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Abstract

Since Kermack and McKendrick have introduced their famous epidemiological SIR
model in 1927, mathematical epidemiology has grown as an interdisciplinary
research discipline including knowledge from biology, computer science, or
mathematics. Due to current threatening epidemics such as COVID-19, this interest is
continuously rising. As our main goal, we establish an implicit time-discrete SIR
(susceptible people-infectious people—recovered people) model. For this purpose,
we first introduce its continuous variant with time-varying transmission and recovery
rates and, as our first contribution, discuss thoroughly its properties. With respect to
these results, we develop different possible time-discrete SIR models, we derive our
implicit time-discrete SIR model in contrast to many other works which mainly
investigate explicit time-discrete schemes and, as our main contribution, show
unique solvability and further desirable properties compared to its continuous
version. We thoroughly show that many of the desired properties of the
time-continuous case are still valid in the time-discrete implicit case. Especially, we
prove an upper error bound for our time-discrete implicit numerical scheme. Finally,
we apply our proposed time-discrete SIR model to currently available data regarding
the spread of COVID-19 in Germany and Iran.

Keywords: COVID-19; Difference equations; Existence and uniqueness;
Mathematical epidemiology; Numerical analysis; Nonlinear ordinary differential
equations; SIR model; Well-posedness

1 Introduction

1.1 Motivation

Since its outbreak in Wuhan (China) in December 2019, the quick spread of COVID-19
has threatened people worldwide. Politicians around the globe have to balance different
interests and need to make tremendous decisions which impact our daily life. For these
reasons, governments around the world heavily rely on scientific advice in the present sit-
uation. Thus, John Hopkins University has been collecting epidemiological data regarding
COVID-19 from many countries during the last months [1, 2]. Additionally, many biolog-
ical and medical studies regarding different aspects of this new coronavirus have been
rapidly appearing in scientific journals [3—9]. However, to estimate the impact of COVID-
19, governments need forecasts from as many models as possible.
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Kermack and McKendrick introduced the now well-known SIR model in one of math-
ematical epidemiology’s most groundbreaking works in 1927 [10]. They assumed a fixed
population size and divided this population into three different homogeneous groups of
people, namely susceptible people, infectious people, and recovered people, excluding
births, deaths, and deaths by disease from their model. Due to its success and simplic-
ity, their work was reprinted in 1991 [11-13]. In upcoming decades, epidemiologists and
mathematicians have developed many variants and extensions of this basic model by, for
example, adding age or spatial structures [14—20].

After the outbreak of COVID-19, many scientists have recently published articles with
emphasis on epidemic forecasts which strongly relate to mathematical models. Many ap-
proaches, mainly focusing on stochastic arguments, with respect to predicting forecasts
of the total number of infected people have appeared during the last weeks [21-26] or
in the past [27, 28]. Recently, neural networks have been applied to forecasting [29] and,
additionally, different authors such as Atangana, Baleanu, or Khan have used fractional
differential equations in extended SIR-type models to investigate the spread of COVID-
19 or mathematical biology in general [30-34].

1.2 Contributions

There are works with respect to SIR models [35-37] and their time-discrete versions [38].
However, one finds mainly explicit schemes with respect to time-discrete SIR models in
the aforementioned works and references therein. For this reason, we summarize and ex-
tend some results on properties of the time-continuous classical SIR model, and we pro-
pose an implicit time-discrete version of this classical SIR model and prove that this time-
discrete variant maintains many of time-continuous version’s properties. Hence, the aim
of our study is to propose a nonautonomous SIR model, analyze the properties of its time-
continuous formulation, and develop an implicit numerical solution algorithm where the
main properties of the time-continuous variant are conserved. More precisely, our main
contributions can be summarized as follows:

1) At first, we propose a modified time-continuous SIR model with time-varying
transmission and recovery rates;

2) Secondly, we conclude well-posedness of our time-continuous problem formulation.
This includes global existence in time, global uniqueness in time, based on an
inductive application of Banach’s fixed point theorem, and continuous dependence
on initial conditions and time-varying rates;

3) In case of the time-discrete implicit model, we provide unique solvability,
monotonicity properties, and an upper error bound between the solution of the
implicit time-discrete problem formulation and the solution of the time-continuous
problem formulation;

4) Finally, we compare our model predictions with real-world data regarding the spread
of COVID-19 from different countries. Data have been collected by John Hopkins
University.

Conclusively, we summarize our results and give a brief outlook on possible extensions.

2 Time-continuous SIR model

In this section, we portray the time-continuous SIR model and its properties.
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2.1 Mathematical background material
Here, we recall Lipschitz continuity of a function on Euclidean spaces.

Definition 1 ([39, Sect. 3.2]) Letd;,d, € N.If S C R4, a defined function F: § — R%2 ig
called Lipschitz continuous on S if there exists a nonnegative constant L > 0 such that

|E@) — E(Y) | gy <L~ Ix=yllgpar 1

holds for all x,y € S. Here, ||-|| denotes a suitable norm on the corresponding Euclidean
space.

Let U C R%1 be open, let F: U — R%. We shall call F locally Lipschitz continuous if for
every point Xg € U there exists a neighborhood V' of x¢ such that the restriction of F to V'
is Lipschitz continuous on V.

In a more general framework, we consider a nonlinear initial value problem

2/(£) = G(¢,z(2)),
2(0) = zo,

()

where we define our solution vector z(t) = (x(2),...,%,(t))T, our vectorial function
G(t,z(t) = (g1 (t, z(2)), ..., 8.(t, z(£)))T, and our initial condition zy € R". To conclude global
existence in time, we can apply the following theorem that is a direct consequence of Gron-
wall’s lemma.

Theorem 1 ([39, Theorem 4.2.1]) If G: R" — R” is locally Lipschitz continuous and if
there exist nonnegative real constants B and K such that

|G 240)

an < K- ||2(0)] 5, + B 3)

holds for all z(t) € R”, then the solution of the initial value problem (2) exists for all time
t € R and, moreover, it holds

B
[2®]5r = Izollir - exp(K - [¢1) + 2 - (exp(K - 1¢1) - 1) (4)
forallt e R.

To prove global uniqueness in time, we need Banach’s fixed point theorem since fixed
point theorems have been successfully applied as a versatile tool in different areas of math-
ematics [40, 41].

Theorem 2 ([42, Theorem V.18]) Let (X, 0) be a complete metric space with the metric
mapping 0: X x X — [0,00). Let T: X —> X be a strict contraction, i.e., there exists a
constant K € [0,1) such that o(Tx, Ty) < K - o(x,y) holds for all x,y € X. Then the mapping
T has a unique fixed point.

Finally, since we want to provide continuous dependence on initial conditions and other
data, we need the following inequality named after Gronwall and Bellman.
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Theorem 3 ([43, Theorem 1.3.1]) Let!:=[a,b). Let u, f: [ —> [0, 00) be continuous and
nonnegative functions. Let g: I —> (0,00) be a continuous, positive, and nondecreasing

function. If the inequality

umfﬂﬂﬂ/ﬂ@uwﬁ (5)

holds for all t € I, then we obtain

u(t) <g(t) - exp (/ f(s) ds) 6)
foralltel

2.2 Continuous problem formulation
At first, let us state the model’s assumptions [16, 17]:
1) The population’s size N is fixed over time, i.e., N(¢) = N for all ¢ € [0, 00);
2) We divide a population into three homogeneous subgroups, namely susceptible
people (S), infectious people (I), and recovered people (R). We can clearly assign

every individual to exactly one subgroup. Hence, we obtain
N =S8@) +1(2) + R(¢) (7)

for all £ € [0, 00);
3) Additionally, no births and deaths occur;
4) The time-varying transmission rate «: [0, 00) —> [0, 00) is Lipschitz continuous and
continuously differentiable once, and there exist positive constants c/min > 0 and
0 < 0max such that omin < o(£) < omax holds for all £ > 0;
5) The time-varying recovery rate 8: [0,00) —> [0, 00) is Lipschitz continuous and
continuously differentiable once, and there are positive constants B, > 0 and
0 < Bmax such that Bmin < B(£) < Bmax holds for all £ > 0.
We briefly comment on our choice of time-varying transmission rates. The choice of time-
dependent transmission rates is possible because countermeasures such as lock-downs,
social distancing, or other political actions such as curfews reduce possible contacts be-
tween susceptible and infectious people. In addition to that, time-varying recovery rates
might also be an interesting choice due to different medical treatments over the course of
new epidemics such as COVID-19.

Furthermore, we exclude age structures or spatial relationships from our time-contin-

uous model [16, 19]. For abbreviation, we write f'(¢) := %. Our equations of the time-
continuous SIR model read as follows:
_ 1(6)-5@2)
S() = —at) - 1050,
— S@®)-1(t)
I'@t)=a(t) == - B@) - 1(2), (8)

R(t)=p(o) - 1(2)
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Figure 1 Flowchart of the three different subgroups .
described by the time-continuous SIR model [ Susceptible People (S) ]
a(t)
—= - S(t)-I(t
ST

[ Infectious People (I) ]

B)-1(t)

[ Recovered People (R) ]

with initial conditions S(0) = S; >0, 1(0) = I; > 0, and R(0) = R; > 0. We portray a chart of
the flow between the different three subgroups in Fig. 1. Obviously, the equation

N@=S®)+I't)+R()=0
is valid, and hence the first assumption is fulfilled.

2.3 Nonnegativity and boundedness of solution
Now, we prove boundedness of the solution. For this purpose, we modify ideas from [17]
and [44] because we, in contrast to them, consider bounded, time-varying transmission

rates «: [0,00) — [0, 00) and recovery rates 8: [0,00) — [0, 00).
Lemma 1 Each solution function of (8) is bounded below by zero.

Proof Here, we split the proof into three parts.

1) We first consider S'(¢) = —a (%) - w Separation of variables leads to

S'(¢) 1(t)
=—alf) - .
S(t) N

Integration yields

S\ _ ¢ I(7)
ln<S_1) = —/0 at) - A dr,

and this implies

Sit) =8 ~exp<— /Ota(t) . I](V—T) dr).

Hence, it holds S(¢) > 0 for all £ > 0.
2) Let us continue with I'(¢) = «(¢) - % — B(t) - 1(t). Separation of variables gives

us

e S(t)
0 <a<t>~ e —ﬂ(t)>
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and, applying the same argument as in our first step, we conclude

I(t)=hL ~exp(/ {(x(r) . % —,B(t)} dr).
0

This yields I(¢) > 0 for all £ > 0.
3) Finally, since R'(¢) = B(t) - I(¢) holds, we clearly obtain

R(t) =Ry + /tﬂ(t) -I(t)dt
0

and R(£) > 0 for all £ > 0 is valid.
This completes our proof. O

Since N = §(t) + 1(t) + R(t) holds by our first assumption, we can finally state our bound-
edness theorem.

Theorem 4 For all solution functions of (8), we have:
1) 0<8(¢) <N;
2) 0<I(t) =N;
3) 0=R(® =N

forallt>0.

