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Frictional heating in a thick fault zone 
with empirical slip‑weakening friction: 
implications for slip parameter estimation 
from temperature observations in deep fault 
drilling
Shunya Kaneki*   

Abstract 

The strain energy released during an earthquake is consumed by processes related to seismic radiation or dissipation. 
Deep fault drilling and subsequent temperature measurements in a thick fault zone immediately after an event have 
provided important insights into this dissipation process. By employing an analytical solution to the heat conduction 
problem, which involves the sudden injection of an infinitesimally thin heat source into an infinite medium, previous 
drilling projects have estimated the strength of the heat source and the level of shear stress from observed tem-
perature anomalies. However, it is unclear under what conditions this analytical source solution can be regarded as a 
good approximation for the thick fault problem, a situation which has led to uncertainty of the approximation error in 
these previous studies. In this study, I first derived an analytical solution for the thick fault problem that accounted for 
experimentally derived slip-weakening friction. I then validated the derived solution both analytically and numerically. 
Using the derived thick solution, I next demonstrated that the thick, planar, and source solutions can be considered 
equivalent under the typical conditions of the previous drilling projects. Therefore, the slip parameters estimated by 
using the source solution obtained by these studies are appropriate. These results suggest that coseismic information 
with spatio-temporal extent, such as shear stress and friction coefficient, are lost due to heat diffusion when the tem-
perature observations are conducted; thus, they cannot be inferred directly from observed temperature anomalies. 
These results also suggest that for most drilling projects, including future ones, the observed temperature distribution 
can be well explained by using the source solution instead of the thick solution as long as coseismic slip is not mark-
edly delocalized and the spatial extent of the temperature measurements is not significantly larger than the diffusion 
length.
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1  Introduction
Strain energy stored in the Earth is released when 
earthquakes occur. The two principal sinks for the 
released strain energy are radiation (seismic waves) and 

dissipation (work done by friction). Whereas the former 
can be studied by examining earthquake source param-
eters (e.g., Abercrombie and Rice 2005), the latter is dif-
ficult to study using a seismological approach because the 
level of absolute stress must be known. Laboratory exper-
iments have shown that most of the dissipation energy is 
likely to be associated with frictional heat (e.g., Lockner 
and Okubo 1983). This suggests that precise estimates 
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of frictional heating in fault zones should lead to better 
understanding of dissipation process and, hence, earth-
quake energetics.

In general, there are two representative approaches to 
the examination of frictional heating in fault zones. In 
the first approach, anomalies in the temperature indi-
ces of fault rocks exposed at the Earth’s surface have 
been investigated to detect heat signatures recorded in 
natural faults (Rowe and Griffith 2015). Although this 
approach is applicable to various natural faults, the lack 
of a modern seismological network at the time the cor-
responding event took place makes it impossible to com-
pare the obtained information with the event’s seismic 
source parameters. The second approach is to directly 
measure residual heat in post-seismic fault zones imme-
diately after an event occurs. Some drilling projects have 
succeeded in detecting residual heat in a targeted active 
fault, such as the Chelungpu fault in Taiwan (Kano et al. 
2006; Tanaka et al. 2006), which slipped during the 1999 
Chi-Chi earthquake, and the plate-boundary fault in the 
Japan Trench (Fulton et  al. 2013), which slipped during 
the 2011 Tohoku-Oki earthquake. However, when either 
advective fluid flow or spatial variation in thermal prop-
erties are efficient, it may be difficult to directly detect 
residual heat by temperature measurements (Li et  al. 
2015). Nevertheless, post-seismic temperature observa-
tions are of great importance because they provide the 
only practical way to quantitatively examine the dissipa-
tion process of one particular event in conjunction with 
seismological observations.

Observed anomalies in post-seismic fault tempera-
tures can be used to constrain dissipation-related slip 
parameters, such as the strength of the heat source, by 
solving the heat conduction problem in and around a 
fault zone. Because numerical solutions always con-
tain numerical errors and because investigations of a 
large number of parameter sets or long-term evolution 
may require large computational resources, analytical 
solutions, if available, are preferable, because they can 
cause numerical errors to vanish and reduce computa-
tional costs. Therefore, to estimate the strength of the 
heat source and the absolute level of shear stress, previ-
ous drilling projects have adopted an analytical solution 
for a one-dimensional system in which a planar heat 
source is suddenly injected into an infinite medium 
(Kano et al. 2006; Tanaka et al. 2006; Fulton et al. 2013; 
Li et  al. 2015). Although these studies have assumed 
that it is reasonable to apply this analytical source solu-
tion to the heat conduction problem with a thick fault 
zone under their observation conditions, they provide 
no quantitative discussion of this point. In fact, seismic 
slip rates are usually expected to be no less than 10–2 to 
10–1 m s–1, which is sufficiently fast to cause a dramatic 

decrease in the shear stress, as has been demonstrated 
by numerous laboratory friction experiments (Di Toro 
et  al. 2011). Therefore, an analytical solution to the 
thick fault problem that takes account of experimentally 
obtained slip-weakening friction is required to provide 
a quantitative criterion for using the source solution 
as a reasonable approximation. Although Carslaw and 
Jaeger (1959) and, subsequently, Lachenbruch (1986) 
and Fulton and Harris (2012) have reported analytical 
solutions to the thick fault problem in a one-dimen-
sional system with constant shear stress, no analytical 
solution accounting for typical slip-weakening friction 
has yet been reported. Therefore, it has not been pos-
sible to examine whether the source solution adopted 
by various previous drilling projects (Kano et al. 2006; 
Tanaka et al. 2006; Fulton et al. 2013; Li et al. 2015) is 
reasonably applicable under the observation conditions 
of those projects.

