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Abstract In many behavioral research areas, multivariate
generalizability theory (mG theory) has been typically used
to investigate the reliability of certain multidimensional as-
sessments. However, traditional mG-theory estimation—
namely, using frequentist approaches—has limits, leading re-
searchers to fail to take full advantage of the information that
mG theory can offer regarding the reliability of measurements.
Alternatively, Bayesian methods provide more information
than frequentist approaches can offer. This article presents
instructional guidelines on how to implement mG-theory anal-
yses in a Bayesian framework; in particular, BUGS code is
presented to fit commonly seen designs from mG theory, in-
cluding single-facet designs, two-facet crossed designs, and
two-facet nested designs. In addition to concrete examples
that are closely related to the selected designs and the corre-
spondingBUGS code, a simulated dataset is provided to dem-
onstrate the utility and advantages of the Bayesian approach.
This article is intended to serve as a tutorial reference for
applied researchers and methodologists conducting mG-
theory studies.
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In this article, the authors present BUGS code to fit several
commonly seen designs from multivariate generalizability

theory (mG theory). Prior to delving into mG theory, it is
necessary to introduce univariate generalizability theory (G
theory).

G theory has been developed for several decades since
Cronbach and his associates initially introduced it
(Cronbach, Gleser, Nanda, & Rajaratnam, 1972; Cronbach,
Rajaratnman, & Gleser, 1963; Gleser, Cronbach, &
Rajaratnam, 1965). Similar to well-known classical test theory
(CTT), which decomposes observed variances into several
components, G theory provides a framework for separating
factors underlying various measurement designs. It is primar-
ily used to inform users the quality of a certain measurement
and what decisions can be made on the basis of the analyses.
To be more specific, G theory offers a comprehensive under-
standing of different sources of error variance within a mea-
surement system (Brennan, 2001a). Thus, for all studies that
require measurement instruments, G theory is essential to in-
form researchers what reliability level the studies do possess.

For illustration, assume that there are scores from an ad-
ministration of a 3rd-grade writing test. It’s known that the
writing performance scores do not reflect test takers’ true abil-
ities with perfect reliability, as raters and/or test formats will
also affect scores. Rater and format effects influence observed
scores with systematic variability, which eventually impede
the validity of the scores. These effects must be understood
before the writing ability levels of those test takers can be
estimated such that fair decisions about those scores can be
made. In addition to studies on educational testing, works
across other fields have been presented under the framework
of G theory—for example, student evaluations of instruction
by Gillmore, Kane, and Naccarato (1978), teaching behavior
measurement by Shavelson and Dempsey-Atwood (1976),
psychotherapy process ratings’ dependability by Wasserman,
Levy, and Loken (2009), clinical child and adolescent research
by Lakes and Hoyt (2009), and the Big Five Personality
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Inventory score generalizability by Arterberry, Martens,
Cadigan, and Rohrer (2014).

The concept of a Btrue^ score from CTT partitions all
sources of variance as systematic or random; theoretically,
systematic variance is influenced by the differences of true
scores, whereas all other variability is caused by random error.
In G theory, the term Buniverse^ score is used to define the
idea of a true score, after accounting for systematic and ran-
dom sources of error variance. That said, instead of limiting
the scores to a certain admissible setting, G theory enables
users to generalize scores by partitioning out rater effect and/
or occasion effect. A facet in G theory is defined by a certain
set of conditions. For example, test items and test admission
occasions could be regarded as two different facets, while
person ability, which is a facet as well, is treated as the uni-
verse of admissible observations for a given attribute; in other
words, person ability is the objects of measurement
(Nußbaum, 1984). Mathematical expressions for a typical
one-facet fully crossed design are:

X pi ¼ μþ θp þ θi þ ϵ ð1Þ
σ Xð Þ2pi ¼ σ2

p þ σ2
i þ σ2

e ð2Þ

Equation 1 shows that an observed score for person p at
item i is made of grand mean μ, person effect θp, item effect θi,
and error effect ϵ. Correspondingly, the relevant variance
components are outlined in Eq. 2. A typical two-facet fully
crossed design can be expressed as:

X phi ¼ μþ θp þ θi þ θh þ θpi þ θih þ θph þ ϵ ð3Þ
σ Xð Þ2phi ¼ σ2

p þ σ2
i þ σ2

h þ σ2
pi þ σ2

ih þ σ2
ph þ σ2

e ð4Þ

In addition to person effect θp and item effect θi, Eq. 3 also
contains rater effect θh and interaction terms of any two random
components. Equation 4 provides variance components in ac-
cordancewith Eq. 3. Once one obtains the variance components,
generalizability coefficients (G coefficients; a G-theory-based
analogue to the CTT reliability coefficient) may be calculated.

Estimating variance components as well as G coefficients
is typically called a generalizability (G) study, whereas se-
quential research dealing with the practical application of a
measurement procedure is named a decision (D) study; that
is, a D study helps researchers use the results of a G study to
design a measurement procedure that minimizes error at se-
lected facet(s). Sound D studies can provide practitioners use-
ful information that involves logistical and cost considerations
as well as the change of G coefficients. For example, a D study
could inform one that increasing the number of items from,
say, 10 to 20, on the basis of findings from the corresponding
G study, would increase the G coefficient from .8 to .9 (how
much the G coefficient would increase would depend directly
on the size of the estimated variance components and the
number of facets in the study).