2.4 Global existence in time
In contrast to many other works, we formulate a theorem regarding global existence in
time of (8) based on Theorem 1. For abbreviation, we introduce the supremum norm

lf@l = sup [f)
telab]

on an arbitrary time interval [a, b] for a continuous function f: [a,b] — R. A similar
definition holds for vector-valued functions. In our case, we consider [0,00) in general.
Now, we show that a possible solution to (8) exists for all times ¢ > 0.

Theorem 5 The nonlinear first order ordinary differential equation system (8) has at least
one solution which exists for all t > 0.

Proof By defining z(t) = (S(t),I(¢), R(£))”, we can set

—a(t) - I(t)l'\f(t)
G: [0,00) x R® — R3, (tz(t)) — [a®) - 282 _ @) - 1(0) | . )

B@) - 1(t)

Clearly, G is Lipschitz continuous. By considering the supremum norm on our Euclidean
space and applying the triangle inequality, we get

||G(t’ Z(t)) ”oo

{ 1(¢) - S(¢)
= sup
te[0,00)

N

, '%) SO-TO _ gy 1s)

—a(t) N

,|B(®) -I(t)l}

Page 6 of 44
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1(2) - S(2)
N

I(¢) - S(8)
N

» ®max *

+ /3max : |I(t)|,,3max . |I(t)|}

5 SUP {amax‘
te[0,00)

» ®max * }I(t)’ + ﬁmax : ‘I(t) )

quoll

=< sup {amax :
te(0,00)

< (max + Bmax) - ”z(t) ”oo

from (9) by the boundedness of our solution functions and the boundedness of our time-
varying transmission and recovery rates. Thus, all our assumptions of Theorem 1 are ful-
filled and our proof is complete. d

2.5 Global uniqueness in time

We present our proof of global uniqueness in time based on an inductive application of
Banach’s fixed point theorem, i.e., that the initial value problem (8) is uniquely solvable for
all times ¢ > 0.

Theorem 6 The nonlinear first order ordinary differential equation system (8) has a
unique solution that exists for all t > 0.

Proof 1) Let us first consider the time interval [0, ] where we have to choose 7 accordingly
such that Banach’s fixed point theorem is applicable.

2) We need one brief lemma. Let x1,%3,%1,y2 € R be arbitrary. By zero addition and
application of the triangle inequality, we obtain

o1 - y1 =% -yl = |x1 - y1 = %1 Y2 + X1 - Y2 — %2 - Y2
< |x1-y1 =1 - y2| + X1 Y2 — %2 - 9
= |l - y1 = yal + |2l - %1 — %2l

3) We assume that S, I, R, S, T, R: [0, 00) —> [0, 00) are two solutions of (8). At first, it
holds

sup [S(8) - S()|

te[0,7]

= sup
tel0,7]

_ato) 9
[ -5 5016+ 42 -5 - 1) ks

< sup “2 ~/Ot|5’(\z/)-1(~2)—5(2)~1(2)|dz

tel0,7]

< SUp amax- £+ {[1(6) = 1(D)] + |S(8) - S@)|}

te[0,7]

Sz.amax~f'Hz(t)_£(vt)”oo

by our inequality of the second step.
4) Secondly, we obtain

sup |I(t) - IE)|
te[0,7]

= sup
te[0,7]

f ](\?) {1(2)-$(2) - 1(2) - S@)} + B(2) - {1(2) ~ 1(2)} dz
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1(z)-S(z) - 1(z) - S(z)| d - | ) -1)|d
< sup Ot ﬂm(d&)MZHwﬁ‘mw @) dz

tel0,7]

ss;p]amax-t-{ll(t)—l(m+|S(t)—S(t)|}+s;p]ﬂmax 1o - 10|

= (2 * Cmax +/3max) T ||Z(t) _;(\/t)”oo

by our inequality of the second step and application of the triangle inequality.
5) Furthermore, we conclude that

sup |R(t) - R(D)|

te[0,7]

= sup
tel0,7]

fﬂ@ 1)) de
S,Bmax't : ”Z(t)—zf(\-/t)Hoo

holds.

6) Summarizing the previous steps, we obtain

||Z(t) _2(7)“00 = (2 * Omax +/3max) “T- ”Z(t) _;(Tf)”Oo

1

PR Gm——r this implies

If we choose 1 :=

et -2, = 5 - |2t~ 00 .

and hence we conclude the uniqueness of solution on the time interval [0, t].

7) Inductively, we see that we can derive this contraction property on all time intervals
[k - z,(k+1)- 7] for all kK € Ny by choosing k - T as our starting point and for our initial
conditions. Henceforth, our proof of global uniqueness in time is complete. O

2.6 Continuous dependence on initial conditions and time-varying rates
Here, we consider the perturbed initial value problems

SL(E) = —0tg(t) - WSal0)
I (t) o,(t) - Sat La(t) — But) - L(0), )
a( ) :/Bu( ) a(t)

with initial conditions S,(0) = S,; >0, I,(0) =I,; >0, R,(0) =R,; >0 and

S,(6) = —ay(p) - HOSO,
1) = ap(e) - 2520 — By (1) - 1, (1), (11)

Ry(t) = Bu(2) - Ip(2)
with initial conditions S;(0) = Sp1 > 0, I,(0) = I,; > 0, Rp(0) = Rp1 > 0, where a,, ap, Bas

By [0,00) —> [0, 00) are different time-varying transmission and recovery rates. Now, we
prove that small perturbations in initial conditions or small differences in time-varying

Page 8 of 44
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transmission or recovery rates lead to small differences in the solutions on short time

intervals [0, T]. This fact is summarized in the following theorem.

Theorem 7 Let z,(t) = (S;(£), L,(2), R (2))T and z,,(t) = (Sp(t), 1,(t), Rp(t))T be the solutions
of (10) and (11). Define the function

2(0) = |24(0) = 25O |, + Nu - £+ loal®) = ews(®)]

N,
+ Fb - max{amax,a;amax,b} “|Ng = Np| + Ny - t- ngu(t) - ﬂh(t) ”oo

a

and the constant

N,
Kgp := {max{amax,a;amax,b} : <1 + ﬁ) + max{lgmax,a;lgmax,b}}'

a

We see that
|2a(8) - 2(0)]|| , < &(8) - exp(Kp - 1) (12)
holds for arbitrary t € [0, T] with given T > 0.
Proof 1) Let us first mention that we often use the inequality
%1 - y1 = %2 - yal < [l - (1 =yl + 2l - %1 — %2
for arbitrary x;,x9, 91,72 € R as proven in Theorem 6. Additionally, we see that
N, =S5,(0)+1,(0) + R,(0) and N =S,(0) + I,(0) + R,(0)

hold for all £ € [0, T].
2) At first, we obtain the inequality

|Sa(2) = Sp(2)|

< |54(0) = $,(0)| + /0 “j\g) I,(7) - Sulz) - “;5:) Iy(7) - Sy(7)| dr
< 15,(0) = S5(0)] + /0 “;g)-zAr)-sa(r)—“;g) 1a(2) - Su()| dr
+/ 190 o) su@ - 29 ) sy dr
0 a a
" fo O“’f) I(7) - Sylz) - “j’\g) I(7) - Sy()| dr

< 84(0) = Sp(0)| + Ni - £ - [|a(®) — e (8) |
+ max{amax,a;amax,b} : /t|Sa(r) - Sb(T)’ dr
0

t
+ max{&maxa; ¥maxb} - Np / dr
0

1 1
]\_[a () - A_[b I(1)
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< [84(0) = Sp(0)| + Ny - £ - [[ora(t) — a5 (0) |
+ max{amax,a;amax,b} . /t{sa(f) - Sb(T)| dr
0

1 1 1
+ max{amax,a;amax,b} . Nb : /0 {E . |Ia(r) _Ib(t)| +Nb . ]\_[a - A_[b

< [84(0) = Sp(0)| + N, - £ - || eva(t) — s (8)

o]

t
+ M (s o) - / 1S4(1) — Sy(0)| dr
0
N, ¢
+ max{amax,a;amax,b} T |1a(f) - Ib(f)| dr
N, Jo

N,
+—-t- max{amax,a;amax,b} . |Na - Nbl
N,

for arbitrary ¢ € [0, T] by application of the triangle inequality, boundedness of our all
functions, and the inequality of our first step.

3) Secondly, we have to estimate |I,(t) — I(t)|. We see that

|L.(8) = I (2)|

Noy(T) ap(7)
Na 'Ia(f) : Sa(f) - Nh

=1

< [1.0) - I,(0)| + /

0

-Iy(t) - Sp(t)| dt

. f 1Bal) - Lu(x) — Bo(c) - Ip(0)| e
0

=1l

holds for arbitrary ¢ € [0, T]. The summand / can be estimated in the previous step. This
yields

t
I<N,-t- ”O[u(t) - ab(t)”w + max{&max,a ¥maxb} * / |Su(f) - Sb(7)| dr
0
t
+ max{amax,a;amax,b} . Aﬁ . / |Ia(f) _Ib(f)| dr
Na 0

b
+ — -t - max{tmaxa; Xmaxb} - |Na — Np|
N,

for arbitrary ¢ € [0, T']. For the third summand II, we observe that

i< / 1Bal) - 1u(x) — o(®) - Ip(0)| e
0
< / 1Ba(0) - Lo(z) - By(0) - Lo(0)| de + f 1Bo(t) - L) - o) - ()] dr
0 0

t
<Nyt [ Bel®) = Bo®)] . + maX[ B Brmass) - /0 1,(r) - I(7)| de

Page 10 of 44
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is valid for arbitrary t. Summarizing these results, we obtain

|1(2) - 1,(2)|

< |1.(0) = 1,(0)| + Ny - £ - | ara(2) — ap(0)]

N,
+ A_[b -t max{amax,a;amax,b} N |Na _Nbl + Na -t ”,Ba(t) - ﬂb(t) “oo

a

t
+ max{amax,a;amax,b} : / |Sa(r) - Sb(T)| dr
0
Ny, t
+ maX{amax,a;amax,b} . ]\_[ : |Ia(f) - Ib(T)| dr
a 0

t
+ max{ﬁmax,a;ﬂmax,b} . / |Ia(T) _Ih(f)| dr
0

for arbitrary ¢ € [0, T'].
4) Now, we must estimate |R,(¢) — R,(¢)|. It holds
|Ra(2) = Ry ()|
< [Ra(0) - Ry(0)] + fo [Bal0) - 1(x) = Byc) - (o) de
< [Ra0) = RO + [ [8u(5)- Lu(0) - Potr) - 1,(0)| v