In light of these backgrounds, the main objective of 
this study is to investigate the validity of the slip param-
eters reported in previous drilling projects using source 
solutions. I first derive analytical solutions for the 
one-dimensional thermal conduction problem with a 
thick fault zone by considering typical slip-weakening 
friction at seismic slip rates. I then verify the derived 
solutions by comparing them with previous analytical 
solutions, as well as with numerical solutions. Next, on 
the basis of the derived solutions, I investigate whether 
the source solution adopted by previous drilling pro-
jects as an approximation is appropriate and examine 
the validity of the reported slip parameters. Finally, on 
the basis of the obtained results, I discuss some impli-
cations of estimating coseismic slip parameters in deep 
drilling projects.

2 � Methods
This section is devoted to describe the problem setup that 
will be addressed throughout this paper. I start from the 
general heat conduction equation in a three-dimensional, 
homogeneous, and infinite solid whose thermal proper-
ties have no spatial or temperature dependences:

where � is the Laplacian, T (x, t) is temperature, x is the 
position vector, t is time, and α is thermal diffusivity. For 
simplicity, I consider only the case in which heat conduc-
tion is the principal process governing the temperature 
change and the effects of other possible heat transfer 
mechanisms, such as fluid advection, are neglected. If the 
heat flow is linear and parallel to the x direction, Eq. (1) 
becomes

(1)�T (x, t)−
1

α

∂T (x, t)

∂t
= 0,
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Under the assumption that the center of the fault zone is 
x = 0 , the system is symmetric with respect to the x = 0 
plane and it is only necessary to solve the heat conduc-
tion problem in the semi-infinite region x ≥ 0 . If it is 
assumed that a fault starts to slip and to supply heat to 
the fault zone at t = 0 , then it is necessary to solve

with the initial condition

where Q(x, t) is the rate of heat production per unit vol-
ume, K  is thermal conductivity, and T0(x) is the initial 
temperature distribution. The system discussed in this 
study is shown schematically in Fig. 1.

I consider the case in which Q is related only to fric-
tional heat. If deformation is homogeneous and confined 
to the fault zone, then Q can be expressed as

where Qs(t) is the rate of heat generation by slip per unit 
volume, H(x) is the Heaviside function, and l is the half-
width of the fault zone. If it is assumed that all of the 
work done by friction is converted into heat, then

where τ (t) and v(t) are the shear stress and slip rate, 
respectively. Because work done by friction can also be 
consumed by other processes such as gouge fractur-
ing and chemical reactions, this assumption provides an 

(2)∂2T (x, t)

∂x2
−

1

α

∂T (x, t)

∂t
= 0.

(3)∂2T (x, t)

∂x2
−

1

α

∂T (x, t)

∂t
= −

Q(x, t)

K
,

(4)T (x, t = 0) = T0(x),

(5)Q(x, t) = Qs(t)[1−H(x − l)],

(6)Qs(t) =
τ (t)v(t)

2l
,

upper bound to the temperature rise. For simplicity, I 
assume that the slip rate takes a constant value vs ; thus,

where ts is the slip duration. Rotary-shear friction experi-
ments at seismic slip rates have demonstrated that the 
shear stress decreases as the nominal slip displacement 
increases (Di Toro et  al. 2011). This slip-weakening 
behavior has been well explained by the following empiri-
cal exponential function (Hirose and Shimamoto 2005):

where τss and τp are the steady-state and peak shear 
stresses, respectively, d = vst is the nominal slip displace-
ment, and dc is the characteristic length (Fig. 2). Applying 
Eqs. (6)–(8) to (5), one obtains

where c1 = vsτss/2l , c2 = vs
(

τp − τss
)

/2l , and c3 = vs/dc.

(7)v(t) = vs[1−H(t − ts)],

(8)τ(t) = τss +
(

τp − τss
)

exp

(

−
d

dc

)

,

(9)
Q(x, t) = [c1 + c2 exp (−c3t)][1−H(x − l)][1−H(t − ts)],

intact

0 l

τ(t)

x

(0 ≤ t ≤ ts)

fault

during slip

heat flow

intact

0 l
x

(ts < t)

fault

after slip

intact
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x

T
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(t < 0)
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Fig. 1  The system discussed in this study. Before the onset of slip ( t < 0 ), there is no heat flow. During slip ( 0 ≤ t ≤ ts ), a fault zone of width 2l 
deforms homogeneously at constant slip rate vs under time-dependent shear stress τ (t) to supply heat to the fault zone, which generates heat flow 
parallel to the x direction. After slip ceases ( ts < t ), heat flow continues and contributes further to the temperature change
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Fig. 2  Evolution of shear stress τ with time t  , as described in Eq. (8)
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The temperature distribution before slip occurs is 
assumed to be spatially homogeneous; thus,

If temperature and heat flux are postulated to be spatially 
continuous, it follows that

where q(x, t) = −K (∂T/∂x) is the heat flux per unit area. 
Assuming no effect of frictional heating when x → ∞ , 
one obtains another boundary condition,

Therefore, I focus here on solving the following partial 
differential equations for T (x, t):

with the initial and boundary conditions described by 
Eqs. (10) and (11).

