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Abstract Ulrich and Vorberg (Attention, Perception, &
Psychophysics 71: 1219–1227, 2009) introduced a novel ap-
proach for estimating discrimination performance in two-
alternative forced choice (2AFC) tasks. This approach avoids
pitfalls that are inherent when the order of the standard and the
comparison is neglected in estimating the difference limen
(DL), as in traditional approaches. The present article provides
MATLAB and R routines that implement this novel procedure
for estimating DLs. These routines also allow to account for
processing failures such as lapses or finger errors and can be
applied to experimental designs in which the standard and
comparison differ only along the task-relevant dimension, as
well as to designs in which the stimuli differ in more than one
dimension. In addition, Monte Carlo simulations were con-
ducted to check the quality of our routines.
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A basic concept in psychophysics is the difference limen
(DL), often also called the just-noticeable difference (JND),

which quantifies the discrimination performance of a partic-
ipant. Specifically, the DL indicates how well participants
can discriminate between two stimuli, with smaller values
denoting a greater sensitivity for the difference between the
stimuli. Several experimental procedures have been
employed to assess the DL (e.g., Guilford, 1954; Macmillan
& Creelman, 2005), and a common procedure among these
is the two-alternative forced choice (2AFC) task. In each
trial of this task, a standard s with constant magnitude and a
comparison c with variable magnitude are presented, for
example, one after the other.1

The two possible temporal orderings <sc> (standard first,
comparison second) and <cs> (comparison first, standard
second) of the two stimuli vary randomly from trial to trial.
After each trial, the participant typically indicates the tem-
poral position of the larger stimulus (e.g., in a duration
discrimination task, the stimulus with the longer duration).
Specifically, participants are to select one of two response
alternatives, R1 or R2, to indicate that the first or the second
position, respectively, contained the larger stimulus.

1 Note that this example describes the case of a temporal 2AFC task;
that is, s and c appear at the same spatial position, but at successive
temporal positions. Therefore, this procedure is often also termed the
two-interval forced choice (2IFC) task, and it can be distinguished
from the spatial 2AFC task, in which the stimuli appear simultaneously
at different spatial positions (e.g., Blackwell, 1952; Jäkel & Wichmann,
2006). Analogously to the temporal position biases described below in
temporal 2AFC tasks, spatial position biases have been described for
spatial 2AFC tasks (e.g., Jäkel & Wichmann, 2006; Wickens, 2002).
Therefore, the logic outlined below holds for temporal as well as for
spatial 2AFC tasks, andwe advise the implementation of our procedure in
either case. For the sake of clarity, the following explanations are based on
the example of a temporal 2AFC task only. Nonetheless, analogous
analyses can be performed for spatial 2AFC tasks, by exchanging the
temporal positions of s and c with their spatial positions.
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Within this 2AFC task, there are typically two approaches
tomeasuringDLs. First, in each trial cmay be smaller or larger
than s. For each of the different levels of c, one plots the
proportion of trials in which the participant selects the tempo-
ral position of c as the larger stimulus. In this case, the
resulting psychometric function ranges from 0 to 1 with
increasing values of c. The steepness of this function is used
to determine the discriminability index DL. Typically, DL is
defined as half the interquartile range of the psychometric
function (e.g., Luce & Galanter, 1963). Second, researchers
sometimes only use values of c equal to or larger than s. In
that case, the resulting psychometric function starts at 0.5 for
s 0 c—that is, at guessing level—and approaches 1 as
c increases. DL is then sometimes computed as the
distance between the values of c that correspond to the
50th and 75th percentiles of the psychometric function, but
other values can be employed as well (see, e.g., Abel, 1972;
Levitt, 1971).

Order effects and conditional psychometric functions

In either case, these procedures disregard the temporal order
of s and c, and thus ignore potential differences in perfor-
mance between those orders. Importantly, however, such
order effects have repeatedly been observed when two sub-
sequently presented stimuli or intervals had to be compared
(e.g., Hellström & Rammsayer, 2004; Lapid, Ulrich, &
Rammsayer, 2008; Nachmias, 2006; Ross & Gregory,
1964). Specifically, performance in 2AFC discrimination
tasks often differs depending on whether c is presented in
the first or the second temporal position.

According to Ulrich and Vorberg (2009), these differ-
ences can be due to two types of order effects: First, Type
A order effects arise when participants select one of the two
temporal positions more frequently than the other. This
might be due, for example, to decisional or response biases
(e.g., Wickens, 2002, p. 100) or to temporal desensitization
at one of the temporal positions (Alcalá-Quintana & García-
Pérez, 2011). Such position effects reveal themselves in a
lateral shift of the psychometric functions when they are
plotted separately for each of the temporal orderings <sc>
and <cs> —that is, conditional on presentation order (see
the upper left panel of Fig. 1). Importantly, when such shifts
are neglected, by collapsing data across presentation orders,
the resulting aggregated psychometric function will be less
steep than either of the conditional curves, as can be seen in
the lower left panel of Fig. 1 (continuous line). Consequently,
the estimate of DL will be spuriously increased (cf. García-
Pérez & Alcalá-Quintana, 2010; Ulrich & Vorberg, 2009).