As the name indicates, mG theory is an extension of uni-
variate G theory. Similarly, the G coefficient can be extended
to the multivariate case (Joe & Woodward, 1976;
Marcoulides, 1995; Woodward & Joe, 1973). Statistically,
mG theory assumes that scores from the universe of levels
of the fixed multivariate facets are not orthogonal, meaning
that there are correlations within the facets. In contrast to uni-
variate G theory, in which universe scores and error scores are
estimated via variance components, analyzing measurement
procedures via a multivariate approach “can provide informa-
tion about facets that contribute to covariations among the
multiple scores.” (Raykov & Marcoulides, 2006, p. 213). A
simple example is that of the Medical College Admission Test
(MCAT), which is composed of four subtests: biological sci-
ences (biology MCAT), physical sciences (physical MCAT),
verbal reasoning (verbal MCAT), and a writing sample (writ-
ten MCAT). The subtest designs of MCAT lend themselves
naturally to mG theory, in which the proficiencies measured
by the various dimensions are presumed to be correlated.
Thus, in addition to variance components that are estimated
in univariate G theory, the multivariate version also accounts
for covariance components among subtests. One could theo-
retically conduct four separate univariate G-theory analyses
for these subtests, however, that assumes zero correlation be-
tween the subtests. Marcoulides (1990) points out that such a
flawed assumption can potentially influence the accuracy of
the estimated variance components.

Overall, mG theory for MCAT and other measures of this
kind provides information at the profile level. The relation
between univariate G theory and mG theory are akin to that
of between the analysis of variance (ANOVA) and the multi-
variate analysis of variance (MANOVA): mG theory gives
reliability of profile scores, not the reliability of individual
variables. If the reliability of individual variables were also
of interest, one could run a mG-theory analysis and follow it
with individual univariate G-theory analyses, much like one
might follow a MANOVA with separate ANOVAs for each
dependent variable. That said, for instance, if physical MCAT
is defined to be the attribute of interest, one can use univariate
G theory to conduct further studies.

To summarize, when research design and/or data nature are
multidimensionally structured, mG theory can be implement-
ed to (1) calculate the reliability of difference scores, observ-
able correlations, or universe score and error correlations
(Brennan, 2001a), (2) obtain score profile reliability estimates
(Brennan, 2001a), and (3) estimate composite scores with
highest generalizability level (Shavelson & Webb, 1981).
Most of the published works using mG theory demonstrate
its application to testing structure. For example, Nußbaum
(1984) implemented mG theory to study students’ ability to
paint in watercolors; Wu and Tzou (2015) use mG theory to
analyze standard setting data; Clauser and colleagues have
published several mG-theory studies using National Board
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of Medical Examiners’ data (Clauser, Harik, & Margolis,
2006; Clauser, Margolis, & Swanson, 2002; Clauser,
Swanson, & Harik, 2002). Details about relevant designs
and mathematical expressions of mG theory are provided in
following sections. Further information about theoretical con-
cerns with subtest dimensionality, for example, the level of
correlation between subtests for supporting the application
of mG theory, can be found in the subscore literature (see
Puhan, Sinharay, Haberman, & Larkin, 2008; Sinharay,
2010, 2013; Sinharay & Haberman, 2014, for details).
Researchers can also use techniques provided in the present
article to conduct simulation studies for addressing more in-
depth subscore inquiries.

Multivariate generalizability theory designs

This article illustrates three genetic categories of mG-theory
designs: (1) single-facet, (2) two-facet crossed, and (3) two-
facet nested. Each design contains two subdesigns, shown in
Table 1. These designs were selected because of their wide
applicability in practice. All six subdesigns are elaborated by
Brennan (2001a). The notations and symbols here match
Brennan’s delineation to label the random effects: “p” is the
person effect, “i” is item effect, and “h” is the rater effect. The
superscript filled circle designates that the effects are the same
across dimensions, and the superscript empty circle designates
that the effects are different across dimensions. Additional
explanation for each design and corresponding BUGS code
are provided in later sections.

Estimation

Although G-theory analyses have been conducted in different
statistical software platforms such as R (R Development Core
Team, 2017), SAS (SAS Institute, 1990), and SPSS (Norusis,
1990), current estimation practice for conducting mG-theory
analyses primarily relies on mGENOVA software (Brennan,
2001b). The computation of mGENOVA is based on mean
square error, which is an extension of a traditional MANOVA
approach. Although Brennan (2001a) provides solutions to
handling missing data, sparse matrices, and other problems

caused by violating model assumptions, a large number of
these solutions are not available in mGENOVA. One of the
most important criticisms of the traditional estimation ap-
proach is that an assessment of model-data fit is not provided
(Gessaroli, 2003). If a proposed model—that is, mG theory in
the present context—fits the data poorly, further analyses
based on the estimation are not trustworthy. In addition, tradi-
tional MANOVA and mG theory do not provide standard
errors for the estimation of variance and covariance compo-
nents, potentially masking the precision of the estimates.

Using a Bayesian approach, however, canminimize the afore-
mentioned problems. In this article we demonstrate a Bayesian
approach to mG theory using Markov chain Monte Carlo
(MCMC) techniques to estimate the parameters of interest.
MCMC techniques are able to deal with complex models and
sparse data matrices that many traditional methods cannot (see
Muthén & Asparouhov, 2012, for example). Furthermore, users
are allowed to incorporate prior information to make estimations
more robust (Lynch, 2007, p. 2). For example, incorporating
prior distributions of variance components allows users to restrict
the estimates to permissible numeric space, and therefore avoid
such issues as Heywood cases (negative variance estimates). If
prior information is unavailable, uninformative priors may be
specified; posterior estimation is then essentially equivalent to
traditional estimation (Jeffreys, 1946). Note that uninformative
prior distributions are used throughout the article. Another ad-
vantage of a Bayesian framework is that missing-data imputation
can be accommodated simultaneously. TheMCMC samples can
be applied to missing values as part of the algorithm (Little &
Rubin, 2014). Literature has shown that Bayesianmethods are an
effective way to impute missing values, and the process is con-
sistently stable (Enders, 2010). Lastly, similar to confidence in-
tervals from frequentist approaches, Bayesian methods provide
credible intervals for each posterior estimate so that users can
investigate the probable range of the parameters with a specified
probability level (e.g., 95%). This feature circumvents the as-
ymptotic assumptions, which may not be always reasonable
(Jackman, 2009).