3 � Results
3.1 � Analytical solutions to the problem
Denote the Laplace transform of some function F(X, t) by 
F̃(X, s) . Then, it follows from Eqs. (10) and (12) that

and from Eq. (11) that

(10)T0(x) = T0.

(11a)lim
x→l+0+

T (x, t) = lim
x→l−0+

T (x, t),

(11b)lim
x→l+0+

q(x, t) = lim
x→l−0+

q(x, t),

(11c)q(x = 0, t) = 0,

(11d)lim
x→∞

T (x, t) = T0.

(12a)

∂2T (x, t)

∂x2
−

1

α

∂T (x, t)

∂t

= −
1

K
[c1 + c2 exp (−c3t)][1−H(t − ts)], l ≥ x ≥ 0,

(12b)∂2T (x, t)

∂x2
−

1

α

∂T (x, t)

∂t
= 0, x > l,

(13a)

∂2T̃

∂x2
− s

α
T̃ +

T0

α

= − c1

K

1

s
[1− exp (−tss)]−

c2

K

1

s + c3
{

1− exp [−ts(s + c3)]
}

, l ≥ x ≥ 0,

(13b)∂2T̃

∂x2
−

s

α
T̃ +

T0

α
= 0, x > l,

(14a)lim
x→l+0+

T̃ = lim
x→l−0+

T̃ ,

Equation (13) can be solved for T̃  in terms of x as follows:

where An(n = 1, 2, 3, 4) is a constant that is constrained 
by the boundary conditions (Eq. 14) as follows:

Let T̃ l≥x≥0
slip (x, s, c2) and T̃ x>l

slip (x, s, c2) be

Applying Eqs. (16) and (17) to (15), one obtains

(14b)lim
x→l+0+

∂T̃

∂x
= lim

x→l−0+

∂T̃

∂x
,

(14c)
∂T̃

∂x

∣

∣

∣

∣

∣

x=0

= 0,

(14d)lim
x→∞

T̃ (x, s) =
T0

s
.

(15a)

T̃ = A1 exp

(
√

s

α
x

)

+ A2 exp

(

−
√

s

α
x

)

+
T0

s
+

αc1

K

1

s2
[1− exp (−tss)]

+
αc2

K

1

s(s + c3)

{

1− exp [−ts(s + c3)]
}

, l ≥ x ≥ 0,

(15b)

T̃ = A3 exp

(
√

s

α
x

)

+ A4 exp

(

−
√

s

α
x

)

+
T0

s
, x > l,

(16a)

A1 = A2 = −1

2
exp

(

−
√

s

α
l

)(

αc1

K

1

s2
[1− exp (−tss)]

+
αc2

K

1

s(s + c3)

{

1− exp [−ts(s + c3)]
}

)

,

(16b)A3 = 0,

(16c)

A4 =
1

2

[

exp

(
√

s

α
l

)

− exp

(

−
√

s

α
l

)](

αc1

K

1

s2
[1− exp (−tss)]

+
αc2

K

1

s(s + c3)

{

1− exp [−ts(s + c3)]
}

)

.

(17a)

T̃ l≥x≥0
slip = −1

2

{

exp

[

−
√

s

α
(l − x)

]

+ exp

[

−
√

s

α
(l + x)

]}

[

αc1

K

1

s2
+

αc2

K

1

s(s + c3)

]

+
αc1

K

1

s2
+

αc2

K

1

s(s + c3)
,

(17b)

T̃
x>l

slip =
1

2

{

exp

[

−
√

s

α
(x − l)

]

− exp

[

−
√

s

α
(x + l)

]}

[

αc1

K

1

s2
+

αc2

K

1

s(s + c3)

]

.
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By performing inverse Laplace transformation of Eq. (18), 
one obtains the time-domain solutions

By performing inverse Laplace transformation of Eq. (17), 
one can write (Additional file 1: Text S1)

(18a)
T̃ =

T0

s
+ T̃

l≥x≥0
slip (x, s, c2)− exp (−tss)T̃

l≥x≥0
slip

(

x, s, c2e
−c3ts

)

, l ≥ x ≥ 0,

(18b)
T̃ =

T0

s
+ T̃

x>l

slip (x, s, c2)− exp (−tss)T̃
x>l

slip
(

x, s, c2e
−c3ts

)

, x > l.

(19a)
T =T0 + T

l≥x≥0
slip (x, t, c2)−H(t − ts)T

l≥x≥0
slip

(

x, t − ts, c2e
−c3ts

)

, l ≥ x ≥ 0,

(19b)
T =T0 + T

x>l

slip (x, t, c2)−H(t − ts)T
x>l

slip
(

x, t − ts, c2e
−c3ts

)

, x > l.

(20a)

Tl≥x≥0
slip (x, t, c2) =

αc1t

K

[

1− 2i2erfc

(

l − x

2
√
αt

)

− 2i2erfc

(

l + x

2
√
αt

)]

+
αc2

Kc3

[

1−
1

2
erfc

(

l − x

2
√
αt

)

−
1

2
erfc

(

l + x

2
√
αt

)]

−
αc2

Kc3
exp (−c3t)

+
αc2

4Kc3
exp

[

− (l − x)2

4αt

]

[

erfcx

(

l − x

2
√
αt

− i
√
c3t

)

+ erfcx

(

l − x

2
√
αt

+ i
√
c3t

)]

+
αc2

4Kc3
exp

[

− (l + x)2

4αt

]

[

erfcx

(

l + x

2
√
αt

− i
√
c3t

)

+ erfcx

(

l + x

2
√
αt

+ i
√
c3t

)]