" / 1B6(t) - 1,(2) - Bu(x) - ()| de
0
< [R(0) = Ry(0)| + Niy - £+ || Ba(£) = Bo(®) |,

t
+ max{Brmasai Bmacs) - /0 11,() — Iy(7)|d

for arbitrary ¢ € [0, T.
5) Finally, we obtain

”Za(t) - Zb(t) H

oo

< [ 2a(0) = 250) | , + N - £+ ||eta(8) — 05(8)]|

N,
+ N, - t - max{0max,a; ¥maxb} - [Ny = Np| + Ny - £ ”,Ba(t) - Bi(t) Hoo

a
t
+ max{amax,a;amax,b} . / ||za(t) - Zb(l’) ”oo dr
0

N, t
+ max{&max,a ¥maxb} * L. / ”za(f) ~2,(7) ”oo dr
Na 0

t
+ max{ﬁmax,a; ﬁmax,b} . / ||za(f) - zb(f) || 0 dr
0
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for arbitrary ¢ € [0, T']. This implies

|za(8) - 2(®) |

< [|2a(0) = 2z (0)| , + Na - £+ | eral®) — s (®) |

N,
+ ﬁb -t- maX{amax,a; amax,b} : |Na - Nbl + Na -t nga(t) - ﬂb(t) Hoo

a

t

+ {max{amax,a;amax,b} . / ||za(T) - Zb(T) “oo dr

0

t
+ max{amax,a;amax,b} : & : / ”za(t) - Zb(l’) ”oo dr
Na 0

t

+ max{ﬁmax,a;lgmax,b} : / ”Za(T) - zb(T)“OO dT}
0
6) Define the functions

u(t) = || 2a(0) - 20|

oo

g(t) = | 2a(0) - 2, (0)||  + Nu - £+ | eta(®) — 05 (®) | ,

Ny
+ ]\_[ -t max{amax,a;amax,b} . |Na - Nb| +Na -t ”ﬂa(t) - ,Bb(t) ”00'

a

a

f(0):= {max{amax,a;amax,b} : (1 + %) + maX{ﬂmax,a;ﬁmax,b}} =: Kgs.
Since all the assumptions of Theorem 3 are fulfilled, we see that
”za(t) - zb(t)Hoo <g(t)-exp(Kgp - t)
holds for arbitrary ¢ € [0, T'], which finishes our proof. O

2.7 Monotonicity properties and long-time behavior

We now investigate the long-time behavior of solution, some monotonicity properties and
summarize our results in the following theorem.

Theorem 8 We get:
1) S is monotonically decreasing, and there exists a number S* > 0 such that
lim;_, o S(¢) = S*. It even holds S* > 0;
2) R is monotonically increasing, and there exists a number R* > 0 such that
lim;_, o R(£) = R*;
3) 1 is Lebesgue-integrable on [0,00) and lim;_,» I(t) =0
for all solution functions of (8).

Proof 1) Since §'(¢) <0 for all £ > 0 and 0 < S(¢) < Sp by Theorem 4, S: [0, 00) —> [0, 00)
is monotonically decreasing and bounded below by zero. This implies the existence of

§* > 0 such that lim;_, », S(¢) = S$*. Additionally, by considering }38 for t > 0, we obtain

S __a®)-SO) _ omax SE)

R(@t) BN = Bun N’
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and separation of variables implies

S max
S#) = Buin N

R ().

Integration yields

S() > S(0) - exp (-ﬁ"‘L"N - (R@) - R(O))) > 5(0) - exp(—“ma*) >0
for all £ > 0. Hence, it holds $* > 0.

2) Since R'(t) > 0 for all £ > 0 and 0 < R(t) < N is true by application of Theorem 4,
R: [0,00) —> [0, 00) is monotonically increasing and bounded above by N. This yields the
existence of R* > 0 such that lim,_, o, R(¢) = R* holds.

3) Since S'(t) = —«(¢) - 150 Kolgs, integration yields

N
Sl—S*:/(; %S(r)-[(r)dt
R t
5 %min - S / I(r)dr
N 0

because all functions «, S, I: [0,00) — [0, 00) are bounded and nonnegative. Therefore,
we obtain that I is Lebesgue-integrable on [0, 00) and lim;_, o, I(¢) = 0. This finishes our

proof. O

2.8 Calculation of the time-continuous basic reproduction number
In our nonautonomous SIR model, the time-dependent basic reproduction number can

be defined by
a(t)
Ro(t) := —, (13)
RNTD)
which is similar to the constant case [17, 45, 46].
Lemma 2 Equation (13) is well defined.
Proof We observe that
Qmin alt) alt) Qmax
0< <—==Rot)i=—= <
ﬂmax ﬁ(t) 0 ,B(t) ﬁmin
is valid for all £ > 0. This proves our claim. O

3 Time-discrete implicit SIR model

In this section, we examine time-discrete versions of the given time-continuous SIR model
(8). Let us assume that our time interval [0, T'] can be divided by a strictly increasing se-
quence {tj}j‘fl for M € N with t; =0 and £ = T. For abbreviation, we write f () := f; for all
je{l,...,M} and an arbitrary time-dependent function f.
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3.1 Discussion of formulations

Here, we only state a fully explicit scheme

Siv1-S; 1;-S;

L i L

b1t = —0j;4 N’

L1 I;-S;

ZAR i RPN i/ R T

PR [ S Y, ﬁ]+1 I, (14)
R. _R.

MY _ g LT

tj+l_tj - ﬂ]+1 1/

and a fully implicit scheme

Sjik1-Sj i - Tiv1-Sj41

b1t j+1 N

I—1; I1-S;

yhs i AU . j+19j+1 _R. T,

PR =0yl ﬂ1+1 1]+1: (15)
MY _ g LT

11— - ﬂ]+l 1]+1

of the time-continuous SIR model (8) for allj € {1,...,M — 1}. Both formulations fulfill
N=Sj1+ 11 + R =S+ + R, (16)

forallje{1,...,M — 1}. However, the fully explicit scheme (14) simply reduces to a linear
system, while the fully implicit scheme (15) maintains the nonlinear structure of the con-
tinuous problem formulation (8). For this reason, we investigate this fully implicit scheme
in the following.

3.2 Time-discrete implicit problem formulation

We assume that 0 < &min < @ < Omax < 1 and 0 < Bin < Bj < Pmax < 1 are given for all
jell,...,M}and that 0< ¢, —¢; <1forallje{l,...,M -1} and that S; >0, I; >0, and
R; > 0 are given. As later observed in our numerical examples, these assumptions are
fulfilled in epidemiological data of the spread of COVID-19. An implicit solution scheme
of (15) reads as follows:

S.
- j
Sji1= T
Lty (1) "5
I:
- j
fr = —, (17)

L+Bjv1-(Gr1-4) i1 (Gr1-4) ~§
Ris1 =Rj+ Bjs1 - (31 = 1) - [

forallj e {1,...,M — 1}. Now, we are able to obtain an appropriate solution scheme from
(17) which even implies unique solvability for all j € {1,..., M — 1} under the assumption
that §;>0,/;>0,and R; > O forallj e {1,...,M}.

3.3 Unique solvability

Our main ingredient is the equation

Jj

L = — (18)
1+ /3]'+1 : (t/'+1 - tj) —Uj1 - (tj+1 - t]) . §\/
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from (17). Plugging

Sj

S =
j+ T,
L+aj - (G —4) - 57

into (18) and writing Aj,1 = (¢,1 — ¢;) yields

(N +aji1 - Ajpr - L) -

Iy = (19)

T Biar - Aj) - (N + @y - Ajr - 1) — i - Ajur - S
forallje{1,...,M - 1}. Hence, we get

1+ Bie1 - A1) - (@1 - A1) 1,2+1 + (14 B A1) NIy

=js1 - Ajr - (S5 +4) - i + N - I,

and by setting

Ajr =1+ Bt - Ajer) - (@1 - Ajir) (20)
and

1+ Bt A1) N—ajr - A - (S +1;
Bj+1 . ( ﬂ/+1 /+1) j+1 j+1 ( j ])’ (21)
2
we get A, 1;2+1 +2-Bj,1 1,1 = N - I; and can finally conclude
(22)

for all j € {1,...,M — 1}. We now have an explicit solution formula for ;,; for all j €
{1,...,M — 1} and therefore also for S;,; and Rj,; for all j € {1,...,M — 1}. Summarizing

our results, we can formulate the following theorem.

Theorem 9 Let us assume that 0 < tmin < @j < tmax < 1 and 0 < Brin < Bj < Pmax < 1 are
given for all j € {1,...,M}, that 0 < tj,; —t; < 1 holds for all j € {1,...,M — 1}, and that
81>0,11 >0, and Ry > 0 are prescribed. The implicit solution scheme (17)

S.
- j
Sj+1 = T’
Lty (G1-) "N
I:
- j
Ij+1 = s/-+1 )
L+Bjv1-(G1-4) i1 (G1-4) ~x

Ri1 =Rj+ Bi1 - (t1 — ) - L

is uniquely solvable for all j € {1,...,M — 1}. It holds (22)
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forallje{l,...,M -1} with
Ajri= 1+ Bir - Aji) - (@1 - Ajy)

and

(L + Bjs1 - Aj1) - N =1 - Ajyr - (S + )

Bj+1 = B

from (20) and (21).

3.4 Monotonicity properties and long-time behavior
We show that many of the continuous properties from Theorems 4 and 8 even translate

to the time-discrete implicit scheme (17).

Theorem 10 For our time-discrete implicit solution scheme (17), we have:
1) 0<I;<N forallje(l,...,M};
2) 0<S;<Nforallje{l,...,M}and Sj.1 < S forallje{1,...,M—1};
3) 0OSR; <N forallje{l,...,M}and Rj.1 > R, forall j e {1,...,M —1};
4) lim;_oo I = 0.

Proof 1) It holds I; > 0 due to (22) and I; < N due to (16) for all j € {1,..., M}.
2) By our first property and due to (16), we have the inequality 0 < S; < N for all j €
{1,...,M}. Again by our first property, we obtain

Sj

Sj1 = <S;

~

j+1
L+ajn - A

forallje{1,...,M—-1}.
3) By our first property and due to (16), we obtain the inequality 0 < R; < N for all
je{l,...,M}. Again by our first property, we conclude

Ri1 =Rj+ Bjs1 - Ajr1 - 1 = K;
forallje{1,...,M-1}.
4) Since {R;};en is monotonically increasing and bounded above by the total population

size N, there exists a nonnegative constant R* such that lim;_,, R; = R*. Furthermore, it
holds

Rﬂl —R]' = ,31’+1 : Aj+1 : 11'+1,

which yields

[« Bin-R

< - 7
j+l = .
IBmin : Aj+1

This implies lim;_, », I; = 0 and completes our assertion’s proof. d
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3.5 Error analysis
Now, we want to provide an upper bound for error propagation. Before proving this state-
ment, we need to formulate some assumptions for our convergence analysis. We summa-
rize them in the following list:
1) Let [0, T] be the considered time interval where t; =0<t) < -+ <ty_1 <ty =T;
2) Let the initial conditions of the time-continuous and the time-discrete models
coincide;
3) Let the solution functions S, I, R: [0, T] —> [0, 00) be twice continuously
differentiable;
4) Let the time-varying transmission rate «: [0, T] — [0, 00) and the time-varying
recovery rate B: [0, 7] — [0, 00) be once continuously differentiable;
5) Let the time-varying transmission and recovery rates be bounded, i.e., there are
nonnegative constants ¢min, ®max, Bmin» Bmax SUCh that 0 < Amin < @(£) < Imax < 1 and
0 < Bmin < B(t) < Bmax < 1 hold for all £ € [0, T'];
6) Choose A, < min{m, 1} <1forall p € Nand set A := maxyen Ap.
Under these conditions, we obtain the following theorem where we adapt ideas from the
error analysis of an explicit-implicit solution algorithm as presented in [20].

