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Abstract

For the importance of deteriorating in units, this paper presents a Constraint
Deteriorating Probabilistic Periodic Review Inventory Model (CDPPRIM), a model
which is applicable under some assumptions: (1) the demand is a random variable
that follows Pareto distribution without lead time, (2) some costs are varying and
shortage is permitted, (3) the deterioration rate follows Gumbel distribution, and (4)
there is a constraint on varying deteriorating cost.
Here, the objective function under a constraint is imposed in crisp and fuzzy
environment. A Newton’s method is used to solve the system of nonlinear
equations. The objective is to find the optimal values of four decision variables
(maximum inventory level, stock-out time, the deteriorating time, and review time),
which minimize the expected annual total cost under the assumptions. Finally, the
model is followed by an application.

Keywords: Crisp environment, Lagrange multiplier technique, Newton’s method,
Triangular fuzzy number, Zero lead time
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Introduction
Many researchers studied inventory models whether deterministic or probabilistic,

single-item or multi-item. Some of them investigate a probabilistic periodic review in-

ventory model. For example, Sqren and Roger [1] developed the model with continu-

ous demand and lost sales. Iida [2] studied a non-stationary model with uncertain

production capacity and uncertain demand. Chiang [3] presented optimal replenish-

ment for the model with two supply modes. Fergany [4] developed the model with zero

lead time under constraints and varying ordering cost using Lagrange multiplier tech-

nique. Abuo-El-Ata et al. [5] illustrated the model for multi-item with varying order

cost under two restrictions using geometric programming approach.

The cost parameters in real inventory systems and other parameters such as price,

marketing, and service elasticity of demand are imprecise and uncertain in nature. This

uncertainty applied the notion of fuzziness. Since the proposed model is in a fuzzy en-

vironment, a fuzzy decision should be made to meet the decision criteria, and the re-

sults should be fuzzy. Many researchers introduced fuzzy sets and its application as a
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mathematical way of representing impreciseness or vagueness in everyday life. Dubois

and Prade [6] presented a theory and application for fuzzy sets and system. Dey and

Chakraborty [7] introduced fuzzy periodic review system with fuzzy random variable

demand.

Deterioration plays a significant role in many inventory systems. Moreover, it is the

one of main problems investigated in the inventory systems science more than 20 years

ago. Because of this importance, many researchers have attempted to present models

and applications that deal with this crucial point. For example, Azizul et al. [8] studied

inventory model with Gumbel deteriorating items. Chern et al. [9] explained an inven-

tory models for deteriorating items with fluctuating and inflation demand with partial

backorder shortage. Taleizadeh and Nematollahi [10] presented a deterministic inven-

tory control problem for deteriorating items with backordering and financial consider-

ations. Priya et al. [11] introduced an inventory model for deteriorating items with

exponential demand and time-varying holding cost. Maragatham and Lakshmidevi [12]

explained an inventory model for non-instantaneous deteriorating items under condi-

tions of permissible delay in payments for N cycles. Mishra et al. [13] introduced an in-

ventory model for deteriorating items with time-dependent demand and time-varying

holding cost under partial backorder.

This paper presents a new deteriorating probabilistic periodic review inventory model

under a varying deterioration cost constraint. This model is applicable when the lead

time is zero and when the demand is a random variable that follows Pareto distribution.

It is also applicable when the shortage is allowed, and it is divided into backorders or/

and lost sales. The paper studies that in Constraint Deteriorating Probabilistic Periodic

Review Inventory Model (CDPPRIM) when the deterioration rate follows Gumbel dis-

tribution, some costs are varying, and the model works effectively in both crisp and

fuzzy environments. The model solved through Lagrange multiplier technique. A nu-

merical analysis method (Newton’s method) is used for solving nonlinear equations.

The objective of this study is to find the optimal values of four decision variables (max-

imum inventory level, stock-out time, deteriorating time, and the review time), which

minimize the expected annual total cost under a restriction. The results are acquired

by using Mathematica program.

The following assumptions are made in developing the model:

� The replenishment rate is instantaneous (the lead time is zero).

� The deterioration rate θ(t) follows decreasing distributions as Gumbel distribution.

� The salvage value γ, 0< γ < 1 is associated to deteriorated units during the cycle.