,

l ≥ x ≥ 0,

(20b)

Tx>l
slip (x, t, c2) =

2αc1t

K

[

i2erfc

(

x − l

2
√
αt

)

− i2erfc

(

x + l

2
√
αt

)]

+
αc2

2Kc3

[

erfc

(

x − l

2
√
αt

)

− erfc

(

x + l

2
√
αt

)]

−
αc2

4Kc3
exp

[

− (x − l)2

4αt

]

[

erfcx

(

x − l

2
√
αt

− i
√
c3t

)

+ erfcx

(

x − l

2
√
αt

+ i
√
c3t

)]

+
αc2

4Kc3
exp

[

− (x + l)2

4αt

]

[

erfcx

(

x + l

2
√
αt

− i
√
c3t

)

+ erfcx

(

x + l

2
√
αt

+ i
√
c3t

)]

, x > l,

where erfc(x) is the complementary error function, 
i2erfc(x) is the second integral of erfc(x) , erfcx(x) is the 
scaled complementary error function, and i is the imagi-
nary unit. By combining Eqs. (19) and (20), I finally arrive 
at analytical solutions for the problem of one-dimen-
sional heat conduction with a thick fault zone (Fig.  1) 
that account for empirical slip-weakening friction, as 
described in Eq.  (8). Note that these solutions can also 
be applied to the semi-infinite region x ≤ 0 by replacing 
x with −x because the system is symmetric with respect 
to the x = 0 plane. The derived analytical solutions are 
useful for estimating slip parameters in fault zones that 
record frictional heating due to ancient seismic events. 
However, since the main target of this study is tempera-
ture measurements by deep fault drilling, I will not dis-
cuss this issue in depth.

3.2 � Comparison with previous analytical solutions 
for the thick fault problem

To validate the derived solutions (19) and (20), I 
compare them with previously developed analytical 
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solutions (Carslaw and Jaeger 1959; Lachenbruch 1986; 
Fulton and Harris 2012) in this subsection. When shear 
stress is constant during slip ( τss = τp and thus c2 = 0 ), 
most of the terms on the right-hand side of Eq.  (20) 
vanish and Eq. (19) becomes

These solutions are equivalent to Eq. (3) in Lachenbruch 
(1986) and Eq. (2) in Fulton and Harris (2012). By consid-
ering only the period when t ≤ ts , Eq. (21) can be further 
simplified:

These solutions, from which Lachenbruch (1986) and 
Fulton and Harris (2012) derived Eq. (21), describe the 
coseismic spatio-temporal temperature distribution 
and are equivalent to Eqs. (9) and (10) in Carslaw and 
Jaeger (1959, p. 80). Therefore, the solutions (21) and 
(22) proposed by previous studies (Carslaw and Jaeger 
1959; Lachenbruch 1986; Fulton and Harris 2012) can 
be said to be simplified cases of solutions (19) and (20) 
derived in this study.

(21a)
T = T0 +

αc1t

K

[

1− 2i2erfc

(

l − x

2
√
αt

)

− 2i2erfc

(

l + x

2
√
αt

)]

−H(t − ts)
αc1(t − ts)

K
[

1− 2i2erfc

(

l − x

2
√
α(t − ts)

)

− 2i2erfc

(

l + x

2
√
α(t − ts)

)]

, l ≥ x ≥ 0,

(21b)
T = T0 +

αc1t

K

[

2i2erfc

(

x − l

2
√
αt

)

− 2i2erfc

(

x + l

2
√
αt

)]

−H(t − ts)
αc1(t − ts)

K
[

2i2erfc

(

x − l

2
√
α(t − ts)

)

− 2i2erfc

(

x + l

2
√
α(t − ts)

)]

, x > l.

(22a)
T =T0 +

αc1t

K

[

1− 2i2erfc

(

l − x

2
√
αt

)

−2i2erfc

(

l + x

2
√
αt

)]

, l ≥ x ≥ 0,

(22b)

T = T0 +
αc1t

K

[

2i2erfc

(

x − l

2
√
αt

)

− 2i2erfc

(

x + l

2
√
αt

)]

, x > l.

3.3 � Comparison with analytical solutions for the planar 
fault problem

It is reasonable to expect that solutions (19) and (20) 
for the thick fault problem must approach the solu-
tion for the planar fault problem if the fault is suf-

ficiently thin. The solution for the planar fault 
problem, which imposes a time-dependent heat flow 
q(t) = [1−H(t − ts)]vsτ (t)/2 on the x = 0 plane in a 
semi-infinite solid, can be expressed as follows (Addi-
tional file 1: Text S2):

where ierfc(x) is the first integral of erfc(x) , c4 = vsτss/2 , 
and c5 = vs

(

τp − τss
)

/2 . As in the case of the thick fault 
problem, because of system symmetry, this solution 
can also be applied to the semi-infinite region x ≤ 0 by 
replacing x with −x.