The following sections provide additional details on how to
implement a Bayesian version of mG theory using BUGS
software. In particular, the content (1) covers how to specify
BUGS code, (2) provides specific information about popular
mG-theory designs, and (3) sheds lights on the further appli-
cations of the proposed approach.

The BUGS language and software

The use of BUGS software to perform analytical tasks has
grown in popularity, as it is straightforward to alter existing
code to fit new variations of current models. For example,
Curtis (2010) illustrates a family of item response theory
(IRT) models that can be fit by modifying existing BUGS

Table 1 Six commonly seen multivariate generalizability theory
designs

Single-facet designs p•× i0

p•× i•

Two-facet crossed designs p•× i•× h•

p•× i•× h0

Two-facet nested designs p•× (i•: h•)

p•× (i0: h0)
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code from simpler models. The BUGS software possesses
multiple MCMC sampling methods customizable to different
needs, including derivative-free adaptive rejection sampling
(Gilks, 1992), Slice sampling (Neal, 1997), current-point
Metropolis, and direct sampling using standard algorithms
(Lunn, Spiegelhalter, Thomas, & Best, 2009). As a result, a
wide range of statistical models can be appropriately estimat-
ed, including mG theory in the present article.

Three statistical packages are frequently used for running
BUGS syntax: WinBUGS (Lunn, Thomas, Best, &
Spiegelhalter, 2000; Spiegelhalter, Thomas, Best, & Lunn,
2003), OpenBUGS (Thomas, O’Hara, Ligges, & Sturtz,
2006), and JAGS (Plummer, 2003, 2010). Details about each
of these software packages can be found from their websites.
Although some differences exist among these options, they
frequently produce similar results when the identical tasks
are given. OpenBUGS is implemented in the present article,
as it has been actively developed over the past decade.

BUGS code

We begin with an example of a single-facet design, in which
the construction of corresponding statistical model is illustrat-
ed. In addition, we describe how input data are structured and
loaded. Throughout the instructional guidelines, the same
number of observations Np and number of dimensions, V, are
used in every design, whereas the levels of random effects, Ni

and Nh, vary across designs.

p• × i° design

The first single-facet design is presented in Fig. 1: 100 persons
take a test in which there are 24 items in total. The first subtest,
or dimension v1, is composed of items i1 to i11, and the
second subtest contains item i12 to i24. Mathematically, the
design can be expressed as:

X 1pi

X 2pi

� �
¼ μ1

μ2

� �
þ θ1p

θ2p

� �
þ θ1i

θ2i

� �
þ ϵ1

ϵ2

� �
: ð5Þ

X represent observed data points: the numeric subscript
indicates dimension v, where p and i again represent person
and item, respectively. Equation 5 indicates that an observed
score for an item i on subtest v is a function of the grand mean,

μ, the person effect, θp, the item effect, θi, and the residual
effect, ϵ. The corresponding variances and covariances from
Eq. 6 can be decomposed as:

σ2
1X pi σ21X pi

σ12X pi σ2
2X pi

� �
¼ σ2

1p σ1p2p

σ1p2p σ2
2p

" #
þ σ2

1i 0
0 σ2

2i

� �

þ σ2
1e 0
0 σ2

2e

� �
: ð6Þ

The left side on the equation is the observed covariance
matrix, whereas the matrices on the right are covariances for
person, p, item, i, and residual effects, e, respectively. Note
that the off-diagonals for the item effects i and the residual
effect e are zeros. This assumption matches the design, in that
different subtests possess different items; there is no way to
estimate covariance since the items are not crossed.

Table 2 contains BUGS code to fit the p• × i0 design. The
following list contains several comments to help clarify the
code. A similar relevant list will follow each example below.

& When data are read directly from BUGS, they need to be
specified as a matrix by using structure function so that the
data can be loaded as seen in Fig. 1. Note that BUGS
places data into matrices or arrays by row, which is differ-
ent from R environment by default that places data into
matrices by column (R Development Core Team, 2017).

& Certain observed variables need to be manually created in
addition to the data. Np = 100 is the number of persons, or
examinees in the current example; Ni = 24 is the total
number of items; V = 2 is the number of subtests; Ncol =
24 is the number of columns of the input data, which in
this case is equivalent to Ni; zero.vector = c(0,0) is used to
fulfill the means of the random effects that are multivariate
normally distributed; grand.mu = c(50,60) is the grand
means that users calculated by averaging data points of
each subtest; R = diagonal(1) is used to specifying an
unstructured uninformative prior distributions for the pre-
cision (inverse of covariance matrix), which is assumed to
follow a Wishart distribution (Gelman, 2006).

& Other variables are created for model formatting so that
the loaded data can be mapped to corresponding random
effects. i.format = c(1, 2, . . . , 24) is simply an identifica-
tion vector for items; iv.format = c(1, 1, 1, 1, 1, 1, 1, 1, 1, 1,
1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2) is a vector to show the
subtest to which the items belong.

p i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i13 i14 i15 i16 i17 i18 i19 i20 i21 i22 i23 i24

1 x x x x x x x x x x x x x x x x x x x x x x x x

… … … … … … … … … … … … … … … … … … … … … … … … … …

100 x x x x x x x x x x x x x x x x x x x x x x x x

2v1v

Fig. 1 Typical example of a p• × i0 design
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p• × i• design

The second single-facet design is presented in Fig. 2: 100
persons take a test comprised of 12 items in total. These items
are graded on the basis of two criteria (i.e., two dimensions).
The design is mathematically identical to Eq. 5 in p•× i0 de-
sign. However, in the present example, the variance and co-
variance matrices are different from Eq. 6:

σ2
1X pi σ21X pi

σ12X pi σ2
2X pi

� �
¼ σ2

1p σ1p2p

σ1p2p σ2
2p

" #

þ σ2
1i σ2

1i2i
σ2
1i2i σ2

2i

� �

þ σ2
1e σ2

1e2e
σ2
1e2e σ2

2e

� �
: ð7Þ

Table 2 Code for a p• × i0 design model
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The left side on the equation is the observed covariance
matrix, whereas the matrices on the right side are covariance
for person effects, p, item effects, i, and residual effects, e,
respectively. Note that for each matrix both off-diagonal and
diagonal elements are not fixed to zero. This setting matches
the nature of a fully crossed design: all the effects are present
in each dimension v.