Theorem 11 Ifthe aforementioned assumptions are fulfilled, the difference between the so-
lution of the time-continuous problem formulation (8) and the solution of the time-discrete
problem formulation (17) fulfills

1 p
||ZP+1 _Z(tp+1)||oo = CIOC A {<1 -2 (O(max +,3max) . A) - 1}. (23)

Proof We briefly describe our strategy first because this proof is technical. We begin with
an estimation of local errors between time-continuous and time-discrete solutions. After-
wards, we consider error propagation in time. Conclusively, we investigate the cumulation
of these errors. Time-discrete solutions are written as S, at time ¢, and time-continuous
solutions as S(t,) at the same time.

1) For examination of local errors, we assume that

(tp’Sp)T = (tp’S(tp))T’ (tp’lp)T = (tp,l(tp))T’ (tpr)T = (tp,R(tp))T

hold for arbitrary p € {1,..., M — 1} on the time interval [t,, t,,1]. Here, we consider solely
one time step and denote corresponding time-discrete solutions by S::l, 1;:1, and R;:l.
1.1) It first holds

I~
p+l
$T- Sp = S(t) Ops1 - Dpi1 - N S(tp)
p+l = 1;:1 = p) — I;:l )
1+ap+1'Ap+1'T 1"'O[p+1'Ap+l'T

and this implies

|S(tp+1) - ‘S/';:l|

I~
Api1 * Ap+1 : pTH : S(tp)

I
pt+l
1 +Oép+1 . Ap+1 N

= S(tp+1) — S(tp) +
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e
t, P+

p+1 Ol+1'A+1'—'S(t)

/ S'(r)dr + L P N 1~p

1

tp 1+ Qpy1 * Aerl . %

-
Api1 * Ap+1 : pTH : S(tp)

I
'p+1
1 t Qpy1 - Aerl N

tp+1
/ S(t)dr — Aps1 - S'(tp) + Apir - S'(8y) +
tp

L
< + Ups1 Aerl : % : S;(/tp)

Ap+1 'S,(tp) +

I
p+1
1 +ap+1 : Ap+1 TN

tp+1
/ S'(t)dr = Api1 - S'(2p)
tp -

=ls,1 =l

by application of the triangle inequality. We estimate these terms separately. For I, we

obtain

Is; =

tp+1
f S'(t)dr = Apir - S'(2p)
tp

f . ). S0 =51) dr‘

T—1

/ "S-S5 de

and the mean value theorem of calculus implies the existence of &1 € (¢, ty.1) such that

S'(t) =S (t)

B e EIECIN
»
holds. This yields
tp+1 1
bSOl [ -p)dr=5 a2, 50 (24
b

For Il ;, we see that

Il

pt+

Opyil * Ap+1 "N S(tp)
I;]
N

115,1 = Ap+1 . S/(fp) +

1+ Api1 - Ap+1 :

S(tp) 'I(tp) + Qpi1 - Dpit IpTH . S(tp)

= |[—Qp Ap+1 .
N 1+ap+l'Ap+1'1p_+1
_ Ap+1 : S(tp) . |—(¥ . I(t ) " Aps1 - 1p+1
- P 14 J
N 1+ Opyl - Ap+l : I;\]l

)y~ —~
—0p 'I(tp) {1+ Ops1 - Ap+1 : FTI} + dpy - Ip+1
=< Ap+1 :

N
Ip+1
< Apic |- 'I(tp) N1+ apin s Apir - W + i1 Ipia

1+ Apil - Ap+1 :

—~

N

— I
= Api1 v [Qpi1 - Ipn _ap'l(tp)' {1+ap+l “Api1- i”
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N

—~

= Ap+1 : |0lp+1 : Ip+1 —0p 'I(tp)| + Ap+1 ©|%p 'I(tp) “Opy1 Ap+1 :

< Apit - |opar Iy — o - 1(5)| +A2+1 a2 N

=Ills,)

is valid by the definition of §'(¢), boundedness of our solution functions, and application

of the triangle inequality. By plugging

—~ I(t,
IP+1 = (p) S
1+ IBp+1 : Ap+1 —Qpy1 - Ap+1 : I;\[

into Ills ;, we obtain

sy = Apor - |@per - Ty — oy - 1(5)))|

= Ap+1 '

1)
op - I(t,) — apir - L P
p+1

1+ :Bp+1 : Ap+1 —Qpy1 Ap+1 N

Api1

Sp+1
P+
1+ ﬁp+l . Ap+1 —0Upi1 - Ap+1 N

= Apir- |1(t10)| * %

Sp+1
'p+
<A N ap'{l"'ﬁpﬂ'Ap+1_0lp+l'Ap+l'T}_apH
= Bp+l° : S~1
D+
1+ /3p+l : Ap+l —Qpy1 Ap+1 TN
Ay N { S
p+1 p+1
< — o, 31+ ﬁ -A - -A e~
= p p+1 p+1 p+1 p+1 p+l
1 — 0max N
Ay N S
p+1 p+1
=0 |O[ —Ol+1|+Ol~ ,3+1'A+1_05+1'A+1'
1 — Opax P P P p P P 4 N
25 —~
Ap+1 N Api1 — O Sp+1
= . Up - :Bp+1 —Qpy1
T—dmax || tpe1 —t, N

by the boundedness of our solution functions and application of the triangle inequality.

By the mean value theorem, there exists &,,1 € [¢,,,,1] such that

O5p+1

o (6| = = [ ®],

holds. Hence, an additional application of the triangle inequality and boundedness of the

solution functions yields

A%, N
IIIS,I S IPL : {H()l/(t) ”oo + Omax * (amax + ,Bmax)}- (25)

— Omax

Plugging (25) into IIs;, we conclude that

A[27+1 N ’ 2
IIS,I = 1— : {”0{ (t) ”oo + Omax * (amax + ﬂmax)} +A p+1 amax -N (26)

— Omax

Page 19 of 44
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holds. Combining (24) and (26), we infer that

|S(tp+1) - g;l |

<Isy+1ls;

1 A2, -N
= E . A}27+1 . “S”(t) ”oo + IPL : {”O{’(t) ”oo + Qmax * (@max + ,Bmax)}
max

2 2
+ Ap+1 “Omax N

+ N - {ll'(O)lloo + max - (Omax + Bmax)} +N - a2 }

1
— A2 Z .l .
RN e b
=:Cloc,s
is valid. Thus, it holds
|S(tp41) = Spet| < Clocs - AL, (27)
1.2) We observe that
—~ 1
Ip+1 = L4 S~1
1+ :Bp+1 : Ap+1 —0Opy1 - Ap+1 : I;\F
_ 1(t,)
1+ ,3p+1 : Ap+1 —Qpy1 A19+1 : ?\;1
Spa1
<A - <A L el
_ I(tp) —I(tp) . ﬁpﬂ p+l p+1 p+l 1\;~
p+1

1+ ﬁp+1 : Ap+1 —Ups1 - Ap+1 N

is valid. Hence, it follows

|1(tp+1) _Ip+1|
S;:l

:Bp+1 : Ap+1 —Opt1 Ap+1 TN
o~
1+ :Bp+1 : Ap+1 —Opt1 - Ap+1 : 1;\;1

- lz(tpﬂ) ~1(t) + 1(6,)-

Spa1
tp+1 A —o <A . et
_ / 1,(1_) dr +I(tp)~ lgp+1 p+1 p+l p+1 1\;~
b 1+ :Bp+l “Apir —0pi1 - Apr - I;\;l
tp+1
<| [ rode- a1
p
, ,Bp+l : Ap+l —Ups1 - Ap+1 : SI;\[;
| Apr 1) + 1) L
1+ 13p+1 : Ap+1 —Ups1 - Ap+1 : %
A21 ,BIA 1o I'A 1.@
< S O]+ |Aper T e) + 1(gy) - B D N
1+ lgp+1 : Ap+1 —Qpy1 - Ap+1 : I;\[

=1,
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by application of the triangle inequality and with similar arguments as provided in the

previous step. As

ap - 1(t,) - S(t,)

I'(t,) = N

- lgp : I(tp)
holds, we further obtain

N
p+1
:Bp+1 : Ap+1 —Ups1 - Ap+1 "N

II,I = ‘Ap+l ' Il(tp) + I(tp) :

Spi1
1+ ﬁp+1 : Ap+1 —Ops1 - Ap+1 : I;\[

S
I(t,) — atpr - I(2,) - 2L
= Ap+1' Il(tp) IBPH (p) el (p) NS~1
1+ /3p+1 : Ap+1 —Ops1 - Ap+1 : I;\;
Spa1
o, - 1(t,) - S(t (ty) — aper - 1(E,) - 25
_ Ap+1 | Zp (p) (p) —ﬁp -I(tp) + ,Bp+1 (p) p+1 (p) N~
N Sp+1
1+ :3p+1 . Ap+1 —Opy1 - Ap+1 "N
Apa 1(t,) - S(ty) I(t) - Spnr
- £ - . P G S P SEEE Sha I(t) — I(t
S 1 o (23 N Up+1 N ,Bp+1 (p) ﬁp (p)
1— O p+1 p+1 N P N '
A 1 —~ A 1
= 1 2 : |05p : S(tp) —Upi1 'Sp+1| + L : |:3p+1 . I(tp) - ﬁp 'I(tp)|
— Omax 1- Omax
A2
+ —r (amax + ,Bmax)2
1- ®max
Ap+1 o A1:1+1 -N
< —" " o, -St)-«o .S + . _
=1 — max | p (p) p+1 p+1| 1 — O |:3p+1 IBpl
=y =iy
Az
+ % : (amax + ﬂmax)2
— Omax

by the boundedness of the solution functions and application of the triangle inequality. By

using
& S(tp)
p+l = 1":/1 )
1 t 0py1 - Ap+1 . pT
we obtain

III,I = |ap : S(tp) —Upy1 - S;Tl|

S(ty)
= |0, - S(ty) — apar - Ld o

T+apa - Apir - N (28)
= |ap : S(tp) —0pi1 'S(tp)| + Ap+1 : |Olp “Opy1 -t S(tp)|

<N- ||oc/(t) ||OO “Ap1+N- ozrznax Ay

Page 21 of 44
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by the boundedness of the solution functions, the mean value theorem of calculus, and
application of the triangle inequality. Additionally, it holds

IUI,I = |ﬁp+l - ﬁp|

(29)
= Ap*l ’ ||ﬂ/(t) ||oo

by application of the mean value theorem of calculus. Combining (28) and (29) and plug-
ging these results into

A Api1-N AZ
By < 700 dly 4 P+ (@ + )