In contrast to Type A order effects, Type B order effects
are defined by different slopes of the psychometric func-
tions, and thus differences in DL, for the two presentation
orders. These effects may reflect that participants are more
or less sensitive to the difference between s and c, depend-
ing on the order of their presentation (see the upper right
panel of Fig. 1). Indeed, several studies have suggested that
participants are more sensitive to differences between s and
c when c follows rather than precedes s (e.g., Ross &
Gregory, 1964; Ulrich, 2010).

Whether or not Type A or Type B order effects have
contaminated the estimate of DL cannot be disclosed on the
basis of a single psychometric function fitted to data that are
collapsed across presentation orders (for a detailed discus-
sion of this issue, see Ulrich & Vorberg, 2009). To disen-
tangle discriminability differences and order effects, one
must assess a separate psychometric function for each of
the two presentation orders. The probability that c is judged
to be larger than s, conditional on the presentation orders
<cs> and <sc>, can then be formalized as P(R1|<cs>) and
P(R2|<sc>), respectively.

Importantly, these two conditional psychometric func-
tions cannot be treated as independent of each other, which
has to be taken into account for estimating DL. More spe-
cifically, a restriction emerges when c equals s—that is,
when the stimuli are physically identical. As was shown
by Ulrich and Vorberg (2009), the probability G(c) that c is
judged to be larger than s, independent of presentation order,
is given by the average of the conditional probabilities—that
is,

GðcÞ ¼ P R1 <cs>jð Þ þ P R2 <sc>jð Þ
2

: ð1Þ

Note that if c and s are physically identical, this equation
reduces to

GðsÞ ¼ P R1 <ss>jð Þ þ P R2 <ss>jð Þ
2

: ð2Þ

Because R1 and R2 are the only possible response alternatives,
P(R1|<ss>) and P(R2|<ss>) must sum to 1. Consequently, if s
and c are physically identical stimuli, G(s) 0 .5 is
always true. Thus, when c equals s, the average of the two
conditional psychometric functions must pass through the
point (s, .5).

This property follows from the basic axioms of probabil-
ity theory. Thus, the property is not an assumption but a
tautology, and it applies whenever the standard and the
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comparison stimuli are physically identical with respect to
all stimulus dimensions. This condition is usually met in
2AFC tasks designed to assess discriminability, with s and c
chosen to differ along the task-relevant stimulus dimension
only. It should be stressed that in other cases, specific
research questions may require that the comparison stimuli
differ in more than one physical dimension from the stan-
dard. For example, in an auditory duration discrimination
experiment, the standard and the comparison might differ
not only in duration (the task-relevant dimension), but also
in tone frequency (a task-irrelevant dimension). In this case,
even when the two stimuli are identical in duration, they still
differ in frequency. Obviously, Eq. 2 does not apply in such

a case (for an elaboration of this issue, see García-Pérez &
Alcalá-Quintana, 2011). Similarly, when <cs> and <sc>
trials are not randomly ordered, as in typical 2AFC experi-
ments, but, for example, are presented in separate blocks, the
two orders may differ along psychological dimensions, such
as fatigue, practice, or response strategies. Accordingly, such
cases represent exceptions from the logical constraint outlined
above.

Whether or not this constraint applies for a given set of
data is crucial, because it has implications for the estimation
of the parameters of the corresponding psychometric func-
tions. Specifically, whenever s and c differ in the task-relevant
dimension alone, the constraint given by Eq. 2 applies, and
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Fig. 1 Examples of 2AFC psychometric functions. The upper panels
show exemplary 2AFC results conditional on presentation order. The
left panel illustrates a Type A order effect, the right panel a Type B
order effect. Theoretical psychometric functions were fitted by the
MATLAB routine described below. The lower two panels show the
results when the data are averaged across presentation orders (trian-
gles). Note that the averaged curve no longer follows a logistic func-
tion. When a Type A order effect is present and a logistic psychometric
function Fa(c) (continuous line) is nonetheless fitted to the aggregated
data, it is less steep than either of the functions conditional on

presentation order. Thus, DL is bound to be overestimated in this case.
To illustrate the shallower slope of this aggregated psychometric func-
tion Fa(c), the conditional parameter values corresponding to the upper
panel were averaged and fed into a second logistic psychometric
function Fc(c) (dash–dotted line). Thus, Fc(c) illustrates the ideal case
of an aggregated psychometric function in which contamination caused
by Type A order effect is concealed, as can be seen in the left panels:
Here, Fc(c) (lower left) has the same shape as the conditional psycho-
metric functions (upper left)
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this implies that the two conditional psychometric functions
cannot be treated as independent of each other. Rather, they
must be estimated under the constraint that their average
passes through the point (s, .5), in order to satisfy the axioms
of probability theory.

We assume that the conditional psychometric functions
are logistic (see Bush, 1967; Ulrich & Vorberg, 2009), with
parameters for location (a1 and a2) and spread (b1 and b2)
that may depend on presentation order:

P R1 <cs>jð Þ ¼ 1

1þ exp � c� a1ð Þ=b1½ � ; ð3Þ

P R2 <sc>jð Þ ¼ 1

1þ exp � c� a2ð Þ=b2½ � : ð4Þ

For logistic psychometric functions, the difference limen is
given by DL 0 b · ln(3) (see Bush, 1967). Thus, the DLs of the
conditional functions are DL<cs> 0 b1 · ln(3) and DL<sc> 0 b2·
ln(3).