� Shortage is allowed to occur, and it is a mixture of backorder and lost sales. A

fraction ρ (0 ≤ ρ ≤ 1) is backordered. Then the remaining fraction (1 – ρ) is lost, ρ

¼ 1
1þϵðN−tÞ ; (0 < ϵ < 1).

� Suppose that the demand for a particular item follows Pareto distribution such as:

f ðxÞ ¼ η δη

ðxþδÞηþ1 ; 0≤x < þ∞; η is a continuous shape parameter η > 0, δ is a continu-

ous scale parameter δ > 0.

The model under consideration developed the stock level, which decreases at a uni-

form rate over the cycle as shown in Fig. 1.



Fig. 1 Inventory process for DPPRIM with mixture shortage
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Mathematical model
In the interval (0,N), the inventory level gradually decreases to meet demands. During

the period [0, nd], the inventory depletes due to the demand. In addition, during the

period [nd, n1], the inventory depletes due to the demand and deteriorating. By this

process, during the interval [n1, N], the inventory level reaches zero level at time n1
and then shortage is allowed to occur. The probability density function of Gumbel dis-

tribution is f ðtÞ ¼ 1
σ ⅇ

fðt−μÞσ gξþ1

ⅇ−ⅇfðt−μÞσ g
ξþ1

; t > 0 , where μ ∈ R is a location parameter,

σ ∈ (0,∞) is the scale parameter, and ξ ∈ (−∞,∞) is the shape parameter. The shape par-

ameter ξ governs the tail behavior of the distribution. The family defined by ξ→ 0 cor-

responds to the Gumbel distribution. The probability density function of Gumbel

distribution corresponds to minimum value f minðtÞ ¼ 1
σ ⅇ

ðt−μÞ
σ Exp½−Exp½ðt−μÞσ ��; t > 0 .

And the cumulative distribution function FminðtÞ ¼ 1−Exp½−Exp½ðt−μÞσ ��; t > 0:

Then the deterioration rate function defined by θminðtÞ ¼ 1
σ ⅇ

ðt−μÞ
σ ; t > 0:

The boundary conditions q1ð0Þ ¼ Qm; q2ðn1Þ ¼ q3ðn1Þ ¼ 0; q3ðNÞ ¼ x−Qm.

The differential equations for the instantaneous inventory level qi (t), 0 < t <N are

given by Eqs. (1), (2), (5), and (6).

– If x≤ Qm, the rate of change of inventory during positive stock period [0, n1] is

governed by the following differential equations:

d q1 tð Þ
dt

¼ −D ¼ −
x
nd

for 0≤t≤nd ð1Þ

d q2 tð Þ
dt

þ θ tð Þ q2 tð Þ ¼ −D ¼ −
x

n1−nd
for nd ≤ t≤n1 ð2Þ

The solutions of the above differential equations after applying the boundary condi-
tions are given by the following equations:

q1 tð Þ ¼ Qm−D t ¼ Qm−
x t
nd

for 0≤ t≤nd ð3Þ
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q2 tð Þ ¼ x σ
n1−ndð Þ Exp −Exp

t−μð Þ
σ

� �� �
Ei ⅇ

t−μ
σ

h i
−Ei ⅇ

n1−μ
σ

h i� �� �
for nd ≤ t≤n1 ð4Þ

where the integral Ei(x) for (x) ≥ 0 is defined by EiðxÞ ¼ R∞−x e−t
t dt [14]

– If x >Qm, the following relationships are evident:

d q3 tð Þ
dt

¼ −
D

1þ ϵ N−tð Þ ¼ −
x−Qm

N−n1

1
1þ ϵ N−tð Þ
� 	

n1≤t≤N ð5Þ

d q4 tð Þ
dt

¼ −D 1−
1

1þ ϵ N−tð Þ
� 	

¼ −
x−Qm

N−n1
1−

1
1þ ϵ N−tð Þ

� 	
n1≤ t≤N ð6Þ

hence,
q3 tð Þ ¼ −
x−Qm

ϵ N−n1ð Þ ln 1þ ϵ N−n1ð Þ½ �− ln 1þ ϵ N−tð Þ½ �f g n1≤ t≤N ð7Þ

q4 tð Þ ¼ −
x−Qm

ϵ N−n1ð Þ ϵ t−n1ð Þ þ ln 1þ ϵ N−tð Þ½ �− ln 1þ ϵ N−n1ð Þ½ �f g n1≤ t≤N ð8Þ

The model for crisp environment

The expected annual total cost for the cycle is composed of expected order cost, ex-

pected purchase cost, expected varying deteriorating cost, expected varying salvage

cost, expected backorder cost, expected lost sales cost, and expected varying holding

cost

– The expected order cost per cycle is given by:

E OCð Þ ¼ Co ð9Þ

– The expected purchase cost per cycle is given by:

E PCð Þ ¼ Cp

Z∞
x¼0

Z N

0
x f xð Þ dt dx ¼ Cp N

Z∞
x¼0

x f xð Þ dx ð10Þ

– The expected varying deterioration cost per order is given by:
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E DCð Þ ¼ Cd N
β Qm−

ZQm

x¼0

Z n1

nd

D tð Þ f xð Þ dt dx
0@ 1A

¼ Cd N
β Qm−

1
n1−ndð Þ

ZQm

x¼0

n1−ndð Þ x f xð Þ dx
0@ 1A

¼ Cd N
β Qm−

ZQm

x¼0

x f xð Þ dx
0@ 1A

ð11Þ

– The expected varying salvage value of deteriorated units per order is given by:

E VCð Þ ¼ Cv N
β Qm−

ZQm

x¼0

x f xð Þ dx
0@ 1A ¼ Cd γ Nβ Qm−

ZQm

x¼0

x f xð Þ dx
0@ 1A ð12Þ

– The expected backorder cost per cycle is given by:

E BCð Þ ¼ Cb

Z∞
Qm

ZN
n1

−q3 tð Þð Þ f xð Þ dtdx

0B@
1CA

¼ Cb

Z∞
Qm

x−Qm

ϵ
1−

1
ϵ N−n1ð Þ ln 1þ ϵ N−n1ð Þ½ �

� 	
f xð Þ dx

264
375

ð13Þ

– The expected lost sales cost per cycle is given by:

E LCð Þ ¼ CL

Z∞
x¼Qm

ZN
n1

−q4 tð Þð Þ f xð Þ dt dx

¼ CL

Z∞
Qm

x−Qm

ϵ
ϵ N−n1ð Þ

2
− 1−

1
ϵ N−n1ð Þ ln 1þ ϵ N−n1ð Þ½ �

� 	� �
f xð Þ dx

8><>:
9>=>;
ð14Þ

– The expected varying holding cost at any time per cycle is given by:
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E HCð Þ ¼ Ch N
−β
Z Qm

0

Znd
0

q1 tð Þ dt þ
Zn1
nd

q2 tð Þ dt
0@ 1A f xð Þ dx þ

Z∞
Qm

ZN
n1

−q4 tð Þð Þ dt f xð Þ dx

264
375

¼ Ch N
−βf ZQm

0 ½ Qm nd−
x nd
2

� �
þ
Z n1

nd f X∞
i¼0

Exp −i
t−μ
σ

� �h i
i!

0B@
1CA

0B@
1CA

½ Exp Exp
n1−μ
σ

h ih i
Exp

n1−μ
σ

� �� 	
0BB@

1CCAX∞
n¼0

n!Exp −n
n1−μ
σ

� �h i� �0BB@
1CCA

−
Exp Exp

t−μ
σ

h ih i
ðExp t−μ

σ

h i
0B@

1CAX∞
j¼0

j!Exp − j
t−μ
σ

� �h i� �0B@
1CA�gdt� f xð Þ dx

þ
Z∞
Qm

x−Qm

ϵ
ϵ N−n1ð Þ

2
− 1−

1
ϵ N−n1ð Þ ln 1þ ϵ N−n1ð Þ½ �

� 	� �
f xð Þ dxg

ð15Þ

From Eqs. (9), (10), (11), (12), (13), (14), and (15), the expected annual total cost for
the cycle is composed of E(TC) = E(OC) + E(PC) + E(DC (N)) + E(VC(N)) + E(BC) +

E(LC) + E(HC(N))

E TC Qm; nd; n1;Nð Þð Þ ¼ Co þ Cp N
Z∞
x¼0

x f xð Þ dx

þ
Z∞
Qm

x−Qmð Þ
ϵ ½ Cb−Ch N

−β−CL

 �

1−
ln 1þ ϵ N−n1ð Þ½ �

ϵ N−n1ð Þ
� 	

þ Ch N
−β þ CL


 � N−n1ð Þ
ϵ

� f xð Þ dx

þCh N
−βf ZQm

0
½ Qm nd−

x nd
2

� �
þ
Zn1
nd
ð X∞

i¼0

Exp −i
t−μ
σ

� �h i
i!