1 - amax - amax amax

IA

yields
Api1 ’ 2
By = T2 (N O] Ay +N 0 Ay
Ay N Al
+ l‘l;%.lmax ’ AP+1 ’ ”ﬁ/(t) ”oo + 1 _ermax ' (amax + ﬁmax)2
A127+1 / 2 ’ 2
= ﬁ . {N HO[ (t)”oo +N-O(max +N - ||ﬁ (t)”oo + (Olmax + ,Bmax) }
— Umax
::CI,help,l
Plugging this inequality into
. A?
[1(tpr) =Ty | < =5 - 1] + 1
implies
~ 1 Cihelp,
[I(tps1) = Iy | < A;27+1 : {5 (@) ”oo + liio:alx} . (30)

=:Cloc,I

1.3) We see that
R;:l = R(tp) + Bpi1 - Apia '11:1
holds. This implies

|R(tp+1) - pr\:l i

= |R(tp+1) - R(tp) - ,3p+1 : Ap+1 Ip/\;1|

tp+1 —~
/ R’(‘L’)d‘[ - Ap+l 'R/(tp) + Ap+l : R/(tp) - ﬂp+l : Ap+l 'Ip+1
tp

=<

tp+1 —

[ (R/(t) - R,(tp)) dr| + ’Ap+1 : R,(tp) - ,Bp+1 : Ap+1 . Ip+1‘
b
2

A ~
< S RO+ Bpor - IR G) = By - T

Page 22 of 44
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By applying

R/(tp) = ,Bp . I(tp)

and
T [(tp)
Ip+1 = S
+
1+ :8p+1 : A1:1+1 —Ups1 - Ap+1 . P}\[
Spr1
_ I(tp) _ I(tp) : {,Bp+1 : Ap+1 —Ups1 - A1:1+1 ﬁ}’
N
1+ ﬂp+1 : Ap+1 —Upy1 - Ap+1 . pTH
we obtain

’R,(tp) - ﬂp+1 : Ip+1‘
Spr

I(tp) : {ﬁpﬂ : Ap+1 —Ups1 - Ap+1 . [;\[1

Spe1
1+ Bps1 - Dpr1 —0p1 - Dpar - pTl

N-B2. +N - max - Bnax
SN |,Bp_/3p+1| +Ap+1' ﬂmax Fmax lea

= ﬁp 'I(tp) - ﬁp+1 ‘I(tp) + ﬂp+1 .

1- Omax

2
N - IBmax + N - 0max - Bmax
1- ®max

SN Ap+1 : ”ﬂ/(t) “oo + Ap+1 .

N - ﬂr%lax + N - Omax * Pmax }

1- Gmax

-ty N B0+

=:CRhelp,1

Plugging this inequality into

—, A? —
’R(tp+l) - Rp+1‘ = §+1 : HR”(t)”oo + Ap+1 . |R/(tp) - IBp+1 : 1p+1’

yields

—~ A? —~
|R(tp+1) _Rp+1| = §+1 : ”R//(t) ”oo + Ap+1 . {R/(tp) - ,Bp+1 : Ip+1|

A2

p+l Y 2

= T : ”R/(t) ”oo + A17+1 : CthdP:l (31)
1
= A127+1 . {5 . ||R//(t) ”oo + CR’help,l} .
=:Cloc,R
1.4) Define Cio := max{Cioc,s; Cioc1; Cloc,r }- It holds

”z(tpﬂ) - Z;\:l ”oc < Cioc - A127+1 (32)

for local errors on time intervals [z, £,,1].
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2) In reality, (tp,Sp)T, (tp,Ip)T, and (tp,Rp)T do not exactly lie on the graph of the time-
continuous solution. Therefore, we must examine how procedural errors such as S, - S(z,),
I, -1(t,) or R, — R(t,) propagate to the (p + 1)th time step. These investigations are carried
out in step 2) and in step 3). By (9), we see that

Zyi1 — z(tp+1) = (Zp - z(tp)) + Aerl : {G(tp+lxzp+l) - G(tpﬂr z(tp+1))}
holds, and this implies

2501 = 2(650)

= H zp — 2(tp) ||oo +Apir HG(tPH’ZpH) - G(tpe1, 2(tp1)) “oo

We see that

” G(tp+1» zp+1) - G(tpﬂ; Z(tp+1))

oo

%17\;1 : {I(tp+1) : S(tpH) _[p+1 'Sp+1}
- 011;9\;1 : {Ip+1 : Sp+1 _I(tp+1) : S(tp+1)} + :3p+1 : {I(tp+l) _Ip+1}
:Bp+1 : {1p+1 _I(tp+1)}

o0

Apil - {||Ip+1 _I(tp+l)||oc + ||Sp+1 - S(tp+1)||oo}
Opi1 * {||Ip+1 _I(tp+l)”oo + ||Sp+1 - S(tp+l)||oo} + IBp+l : ”Ip+l _I(tp+1)||oo
/317+1 : ||Ip+1 —I(tp+1)||oo

IA

o
<2 (Umax + Bmax) - ”Zp+1 — 2(tp+1) ”oo

holds, and this implies

”zp+1 - Z(tp+1)Hoo = ” zy — Z(tp) ”oo + 2+ (Umax + Bmax) - Api1- Hzp+l - Z(tp+1) ”oo
Hence, we conclude

[zt =20 = : el

Tprl T Blpn oo 1_2'(amax+ﬂmax)'Ap+l L e
. (33)

= 1-2. (amax+ﬂmax)~ A ’ ”zp_z(tp)”oo

""" ~(0¢max+Pmax) *

3) Now, we want to prove the upper error bound between the time-discrete solution and
the time-continuous solution. At first, we notice that

|22 - 2(82) |, < llz2 - Zalloo + || 22 — 2(82) |

<( L )Hz —z(t)” +Cloc - A?
o 1_2'(‘f“max"’ﬂmax)'A \1—,2 to

=0

= Cloc . Az
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is valid for p = 1 by (32), by (33), and by our assumption that initial conditions of the time-
continuous and the time-discrete models coincide. For p = 2, we obtain

|2 - 2(t3)] , < 12 =Bl + |83 - 2(03)]
! 2
S (1_2 (amax"',Bmax) . A) ' sz_z(tZ)“oo + CIOC <A

= ! '{Cloc'Az}‘*'Cloc‘A2
- 1_2'(Olmax"'ﬂmax)'A

3-2

" Clocr &7 {;<1—2'(amax+ﬂmax)'A> }

For arbitrary p € {1,..., M — 2}, we assume that

p-1 1 j
||zp+1 - z(tp+l)” < Cloc A?.
I i—0 1_2'((:‘!mzax"'ﬁmzax)'A

j=

is valid. This yields

252 = 2(t2) .

<N Zps2 = Zpralloo + || Zpr2 — 2(ps2) | ,

)l -]
1_2'(6‘!max+,3max)'A e = 2 e

p-1 1 j+l
<COC'A2' 1
= { +;):<1_2'(amax+ﬁm3X).A) }
2 z ! 1
:COC'A N
1 FZO(I_Z'(amaX"'ﬁmaX).A)

by induction. By applying the geometric series, we obtain

SCIOC'AZ"'(

2001 =260

p-1 1 J
oc * Az'
SC[ {;(1—2'(amax+ﬂmHX)'A>}

1
(172-( A)p -1

®max+Bmax)-

:Cloc'AZ'

1 .
( 1—2'(amax+ﬂmax)'A) -1

If we assume A < 7 L

m , wWe COI’lClude

IA Sll
) -1

( 1-2-(o/max+Bmax)-A
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and hence it follows

p
||zp+1 —z(tp+1)”oc <Cloc-A- {( ! ) - 1}, (34)
1-2. (amax + ﬁmax) AN

which finishes our proof of (23). O

3.6 Calculation of the time-discrete basic reproduction number
In our nonautonomous time-discrete SIR model, the time-dependent basic reproduction
number can be defined by

Roltr) := o) (35)

B(t)

for arbitrary k € {1,..., M}, which is similar to the case of constant transmission and re-
covery rates [17, 45].

Lemma 3 Equation (35) is well defined.

Proof This proof is identical to Lemma 2. O

3.7 Numerical algorithm
We are now able to give a brief description of our numerical algorithm to solve the time-
discrete implicit solution scheme (17). Here, we summarize our inputs, our computational

steps, and our algorithmic outputs. We sketch the resulting algorithm in Table 1.

4 Numerical examples with discussion

We apply our time-discrete implicit SIR solution scheme (22) from Table 1 to available data
regarding the spread of COVID-19 in Germany and Iran from John Hopkins University
[1, 2]. These countries are chosen because they update confirmed, dead, and estimated
recovered cases on a regular basis. In Table 2, we summarize projected population sizes
for 2019 from the United Nations [47].

Table 1 Numerical algorithm for the time-discrete implicit SIR solution scheme (17)

Inputs: - Population size N
— Initial values Sy >0, /; >0,and Ry >0
- Time-varying transmission rate sequence {Otj}//\i
- Time-varying recovery rate sequence {ﬂj}//\iz
— Strictly increasing sequence {f/}j/\ﬁ] of time pointswith ty =0and tyy =T

2

Step 1: - Computeall Ajq =t -t forallje {1,..., M-1}

Step 2 - Compute ;1 by (22), 21) and (20) forall j € {1,..., M-1}
- Compute Sj11 and Riq by (17) forallj e {1,..., M-1}

Outputs: - Sequences {S/}jAﬁw, {//}fﬁ] and {R/}jAﬁ1

Table 2 Projected population sizes for Germany and Iran for 2019

Country Germany Iran
Population size 83,784,000 83,993,000
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At first, we consider the example of Germany in detail. We thoroughly describe our ap-
proach to check our model’s validity. We only give some simple parameter estimation tech-
niques and vary user-chosen time-dependent parameter functions. Since inverse prob-
lems are an active field of research, we refer the readers to works by Bock and Schittkowski
for more sophisticated parameter estimation techniques in dynamical systems [48, 49].
Our work also focuses on usefulness in possibly describing real-world data. Afterwards,
we state some computational results for data from Iran.

4.1 Description of our approach by the example of Germany

4.1.1 Data preprocessing

To apply our model, we have to process the given data of cumulative confirmed infected
people {Z};‘fl, cumulative confirmed dead people {5,-}]1.‘;[1, and cumulative confirmed re-
covered people {Ej}}’-‘fl. For our model, we need to compute the processed real-world data

Rj =R+ Dj,
jizjl_i, N (36)
S§=N-I-&

for all j € {1,...,M}. The unprocessed and processed data for Germany are depicted in
Figs. 2 and 3. On the one hand, it can be clearly seen in Fig. 2 that both sequences of
cumulative infected and cumulative recovered people are monotonically increasing for
our unprocessed data. On the other hand, we notice in Fig. 3 that the behavior changes

for our processed data.