Table 3 contains BUGS code to fit the p• × i• design.
Similar to the first design, below are several comments help-
ing clarify the code.

& Unlike in the p• × i0 design, when data are read directly
from BUGS, they need to be specified as an array instead
of a matrix. Follow the order of Np

∗Ni
∗Varray, the current

data are formatted by commending: structure(.Data = c-
(x1p1i1, x1p1i2,…, x1p100i12, x1p1i1, x2p1i1,…, x2p100i12),
.Dim = c(100, 12, 2) ). The subscripts of x indicate the
identification of criterion (or dimension), person, and
item, respectively. It means that BUGS forms an array
by loading v1 data matrix and v2 data matrix in sequential
order.

& As we have shown previously, users need to manually
create some of the observed variables in addition to the
data. Np, V, zero.vector, grand.mu, and R are identical to
those in p• × i0 design, except Ni = 12 in the present
example.

& There is no need to specify iv.format as the data loading
process over an array already navigates the identification
for each dimension. Meanwhile a new identification vec-
tor for items needs to be specified accordingly: i.format =

c(1, 2, . . . , 12), since the present example only contains 12
items in total instead of 24.

p•× i•× h• design

The first two-facet design is presented in Fig. 3: 100 persons
take a test that includes four items in total. These items are
graded by three raters on the basis of two criteria (or dimen-
sions). Each rater and each criterion are labeled as h and v,
respectively. Mathematically, the design can be expressed as:

X 1pih

X 2pih

� �
¼ μ1

μ2

� �
þ θ1p

θ2p

� �
þ θ1i

θ2i

� �
þ θ1h

θ2h

� �

þ θ1pi
θ2pi

� �
þ θ1ph

θ2ph

� �
þ θ1ih

θ2ih

� �
þ ϵ1

ϵ2

� �
: ð8Þ

The notations and symbols in Eq. 8 are similar to the previous
examples, but with more random effects than in the first two
designs. X represents observed data points: the numeric sub-
script indicates dimension v, where p, i, and h represent the
person, item, and rater, respectively. Equation 8 indicates that
an observed score of an item i graded by rater h on the basis of
criterion v is a function of the grand mean, μ, the person effect,
θp, the item effect, θi, the rater effect, θh, the interaction effect
between persons and items, θpi, the interaction effect between
persons and raters, θph, the interaction effect between items and
raters, θih, and finally the residual effect, ϵ. Correspondingly, the
variance and covariance from Eq. 8 can be decomposed as:

σ2
1 X pi σ21X pi

σ12X pi σ2
2X pi

� �
¼ σ2

1p σ1p2p

σ1p2p σ2
2p

" #
þ σ2

1i σ2
1i2i

σ2
1i2i σ2

2i

� �
þ σ2

1h σ1h2h

σ1h2h σ2
2h

� �
þ σ2

1pi σ1pi2pi

σ1pi2pi σ2
2pi

" #

þ σ2
1ph σ1ph2ph

σ1ph2ph σ2
2ph

" #
þ σ2

1ih σ1ih2ih

σ1ih2ih σ2
2ih

� �
þ σ2

1e σ2
1e2e

σ2
1e2e σ2

2e

� �
: ð9Þ

Since the p• × i• × h• design is fully crossed, each
element of all matrices in Eq. 9 needs to be estimated
as an extension of the p• × i• design. Note that the total
the number of the estimates is 21 in the present

example: Generally, models with a large number of pa-
rameters require a larger sample size, but a Bayesian
framework can use informative prior distributions to cir-
cumvent that challenging requirement (Dunson, 2001).

p i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12

1 x x x x x x x x x x x x x x x x x x x x x x x x

… … … … … … … … … … … … … … … … … … … … … … … … …

100 x x x x x x x x x x x x x x x x x x x x x x x x

2v1v

Fig. 2 Typical example of a p• × i• design
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Fig. 3 Typical example of a p• × i• × h• design

Table 3 Code for a p• × i• design model

Behav Res (2018) 50:2193–2214 2199



Table 4 contains the BUGS code to fit the p• × i• × h•
design. Below are several comments to help clarify the code.

& Similar to p• × i• design, when data are read directly from
BUGS, they need to be specified as an array instead of a
matrix. Again BUGS fills data matrix by matrix and thus
in the example v1 data points and v2 data points are loaded
in order.

& Np, V, zero.vector, grand.mu, and R are identical to what
were specified in p•× i• design. Ni = 4 and Nh = 3 indicate

that there are four items and three raters. Ncol = 24 is the
number of columns of the input data, but in this case it is
not equivalent to Ni anymore.

& The formatting variables are straightforward; each
matches the corresponding header from Fig. 3.
i.format = c(1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4) and
h.format = c(1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3).
Similar to p•× i• design, the formatting variables
do not have to go through both dimensions as the
formats of v1 and v2 are identical.