For such a pair of logistic psychometric functions, the
above constraint at s 0 c implies the following restriction on
the four parameters a1, b1, a2, and b2:

a2 ¼ b2
b1

s� a1ð Þ þ s; ð5Þ

thus reducing the number of free parameters from four to
three. Therefore, only three free parameters have to be
determined for pairs of conditional psychometric functions.
Note that estimating DL<cs> and DL<sc> separately from the
conditional functions is to be preferred over estimating a
single DL from a psychometric function based on data
aggregated across presentation orders, because the former
approach yields DL estimates contaminated by neither Type
A nor Type B order effects. If an overall index of discrim-
ination performance is wanted, estimates of DL across pre-
sentation orders may be obtained as the average of the
conditional estimates DL<cs> and DL<sc> (see Fig. 1, lower
panels). Preferably, however, the two conditional estimates
should be analyzed and reported separately.

In cases in which the constraint at s 0 c does not hold—
that is, if s and c differ in more than the task-relevant
dimension—all four parameters a1, b1, a2, and b2 have to
be estimated for the pair of psychometric functions. The
overall point of subjective equality (PSE) across presentation
orders is then given by replacing s with PSE in Eq. 5 and
solving for PSE,

PSE ¼ a1 � b2 þ a2 � b1
b1 þ b2

: ð6Þ

This is equivalent to the suggestion to estimate PSE as a
free parameter and to derive a2 by means of an alternative

constraint, replacing s with PSE in Eq. 5 (cf. García-Pérez &
Alcalá-Quintana, 2011, 2012).

MATLAB and R routines, and a numerical example

In this section, we describe MATLAB (see Appx. B)
and R (R Development Core Team, 2010) routines (see
Appx. C) that estimate PSE and DL for pairs of psy-
chometric functions conditional on presentation order.
Both routines are named are also available
as supplementary materials. It is up to the user to
decide whether it is appropriate to estimate the param-
eters under the parameter constraint outlined above (i.e.,
when s and c differ only in the task-relevant dimension) or
whether the two functions should be treated as independent of
each other (i.e., when s and c differ in additional, task-
irrelevant dimensions). If parameters are estimated under
the constraint outlined above, the routines perform a
maximum-likelihood estimation (MLE) of the parameters
b1, b2, and a1 by employing either the MATLAB function

or the R function , both of which are
optimization routines based on an algorithm by Nelder and
Mead (1965). From these parameters, a2, DL<cs>, and DL<sc>
are determined. If the constraint does not apply—that is,
when s and c differ in more than one dimension—a2 is also
estimated as a free parameter. Specifically, two independent
MLEs are then initiated to estimate independent psychomet-
ric functions for the two presentation orders. In this case, an
overall estimate of the PSE, given by Eq. 6, is also provided
in the function output.

Since processing failures, such as lapses of attention or
finger errors, can distort the estimation of DLs (e.g., García-
Pérez & Alcalá-Quintana, 2010; Wichmann & Hill, 2001),
our routines always provide two MLE outputs: The first
output, , returns the parameter estimates for the
conditional psychometric functions, as outlined above. The
second output, , returns parameter estimates under
the assumption that processing failures (lapses and/or finger
errors) might be present. Then, additional parameters for
lapse rate λ and bias β are estimated (see Appx. A for a
description of the implementation of these parameters and of
their relation to the asymptotes of the psychometric func-
tions). If parameters are estimated under the constraint at s 0
c, a single lapse rate and a single bias parameter are
returned. If no parameter constraint is assumed, separate
processing-failure parameters are returned for each stimulus
order. Since, in the latter case, eight parameters have to be
estimated, the model will be overspecified if the number of
comparison levels for each stimulus order is <5. A likelihood-
ratio statistic is always returned that may help to decide
whether these additional parameters improve the fits of the
psychometric functions.
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Input parameters Both routines require the following input
parameters:

& R1_cs: vector containing the number of “first stimulus
larger” responses for order <cs> at each level of c

& R2_cs: vector containing the number of “second stimu-
lus larger” responses for order <cs> at each level of c

& R1_sc: vector containing the number of “first stimulus
larger” responses for order <sc> at each level of c

& R2_sc: vector containing the number of “second stimu-
lus larger” responses for order <sc> at each level of c

& comparisonLevels: vector containing the levels of com-
parison c

& standard: scalar value containing the magnitude of
standard s

& aStart: scalar starting value for estimation of the loca-
tion parameter

& DLStart: scalar starting value for DL estimation
& lambdaStart: scalar starting value for estimation of λ
& lambdaMax: scalar value indicating the maximum

allowed proportion of lapses
& betaStart: scalar starting value for estimation of β
& constraint: scalar value, either 1 (constraint does hold)

or 0 (constraint does not hold)
& plot: scalar value, either 1 (create plot) or 0 (no plot)

When data are collected by means of adaptive testing
protocols, cases might arise in which certain comparison
levels were presented only for one of the two presentation
orders. In such cases, should include
all presented comparison levels, and the response frequency
vectors should be padded with zeros at the levels that were
never presented for the given stimulus order.

