated for

and

. The goodness-of-fit test is

applied to determine whether that set of data may be looked upon as a random sample
from a population having a normal distribution. Assuming the data has a normal
distribution with an estimated mean and variance, the statistic

should have a chi-square distribution with twenty-two degrees of freedom (i.e.,
and two estimated parameters in our assumed distribution) [62]. If the calculated
has low probability of occurrence, it implies the assumption of normal distribution is
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not appropriate. As is common statistical practice, a probability of 0.05 is considered
“low”.
Applying the above test to our simulated data set in Section 5.4.1, the
results are tabulated in Table E-1.

As displayed above, most of the probabilities take on values much higher than 0.05,

showing that the normal-distribution-fit is very good and valid. Only when
becomes large (i.e., the variance of the transistor area is large), the normal distribution
assumption becomes marginal and unacceptable.
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