Here I consider the solutions for the thick fault prob-
lem under the conditions that l/

(

2
√
αt

)

≪ 1 when 
ts ≥ t ≥ 0 and l/

(

2
√
αt

)

< l/
(

2
√
α(t − ts)

)

≪ 1 when 
t > ts . By performing the Taylor expansion of the func-
tions for values of these parameters around zero and 
ignoring terms with degree higher than two, the thick 
solutions (19) and (20) can be approximated as follows 
(Additional file 1: Text S3):

(23a)
T

plane(x, t) = T0 + T
plane
slip (x, t, c5)−H(t − ts)

T
plane
slip

(

x, t − ts, c5e
−c3ts

)

, x ≥ 0,

(23b)
T

plane
slip (x, t, c5) =

2c4
√
αt

K
ierfc

(

x

2
√
αt

)

− i
c5

2K

√

α

c3
exp

(

− x2

4αt

)

[

erfcx

(

x

2
√
αt

− i
√
c3t

)

− erfcx

(

x

2
√
αt

+ i
√
c3t

)]

,
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This approximate Eq. (24) is identical to the planar solu-
tion (23); therefore, provided that the fault thickness is 
sufficiently smaller than the diffusion length, the one-
dimensional heat conduction problem for a thick fault 
zone is identical to that for a planar fault zone when 
empirical slip-weakening friction (Eq. 8) is considered.

3.4 � Comparison with numerical solutions for the thick 
fault problem

To further investigate the validity of the derived solutions 
(19) and (20), I compare them with numerical solutions 
in this subsection. As a typical example, I focus on the 
solutions for the Chelungpu fault, where thermal dif-
fusivity α = 5.0× 10−7 m2 s−1 , specific heat capacity 
c = 1300 J kg−1 K−1 , bulk rock density ρ = 2200 kg m−3 , 
initial temperature T0 = 46.5 ◦C , the half-width of the 
fault zone l = 1× 10−2 m , slip duration ts = 6 s , slip 
displacement is 8.3 m, and deformation depth is 1111 m 
(Ma et al. 2003, 2006; Hirono et al. 2006; Kano et al. 2006; 
Hirono and Hamada 2010). Gravitational acceleration g 
and fluid density ρf are set to 9.8 m s−2 and 1000 kg m−3 , 
respectively. Thermal conductivity K ≡ αρc is calcu-
lated to be 1.43 W m−1 K−1 . Effective pressure σe under 
hydrostatic pore-fluid pressure condition is

(24)
T

thick(x, t) ≃ T0 + T
plane
slip (x, t, c5)−H(t − ts)

T
plane
slip

(

x, t − ts, c5e
−c3ts

)

, x ≥ 0.

(25)σe = (ρ − ρf)gz.

At a depth of 1111 m, σe ≈ 13 MPa . If σe is assumed to 
be constant during slip, it follows from Eq. (8) that

where fss and fp are the steady-state and peak friction 
coefficients, respectively. Here, the values of fss , fp , and 
dc are set to 0.2, 1.0, and 2.5 m, respectively, based upon 
the experimental results of Tanikawa and Shimamoto 
(2009). The parameters used and their values are also 
summarized in Table 1.

Figure  3a shows the analytical solutions evaluated 
at t = 0 , 6 , and 60 s with Eqs. (19) and (20). To cal-
culate erfc(x) and erfcx(x) , I used the open-source 
Python functions scipy.special.erfc and scipy.special.
erfcx (SciPy v1.6.2). To obtain the numerical solutions, 
a system with width 1.8× 10−1 m was discretized using 
N = 297 elements (corresponding to an element size of 
�x = 6.06× 10−4 m ), based on the central difference 
scheme and postulating Dirichlet boundary conditions at 
both edges of the system. Equation (12) was then solved 
numerically by the explicit Runge–Kutta method of order 
5(4) using the open-source Python function scipy.inte-
grate.solve_ivp (SciPy v1.6.2) with absolute and relative 
tolerances of 10–10. Figure 3b shows the obtained numer-
ical solutions evaluated at t = 0 , 6 , and 60 s , which are 
in good agreement with the analytical solutions (Fig. 3a) 
with numerical errors |�T | of up to ∼ 3◦C (Fig. 3c).

(26)τ(t) = σe

[

fss +
(

fp − fss
)

exp

(

−
vst

dc

)]

,

Table 1  Parameters used to calculate the example solutions

a For numerical solutions

Parameter Symbol Value Unit References

Thermal diffusivity α 5.0× 10−7 m2 s−1 Hirono and Hamada (2010)

Thermal conductivity K 1.43 W m−1 K−1

Specific heat capacity c 1300 J kg−1 K−1 Hirono and Hamada (2010)

Bulk rock density ρ 2200 kg m−3 Hirono et al. (2006)

Fluid density ρf 1000 kg m−3

Deformation depth 1111 m Kano et al. (2006)

Initial temperature T0 46.5 ◦C Kano et al. (2006)

Peak friction coefficient fp 1.0 Tanikawa and Shimamoto (2009)

Steady-state friction coefficient fss 0.2 Tanikawa and Shimamoto (2009)

Characteristic length dc 2.5 m Tanikawa and Shimamoto (2009)

Slip displacement 8.3 m Ma et al. (2006)

Slip duration ts 6 s Ma et al. (2006)

Half width of the fault zone l 1× 10−2 m Ma et al. (2006)

Gravitational acceleration g 9.8 m s−2

Total width of the systema
1.8× 10−1 m

Element sizea �x 6.06× 10−4 m
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It is reasonable to expect that the numerical error 
|�T | must decrease as the element size �x decreases if 
the derived solutions (19) and (20) are correct. Figure 4 
shows the |�T | values for various �x values evaluated 
at (x, t) = (0 m, 6 s) on a log–log plot. It is clear that the 
numerical solutions show almost second-order accuracy 
in space, which is generally regarded as a sufficient rate 
of convergence. These findings also strongly support the 
validity of the derived solutions (19) and (20).