Table 4 Code for a p• × i• × h• design model
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p• × i• × h0 design

The second two-facet design is presented in Fig. 4: 100 per-
sons take a test with three items in total. These items are

graded by eight raters on the basis of two different criteria
(or dimensions): The first three raters focus on the first crite-
rion, whereas the remaining five raters follow the second.
Each rater and each criterion are labeled as h and v,

Table 4 (continued)

p i1 i2 i3 i1 i2 i3 i1 i2 i3 i1 i2 i3 i1 i2 i3 i1 i2 i3 i1 i2 i3 i1 i2 i3

1 x x x x x x x x x x x x x x x x x x x x x x x x

… … … … … … … … … … … … … … … … … … … … … … … … …

100 x x x x x x x x x x x x x x x x x x x x x x x x

h6 h7 h84h3h1h

2v1v

5h2h

Fig. 4 Typical example of a p• × i• × h0 design
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respectively. Mathematically, the design is identical to Eq. 8
(the p• × i• × h• design). However, in the present example, the

variance and covariance matrices are different from those in
Eq. 9:

σ2
1 X pi σ21X pi

σ12X pi σ2
2X pi

� �
¼ σ2

1p σ1p2p

σ1p2p σ2
2p

" #
þ σ2

1i σ2
1i2i

σ2
1i2i σ2

2i

� �
þ σ2

1h 0
0 σ2

2h

� �
þ σ2

2pi σ1pi2pi

σ1pi2pi σ2
2pi

" #
þ σ2

1ph 0

0 σ2
2ph

" #

þ σ2
1ih 0

0 σ2
2ih

� �
þ σ2

1e 0
0 σ2

2e

� �
: ð10Þ

In Eq. 10, several matrices’ off-diagonal elements are fixed
at zero; this pattern, again, matches the nature of a non-fully-
crossed design. A straightforward way to view this equation,
in line with Fig. 4 ,is that the rater effects h are not defined
identically across grading criteria v. Thus, matrices related to h
do not have covariance components including the residual
effect.

Table 5 contains BUGS code to fit the p• × i• × h0 design.
Comments are presented again to explain the code; they are
essentially an extension of those for the p• × i0 design.

& The data are entered as a matrix, as Fig. 4 demonstrates.
& Np, V, zero.vector, grand.mu, Ncol, and R are identical to

those in the previous designs, whereas some new and dif-
ferent variables are required in the present example: Ni is
now 3, since there are three items only; Nh.v1 = 3 and
Nh.v2 = 5 represent the numbers of raters within each
dimension v.

& There are more formatting variables than in previous de-
signs, due to the complexity of the model: i.format = c(1, 2,
3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3) is the
identification vector of items matching the data columns;
iv.format = c(1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2,
2, 2, 2, 2, 2) indicates that the first nine columns of the input
matrix belong to dimension v1 and the rest 15 columns are
connected to dimension v2; ih.format = c(1, 1, 1, 2, 2, 2, 3,
3, 3, 4, 4, 4, 5, 5, 5, 6, 6, 6, 7, 7, 7, 8, 8, 8) contains the
structure for items i and rater h effects, for example, item
responses from the first three columns of the input data are
associated with Rater 1 (h1); hv.format = c(1, 1, 1, 2, 2, 2, 2,
2) connects the dimensions v for rater effects h.

p• × (i°: h•) design

The first two-facet nested design is presented in Fig. 5: 100
persons take a test containing 24 items in total. The first subtest,
or dimension v1, is composed of items i1 to i12, and the second
subtest contains items i13 to i24. Across the two subtests v1 and
v2, the same three raters grade the item responses; for example,

the first rater (h1) grades items i1 to i3 belonging to subtest v1,
as well as items i13 to i15 that are under subtest v2.
Mathematically, the design can be expressed as:

X 1pih

X 2pih

� �
¼ μ1

μ2

� �
þ θ1p

θ2p

� �
þ θ1h

θ2h

� �
þ θ1i:h

θ2i:h

� �

þ θ1ph
θ2ph

� �
þ ϵ1

ϵ2

� �
: ð11Þ

Note that in Eq. 11, item effects no longer exist, since items
are now nested within raters. Correspondingly, θ1i : h and θ2i : h
represent these nested random effects. The variance and co-
variance matrices can be formatted as:

σ2
1 X pi σ21X pi

σ12X pi σ2
2X pi

� �
¼ σ2

1p σ1p2p

σ1p2p σ2
2p

" #
þ σ2

1h 0
0 σ2

2h

� �

þ σ2
1i:h 0

0 σ2
2i:h

� �

þ σ2
1ph σ2

1ph2ph

σ2
1ph2ph σ2

2ph

" #

þ σ2
1e 0

0 σ2
2e

� �
: ð12Þ

As one can see, as compared with the aforementioned
crossed designs, the nested design has fewer parameters to
be estimated. It can be considered that (1) item effects and
the interaction effects between item i and rater h are bundled,
and (2) the interaction effects between person p and item i are
now entangled with residual effects.

Table 6 contains BUGS code for fitting the p• × (i°: h•)
design. As with the previous designs, comments are outlined
below.

& The data are entered as a matrix, as Fig. 5 shows.
& Np, V, zero.vector, grand.mu, Ncol, and R are identical to

those variables in the previous designs. The only excep-
tion is that Nh = 3 due to the fact that the present example
has three raters in total.
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& Specifying i.format = c(1, 2, . . . , 24 ) is not necessary,
because the looping through 1 to Ncol already takes over
item navigation task. But for the sake of consistency, i.format
is kept in the example code. iv.format = c(1, 1, 1, 1, 1, 1, 1, 1,

1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2) is a vector showing
the subtest that an item belongs to. Finally, ih.format = c (1,
1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 3, 1, 1, 1, 2, 2, 2, 2, 2, 3, 3, 3, 3)
indicates the relationship between items and raters.