4.1.2 Calculation of time-varying transmission and recovery rates from real-world data
Here, we present an algorithm to calculate our time-varying transmission and recovery
rates based on our numerical algorithm (15) for allj € {1,..., M — 1}. We rely on the first

Germany: People vs. Dates (Unprocessed)
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Figure 2 Unprocessed data for Germany with t; =0 (1 March 2020) and ty = 184 (1 September 2020)
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Germany: People vs. Dates (Processed)
250000 ‘ ‘ T

+ Infected
+ Recovered

200000 [~

150000 -

People

100000 -

s
E
P
50000 - # 7 B
i
+
iy
i
F F
owﬂﬁ%wﬁ . ! !
0 50 100 150 200
Time (Days)

Figure 3 Processed data for Germany with t; =0 (1 March 2020) and ty; = 184 (1 September 2020)

equation and the last equation for susceptible and recovered people. Short calculations
with the assumptions 1;1 #0and §;1 # 0 yield

_— ~
o ~

—~ N Sj+1 - Sj
Qi1 = — = = - A
Ij+1 . Sj+1 j+1
N §-8a
Ly - Sj Ajn
>0

and

=~ 1 Riyi-RK
:3j+l == HT i
Ij+1 j+l

Summarizing our results, we obtain

~  —~—
A

—~ N Si—Sin
il = = == - }A = (37)
L1 - Si j+1

and

=~ 1 ENV —I?»
Bis1= = - %: (38)
Ij+1 j+1

and a short algorithmic summary can be found in Table 3.
The time-varying transmission rate from real-world data for Germany is presented in
Fig. 4. Clearly, the transmission rate decreases due to countermeasures such as local lock-

Page 28 of 44



Wacker and Schliter Advances in Difference Equations (2020) 2020:556 Page 29 of 44

Table 3 Numerical algorithm for the time-discrete implicit SIR solution scheme (17)

Inputs: - Population size NN _ _
— Real-world data {S?}fﬁ], {/7-}]/!], and {@}}fﬁ1 according to (36)
- Strictly increasing sequence {tj}/Aﬁ1 of time points with t; =0and tyy =T

Step 1: - Computeall Ajyy =ty —tiforallje(1,.... M-1}

Step 2: —Forallje{2,...,M}, compute (7/ and E/ according to (37) and (38) with
real-world data

Outputs: - Sequences {07/}/@2 and {E/}/Aﬁz

Germany: Real-World Transmission Rate vs. Dates
0.6 T
0.5 [ B
+
o)
= +
o
c 04 q
ke
1]
8
£
2
03[, B
= +
i
3 +
S
P
=02 +++ 3
3 + + +
o + 4
+ * +
L H# R s §
0.1 N **it " PRI fﬁjﬁ#f* mtw
+ t+ o+
-+ & + S =+t + +
t{:ﬁl#fﬂ+ﬁ+ f TR T T
PR T et L ¢ Ty + +
0 I + 1t I
0 50 100 150 200
Time (Days)
Figure 4 Time-varying transmission rate from real-world data for Germany with t; =0 (1 March 2020) and
ty =184 (1 September 2020)

downs and voluntary social distancing by the population. However, a weak increasing
trend can be seen at the end of the time-series in August. Possible explanations might
be opening of schools, universities or people who do not wear masks for protection.

The time-varying recovery rate from real-world data for Germany is depicted in Fig. 5.
At the early stage of an epidemic, there are possible just few recoveries, thus this rate is
relatively small. After some time, this situation changes as more people defeat the disease
and recover. The rate seems to be constant with heavy variations due to the test capacity.
Additionally, there are unknown cases because these people might have a mild disease

course.

4.1.3 Calculation of time-dependent basic reproduction number from real-world data

Now, the time-dependent basic reproduction number Ry(%) is readily computed by (35).
Our computational results from this approach are portrayed in Fig. 6. Since there are only
few recovered people at the beginning of disease, our computations provide high numer-
ical basic reproduction number. We observe that the computational basic reproduction
number is monotonically decreasing in spring due to political countermeasures and so-
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Germany: Real-World Recovery Rate vs. Dates
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Figure 5 Time-varying recovery rate from real-world data for Germany with t; = 0 (1 March 2020) and
ty =184 (1 September 2020)

Germany: Real-World Basic Reproduction Number vs. Dates
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Figure 6 Time-varying basic reproduction number from real-world data for Germany with t; =0 (1 March
2020) and ty = 184 (1 September 2020)

cial distancing. However, the graph shows that the computation basic reproduction num-
ber rises in summer because contacts between people rose. Variations are seen for similar
reasons as mentioned for our time-dependent transmission and recovery rates.

4.1.4 Parameter estimation—a simple least-squares approach
We only briefly sketch the parameter identification problem because it is an inverse prob-
lem [50, 51]. A deep discussion is beyond the scope of this paper and would be a topic of
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own interest. By looking at Figs. 4 and 5, we assume

a(t) := oy - exp(—ay, - t) (39)
and

B):=p (40)
with real constants «y, a3, and 8 which we determine from real-world transmission and

recovery rate sequences {(?,r}j‘fz and {Ej}j‘fz. Since 07,' >0 and E] >0forallje{2,...,M}, we

can assume ¢ >0 and B > 0. Since «(¢) is nonlinear, we use the transformation
ln(a(t)) =In(a) —ay-t=y1+ Y-t (41)

with y; := In(q) and y; := —; as in the case of maximum log-likelihood estimation. Now,

our cost function 7 : R? — [0, 00) reads as follows:

M M -
Truyuh) =Y (n+y-4-I@)" + > (8- )% (42)
j=2 J=2

We obtain the following theorem.
Theorem 12 Assume that
M 1 M 2
2
-y (28] 0
j=2 j=1

holds for the strictly increasing time sequence {L‘,»}j‘fl. The cost function (42) possesses a
unique local minimizer. In fact, this unique local minimizer is even a unique global mini-

mizer.

Proof 1) We first show that J possesses a unique local minimizer.

1.1) To achieve our goal, we calculate the first derivatives. We obtain

3y M
W(yh V2¢ﬁ) =2 Z{yl + Ve t] _ln(&;)}’
1 3

j=2

3y M

8_7/2(y1’y2’ﬁ) =2 th' {1/1 +Y2 g —]“@‘)}’
=2

aJ

M ~
- V2, =92. _ 7 )
aﬂ(yl 2, B) g{ﬂ B}

1.2) To get a local minimizer (71, 73, B), it is necessary that all partial derivatives vanish
at candidates for local extrema.
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1.2a) Setting %()’/\1, 7, B) = 0, we conclude

1 L
Pesi1 L 4
j=2
1.2b) Setting -2 I L (%1, 72, B) = 0, we infer that
1 M
e Tk {sz(lnw?;)—tf%)} )
holds.
1.2¢) If we set %()’/\1, V2, B) = 0, we obtain
M
j=2
M M
=D @) -n-) g
j=2 j=2
M 1 M M M
=2 {5 @)} - :m {Zln@) -7 Zt;” {Zt;}
j=2 j=2 j=2 j=2
and this yields
M M 2
j=2 j=
M 1 M M
(Z It 1n(a,)> 1.{Zln(o7j)}.{2t,}.
j=2 B j=2 j=2
Finally, we conclude that
5 = (Z, VR ln(a, {ZI 2 O‘I)} ’ {Z,]‘\fz 4} (45)
{(Z/ zt; _1 (Zj\fz 5)*)
holds.
1.3) Since the Hessian is given by
2. M-1) 2-374 0
H(VI!VZ:IB)z 221/\;[2@ 2211\;[262 0 ’
0 0 2. (M-1)
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we investigate all determinants of all upper-left sub-matrices. The first determinant 2 -

(M —1) > 0 because M > 2 holds. The second determinant reads as follows:

4- (M- 1}21\42: (Zt,)
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Table 4 Numerical algorithm for our parameter estimation approach of our cost function (42)

Inputs: — Strictly increasing sequence {f/}j/\ﬁ] of time pointswith ty =0and tyy =T

- Sequences {071}]@2 and {ﬁ,}fi2

Step I: - Compute Eby (43)

Step 2: - Compute % by (45)

Step 3: - Compute by (44)

Step 4: - Compute @ and & according to transformation (41)

Outputs: - Parameters @, &>, and Efor our parametric rates (39) and (40)

By the Hélder inequality, we obtain

M M 2
4-(M—1)-Zt-2—4-<2tj> >0
j=2

j=2

with equality only in the case that all ¢; are equal. Since we have a strictly increasing time
sequence, the second determinant of the upper-left sub-matrices is also positive. Finally,
the determinant of the full matrix is positive as well. Hence, our cost function J is strictly
convex. Conclusively, it possesses a unique local minimizer by [52, Theorem 2.4].

2) By strict convexity, we infer that the unique local minimizer is also the unique global

minimizer of our cost function J by [52, Theorem 2.5]. O

We summarize our algorithmic approach for parameter estimation of our time-varying

transmission and recovery rates in Table 4.

4.1.5 Results for our parameter estimation approach using German data for short-term
predictions

In Fig. 7, we see that the assumption of exponentially decaying time-dependent trans-
mission rates is acceptable at the beginning of spreading disease with respect to German
data. Due to short-term prediction, we notice that the constant recovery rate is underes-
timated in Fig. 8. Conclusively, both assumptions seem to be acceptable at the first weeks
of a spreading disease. Computational results for two models on the time interval [25, 62]
are depicted in Figs. 9-12. Figures 9—12 indicate that sensitivity of parameters is really
an issue in epidemiological models. This is in accordance with Theorem 7. These results
also imply that an exponentially decaying transmission rate is an acceptable choice at the

beginning of spreading disease.

4.1.6 Results for our parametric approach using German data from May to September
Figures 4 and 5 indicate that constant transmission and recovery rates are reasonable as-
sumption at later stages. Computational results can be found in Figs. 13 and 14. We also
notice that the number of infected people rises in summer, possibly due to more social
contacts. This could eventually be regarded as the beginning of a ‘second wave’

For future investigations, it might be interesting to use more complex transmission rates

or piecewise defined functions with switching points, see e.g. [49].
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Germany: Real World Transmission Rate vs. Dates
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Figure 7 Time-varying transmission rates from real-world data and from parameter estimation for short-term
prediction of German data with t; =0 (1 March 2020) and ty = 62 (2 May 2020). The estimated parameters for
model 1 are @ ~ 0.3194 and &> ~ 0.003911. For model 2, we fix &y = 1.0 and choose a; ~ 0.070

Germany: Real World Recovery Rate vs. Dates
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Figure 8 Recovery rates from real-world data and from parameter estimation for short-term prediction of
German data with t; =0 (1 March 2020) and ty = 62 (2 May 2020). The first estimated recovery rate reads

B ~ 0.04403 for the mean value on the full interval. The second estimated recovery rate reads 8 ~ 0.063 as
the mean value on the time interval [25,62] because the fluctuations in B arise while there is no recovery rate
estimation possible for the first days

4.2 Computational short-time results for data from Iran
Real-world data from Iran and short-term computational results for COVID-19 data from

Iran can be found in Figs. 15-23. Figure 17 again supports the assumption of an exponen-
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Germany (Simulation): Infected vs. Dates
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Figure 9 Computational results for model 1 of infected people in Germany for ¢y &~ 0.3194, ar; &~ 0.003911,
B~ 0.063 for short-time simulation on t; = 25 (26 March 2020) and ty = 62 (2 May 2020) with real-world data
as initial conditions