3.5 � The approximate equation used by previous fault 
drilling projects

As mentioned in the Introduction, post-seismic meas-
urements of temperatures within the slip zone just after 
an earthquake have succeeded in detecting residual 
heat anomalies and have provided direct insights into 
the absolute strength of the heat source generated dur-
ing the event (Kano et al. 2006; Tanaka et al. 2006; Fulton 
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Fig. 3  Example solutions to Eq. (12). The spatial distributions of the a analytical and b numerical solutions, and the c absolute deviations between 
these two solutions (numerical error), are plotted. Equations (19) and (20) were used to calculate the analytical solutions. The numerical solutions 
were obtained by the explicit Runge–Kutta method of order 5(4) (see main text for details). All of the parameters used to obtain the solutions are 
listed in Table 1
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et  al. 2013; Li et  al. 2015). All of these previous studies 
employed the same analytical solution to a one-dimen-
sional system in which a planar heat source is suddenly 
injected into an infinite medium at (x, t) = (0, 0) (Eq. 4 in 
Carslaw and Jaeger 1959, p. 259):

where Sρc is the heat liberated at the x = 0 plane per unit 
area. For the case in which shear stress shows exponen-
tial decay with slip (Fig. 2), it follows from Eq. (8) that

Consider only the case when τp = τss = τ leads to 
S = ατvsts/K  . This source solution has been consid-
ered to be a reasonable approximation to explain the 
temperature distribution observed in post-seismic tem-
perature measurements because the diffusion length is 
much greater than the width of the fault zone (Materials 
and Methods section in Fulton et al. 2013). However, as 
mentioned in the Introduction, no quantitative criterion 
has been reported for the use of the source solution (27), 
(28) as an approximate solution for the thick fault prob-
lem. This subsection focuses on this point and examines 
whether the conditions of the previous drilling projects 
(Kano et al. 2006; Tanaka et al. 2006; Fulton et al. 2013; Li 
et al. 2015) were appropriate for the use of this approxi-
mation. In the case of the Chelungpu fault, I focus on the 
study by Kano et al. (2006) because in their targeted fault 
zone, information is available on all of the physical prop-
erties that must be known to address this issue.

First, I examine the conditions under which the planar 
solution (23) can be a good approximation of the thick 
solutions (19) and (20). Thermometers are not installed 
in boreholes until after an event; thus, t > ts , and it fol-
lows from Eq.  (24) that the thick solution T thick(x, t) 
approaches the planar solution Tplane(x, t) when 
l/2

√
αt < l/2

√
α(t − ts) ≪ 1 . A dimensional analysis of 

(27)T source(x, t) = T0 +
S

2
√
παt

exp

(

−
x2

4αt

)

,

(28)

S = α

K

ts
∫
0
vsτ (t)dt =

2αc4ts

K
+ 2αc5

Kc3
[1− exp (−c3ts)].

Eqs. (19), (20), and (23) shows that there are five nondi-
mensional parameters that govern the ratio between 
(

T thick(x, t)− T0

)

 and 
(

Tplane(x, t)− T0

)

 : namely, 
x/2

√
α(t − ts) , l/2

√
α(t − ts) , ts/t , c3t , and 

c2/c1 = c5/c4 . Figure 5 shows the difference between the 
thick and planar solutions in relation to the nondimen-
sional parameter l/2

√
α(t − ts) for various combinations 

of x/2
√
α(t − ts) , ts/t , c3t , and c5/c4 . Previous drilling 

projects examined temperature data in the spatial range 
of 0 ≤ x/2

√
α(t − ts) < 5 (Kano et al. 2006; Fulton et al. 

2013; Li et al. 2015). I thus set the value of x/2
√
α(t − ts) 

to either 0 or 5 as a typical minimum or maximum value, 
respectively. The values of the other nondimensional 
parameters can be roughly constrained by using the typ-
ical conditions for a seismic event and post-seismic tem-
perature measurements: ts ≈ 100 − 102 s , 
t ≈ 107 − 108 s , c3 = Vs/dc ≈ 10−2 − 103 s−1 , and 
fp/fss ≈ 1− 11 , which yield ts/t ≈ 10−8 − 10−5 , 
c3t ≈ 105 − 1011 , and c5/c4 ≈ 0− 10 . Note that when 
c5/c4 = 0 , the shear stress remains constant during slip, 
as was assumed in the previous analytical solutions (21) 
and (22) (Carslaw and Jaeger 1959; Lachenbruch 1986; 
Fulton and Harris 2012). For both x/2

√
α(t − ts) = 0 

and 5 , the ratio between 
(

T thick(x, t)− T0

)

 and 
(

Tplane(x, t)− T0

)

 approaches unity as the l/2
√
α(t − ts) 

value decreases. No significant differences were 
observed among the eight curves drawn with different 
values of the nondimensional parameters other than 
l/2

√
α(t − ts) in the parameter ranges considered here. 

Among the previous drilling projects, the l/2
√
α(t − ts) 

value was calculated to be ≤ 5.1× 10−4 for the Che-
lungpu fault (Kano et al. 2006) and ≤ 3.2× 10−4 for the 
Wenchuan fault (Li et al. 2015) (Table 2). In the case of 
the plate-boundary fault in the Japan Trench (Fulton 
et  al. 2013), the precise thickness of the primary slip 
zone during the 2011 Tohoku-Oki earthquake has not 
been reported. However, the thickness of the slip zone 
responsible for an individual event is generally in the 
range 2l ≤ 1× 10−1 m , as reviewed by Sibson (2003). 