Furthermore, we advise picking starting values for a and DL
estimation according to prior evidence and also on the basis of
visual inspection of the data. The starting value for β should
range between 0 and 1 (.5 indicating no bias). Since processing
failures are generally rare (Treutwein&Strasburger, 1999;Wich-
mann & Hill, 2001) and allowing for a large lapsing proportion
can bias DL estimates (Ulrich, 2010), and

should be kept reasonably small (Wichmann &
Hill, 2001). must be greater than 0, and we advise
a value of 0 0.12, to constrain the allowed propor-
tion of lapses to a narrow range. must be set to
some value 0 < < .2

Output parameters The function output is organized in
three structure arrays (MATLAB) or a list containing three
data structures (R):

& NoLapse: MLE results without estimation of processing-
failure parameters

& Lapse: MLE results including estimation of processing-
failure parameters

& LRT: results of a likelihood-ratio test comparing
NoLapse and Lapse

Each of the data structures and contains
the following fields:

& DL_cs: MLE of DL for order <cs>
& DL_sc: MLE of DL for order <sc>
& b_cs: MLE of spread b for order <cs>
& b_sc: MLE of spread b for order <sc>
& a_cs: MLE of location parameter for order <cs>
& a_sc: location parameter for order <sc>, given by Equa-

tion 5 (if constraint = 1) or by MLE (if constraint = 0)
& PSE: overall PSE, given by Equation 6 (only if con-

straint = 1)
& D, df and p: results of a goodness-of-fit statistic: Devi-

ance D, degrees of freedom, and p-value.

In addition, the output structure contains estimates
of λ and β:

& lambda (if constraint = 1) or lambda_cs and lambda_sc
(if constraint = 0): MLE of lapse rate(s)

& beta (if constraint = 1) or beta_cs and beta_sc (if
constraint = 0): MLE of bias parameter(s)

The data structure presents the results of a
likelihood-ratio test statistic containing the following fields:

& L_nolapse: maximized log-likelihood without assuming
processing failures

& L_lapse: maximized log-likelihood assuming processing
failures

& LR: likelihood ratio
& df: degrees of freedom
& p: p-value

In the MATLAB routine, additional information about the
optimization routine can be accessed via the output fields

(1 0 converged to a solution, 0 0maximum
number of function evaluations reached, –1 0 algorithm ter-
minated) and (information about the
optimization routine). In R, the output elements (if

0 1) or and (if 0 0)
contain additional information about the optimization proce-
dure (0 0 converged to a solution, 1 0 iteration limit has been
reached, 10 0 degeneracy of the Nelder–Mead simplex).

For illustrative purposes, a numerical example is given in
Table 1. The data represent simulated response frequencies of a

2 Since the results of the algorithm by Nelder and Mead (1965) can be
sensitive to the choice of starting values, their appropriateness should be
checked by means of visual inspection of the obtained fits and by means
of the output structures described below. We also recommend iterating
through a selection of different starting values to warrant that the MLE
estimates do not represent local minima. If the optimization results are
unsatisfactory, the R routine can be easily modified to utilize algorithms
other than the Nelder–Mead implementation. To do so, the input argu-
ment should be changed appropriately in all calls of the
optimization algorithm within the original R routine.
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2AFC experiment in which the comparison ranged from 10 to 90
(arbitrary units), with a standard s 0 50 and parameter values of
a<sc> 0 54, a<cs>0 45,DL<sc> 0 8,DL<cs>0 10,λ 0 0.01, and β0
0.3. Data were generated under the assumption that the constraint
at s 0 c holds. The response frequencies for R1 and R2 are given
separately for each presentation order and each of nine levels of c.

These values were passed to function , together
with values of 50, 9, 0.03, 0.06, and 0.5 for

,
respectively (for examples of the respective function calls in
MATLAB and R, please refer to the Appxs. B and C.).

The following estimates are provided by the MAT-
LAB function output:

& NoLapse:
& DL_cs: 10.8689,DL_sc: 8.7247, b_cs: 9.8933, b_sc: 7.9415,
& a_cs: 44.4824, a_sc: 54.4291, D: 9.5783, df: 15, p: 0.8454
& Lapse:
& DL_cs: 10.2236, DL_sc: 8.1142, b_cs: 9.3059, b_sc: 7.3858,
& a_cs: 45.1034, a_sc: 53.8863, lambda: 0.0187, beta: 0.8779,
& D: 8.3149, df: 13, p: 0.8225
& LRT:
& L_nolapse: -567.5631, L_lapse: -566.9314, LR: 1.2634,

df: 2, p: 0.5317

As can be seen, the likelihood-ratio test is not significant,
suggesting that no processing failures occurred. For this
numerical example, this is due to insufficient statistical
power. Thus, the output of LRT should be interpreted only
with caution, because a large number of observations is
needed to achieve sufficient statistical power to detect a
nonzero lapse rate reliably.

Note that the output of the R routine can show
minimal deviations from the output values given above.
Nonetheless, the MATLAB and R routines yield gener-
ally highly comparable results for estimates of DL and
a, provided that they are called with similar and appro-
priate starting values for all parameters. To examine the
concordance between both routines systematically, we
generated a sample of 2,025 different data sets (similar
to the example data given in Table 1) based on a wide
range of different true underlying values.

Specifically, a selection of true underlying values for
(ranging from 30 to 70), and (both

ranging from 5 to 15), (ranging from 0 to
0.05), and (ranging from 0.2 to 0.8) were fully
permuted; was always given by Eq. 5. The compari-
son range, starting values, and standard magnitude were cho-
sen to be identical to the example data provided above. For
each of the resulting parameter sets, response frequencies
corresponding to 40 observations per comparison level and
presentation order were simulated. The simulated response
frequencies were then separately analyzed with the MATLAB
and R routines, and concordance correlation coefficients were
computed between the estimated parameters of the MATLAB
and R routines.