0B@
1CA

0B@
1CA

Exp Exp
n1−μ
σ

h ih i
Exp

n1−μ
σ

� �� 	
0BB@

1CCA�
X∞
n¼0

n!Exp −n
n1−μ
σ

� �h i� �0BB@
1CCAÞ

−
Exp Exp

t−μ
σ

h ih i
ðExp t−μ

σ

h i
0B@

1CAX∞
j¼0

j!Exp − j
t−μ
σ

� �h i� �0B@
1CAÞdt� f xð Þ dxg

þ Cd 1þ γð Þ Nβ Qm−
ZQm

x¼0

x f xð Þ dx
0@ 1A

ð16Þ
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This paper puts a constraint on varying deteriorating cost for if the deteriorating cost

exceeds a certain limit, this tend to increase the expected annual total cost or lead to

loss. The Karush–Kuhn–Tucker (KKT) conditions [15] are first-order necessary condi-

tions for a solution in non-linear programming to be optimal, provided that some regu-

larity conditions are satisfied. Allowing inequality constraints, the KKT approach to

nonlinear programming generalizes the method of Lagrange multipliers, which allows

only equality constraints. So, this method is suitable to solve this problem.

Consider a limitation on the expected varying deteriorating cost, i.e.:

E DCð Þ ¼ Cd N
β Qm−

ZQm

x¼0

x f xð Þ dx
0@ 1A≤kd ð17Þ

It may be written as Min E (TC(Qm, nd, n1,N.))

subject to inequality constraint E(DC(Qm, nd, n1,N)) ≤ kd.

To find the optimal values Q�
m; n

�
d; n

�
1 , and N∗ which minimize E(TC) under the con-

straint (17), the Lagrange multipliers technique with the Kuhn-Tacker conditions [15]

is used as follows:

E L Qm; nd; n1;Nð Þð Þ ¼ Co þ Cp N
Z∞
x¼0

x f xð Þ dx

þ
Z∞
Qm

x−Qmð Þ
ϵ

Cb−Ch N
−β−CL


 �
1−

ln 1þ ϵ N−n1ð Þ½ �
ϵ N−n1ð Þ

� 	�

þ Ch N
−β þ CL


 � ϵ N−n1ð Þ
2

�
f xð Þ dx

þCh N
−β

ZQm

0

Qm nd−
x nd
2

� �h8<:
þ
Zn1
nd

X∞
i¼0

Exp −i
t−μ
σ

� �h i
i!

0B@
1CA

0B@
1CA Exp Exp

n1−μ
σ

h ih i
Exp

n1−μ
σ

h i� �
0B@

1CA
0B@
264

8><>:
�
X∞
n¼0

n!
Exp −n�

n1−μ
σ

� �h i !!

−
Exp Exp

t−μ
σ

h ih i
ðExp t−μ

σ

h i
0B@

1CAX∞
j¼0

j!Exp − j
t−μ
σ

� �h i� �0B@
1CA
375
9>=>;dt

375 f xð Þ dx

9>=>;
þCd 1þ γð Þ Nβ Qm−

ZQm

x¼0

x f xð Þ dx
0@ 1Aþ λd Cd N

β Qm−
ZQm

x¼0

x f xð Þ dx
0@ 1A−Kd

24 35
ð18Þ

The optimal values Q�
m; n

�
d; n

�
1, and N∗ can be calculated by setting the corresponding

first partial derivatives of Eq. (18) equal to zero.