Table 5 Code for a p•× i•× h0 design model
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p• × (i°: h°) design

The last example discussed in this section is the two-facet
nested design, shown in Fig. 6. The scenario is similar to the
one for the p• × (i0: h•) design, except that five raters are
nested within different the subtests. That is, p• × (i0: h0) has

two nesting layers: (1) items are nested in raters, and (2) raters
are nested in subtests. For example, Rater 1 and Rater 2 are
assigned to grade items belonging to the first subtest, v1,
whereas Raters 3–5 are assigned to grade items belonging to
the second subtest, v2. Under the raters level, rater h1 grades
items i1 to i3, rater h2 grades items i6 to i12, rater h3 grades

Table 5 (continued)
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items i13 to i15, rater h4 grades items i16 to i19, and rater h5
grades the rest of the items. The mathematical expression is

identical to that in Eq. 11, but the variance and covariance
components are different:

σ2
1X pi σ21X pi

σ12X pi σ2
2X pi

� �
¼ σ2

1p σ1p2p

σ1p2p σ2
2p

" #
þ σ2

1h 0
0 σ2

2h

� �
þ σ2

1i:h 0
0 σ2

2i:h

� �
þ σ2

1ph 0

0 σ2
2ph

" #
þ σ2

1e 0
0 σ2

2e

� �
: ð11Þ

p i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i13 i14 i15 i16 i17 i18 i19 i20 i21 i22 i23 i24
1 x x x x x x x x x x x x x x x x x x x x x x x x
… … … … … … … … … … … … … … … … … … … … … … … … …
100 x x x x x x x x x x x x x x x x x x x x x x x x

v2
1h1h 3h2h3h2h

v1

Fig. 5 Typical example of a p• × (i0. h•) design

Table 6 Code for a p•× (i0: h•) design model

Behav Res (2018) 50:2193–2214 2205



From Eq. 13, one can tell that only a full matrix (person
effects) is estimated. Thus, among all the two-facet designs
presented in this article, the present example has the fewest
parameter to estimate.

Table 7 contains BUGS code for fitting the p• × (i0: h0)
design. Comments about the code are similar to those for the
p• × (i0: h•) design, except the parts that reflect that the raters
are now nested in subtests.

& The data are entered as a matrix, as Fig. 6 shows.
& Np, V, zero.vector, grand.mu, Ncol, and R are identical to

those variables in the previous designs. The only excep-
tion isNh = 5, since the present example has three raters in
total.

& As we mentioned earlier, i.format = c(1, 2, . . . , 24) is not
necessary but still specified in order to maintain

Table 6 (continued)

p i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i13 i14 i15 i16 i17 i18 i19 i20 i21 i22 i23 i24

1 x x x x x x x x x x x x x x x x x x x x x x x x

… … … … … … … … … … … … … … … … … … … … … … … … …

100 x x x x x x x x x x x x x x x x x x x x x x x x

5h4h3h2h1h

2v1v

Fig. 6 Typical example of a p• × (i0: h0) design
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consistency. iv.format = c(1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,
1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2) is a vector to show to which
subtest an item belongs: Items i1 to i15 are under subtest
v1 and the rest items are nested within subtest v2.
ih.format = c(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 4, 4,
4, 4, 5, 5, 5, 5, 5) indicates the relations between items and
raters, for example, items i20 to i24 are graded by rater h5.
Finally, hv.format = c(1, 1, 1, 2, 2, 2, 2, 2) represents the
nested structure of raters and subtests.

Example

In this section, the BUGS code for the p• × i• design is used to
analyze a simulated dataset. This is achieved for the sake of

the tutorial, rather than for providing a comprehensive simu-
lation study with multiple replications. Here, a single data set
was generated for demonstration. To be specific, the dataset
follows a one-facet fully crossed design whose number of
fixed effects is 3. Equation 14 provides the data generation
process:

X 1pi

X 2pi

X 3pi

0
@

1
A ¼

μ1

μ2

μ3

0
@

1
Aþ

θ1p
θ2p
θ3p

0
@

1
Aþ

θ1i
θ2i
θ3i

0
@

1
Aþ

ϵ1
ϵ2
ϵ3

0
@

1
A: ð14Þ

Note that Eq. 14 is simply an extension of Eq. 5.
Correspondingly, the true parameters used to generate the
dataset are expressed in Eq. 15:

Table 7 Code for a p• × (i°: h°) design model

Behav Res (2018) 50:2193–2214 2207



σ2
1X pi σ12X pi σ13X pi

σ12X pi σ2
2X pi σ2

23X pi

σ13X pi σ2
23X pi σ2

3X pi

2
4

3
5

¼
4 3 2
3 5 1
2 1 4:5

2
4

3
5þ

6:5 3:3 4:2
3:3 8:5 2:4
4:2 2:4 4:5

2
4

3
5

þ
4:1 3:5 2:2
3:5 5:1 2:1
2:2 2:1 2:3

2
4

3
5: ð15Þ

After obtaining the variance and covariance estimates, the
generalizability (reliability) coefficient in mG theory is also
calculated. The G coefficient in mG theory is defined as:

ρ2δ ¼
a0∑pa

a0∑paþ a0∑δa=ni:
: ð16Þ

∑p is the person effect covariance matrix, whereas∑δ is the
error covariance matrix. In the equation, ni is the number of
items. The a vector is a weighting scheme; that is, it defines
the importance levels of each subtest. There are various ap-
proaches to the estimation of weights, which are beyond the

Table 7 (continued)
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scope of this tutorial (see Brennan, 2001a; Marcoulides, 1994;
and Srinivasan & Shocker, 1973, for details). It is evident that
different weight schemes can lead to different G coefficients.
One can use 1

V to deploy an equal-weight scheme if no pre-
assumptions are made, where V is the number of the subtest
dimensions. Throughout the article, the equal weight scheme
is applied throughout the simulation study and real data anal-
ysis. Here in the example, the true ρ2δ is .904.

The R environment was used to perform the data genera-
tion. Using the same terminology from the p• × i• design
example, the number of persons and the number of items were
set to 200 and 10, respectively. In addition, to generate the
observed data points, random missingness was purposely cre-
ated to demonstrate the utility of the Bayesian approach:
Missingness was randomly assigned to 10% of the data set.
For the Bayesian approach, (1) initial values were automati-
cally generated by OpenBUGS, (2) the number of iterations
was set to 175,000, (3) the burn-in was set to 8,000, and (4) the
thinning lag was set to 60. In addition to the BUGS estima-
tion, mGENOVAwas also used, for the purpose of compari-
son. This data set and the syntax of both BUGS and
mGENOVA are downloadable.1 The results are provided in
Table 8.