The results show that the outcomes of the two rou-
tines were generally highly consistent. Specifically,
when no processing-failure parameters were estimated,
the concordance correlation coefficients were higher
than 0.9999 for all estimated parameters. When a lapse
rate and a bias parameter were estimated, the concor-
dance correlation coefficients were 0.9986, 0.9997,
0.9913, and 0.9986 for , and

, respectively. The coefficients were somewhat
smaller for (0.9526), and especially for
(0.7040). This is presumably a consequence of the rath-
er small proportion of lapses in the simulated data, and
it is consistent with the large standard deviation for the
latter parameter in the Monte Carlo simulations reported
below (cf. Tables 2 and 3). Note also that the routines
may be sensitive to the choice of starting values, which
may impair the comparability of the routines’ results
when different or inappropriate starting values are cho-
sen. Thus, we recommend a thorough visual inspection
of the obtained fits and a careful consideration of the
provided goodness-of-fit statistics.

Monte Carlo simulations

To check our estimation procedure, we conducted Monte
Carlo simulations. To this end, 2AFC data were generated

Table 1 Illustrative data. Response frequencies N(R1|<cs>), N(R2|<cs>), N(R1|<sc>), and N(R2|<sc>), as a function of comparison level c

Comparison Level c

10 20 30 40 50 60 70 80 90

N(R1|<cs>) 4 10 21 34 57 85 96 98 99

N(R2|<cs>) 96 90 79 66 43 15 4 2 1

N(R1|<sc>) 99 99 98 85 63 31 13 5 1

N(R2|<sc>) 1 1 2 15 37 69 87 95 99

These data represent the outcome of a simulated experiment with 100 observations per condition (comparison level × presentation order). The data
were generated from a logistic model with Type A order and Type B order effects, a lapse rate of 0.01 and a response bias of 0.3.
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from logistic psychometric functions with the parameters
DL<cs> 0 10, DL<sc> 0 8, a<cs> 0 45, and a<sc> 0 54. Thus,
the underlying functions exhibit both Type A and Type B
order effects. λ was set either to 0.02, with β 0 0.5 (cf.
Table 2), or to 0 (cf. Table 3). For each of the nine
comparison levels of each psychometric function, either
5, 10, 20, 40, 80, or 160 trials were simulated. The
resulting response frequencies were submitted to the

MATLAB routine to estimate the function parameters,
and this procedure was repeated 100,000 times. To
approximate the expectations and standard deviations
of their sampling distributions, the parameter estimates
were then averaged across replications. The mean pa-
rameter estimates, along with the standard deviations of
the corresponding sampling distributions, are given in
Tables 2 and 3.

Table 2 Monte Carlo simulations with andwithout estimation of processing-failure parameters for true functions containing a small proportion of lapses

Number of Observations

5 10 20 40 80 160

No estimation of processing-failure parameters
cDL<cs> 10.40 (3.24) 10.60 (2.20) 10.70 (1.53) 10.74 (1.08) 10.76 (0.76) 10.77 (0.53)
cDL<sc> 8.41 (2.91) 8.67 (1.93) 8.78 (1.34) 8.83 (0.94) 8.84 (0.67) 8.86 (0.47)

ba<cs> 45.07 (3.53) 45.10 (2.46) 45.12 (1.72) 45.13 (1.21) 45.13 (0.86) 45.14 (0.60)

ba<sc> 53.97 (2.93) 54.00 (2.04) 54.00 (1.42) 54.00 (1.01) 54.00 (0.71) 54.00 (0.50)

Including estimation of processing-failure parameters
cDL<cs> 8.89 (3.71) 9.35 (2.53) 9.65 (1.77) 9.83 (1.27) 9.93 (0.92) 9.98 (0.67)
cDL<sc> 6.84 (3.19) 7.32 (2.16) 7.62 (1.50) 7.81 (1.09) 7.91 (0.80) 7.97 (0.59)

ba<cs> 45.01 (4.05) 45.03 (2.87) 45.05 (2.01) 45.05 (1.42) 45.03 (1.01) 45.01 (0.72)

ba<sc> 53.88 (3.35) 53.91 (2.34) 53.91 (1.63) 53.93 (1.15) 53.96 (0.82) 53.98 (0.59)
bl 0.02 (0.03) 0.03 (0.02) 0.02 (0.02) 0.02 (0.02) 0.02 (0.01) 0.02 (0.01)
bb 0.62 (0.40) 0.59 (0.40) 0.57 (0.39) 0.54 (0.37) 0.51 (0.33) 0.48 (0.28)

These results represent mean parameter estimates for 100,000 replications with the underlying true function parameters DL<cs> 0 10, DL<sc> 0 8,
a<cs> 0 45, a<sc> 0 54, λ 0 0.02, and β 0 0.5, under the assumption that the constraint P(R1|<cs>) + P(R2|<sc>) 0 1 holds for c 0 s. The standard
deviations of the sampling distributions associated with each estimator are given in parentheses. Columns differ according to the number of
observations per presentation order and comparison level.