Thus; let g1 Qm; nd; n1;Nð Þ ¼ ∂E L Qm; nd; n1;Nð Þð Þ
∂Qm Qm ¼ Q�

m

¼ 0

������ ;



Hollah and Fergany Journal of the Egyptian Mathematical Society           (2019) 27:10 Page 8 of 13
g2 Qm; nd; n1;Nð Þ ¼ ∂E L Qm; nd; n1;Nð Þð Þ
∂nd nd ¼ n�d

¼
������ 0;

g3 Qm; nd; n1;Nð Þ ¼ ∂E L Qm; nd; n1;Nð Þð Þ
∂n1 n1 ¼ n�1

¼
������ 0;

g4 Qm; nd; n1;Nð Þ ¼ ∂E L Qm; nd; n1;Nð Þð Þ
∂N N ¼ N�

¼
������ 0

and g5 Qm; nd; n1;Nð Þ ¼ ∂E L Qm; nd; n1;Nð Þð Þ
∂λd λd ¼ λ�d

¼
������ 0

The goal is to solve the previous multivariable nonlinear system by using Newton’s

method using Mathematica program. The following Algorithm is applied.

Step 1: Define G(y) and J(y): Let F be a function which maps ℝn to ℝn and The

Jacobian matrix is a matrix of first-order partial derivatives without the equation of the

constraint g5 to find the value of Kd as:

G yð Þ ¼
g1 Qm; nd; n1;Nð Þ
g2 Qm; nd; n1;Nð Þ
g3 Qm; nd; n1;Nð Þ
g4 Qm; nd; n1;Nð Þ

2664
3775; J yð Þ ¼

∂g1
∂Qm

∂g1
∂nd

∂g2
∂Qm

∂g2
∂nd

∂g1
∂n1

∂g1
∂N

∂g2
∂n1

∂g2
∂N

∂g3
∂Qm

∂g3
∂nd

∂g4
∂Qm

∂g4
∂nd

∂g3
∂n1

∂g3
∂N

∂g4
∂n1

∂g4
∂N

266666666664

377777777775

Step 2: Let y ∈ ℝn. Then y represents the vector

Qm

n1
nd
N
λd

26664
37775

Step3: Assume any initial value y0 for Qm, nd, n1, and N when λd = 0.

Step4: Calculate G(y0 ), J(y0) and then find the inverse matrix J−1(y0), for y0.

Step 5: Solve the system y1 = y0 − J−1(y0) G(y0).

Step 6: Use the results of y1 to find the next iteration y2 by using the same procedure.

Step 7: Keep repeating the process until finding the same results for two consecutive

values of Qm, n1, nd, and N. Then from Eq. (17), it is possible to calculate Kd.

Step 8: Repeat steps 1, 2, 3, and 4 with changing λd and adding g5(Qm, nd, n1,N) to

the system until obtaining the same results for two consecutive values of Qm, nd, n1,

and N. Then these values are the optimal values of Q�
m; n

�
d; n

�
1; and N�:

Step 9: Thus, the optimal value of the annual expected total cost TC(Qm, nd, n1,N)

can be easily calculated.

The model for fuzzy environment

The inventory cost coefficients, elasticity parameters, and other coefficients in the

model are fuzzy in nature. Therefore, the decision variables and the objective function

should be fuzzy as well. To solve this inventory model using Lagrange multiplier
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technique, it should be find the right and the left shape functions of the objective func-

tion and decision variables, by finding the upper bound and the lower bound of the ob-

jective function, i.e., ~L
Lð∝Þ and ~L

Rð∝Þ. Recall that ~LLð∝Þ and ~L
Rð∝Þ represent the largest

and the smallest values (the left and right ∝cuts) of the optimal objective function ~Lð∝Þ:
For example using approximated value of TFN of ~Co which observe in Fig. 2.

Consider the model when all parameters are triangular fuzzy numbers (TFN) as

given:

Cp ¼ Cp−ω1;Cp;Cp þ ω2

 �

; Co ¼ Co−ω3;Co;Co þ ω4ð Þ;

Ch ¼ Ch−ω5;Ch;Chr þ ω6ð Þ; Cb ¼ Cb−ω7;Cb;Cb þ ω8ð Þ;
CL ¼ CL−ω9;CL;CL þ ω10ð Þ and Cd ¼ Cd−ω11;Cd;Cd þ ω12ð Þ:

where ωi, i = 1, 2,… … , 12 are arbitrary positive numbers under the following

restrictions:

0≤ω1≤Cp;ω2≥0; 0≤ω3≤Co;ω4≥0; 0≤ω5≤Ch;ω6≥0;