Figure 7 contains trace plots of several selected estimates in
the model. All of the plots, including those not shown here due
to space limitations, do not show any systematic pattern. This
indicates that the MCMC chain reached stationarity (Cowles
& Carlin, 1996), which leads to a conclusion that the model
converged well, such that further analyses could be initiated.
As one can see from Table 8, BUGS and mGENOVA pro-
vided similar point estimates, despite some bias (possibly due
to a single replication of data generation). This bias was large-
ly caused by sampling errors; primarily, the insufficiency of
the number of the random effects was problematic. In partic-
ular, the item effects i had ten levels only, and thus the point
estimates deviated more. mGENOVA is not able to provide
confidence intervals, whereas BUGS simultaneously forms
credible intervals along with the individual point estimates.
Within these 95% credible intervals, the true parameters used
to generate the data set were fully covered.

Meanwhile, in the missing-data situation, BUGS provided
results similar to those in the full situation, but mGENOVA
was not able to handle the missing-data problems. In addition
to variance component estimates, the G coefficient (reliability)
can be calculated on fly, and thus form a posterior distribution.
The deviance information criterion (DIC), a model fit index, is
also provided by BUGS, so that model comparisons can be-
come available.

Discussion

The value of the proposed approach method primarily lies in
providing uncertainty to estimates that other methods do not
have. In practice, practitioners often rely on the point estimate
when using G coefficients to make decisions, but it can be
problematic if the estimate lacks precision. In the previous
example section, the 95% credible interval of the G coefficient
ranges from .873 to .916. If one uses .88 as a criterion, he/she
may think the test is reliable because the point estimate is .896,
which is higher than the criterion. On the other hand, if he/she
realizes that uncertainty could pull the G coefficient down
below the criterion with a good chance, the decision could
be different from the view that only focuses on point
estimates.

In addition to the G study, sequential D studies can also be
conducted to demonstrate the utility of Bayesian methods. To
illustrate, the number of items (or the levels of the item facet)
was shifted by a predefined range, by imagining that the test
could range from as few as four to as many as 14 items (thus,
the possible length could be the ten observed items, plus this
range: [– 6, – 5, – 4, – 3, – 2, – 1, 0, + 1, + 2, + 3, + 4]).
Figure 8 shows the posterior distributions of G coefficients as
defined in Eq. 15. Assume that .90 is the G-coefficient cut
score. One can see that decreasing the number of items to nine
would still yield a posterior distribution that would cover the
cut score within its 95% credible interval, but reducing to eight
or even fewer items would fail to meet this requirement.
Similarly, if one would like to ensure that, with a 97.5%
chance, the G coefficient would not be lower than the cut
score, increasing the number of items to 12 or above would
become necessary. Overall, the Bayesian approach provides
more information for researchers to make scientific decisions
about sequential designs and follow-up practices, where tradi-
tional approaches are not capable of doing the same.

In the example section, we used plots to verify the status of
convergence. Relying on visualizations only, although they
are straightforward and useful, cannot guarantee that the
MCMC chain has converged. To provide supplementary sup-
ports for monitoring the MCMC process, researchers have
proposed various ways to quantify the convergence: For ex-
ample, (1) Geweke (1991) compared means obtained from
different Markov chains, (2) Raftery and Lewis (1992) esti-
mated the minimum chain length needed to estimate a percen-
tile to a certain precision level, (3) Gelman and Rubin’s (1992)

R̂ compares variances between chains, and (4) Brooks and

Gelman (1998) modified R̂ to R̂c so that it could account for

sampling variability. Here we briefly discuss R̂ and its modi-
fied version, since they have been widely used in practice
(Woodard, 2007).

Suppose there areM chains; after sufficient truncations, the

length of each chain is N. For a given estimate β, let βmtf gNt¼1

1 The simulated dataset and mGENOVA syntax can be downloaded via:
https://s3-us-west-1.amazonaws.com/zjiang4/data_code.zip.
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be the mth chain, β̂m be the sample posterior mean, and σ̂m be
the sample variance of the chain. Akin to the idea of analysis

of variance, R̂ can be calculated by obtaining between-chains

and within-chain variances. Given that β̂ is the average of

∑
M

m¼1
β̂m

2
, mathematically it can be expressed as:

R̂̂¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N−1
N

σwc þ M þ 1

MN
σbc

σwc
;

vuut

where σwc ¼ N
M−1

∑
M

m¼1
β̂m̂−β̂̂

� �2
and σbc ¼ 1

M
∑
M

m¼1
σ̂m̂

2:

Note that σwc and σbc represent the between-chain and
within-chain variances, respectively. According to Gelman

and Rubin (1992), if the convergence has been reached, R̂
would be close to 1. Furthermore, correcting for the influence
sampling variability through MCMC process, Brooks and

Gelman (1998) propose R̂c by multiplying R̂ with
ffiffiffiffiffiffiffi
d̂þ3
d̂þ1

q
,

where d̂, the degrees of freedom estimate of a Student t distri-
bution, can be estimated by:

d≈ 2 V̂ð Þ
^var V̂ð Þ ;where V̂ ¼ 2 V̂ð Þ

^var V̂ð Þσwc þ 2 V̂ð Þ
^var V̂ð Þσbc .

In practice, model parameters are considered converged if

R̂c < 1:2 , and models overall are considered converged if R̂c

< 1:2 for all model parameters.
DIC values are automatically calculated and available from

BUGS analyses (except for a few highly complex models).
Although it is not discussed in detail here, DIC is beneficial
when one is examining whether a model fits data better than
an alternative model. For instance, if the data in the example
section are fitted with a univariate G-theory model, DIC
would be able to indicate the inappropriateness of the wrong
model selection when compared with the correctly specified
model.