Table 3 Monte Carlo simulations with and without estimation of processing-failure parameters, when no processing failures occur

Number of Observations

5 10 20 40 80 160

No estimation of processing-failure parameters
cDL<cs> 9.61 (2.96) 9.82 (2.01) 9.91 (1.40) 9.95 (0.99) 9.98 (0.70) 9.99 (0.49)
cDL<sc> 7.50 (2.59) 7.77 (1.69) 7.89 (1.18) 7.95 (0.83) 7.98 (0.59) 7.99 (0.42)

ba<cs> 44.94 (3.45) 44.95 (2.38) 44.99 (1.67) 44.99 (1.18) 45.00 (0.83) 45.00 (0.59)

ba<sc> 53.95 (2.81) 54.00 (1.93) 53.99 (1.36) 54.00 (0.96) 54.00 (0.68) 54.00 (0.48)

Including estimation of processing-failure parameters
cDL<cs> 8.52 (3.41) 9.04 (2.31) 9.39 (1.58) 9.61 (1.09) 9.75 (0.76) 9.83 (0.53)
cDL<sc> 6.51 (2.92) 7.03 (1.94) 7.37 (1.31) 7.59 (0.91) 7.73 (0.65) 7.81 (0.46)

ba<cs> 45.07 (3.86) 45.10 (2.67) 45.11 (1.85) 45.08 (1.28) 45.06 (0.89) 45.05 (0.63)

ba<sc> 53.79 (3.17) 53.83 (2.17) 53.85 (1.49) 53.89 (1.03) 53.91 (0.72) 53.93 (0.51)
bl 0.02 (0.02) 0.02 (0.02) 0.01 (0.02) 0.01 (0.01) 0.01 (0.01) 0.00 (0.01)
bb 0.68 (0.37) 0.69 (0.37) 0.69 (0.37) 0.68 (0.36) 0.69 (0.35) 0.69 (0.34)

These results represent mean parameter estimates for 100,000 replications with the underlying true function parameters DL<cs> 0 10, DL<sc> 0 8,
a<cs> 0 45, a<sc> 0 54, and λ 0 0.00 (i.e., β unassigned), under the assumption that the constraint P(R1|<cs>) + P(R2|<sc>) 0 1 holds for c 0 s. The
standard deviations of the sampling distributions associated with the estimators are given in parentheses. Columns differ according to the number of
observations per presentation order and comparison level.
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As can be seen in the lower part of Table 2, the
estimated parameters correspond closely to the true
parameters, indicating that our routine works well. As
one would expect, the standard deviation of the sam-
pling distribution decreases with increasing number of
observations per comparison level. Note that the estima-
tor of a seems unbiased, whereas the DL estimator
shows a slight bias, underestimating the true DL when
the number of observations per comparison level is
small. However, this bias is reduced as the number of
observations increases, as is typical for maximum-
likelihood estimates. Also, the λ and β estimators are
close to the true underlying parameters. As one would
expect, the standard deviation of β is rather large,
because overall there are few lapses (2 %) to convey
information about β. Thus, estimates of β may be noisy
(see also the numerical example given in the section
above) and should be treated with care. Importantly,
when processing failures are present in the simulated
data but no lapse or bias parameters are estimated (cf.
upper part of Table 2), the DL tends to be overestimated.
The overestimation becomes more pronounced with an in-
creasing number of observations.

On the other hand, when the underlying proportion of
lapses is set to zero, the true underlying parameters are
captured best without any estimation of processing-failure
parameters (cf. upper part of Table 3). Here, again, DL is
slightly underestimated for small sample sizes. However,
with increasing number of observations, this bias dimin-
ishes, and the estimators correspond closely to the true
underlying parameters. Including lapse and bias parame-
ters in such a case results in a larger underestimation of
DL (cf. lower part of Table 3), which is still present even
for a large number of observations. It should thus be
considered carefully whether or not to include a lapse
rate and a bias parameter in the estimation for a given
set of data.

Conclusion

Although 2AFC tasks are frequently used in psychophys-
ical research, previous approaches to analyzing the result-
ing data have neglected potential effects of the temporal
(or spatial) order of s and c. Crucially, order effects may
inflate or distort DL estimates. In this article, we present
MATLAB and R routines for analyzing 2AFC data con-
ditional on presentation order. These routines follow a
suggestion by Ulrich and Vorberg (2009) according to
which the average of the estimated psychometric func-
tions is constrained to pass through the point (s, .5). As
outlined above, this constraint holds whenever s and c

differ in the task-relevant stimulus dimension only, but
are identical in all other respects. Our routines also
provide the option to relax this constraint, which is
appropriate whenever s and c differ along more than
one stimulus dimension. In the latter case, psychometric
functions are estimated separately for each stimulus pre-
sentation order. Our Monte Carlo simulations showed
that the proposed routine yields generally well-behaved
estimates of the true function parameters, even with
relatively few observations. In conclusion, we strongly
recommend using this type of analysis procedure when-
ever discrimination performance is studied in 2AFC
tasks. Our procedure will reveal possible Type A and
Type B order effects and obtain uncontaminated estimates
of the true discrimination ability, if such order effects
exist.
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Appendix A: Processing-failure models

Previous work (e.g., Wichmann & Hill, 2001) has shown
that the occurrence of lapses of attention or finger errors can
bias DL estimates. In order to remove this bias, researchers
have suggested that psychometric functions also incorporate
a parameter to account for the notion of such processing
failures. So far, researchers have agreed on how to include
such a parameter for psychometric functions that are fitted
to 2AFC data aggregated over presentation orders. It is,
however, straightforward to extend this approach also to
conditional psychometric functions. Below, we outline a
rather simple and a more complex version of such
processing-failure models, and we evaluate the implications
of these models for the assessment of psychometric func-
tions to 2AFC data.