Germany (Simulation): Recovered vs. Dates
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Figure 10 Computational results for model 1 of recovered people in Germany for oy ~ 0.3194,
o) ~0.003911, B ~ 0.063 for short-time simulation on t; = 25 (26 March 2020) and t, = 62 (2 May 2020) with
real-world data as initial conditions

tially decaying transmission rate at the beginning of the spread of life-threatening disease.
The computation results, depicted in Figs. 22 and 23, show qualitative agreement with the
trends in real-world data. These results indicate that time-dependent transmission rates
are a necessary addition to the classical SIR model. Alternatively, models with fractional
derivatives could be considered [53, 54].
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Germany (Simulation): Infected vs. Dates
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Figure 11 Computational results for model 2 of infected people in Germany for o1 ~ 1.0, oty =~ 0.070,
B~ 0.063 for short-time simulation on t; = 25 (26 March 2020) and ty = 62 (2 May 2020) with real-world data
as initial conditions

Germany (Simulation): Recovered vs. Dates
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Figure 12 Computational results for model 2 of recovered people in Germany for oy ~ 1.0, o, ~ 0.070,

B~ 0.063 for short-time simulation on t; = 25 (26 March 2020) and ty = 62 (2 May 2020) with real-world data
as initial conditions

5 Conclusion and outlook

We established certain properties such as well-posedness of the solution of our time-
continuous SIR model in Sect. 2. Fortunately, we were able to transfer many properties
of the time-continuous model to our time-discrete implicit SIR model in Sect. 3. These

include unique solvability and monotonicity properties. In contrast to many other works
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Germany (Simulation): Infected vs. Dates
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Figure 13 Computational results for our model of infected people in Germany for user-chosen or; = 0.040,
o) ~ 0.0, B~ 0.075 for short-time simulation on t; =61 (1 May 2020) and tj; = 184 (1 September 2020) with
real-world data as initial conditions

Germany (Simulation): Recovered vs. Dates
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Figure 14 Computational results for our model of recovered people in Germany for user-chosen oy & 0.040,

o ~ 0.0, B~ 0.075 for short-time simulation on t; = 61 (1 May 2020) and tjy = 184 (1 September 2020) with
real-world data as initial conditions

mentioned in Sect. 1, we avoid an explicit forward model, but we could transform our
implicit scheme to an easily solvable scheme. Thus, this makes our proposed scheme an
attractive first prediction choice. In addition to that, we showed that our numerical scheme
possesses an upper error bound.
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Iran: People vs. Dates (Unprocessed)
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Figure 15 Unprocessed data for Iran with t; = 1 (1 March 2020) and ty; = 62 (1 May 2020)

Iran: People vs. Dates (Processed)
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Figure 16 Processed data for Iran with t; =1 (1 March 2020) and ty = 62 (1 May 2020)

Regarding our computational results, we see that our parametrization
at) = ay -exp(—ay - t)

is an appropriate fit for first forecasts considering the first wave of a spreading virus. Since
these transmission rates are monotonically decreasing, we, however, remark that we will
need to use another parametrization if we want to model diseases with seasonal behav-
ior [55]. Regarding our chosen examples, we get reasonable results. Additionally, we ob-
serve that our theoretical findings regarding monotonicity of recovered people from The-
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Iran: Real-World Transmission Rate vs. Dates
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Figure 17 Time-varying transmission rate from real-world data for Iran with t; = 1 (1 March 2020) and ty = 62
(1 May 2020)
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Figure 18 Time-varying recovery rate from real-world data for Iran with t; = 1 (1 March 2020) and ty =62 (1
May 2020)

orem 10 are fulfilled in both examples. This stresses the attractiveness of our implicit so-
lution scheme.

As depicted in Sect. 4, the inverse problem definitely needs further investigation. This is
a topic of its own interest [56—59] since we need tools from different mathematical disci-
plines. As future research directions, extensions to further epidemiological forward mod-

els should be considered as we surely need more tools to predict the impact of upcoming
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Figure 19 Time-varying basic reproduction number from real-world data for Iran with t; = 1 (1 March 2020)
and ty =62 (1 May 2020)
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Figure 20 Time-varying transmission rates from real-world data for data from Iran with t; = 1 (1 March 2020)
and ty =62 (1 May 2020). The user-chosen parameters for our model are o1 ~ 0.350 and o, ~ 0.040

epidemics. One can also consider delayed-differential or stochastic variants of our SIR
model or modifications and extensions [23, 27] because, from a biological point of view,
we often have to face integration of incubation times in epidemic models.
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Figure 21 Recovery rates from real-world data for data from Iran with t; = 1 (1 March 2020) and ty =62 (2
May 2020). The user-chosen recovery rate reads 8 ~ 0.082
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Figure 22 Computational results for our model with transmission and recovery rates from Figs. 20 and 21 of
infected people in Iran for short-time simulation on t; = 1 (1 March 2020) and ty = 62 (1 May 2020) with
real-world data as initial conditions




Wacker and Schliiter Advances in Difference Equations (2020) 2020:556 Page 42 of 44

Iran (Simulation): Recovered vs. Dates
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Figure 23 Computational results for our model with transmission and recovery rates from Figs. 20 and 21 of
recovered people in Iran for short-time simulation on t; = 1 (1 March 2020) and ty = 62 (1 May 2020) with
real-world data as initial conditions

Acknowledgements

Both authors acknowledge support of the Max-Planck-Institute for Dynamics and Self-Organization such that they could
finish their research on this work. In addition to that, the authors thank both referees for their valuable comments which
definitely helped us to improve our manuscript's quality.

Funding
Both authors thank the Max-Planck-Society for covering the article processing charge.

Availability of data and materials

CSV-files with data for confirmed cases, death cases, and recovered cases from different countries, including Germany
and Iran, are available in [2]. The files are named as follows: 1) TIME_SERIES_COVID19_CONFIRMED_GLOBAL.CSV;

2) TIME_SERIES_COVID19_DEATHS_GLOBAL.CSV; 3) TIME_SERIES_COVID19_RECOVERED_GLOBAL.CSV, and many data from
different countries can be found within these CSV-files. Population data for different countries can be checked in [47].
More precisely, readers should check the file for total population with both sexes by the standard projection methods of
the United Nations Department of Economic and Social Affairs.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

BW and JS designed the research. BW analyzed time-continuous and time-discrete models. BW implemented the
time-discrete version. BW and JS analyzed data, discussed results, and presented the data. BW and JS drafted and edited
the manuscript. Both authors read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 12 May 2020 Accepted: 22 September 2020 Published online: 07 October 2020

References

1. Dong, E, Du, H., Gardner, L: An interactive web-based dashboard to track COVID-19 in real time. Lancet Infect. Dis.
(2020). https://doi.org/10.1016/51473-3099(20)30120-1

2. Humdata—John Hopkins University (dataset): novel coronavirus (COVID-19) cases data (2020).
https://data.humdata.org/dataset/novel-coronavirus-2019-ncov-cases. Last accessed: 03.09.2020, 22:17

3. Zhou, P, et al.: A pneumonia outbreak associated with a new coronavirus of probable bat origin. Nature 579, 270-273
(2020). https://doi.org/10.1038/541586-020-2012-7

4. Chen, H, et al.: Clinical characteristics and intrauterine vertical transmission potential of COVID-19 infection in nine
pregnant women: a retrospective review of medical records. Lancet 395(10226), 809-815 (2020).
https://doi.org/10.1016/50140-6736(20)30360-3


https://doi.org/10.1016/S1473-3099(20)30120-1
https://data.humdata.org/dataset/novel-coronavirus-2019-ncov-cases
https://doi.org/10.1038/s41586-020-2012-7
https://doi.org/10.1016/S0140-6736(20)30360-3

Wacker and Schliiter Advances in Difference Equations (2020) 2020:556 Page 43 of 44

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33

34.

35.

36.
37.

38.

39.
40.

41.

. Xu, Z, etal.: Pathological findings of COVID-19 associated with acute respiratory distress syndrome. Lancet Respir.

Med. 8(4), 420-422 (2020). https://doi.org/10.1016/52213-2600(20)30076-X

. Wang, H., Zhang, L. Risk of COVID-19 for patients with cancer. Lancet Oncol. 21(4), E181 (2020).

https://doi.org/10.1016/51470-2045(20)30149-2

. Liu, Y, et al.: Aerodynamic analysis of SARS-CoV-2 in two Wuhan hospitals. Nature (2020).

https://doi.org/10.1038/s41586-020-2271-3

. Poyiadji, N, et al.. COVID-19-associated acute hemorrhagic necrotizing encephalopathy: CT and MRI features.

Radiology (2020). https://doi.org/10.1148/radiol.2020201187

. Grillet, F, et al: Acute pulmonary embolism associated with COVID-19 pneumonia detected by pulmonary CT

angiography. Radiology (2020). https://doi.org/10.1148/radiol.2020201544

. Kermack, W, McKendrick, A.: A contribution to the mathematical theory of epidemics. Proc. R. Soc. Lond. A 115,

700-721(1927)

. Kermack, W, McKendrick, A.: Contributions to the mathematical theory of epidemics—I. Bull. Math. Biol. 53(1-2),

33-55 (1991) https://doi.org/10.1007/BF02464423

. Kermack, W., McKendrick, A.: Contributions to the mathematical theory of epidemics—II. The problem of endemicity.

Bull. Math. Biol. 53(1-2), 57-87 (1991). https://doi.org/10.1007/BF02464424
Kermack, W., McKendrick, A.: Contributions to the mathematical theory of epidemics—III. Further studies of the
problem of endemicity. Bull. Math. Biol. 53(1-2), 89-118 (1991). https://doi.org/10.1007/BF02464425

. Hethcote, H.H.: The mathematics of infectious diseases. SIAM Rev. 42(4), 599-653 (2000).

https://doi.org/10.1137/50036144500371907

. Murray, J.D.: Mathematical Biology II: Spatial Models and Medical Applications. Interdisciplinary Applied Mathematics,

vol. 18. Springer, New York (2003). https://doi.org/10.1007/b98869
Brauer, F, Castillo-Chavez, C.: Mathematical Models in Population Biology and Epidemiology. Springer, New York
(2012)

. Martcheva, M.: An Introduction to Mathematical Epidemiology. Springer, New York (2015)
. Bohner, M, Streipert, S.H.: The SIS-model on time scales. Pliksa Stud. Math. 26, 11-28 (2016).

http://www.math.bas.bg/pliska/Pliska-26/Pliska-26-2016-011-028.pdf

lannelli, M., Milner, F.: The Basic Approach to Age-Structured Population Dynamics: Models, Methods and Numerics.
Springer, New York (2017)

Wacker, B, Schlter, J.: An age- and sex-structured SIR model: theory and an explicit-implicit numerical solution
algorithm. Math. Biosci. Eng. 17(5), 5752-5801 (2020). https://doi.org/10.3934/mbe.2020309

Dehning, J, et al.: Inferring COVID-19 spreading rates and potential change points for number forecasts. Science
369(6900), eabb9789 (2020). https://doi.org/10.1126/science.abb9789

Fanelli, D, Piazza, F.: Analysis and forecast of COVID-19 spreading in China, Italy and France. Chaos Solitons Fractals
(2020). https://doi.org/10.1016/j.chaos.2020.109761