In addition to the capacity to handle missing-data prob-
lems, the Bayesian approach to G theory has other beneficial
features. Traditional methods can produce negative estimated
variance components due to sampling errors or model
misspecifications, in which theoretically the sample space is

Table 8 Estimation of the simulated dataset

Nonmissing Situation 10% Missing Situation

name True Value mGENOVA BUGS Estimate 2.50% 97.50% BUGS Estimate 2.50% 97.50%

σ2
1p

4 3.28 3.28 2.64 4.07 3.37 2.82 3.76

σ1p2p 3 2.83 2.82 2.15 3.61 2.68 1.92 3.76

σ1p3p 2 1.78 1.76 1.20 2.41 1.70 1.08 1.75

σ2
2p

5 4.46 4.45 3.58 5.52 4.14 3.84 6.33

σ2p3p 1 1.42 1.41 0.81 2.10 1.17 0.66 1.57

σ2
3p

4.5 3.66 3.66 2.97 4.48 4.48 3.32 4.50

σ2
1i

6.5 8.77 8.92 3.64 21.29 9.45 3.24 21.89

σ1i2i 3.3 5.86 5.89 1.39 16.08 5.90 1.27 16.62

σ1i3i 4.2 4.04 4.05 1.48 9.93 3.59 2.22 9.03

σ2
2i

8.5 8.17 8.37 3.35 19.97 8.79 3.31 20.17

σ2i3i 2.4 3.57 3.61 1.20 8.93 3.21 1.25 8.71

σ2
3i

4.5 2.26 2.39 0.98 5.75 2.61 0.85 6.25

σ2
1e

4.1 4.10 4.10 3.84 4.39 4.74 4.88 4.06

σ1e2e 3.5 3.45 3.45 3.20 3.72 4.27 3.16 3.83

σ1e3e 2.2 2.20 2.20 2.03 2.39 2.01 2.70 2.35

σ2
2e

5.1 5.01 5.02 4.71 5.36 5.44 3.82 5.79

σ2e3e 2.1 2.06 2.06 1.87 2.25 2.90 1.40 2.55

σ2
3e

2.3 2.34 2.34 2.19 2.50 2.61 3.26 2.62

*The DIC is 22,199 for the non-missing-data situation, and 22,231 for the 10% missing-data situation
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truncated at zero to positive infinity (Searle, 1971). Using
bounded priors in the Bayesian approach can avoid the prob-
lem: It can set a lower bound of zero on the estimates such that
values in impermissible numeric space can be prohibited (Box
& Tiao, 1973; Fyans, 1977). For example, one can use a uni-
form prior distribution (0,∞) to define the sampling space of
variance estimates such that the draws of the posterior distri-
butions are bounded above zero. This “brute force” practice,
however, is always improper (i.e., it has infinite total mass)
and therefore yields unsatisfactory results in many situations
Instead, Gelman, Jakulin, Pittau, and Su (2008) suggest using
weakly informative priors to solve the problem; That is, spec-
ifying the priors that are not only proper for the concern of
analytical convenience but also contain little prior knowledge
as fully subjective priors would. To illustrate, setting half-
Cauchy with scale 25 as prior distributions of variance param-
eters in hierarchical linear models is more accurate than using
uniform (0,∞), although both distributions are not informative
(see Gelman, 2006, for details). In the present article, inverse
Wishart distributions have been used in several models to
define the prior information of the covariance matrices. The
reason for using inverse Wishart distributions is that if a sam-
ple is randomly drawn from a multivariate normal distribution

with covariance matrix Σ, mathematically the sample covari-
ance matrix is proved to follow a Wishart distribution.
Specifying a Wishart distribution with the identity matrix
(mean) and a positive scalar degrees of freedom parameter V
(dispersion), as outlined in Tables 2, 3, 4, 5, 6 and 7, is unin-
formative and does not guarantee nonnegative estimates. In
addition, smaller degrees of freedom, as discussed in the pres-
ent article, would lead to larger sampling variability in some
situations. Chung, Gelman, Rabe-Hesketh, Liu, and Dorie
(2015) proposed a class of Wishart priors whose (1) degrees
of freedom are set equal to the number of varying coefficients
plus 2 and (2) scale matrix is set to the identity matrix multi-
plied by a value that is large relative to the scale of the prob-
lem; this solution assures the posterior distributions of covari-
ance matrices strictly positive definite as well as less errors for
the fixed coefficient estimates.

Despite the fact that weakly informative priors can be used
to constrain the numeric space of posterior distributions, they
do not necessarily “quantify one’s prior beliefs about the likely
values for the unknowns independently of the data from the
current study” (Dunson, 2001). Using informative priors in-
stead, one can formally incorporate information that is not
presented in the present data. This practice can be

Fig. 7 MCMC trace plots. This figure illustrates the MCMC process for several of the estimate samples. The trace plots for the rest of the estimates
follow a pattern similar to the one presented here
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controversial because subjective judgments, especially those
of uneducated guesses or unverified beliefs, can impede the
integrity of the study. To handle the criticism, one reasonable
strategy is adopting empirical Bayes methods in which the
prior distribution is estimated from the data, or from previous
analyses. For instance, given that mG theory variance and
covariance components can be estimated via minimizing
mean square error (Brennan, 2001a) and some non-fully-
crossed designs can be estimated via factor analysis approach
(Woehr, Putka, & Bowler, 2012), researchers can specify in-
formative priors based on the results obtained from the
frequentist methods.

Summary

In this article, several examples ofBUGS code are provided to
fit many of the common mG-theory designs found in the lit-
erature. Examples are provided along with theoretical benefits
of estimating these variance components in a fully Bayesian
framework. Note that other designs are mentioned in
Brennan’s (2001a) generalizability theory book that are not
presented in the BUGS code section. However, it should be
easy for readers to extend the current code to those designs not
covered in this article.

Fig. 8 Generalizability posterior distributions across levels of item facet
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