Accounting for lapses

First, we propose a simple lapse model incorporating lapses
and response bias for a pair of conditional psychometric func-
tions (for an alternative approach, see García-Pérez & Alcalá-
Quintana, 2011). Specifically, we assume that in any given trial,
a lapse of attention will occur with probability λ, causing
participants to miss the presented stimuli. In such cases, the
participant will execute response R1 with probability β, and
response R2 with the complementary probability 1 – β (e.g.,
Allan & Kristofferson, 1974, p. 435). Without any response
bias, β equals .5. Moreover, this model assumes that neither λ
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nor β depends on the presentation order of s and c, when s and c
are randomly intermixed and differ only in the task-relevant
dimension.

Figure A1 depicts the probability tree diagrams for select-
ing R1 and R2 for the presentation orders <cs> and <sc>. As
is evident from the left panel of Fig. A1, the conditional
probability P(R1|<cs>), of responding with R1 given that c
precedes s, can then be written as

P R1 <cs>jð Þ ¼ l � b þ 1� lð Þ � F1ðcÞ; ðA1Þ

where F1(c) is the logistic distribution function increasing
with c from 0 to 1 with parameters a1 and b1, and which is
defined by the right side of Eq. 3.

Analogously, the right panel of Fig. A1 shows that the
conditional probability P(R2|<sc>), of responding with R2

given that c follows s, is given by

P R2 <sc>jð Þ ¼ l � 1� bð Þ þ 1� lð Þ � F2ðcÞ; ðA2Þ

where F2(c) is the logistic distribution function increas-
ing with c from 0 to 1 with parameters a2 and b2, and
which is defined by the right side of Eq. 4. As a
consequence of including the parameters λ and β, the
resulting psychometric functions will be scaled, and thus
will not cover the full range from 0 to 1 anymore, but
rather will range from λ · β to 1 – λ · (1 – β) for
stimulus order <cs>, and from λ · (1 – β) to 1 – λ · β for
stimulus order <sc>.

It can be shown that even when processing failures
are allowed, the constraint embodied in Eq. 5 still
applies. In particular, note that P(R1|<cs>) + P(R2|
<sc>) 0 1 must again hold for c 0 s when s and c
differ in only one dimension. Inserting Eqs. A1 and A2

into Eq. 1 yields, after some simplification, the average
function

GðcÞ ¼ l
2
þ 1� lð Þ � F1ðcÞ þ F2ðcÞ

2
: ðA3Þ

Since G(s) 0 0.5 must hold for c 0 s, this gives

0:5 ¼ l
2
þ 1� lð Þ � F1ðsÞ þ F2ðsÞ

2
: ðA4Þ

It can be seen that the preceding equation entails that
F1(s) + F2(s) 0 1 for λ < 1. In other words, the tautology P
(R1| <ss>) + P(R2|<ss>) 0 1 carries over to the sum F1(s) +
F2(s), and thus the constraint embodied in Eq. 5 again
applies.

Moreover, the average of Eqs. A1 and A2 implies
the standard lapse model for 2AFC data (e.g., García-
Pérez & Alcalá-Quintana, 2010; Wichmann & Hill,
2001) when the results are collapsed over presentation
orders—that is,

GðcÞ ¼ l=2þ 1� lð Þ � FðcÞ; ðA5Þ

¼ l� þ ð1� 2 � l�Þ � FðcÞ; ðA6Þ

with F(c) 0 [F1(c) + F2(c)]/2 and λ* 0 λ/2.
In summary, this lapse model provides a psychologi-

cally sound account for the occurrence of lapses in 2AFC
tasks. Moreover, this model is consistent with the con-
straint that the average psychometric function has to pass
the point (s, 0.5), and it also implies the standard lapse
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Fig. A1 Lapse model. The left and right panels show the model’s
assumptions for stimulus sequences <cs> and <sc>, respectively. A
lapse occurs with probability λ. In this case, the participant selects R1

and R2 with probabilities β and 1 – β, respectively. These parameters
do not depend on stimulus order. Normal processing occurs with

probability 1 – λ. F1(c) is the probability of the sensory state “1” (first
stimulus appears larger), and thus of responding with R1, when c
occurs before s, whereas F2(c) denotes the probability of the sensory
state “2” (second stimulus appears larger), and thus of responding with
R2, when c occurs after s
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model for psychometric functions averaged across pre-
sentation orders.

Accounting for lapses and finger errors

An even more elaborated version of the processing-
failure model presented above also includes the possibil-
ity of misreports—that is, “finger errors.” Specifically, it
is assumed that participants sometimes fail to report their
sensory state correctly. For example, even if they per-
ceive the second stimulus as being larger, with some
probability they confuse the responses and thus execute
the inappropriate response R1 rather than R2. Thus, and
in contrast to lapses of attention, such finger errors are
assumed to depend on the sensory state of the partici-
pant. Moreover, the probability ε1 of executing R2 in-
stead of R1 need not equal the probability ε2 of
executing R1 instead of R2; that is, finger errors may
be asymmetrical for the two response alternatives (cf.
Fig. A2). Intriguingly, however, this elaborated model can
be shown to make predictions identical to those of the more
simple lapse model outlined above. In other words, both
models mimic each other after an appropriate reparametriza-
tion of the model parameters.