He, S, Tang, S., Rong, L.: A discrete stochastic model of the COVID-19 outbreak: forecast and control. Math. Biosci. Eng.
17(4), 2792-2804 (2020). https://doi.org/10.3934/mbe.2020153

Flaxman, S, et al.: Report 13: estimating the number of infections and the impact of non-pharmaceutical
interventions on COVID-19in 11 European countries (2020).
https.//www.imperial.ac.uk/media/imperial-college/medicine/mrc-gida/2020-03-30-COVID19-Report-13.pdf
Flaxman, S., et al.: Estimating the number of infections and the impact of non-pharmaceutical interventions on
COVID-19 in European countries: technical description update (2020). https://arxiv.org/abs/2004.11342

Maier, B.F, Brockmann, D.: Effective containment explains sub-exponential growth in confirmed cases of recent
COVID-19 outbreak in Mainland China. Science (2020). https://doi.org/10.1126/science.abb4557

Gray, A, et al.: A stochastic differential equation SIS epidemic model. SIAM J. Appl. Math. 71(3), 876-902 (2011).
https://doi.org/10.1137/10081856X

Osthus, D, et al.: Forecasting seasonal influenza with a state-space SIR model. Ann. Appl. Stat. 11(1), 202-224 (2017).
https://doi.org/10.1214/16-AOAS1000

Al-Qaness, MAAA, Ewees, A A, Fan, H., Abd El Aziz, M.: Optimization method for forecasting confirmed cases of
COVID-19 in China. J. Clin. Med. 9(3), 674 (2020). https://doi.org/10.3390/jcm9030674

Atangana, A, Jain, S.: The role of power decay, exponential decay and Mittag-Leffler function’s waiting time
distribution: application of cancer spread. Phys. A, Stat. Mech. Appl. 512, 330-351 (2018)

Atangana, A Modelling the spread of COVID-19 with new fractional-fractal operators: can the lockdown save
mankind before vaccination? Chaos Solitons Fractals 136, 109860 (2020).
https://doi.org/10.1016/j.chaos.2020.109860

Hussain, A, Baleanu, D., Adeel, M.: Existence of solution and stability for the fractional order novel coronavirus
(nCoV-2019) model. Adv. Differ. Equ. 2020, 384 (2020). https://doi.org/10.1186/513662-020-02845-0

Khan, M.A,, Atangana, A.: Modeling the dynamics of novel coronavirus (2019-nCov) with fractional derivative. Alex.
Eng. J. 59(4), 2379-2389 (2020). https://doi.org/10.1016/j.aej.2020.02.033

Hoan, LV.C, Akinlar, MA, Inc, M, Gdmez-Aguilar, J.F, Chu, Y.M., Almohsen, B.: A new fractional-order compartmental
disease model. Alex. Eng. J. (2020). https://doi.org/10.1016/j.aej.2020.07.040

Brauer, F: The Kermack-McKendrick epidemical model revisited. Math. Biosci. 198(2), 119-131 (2005).
https://doi.org/10.1016/j.mbs.2005.07.006

Brauer, F: Some simple epidemic models. Math. Biosci. Eng. 3(1), 1-15 (2006). https://doi.org/10.3934/mbe.2006.3.1
Bohner, M, Streipert, S.H.,, Torres, D.EM.: Exact solution to a dynamic SIR model. Nonlinear Anal. Hybrid Syst. 32,
228-238(2019). https://doi.org/10.1016/j.nahs.2018.12.005

Allen, LJ.S.: Some time-discrete SI, SIR and SIS epidemic models. Math. Biosci. 124(1), 83-105 (1994).
https://doi.org/10.1016/0025-5564(94)90025-6

Schaeffer, D.G, Cain, JW.: Ordinary Differential Equations: Basics and Beyond. Springer, New York (2016)

Wacker, B, Kneib, T, Schliter, J.: Revisiting maximum log-likelihood parameter estimation for two-parameter Weibull
distributions. Preprint (2020). https://dx.doi.org/10.13140/RG.2.2.15909.73444/2

Zeidler, E.: Nonlinear Function Analysis and Its Applications |—Fixed-Point Theorem. Springer, Berlin (1986)


https://doi.org/10.1016/S2213-2600(20)30076-X
https://doi.org/10.1016/S1470-2045(20)30149-2
https://doi.org/10.1038/s41586-020-2271-3
https://doi.org/10.1148/radiol.2020201187
https://doi.org/10.1148/radiol.2020201544
https://doi.org/10.1007/BF02464423
https://doi.org/10.1007/BF02464424
https://doi.org/10.1007/BF02464425
https://doi.org/10.1137/S0036144500371907
https://doi.org/10.1007/b98869
http://www.math.bas.bg/pliska/Pliska-26/Pliska-26-2016-011-028.pdf
https://doi.org/10.3934/mbe.2020309
https://doi.org/10.1126/science.abb9789
https://doi.org/10.1016/j.chaos.2020.109761
https://doi.org/10.3934/mbe.2020153
https://www.imperial.ac.uk/media/imperial-college/medicine/mrc-gida/2020-03-30-COVID19-Report-13.pdf
https://arxiv.org/abs/2004.11342
https://doi.org/10.1126/science.abb4557
https://doi.org/10.1137/10081856X
https://doi.org/10.1214/16-AOAS1000
https://doi.org/10.3390/jcm9030674
https://doi.org/10.1016/j.chaos.2020.109860
https://doi.org/10.1186/s13662-020-02845-0
https://doi.org/10.1016/j.aej.2020.02.033
https://doi.org/10.1016/j.aej.2020.07.040
https://doi.org/10.1016/j.mbs.2005.07.006
https://doi.org/10.3934/mbe.2006.3.1
https://doi.org/10.1016/j.nahs.2018.12.005
https://doi.org/10.1016/0025-5564(94)90025-6
https://dx.doi.org/10.13140/RG.2.2.15909.73444/2

Wacker and Schliiter Advances in Difference Equations (2020) 2020:556 Page 44 of 44

4.
43.
44,
45.
46.

47.

48.

49.
50.

51
52.
53.
54.
55.
56.
57.
58.

59.

Reed, M., Simon, B.: Functional Analysis. Academic Press, San Diego (1980)

Pachpatte, B.G.: Inequalities for Differential and Integral Equations. Academic Press, San Diego (1998)

Harko, T, Lobo, FS.N., Mak, M.K.: Exact analytics solutions of the susceptible-infected-recovered (SIR) epidemic
model and of the SIR model with equal death and birth rates (2014). https://arxiv.org/pdf/1403.2160.pdf
Heesterbeek, J.A.P, Dietz, K.: The concept of Ry in epidemic history. Stat. Neerl. 50(1), 89-110 (1996).
https://doi.org/10.1111/j.1467-9574.1996.tb01482.x

Van den Driessche, P: Reproduction numbers of infectious disease models. Infect. Dis. Model. 2(3), 288-303 (2017).
https://doi.org/10.1016/)idm.2017.06.002

United Nations—Department of Economic and Social Affairs, Population Dynamics: World population prospects
2019 (total population—both sexes) (2019). https://population.un.org/wpp/Download/Standard/Population/. Last
accessed: 03.09.2020, 23:30

Bock, H.G, Carraro, T, Jager, W, Korkel, S.,, Rannacher, R, Schldder, J. (eds.): Model Based Parameter
Estimation—Theory and Applications Springer, Berlin (2013)

Schittkowski, K. Numerical Data Fitting in Dynamical Systems. Kluwer Academic, Dordrecht (2002)

Tarantola, A.: Inverse Problem Theory and Methods for Parameter Estimation. Other Titles in Applied Mathematics,
vol. 89. SIAM, Philadelphia (2005). https://doi.org/10.1137/1.9780898717921

Marinov, T.T, Marinova, R.S.,, Omojola, J,, Jackson, M.: Inverse problem for coefficient identification in SIR epidemic
models. Comput. Math. Appl. 67(12), 2218-2227 (2014). https://doi.org/10.1016/j.camwa.2014.02.002

Nocedal, J., Wright, S.J.: Numerical Optimization. Springer, New York (2006)

Diethelm, K.: The Analysis of Fractional Differential Equation. Springer, Heidelberg (2010)

Owolabi, KM., Atangana, A.: Numerical Methods for Fractional Differentiation. Springer, Singapore (2019)
Schanzer, D.L, Sevenhuysen, C,, Winchester, B, Mersereau, T.: Estimating influenza deaths in Canada, 1992-2009.
PLoS ONE 8(11), 80481 (2013). https://doi.org/10.1371/journal.pone.0080481

Clermont, G,, Zenker, S.: The inverse problem in mathematical biology. Math. Biosci. 260, 11-15 (2015).
https://doi.org/10.1016/j.mbs.2014.09.001

Magal, P, Webb, G.: The parameter identification problem for SIR epidemic models: identifying unreported cases.
J.Math. Biol. 77, 1629-1648 (2018). https://doi.org/10.1007/500285-017-1203-9

Chen, Y, Cheng, J, Jiang, Y, Liu, K.: A time delay dynamical model for outbreak of 2019-nCoV and the parameter
identification. J. Inverse lll-Posed Probl. 28(2), 243-250 (2020). https://doi.org/10.1515/jiip-2020-0010

Wacker, B, Schltter, J.: Time-discrete parameter identification algorithms for two deterministic epidemiological
models applied to the spread of COVID-19. Preprint (2020). https://doi.org/10.21203/rs.3.rs-28145/v1

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://arxiv.org/pdf/1403.2160.pdf
https://doi.org/10.1111/j.1467-9574.1996.tb01482.x
https://doi.org/10.1016/j.idm.2017.06.002
https://population.un.org/wpp/Download/Standard/Population/
https://doi.org/10.1137/1.9780898717921
https://doi.org/10.1016/j.camwa.2014.02.002
https://doi.org/10.1371/journal.pone.0080481
https://doi.org/10.1016/j.mbs.2014.09.001
https://doi.org/10.1007/s00285-017-1203-9
https://doi.org/10.1515/jiip-2020-0010
https://doi.org/10.21203/rs.3.rs-28145/v1

	Time-continuous and time-discrete SIR models revisited: theory and applications
	Abstract
	Keywords

	Introduction
	Motivation
	Contributions

	Time-continuous SIR model
	Mathematical background material
	Continuous problem formulation
	Nonnegativity and boundedness of solution
	Global existence in time
	Global uniqueness in time
	Continuous dependence on initial conditions and time-varying rates
	Monotonicity properties and long-time behavior
	Calculation of the time-continuous basic reproduction number

	Time-discrete implicit SIR model
	Discussion of formulations
	Time-discrete implicit problem formulation
	Unique solvability
	Monotonicity properties and long-time behavior
	Error analysis
	Calculation of the time-discrete basic reproduction number
	Numerical algorithm

	Numerical examples with discussion
	Description of our approach by the example of Germany
	Data preprocessing
	Calculation of time-varying transmission and recovery rates from real-world data
	Calculation of time-dependent basic reproduction number from real-world data
	Parameter estimation-a simple least-squares approach
	Results for our parameter estimation approach using German data for short-term predictions
	Results for our parametric approach using German data from May to September

	Computational short-time results for data from Iran

	Conclusion and outlook
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