Table 2  Properties of the three fault zones where temperature observations were performed

2l , fault zone thickness; α , thermal diffusivity; t  , time elapsed after event; ts , slip duration
a From Ma et al. (2003, 2006), Hirono and Hamada (2010), Kano et al. (2006)
b From Fulton et al. (2013)
c From Li et al. (2013, 2015), Yagi et al. (2012)

Drilling site 2l [m] α [m2 s−1] t [year] ts [s] l/2
√
α(t − ts) ts/t

Chelungpu faulta
2× 10−2 5.0× 10−7 ≥ 6 6 ≤ 5.1× 10−4 ≤ 3.2× 10−8

Japan Trenchb – 3.9× 10−7 ≥ 1.5 50 – ≤ 1.1× 10−6

Wenchuan faultc
1× 10−2 1.5× 10−6 ≥ 1.3 125 ≤ 3.2× 10−4 ≤ 3.1× 10−6
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Adopting this value as a maximum fault-zone thickness 
for the Japan Trench yields l/2

√
α(t − ts) ≤ 5.8× 10−3 . 

With these values of l/2
√
α(t − ts) , 

(

T thick(x, t)− T0

)

/

(

Tplane(x, t)− T0

)

> 0.99996 for 
x/2

√
α(t − ts) = 0 and 

(

Tplane(x, t)− T0

)

/

(

T thick(x, t)− T0

)

≥ 0.998 for 
x/2

√
α(t − ts) = 5 . This result clearly shows that the 

thick solutions (19) and (20) can be well approximated 
by the planar solution (23) under the conditions of the 
previous temperature observations.

Next, I investigate the conditions that allow us to use 
the source solution (27), (28) as a good approximation of 
the planar solution (23). The source solution T source(x, t) 

with the empirical exponential slip-weakening friction 
can be expressed from Eqs. (27) and (28) as

The results of the dimensional analysis suggest that 
there are four nondimensional parameters that govern the 
ratio between (T source(x, t)− T0) and 

(

Tplane(x, t)− T0

)

 : 
namely, x/2

√
αt , ts/t , c3t , and c5/c4 . When ts/t ≪ 1 , it 

can be shown that the planar solution Tplane(x, t) 

(29)
T

source(x, t) =T0 +
1

K

√

α

π t
exp

(

−
x
2

4αt

)

[

c4ts +
c5

c3
−

c5

c3
exp (−c3ts)

]

.
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Fig. 5  Comparison of the thick solution T thick and the planar solution Tplane . The ratio between 
(

T
thick(x , t)− T0

)

 and 
(

T
plane(x , t)− T0

)

 and its 
deviation from unity are plotted against the nondimensional parameter l/2

√
α(t − ts) when a, b x/2

√
α(t − ts) = 0 , and c, d x/2

√
α(t − ts) = 5 , 

respectively. The solutions were calculated using Eqs. (19), (20), and (23). The other nondimensional parameters were set to ts/t =
(

10−8, 10−5
)

 , 
c3t =

(

105, 1011
)

 , and c5/c4 = (0, 10)
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approaches the source solution T source(x, t) (Additional 
file  1: Text S4). Figure  6 shows the difference between 
(T source(x, t)− T0) and 

(

Tplane(x, t)− T0

)

 plotted against 
the nondimensional parameter ts/t for various combina-
tions of x/2

√
αt , c3t , and c5/c4 . As in Fig. 5, the values of 

these nondimensional parameters were set to 
x/2

√
αt = (0, 5) , c3t =

(

105, 1011
)

 , and c5/c4 = (0, 10) . 
For both values of x/2

√
αt , the ratio between 

(

Tplane(x, t)− T0

)

 and (T source(x, t)− T0) approaches 
unity as the ts/t value decreases. Except for the case of 
(c5/c4, c3t) =

(

10, 105
)

 , no significant difference was 
observed between the curves obtained by using different 
values of the dimensionless parameters other than ts/t . 
According to previous temperature measurements in 
boreholes, ts/t is ≤ 3.2× 10−8 for the Chelungpu fault 

(Kano et  al. 2006), ≤ 1.1× 10−6 for the plate-boundary 
fault in the Japan Trench (Fulton et  al. 2013), and 
≤ 3.1× 10−6 for the Wenchuan fault (Li et  al. 2015) 
(Table  2). In this parameter range, 
(

Tplane(x, t)− T0

)

/(T source(x, t)− T0) > 0.9999997 for 
x/2

√
αt = 0 and 

∣

∣

∣
(T source(x, t)− T0)/

(

Tplane(x, t)− T0

)∣

∣

∣
> 0.99998 for 

x/2
√
αt = 5 . These results clearly indicate that the planar 

solution (23) can be well approximated by using the 
source solution (29) under the conditions of the previous 
temperature observations.