More specifically, according to the model outlined in
Fig. A2, the conditional probability P(R1|<cs>) can be writ-
ten as

P R1 <cs>jð Þ ¼ l � b þ 1� lð Þ � F1ðcÞ � 1� "1ð Þ
þ 1� lð Þ � 1� F1ðcÞ½ � � "2; ðA7Þ

¼ l � b þ 1� lð Þ � "2 þ 1� lð Þ � 1� "1 � "2ð Þ � F1ðcÞ;
ðA8Þ

where F1(c) is again a logistic distribution function
increasing with c from 0 to 1 with parameters a1 and
b1. Note that the lower asymptote of this function is
given by λ · β + (1 – λ) · ε2, and its upper asymptote
by λ · β + (1 – λ) · (1 – ε1). In the special case of no
lapses (i.e., λ 0 0), the lower and upper asymptotes are equal
to ε2 and 1 – ε1, respectively.

Analogously, the conditional probability P(R2|<sc>) is
given by

P R2 <sc>jð Þ ¼ l � 1� bð Þ þ 1� lð Þ � 1� F2ðcÞ½ �
� "1 þ 1� lð Þ � F2ðcÞ � 1� "2ð Þ; ðA9Þ

¼ l � 1� bð Þ þ 1� lð Þ � "1
þ 1� lð Þ � 1� "1 � "2ð Þ � F2ðcÞ; ðA10Þ

where F2(c) is again a logistic distribution function
increasing with c from 0 to 1 with parameters a2 and
b2. The lower asymptote of this function is given by λ ·
(1 – β) + (1 – λ) · ε1, and its upper asymptote by λ ·
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Fig. A2 Lapse and finger-error model. In addition to the simple lapse
model displayed in Fig. A1, this model includes the possibility of
finger errors. When the participant is in the sensory state “1” (first
stimulus appears larger), he or she commits a finger error (that is,
executes response R2) with probability ε1, and executes the intended

response R1 with probability 1 – ε1. Likewise, when the participant is
in the sensory state “2” (second stimulus appears larger), he or she
commits a finger error (hence, executes R1) with probability ε2, and
executes the intended response R2 with probability 1 – ε2. Again, these
parameters do not depend on stimulus order
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(1 – β) + (1 – λ) · (1 – ε2). Without lapses (λ 0 0), the
lower and upper asymptotes correspond to ε1 and 1 –
ε2, respectively.

Even for the more elaborated model, the constraint
among the parameters a1, a2, b1, and b2, as defined by
Eq. 5, holds. In addition, the average of Eqs. A7 and
A9 again implies the standard lapse model (cf. Eq. A6),
with

l� ¼ l � 1� "1 � "2ð Þ þ "1 þ "2
2

: ðA11Þ

In contrast to the simple lapse model outlined above,
the four parameters λ, β, ε1, and ε2 are no longer
identifiable, because the conditional functions can be
reparametrized as

P R1 <cs>jð Þ ¼ g þ 1� kð Þ � F1ðcÞ; ðA12Þ

P R2 <sc>jð Þ ¼ k þ 1� gð Þ � F2ðcÞ: ðA13Þ

This representation shows that the more elaborated model
makes predictions identical to those of the simple lapse
model without finger errors. Specifically, the lower asymp-
tote of the psychometric function for order < cs>, γ, corre-
sponds to λ · β in the simple lapse model, and the lower
asymptote of the psychometric function for order <sc>, κ,
corresponds to λ · (1 – β) in the simple model. Because of
this mathematical equivalence, our routines implement the
simple lapse model outlined above and provide estimates of
λ and β only. Readers interested in the more elaborated

model can use the following equations to compute γ and κ
from the routines’ outputs for λ and β,

g ¼ l � b; ðA14Þ

k ¼ l � 1� bð Þ: ðA15Þ
In conclusion, in this section we elaborated two

processing-failure models. The more general model,
including lapses and finger errors, contains the simple
lapse model as a special case for ε1 0 ε2 0 0. Remark-
ably, the four parameters of the general model are not
identifiable, and the simple lapse model including two
parameters mimics the more general model. For this
reason, there is no advantage of implementing the more
general model over implementing the simple lapse
model, even though both models are theoretically
sound.

Appendix B: MATLAB function for estimating DL
in a 2AFC task

Function call

Note that a .m file containing the function code given below
has to be located somewhere in the MATLAB path or in the
working directory. The function should be called from the
command window in the following way (the data and spec-
ifications are from the numerical example given in the main
text):

After completion of the call, the result parameters can easily
be accessed by typing the name of an output structure (e.g.,

) or a specific parameter (e.g., ) into
the commandwindow.Note that in some versions ofMATLAB,

messages may show up during exe-
cution of our routine, which may slow down execution time.
These warnings are not problematic and could be avoided by
disabling errormessages, if a speedup of execution time is needed.
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Function code
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Appendix C: R function for estimating DL
in a 2AFC task

Function call

For the R routine, the command source
needs to be called before the function MLE2AFC. A file named

MLE2AFC.r containing the R function code is available as
electronic supplementary material on the journal homepage. If
MLE2AFC is not in the current working directory, a path
specifying the function directory can be included in the
source command. The function should be called from the R
console in the following way (the data and specifications are
from the numerical example given in the main text):

After completion of the call to MLE2AFC, the list res
contains the output structures , , and .
The result parameters can be easily accessed, for example by
typing the respective output structure (e.g., )
or a specific parameter (e.g., )
into the R console.
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