0≤ω7≤Cb;ω8≥0; 0≤ω9≤CL;ω10≥0 and 0≤ω11≤Cd;ω12≥0:

hence, the left and right limits of ∝cuts of Cp, Co, Ch, Cb, CL, and Cd are given by:
~CpL ∝ð Þ ¼ Cp− 1−∝ð Þω1; ~CpR ∝ð Þ ¼ Cp þ 1−∝ð Þω2;

~CoL ∝ð Þ ¼ Co− 1−∝ð Þω3; ~CoR ∝ð Þ ¼ Co þ 1−∝ð Þω4;

~ChL ∝ð Þ ¼ Ch− 1−∝ð Þω5; ~ChR ∝ð Þ ¼ Ch þ 1−∝ð Þω6;

~CbL ∝ð Þ ¼ Cb− 1−∝ð Þω7; ~CbR ∝ð Þ ¼ Cb þ 1−∝ð Þω8;

~CLL ∝ð Þ ¼ CL− 1−∝ð Þω9; ~CLR ∝ð Þ ¼ CL þ 1−∝ð Þω10;

and

~CdL ∝ð Þ ¼ Cd− 1−∝ð Þω11; ~CdR ∝ð Þ ¼ Cd þ 1−∝ð Þω12

where

~Cp ¼ Cp þ 1
4

ω2−ω1ð Þ; ~Co ¼ Co þ 1
4

ω4−ω3ð Þ;

~Ch ¼ Ch þ 1
4

ω6−ω5ð Þ; ~Cb ¼ Cb þ 1
4

ω8−ω7ð Þ;
Fig. 2 Order cost as triangular fuzzy number
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~CL ¼ CL þ 1
4

ω10−ω9ð Þ and ~Cd ¼ Cd þ 1
4

ω12−ω11ð Þ:

Likewise, the same steps which are taken in the crisp case can be applied here, except
that the crisp costs of Cp, Co, Ch, Cb, CL, and Cd will be replaced by the fuzzy costs of
~Cp; ~Co; ~Ch; ~Cb; ~CL; and ~Cd . Then the optimal values Q�

m, n�1; n
�
d , and N∗ which minimize

expected annual total cost for fuzzy case can be calculated by using the same previous

Algorithm.

Application
Petro-chemical store sells Alcohol that follows a periodic review “order up to Qm ” with

zero lead time. The parameters with 60 samples indicate that demand (see the Appen-

dix) is estimated when α = 0.05 in Table 1. The optimal solutions of the crisp and fuzzy

TFN environments using Mathematica program are given in Table 2 and Fig. 3. When

f(t) follows Gumbel distribution μ = 0.65, σ = 1.8, ϵ = 0.5, γ= 0.4,η = 2, δ = 0.8351.

Conclusion
For the importance of deteriorating in units, this paper investigates probabilistic peri-

odic review inventory model for deteriorating items with varying costs under a varying

deteriorating cost constraint, when the demand is a random variable follows Pareto dis-

tribution for crisp and fuzzy environments without lead time. Here, this paper calcu-

lated optimal values of the four decision variables (maximum inventory level, stock-out

time, deteriorating time, and review time) which minimize the expected annual total

cost. A numerical analysis method (Newton’s method) was used to solve the system

consisting of some nonlinear equations for different values of β. Then the model is il-

lustrated with an application for the purpose of evaluation and validation of the results.

It can be concluded that fuzzy environment is closer to the practical situation than

crisp case. In addition, when β equals 0.4, it obtains the best value for minimum ex-

pected annual total cost.

Notations and assumption

Qm Maximum inventory level (decision variable)

N The time of review “cycle” (decision variable)

x The demand during the cycle N (random variable)

D The expected demand per unit item D ≡ ðD1;D2;…;DnÞ
Table 1 Crisp and fuzzy values of the parameters

Parameters Crisp Parameters Fuzzy

Cp 150 ~Cp (145, 150, 154)

Co 180 ~Co (173, 180, 190)

Cb 4.2 ~Cb (4, 4.2, 4.25)

CL 7.98 ~CL (7.68, 7.98, 8.48)

Ch 3 ~Ch (2.95, 3, 3.02)

Cd 0.8 ~Cd (0.76, 0.8, 0.81)