From the results presented in the last two paragraphs, 
it is clear that the temperature anomalies observed by 
the previous drilling projects (Kano et al. 2006; Fulton 
et  al. 2013; Li et  al. 2015) can be well approximated 

ts/t

(T
 s
ou

rc
e –

T
0)
/(

T
 p
la
ne
–T

0)

0.0

0.4

0.2

0.6

1.0

0.8

10–110–210–310–410–5 10–210–310–410–510–6

10–110–210–310–410–510–6

4 curves overlapped

3 curves overlapped

(c5/c4, c3t) = (10, 105)

(c5/c4, c3t) = (10, 105)

(a)

ts/t

1 
– 

(T
 s

ou
rc

e –
T

0)
/(

T
 p

la
ne

–T
0)

10–4

10–3

10–2

10–5

10–6

10–110–6

10–210–310–410–5 10–110–6

(b)

10–7

10–1

4 curves overlapped

3 curves overlapped

x/2( t)1/2 = 0 x/2( t)1/2 = 0

x/2( t)1/2 = 5 x/2( t)1/2 = 5

ts/t

(T
 p

la
ne

–T
0)

/(
T

 s
ou

rc
e –

T
0)

0.0

0.4

0.2

0.6

1.0

0.8

(c)

ts/t

|1
 –

 (
T

 p
la

ne
–T

0)
/(

T
 s

ou
rc

e –
T

0)
|

10–6

10–4

10–2

(d)

10–8

100

Fig. 6  Comparison of the planar solution Tplane and the solution T source . The ratio between 
(

T
plane(x , t)− T0

)

 and (T source(x , t)− T0) and its 
deviation from unity are plotted against the nondimensional parameter ts/t when a, b x/2

√
αt = 0 , and c, d x/2

√
αt = 5 , respectively. The 

solutions were calculated with Eqs. (23) and (29). The other nondimensional parameters were set to c3t =
(

105, 1011
)

 and c5/c4 = (0, 10)
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using the source solution (29), whether the shear stress 
is constant or shows exponential decay with slip. This 
finding suggests that the slip parameters reported in 
these studies are appropriate.

4 � Discussion
The results of this study clearly show that the thick, pla-
nar, and source solutions can be considered equivalent 
provided that the half-width of the fault zone l and the 
slip duration ts are negligibly small compared with twice 
the diffusion length 2

√
α(t − ts) and the elapsed time 

after the event t , respectively. Although Fulton et  al. 
(2013) and Li et  al. (2015) have already addressed this 
point qualitatively, in this study, I demonstrated that 
these three solutions are equal, under these limiting con-
ditions, by using the Taylor expansion to transform the 
solutions. Under these limiting conditions, coseismic 
information about the slip parameters with spatio-tem-
poral extent is lost due to heat diffusion and thus can-
not be directly inferred from the observed temperature 
anomalies. The most well-constrained parameter is the 
strength of the heat liberated in fault zone S , as already 
indicated by Li et al. (2015). The values and errors of the 
other parameters, such as shear stress and friction coef-
ficient, therefore, need to be estimated based upon those 
of S , with some additional assumptions.

It is worth discussing under what circumstances the 
source solution (29) can no longer be regarded as a good 
approximation for the thick solutions (19) and (20). As 
a requirement for a good approximation, I here investi-
gate the case where the approximation error is less than 
1%. As shown in Fig. 6, the approximation error becomes 
less than 1% when ts/t = 4.0× 10−2 and 8.7× 10−3 for 
x/2

√
αt = 0 and 5 , respectively. If ts = 103 s is assumed 

to be the upper limit of slip duration, a value which can 
be considered unrealistically long, the approximation 
error exceeds 1% when t < 14 days . The previous drill-
ing projects considered here were carried out at least 
one year after the targeted event, and the installation of 
thermometers within such a short time period after the 
event would be almost impossible. Therefore, as long as 
temperature data obtained from 0 ≤ x/2

√
αt < 5 are 

used, the source and planar solutions can be considered 
equivalent for all drilling projects.

As shown in Fig.  5, the approximation error 
between the planar and thick solutions is 1% 
when l/2

√
α(t − ts) = 1.7× 10−1 and 2.5× 10−2 

at x/2
√
α(t − ts) = 0 and 5 , respectively. The ther-

mal diffusivity of various types of rocks is typically 
α > 1× 10−7 m2 s−1 (e.g., Vosteen and Schellschmidt 
2003). Given that the previous drilling projects have 
been carried out at least one year after the target 

event, the diffusion length of a typical drilling project 
is expected to satisfy 

√
α(t − ts) > 1.8 m . As a conse-

quence, the fault-zone thickness 2l must be less than 
0.18 m in order to keep the approximation error more 
than 1%. However, the thickness of a brittle fault zone is 
commonly less than 0.1 m (Sibson 2003), and thus the 
thick and planar solutions can be regarded as equiva-
lent in most cases at 0 ≤ x/2

√
α(t − ts) < 5 . Given the 

above considerations, the source solution (29) can be 
considered equivalent to the thick solutions (19) and 
(20), as long as the coseismic slip does not become 
significantly delocalized and the spatial range of the 
observation area is not very large compared with the 
diffusion length.

5 � Conclusion
In this paper, I derived analytical solutions for a one-
dimensional heat conduction problem in and around a 
thick fault zone that accounts for empirical slip-weak-
ening friction. I then verified the proposed solutions by 
comparing them with previously reported solutions, the 
solution for a planar fault problem, and numerical solu-
tions. Using the derived solutions, I demonstrated that 
the temperature anomalies observed in previous fault 
drilling projects (Kano et al. 2006; Fulton et al. 2013; Li 
et al. 2015) can be well approximated by source solution 
(29) under the measurement conditions of those drill-
ing projects. This result suggests that the slip parameters 
reported in these studies are appropriate. My results also 
indicate that for most drilling projects, including future 
ones, temperature anomalies within a thick fault zone 
can be well explained by using the source solution (29), 
instead of the thick solutions (19) and (20), as long as the 
coseismic slip is not significantly delocalized and the spa-
tial extent of the temperature observations is not consid-
erably larger compared to the diffusion length.
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