Kd 7 ~Kd 6.4



Table 2 Crisp and fuzzy values for Gumbel deterioration

β λd Qm nd n1 N E(TC) E(TC)/Qm

0.1 8.4 443.4 3.88 4.81 4.9 14170.9 31.96

0.2 28.1 733.14 3.52 3.1 3.13 7656.05 10.443

0.3 14.6 617.22 3.7 3.93 5.06 5713.74 9.26

0.4 17.3 708.91 3.71 3.97 17.39 5353.43 7.552

0.5 24.7 1057.93 3.69 3.85 30.36 8962.51 8.472

0.6 37.45 3646.41 3.66 3.72 43.2 43586.39 11.953

0.7 53.2 5342.03 3.648 3.67 55.92 103839.8 19.44

0.8 70.4 117.9 3.65 3.665 67.82 4176.02 35.429

0.9 86.63 4.913 3.66 3.7 78.41 586.243 119.324

~β ~λd ~Qm ~nd ~n1 ~N EðfTCÞ EðfTCÞ=~Qm

0.1 8.5 445.8 3.89 4.841 5.13 13097.2 29.382

0.2 28.2 733.83 3.52 3.1 3.15 7636.5 10.41

0.3 17.8 666.5 3.65 3.78 3.72 6307.9 9.465

0.4 22.2 793.81 3.645 3.675 15 5835.1 7.351

0.5 29.13 1178.221 3.644 3.7 28.784 9707.942 8.2395

0.6 36.3 3359.6 3.66 3.7462 43.39 39928.98 11.885

0.7 44.7 14491.579 3.7 3.867 57.16 282737.4 19.511

0.8 70.5 122.64 3.645 3.7 67.73 4292.7 35.004

0.9 86.7 5.24 3.65 3.686 78.33 600.1 114.62
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Co The order cost per unit item per cycle

Cp The purchase cost per unit item per cycle

Cb The backorder cost per unit item per cycle

CL The lost sales cost per unit item per cycle

Ch The holding cost per unit item per cycle

Ch(N) The varying holding cost per unit item per cycle =Ch N
−β

Cd(N) The varying deterioration cost per order =Cd N
β

Cv(N) The varying salvage cost per order =Cd γ Nβ

γ The salvage value associated with deteriorated item

θ(t) The deterioration rate at time t

kd The goal associated to expected deteriorating cost
Fig. 3 Crisp and fuzzy value for Gumbel distribution
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E(TC) The expected total average cost function E( TC(Qm, nd, n1,N))
~Co The fuzzy order cost per unit item per cycle
~Cp The fuzzy purchase cost per unit item per cycle

~Cb The fuzzy back order cost per unit item per cycle
~CL The fuzzy lost sales cost per unit item per cycle
~Ch The fuzzy holding cost per unit item per cycle
~Ch ðNÞ The fuzzy varying holding cost per cycle ¼ ~Ch N−β

~CdðNÞ The fuzzy varying deterioration cost per order ¼ ~Cd Nβ

~CvðNÞ The fuzzy varying salvage cost per order ¼ ~Cd γ Nβ

~kd The fuzzy goal associated to expected deteriorating cost

n1 The time of stock-out (decision variable)

nd The time of deteriorating (decision variable)

q1(t) The inventory level at time t (0 ≤ t ≤ nd) in which the product has demand

q2(t) The inventory level at time t (nd ≤ t ≤ n1) in which the product has demand and

deterioration

q3(t) The inventory level at time t (n1 ≤ t ≤N) in which the product has backorder

q4(t) The inventory level at time t (n1 ≤ t ≤N) in which the product has lost sales

Appendix
The value of the demand (calculated by m3) for Pareto distribution
0.18 0.03 0.12 2.2 0.4 1.53 0.67 0.93 0.21 0.9 0.6 0.14
0.24
 0.2
 0.7
 0.81
 1.14
 1.22
 0.01
 0.83
 0.3
 0.84
 0.85
 0.16
0.13
 0.4
 0.5
 0.08
 0.77
 0.11
 0.2
 2.12
 0.15
 0.14
 0.01
 0.25
1.1
 0.14
 0.51
 0.15
 0.24
 1.72
 0.37
 0.57
 3.54
 0.12
 0.7
 0.09
3.25
 1.48
 0.05
 0.71
 0.13
 0.29
 0.01
 0.06
 1.11
 0.34
 0.18
 0.6
Goodness of Fit: Kolmogorov–Smirnov
Sample size 60
α
 0.05
Critical value
 0.17231
P value
 0.73526
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