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1 Introduction

The Stirling numbers of the first kind s(n, k) and of the second kind S(n, k), which are
the coefficients of the expansions of factorials into powers and of powers into factorials,
respectively, were introduced by J. Stirling [29]:

n

@n =Y _stmkt, n=0,1,..., (1)
k=0
x" = ZS(n,k)(x)k, n=0,1,..., 2)
k=0

where (x), is the falling factorial, i.e., (x), = ]_[;':01 (x — i) and (x)9 = 1. The central factorial
x1" is defined by

n
A = plxr = -1 , n>1, witha® =1,
2 n-1

Riordan [26, pp. 213-217] introduced the central factorial numbers of the first kind £(#, k)

and of the second kind T'(n, k) as transition coefficients between monomials x” and central
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factorials x"1:

n

a = Z t(n, k)xK, (3)
k=0
x" = Z T (n, k)™, (4)
k=0

with £(n,0) = T(n,0) = §,,, where §,x is the Kronecker delta: §,, = 1, §,,x = 0 for n # k.
Note that if # and k have opposite parity (one is odd, the other is even), then t(n, k) =
T (n, k) = 0; and if n and k are both odd, then £(#, k) and T'(n, k) are not integers.

Kim and Kim [16] considered the central Bell polynomials Bgf) (x) and the central Bell

numbers Bff) associated with the central factorial numbers of the second kind:

BO@) =Y & T k) (n>0),

k=0

B9 = B9(1) = Z T(n,k) (n=>0).
k=0

The central Bell polynomials and the central factorial numbers of the second kind were
extended to the central complete and incomplete Bell polynomials. For more details, see
[19].

In recent years, many mathematicians introduced and studied various degenerate and
extended versions of a lot of old and new special numbers and polynomials, namely
Bernoulli numbers and polynomials, Eulerian numbers and polynomials, Daehee num-
bers, Bell polynomials, and type 2 Bernoulli polynomials of the second kind, to name a
few (see [1, 2, 11, 15, 17, 28] and the references therein). Here, we are interested in ex-
tended versions of the central factorial numbers.

For any nonnegative integer r, Kim et al. [20] defined the extended central factorial num-
bers of the second kind T (, k):

1, ¢ = PR— " t"
E(e2—e2 +rt) :zk:T (n,k)a.

Kim et al. [12] introduced the extended r-central factorial numbers of the second kind
T.(n + r,k + r) and the extended r-central Bell polynomials Bﬁf’r) (x) as extended versions

of T(n, k) and B(,,C) (%), respectively. The numbers T, (n + r, k + r) are either given by

1 ¢ k it t"

t( L =

Ee’ (e2-e7) = E T,(n+r,k+r)a,
n=k

or given by

n
x+7r)"= Z T,(n+rk + r)x®
k=0
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and

n
BE,C”) (x) = Zxk T, (n+rk+r).
k=0

For more details and further properties and identities related to these numbers and poly-
nomials using umbral calculus techniques, see [10].

Degenerate versions, incomplete and complete versions, and degenerate complete and
incomplete versions of T,(n + r, k + r) and Bff’r) (x) were introduced and studied in [13, 14,
18], and [21], respectively.

Recall that the central factorial numbers with even indices of the first and second kind,

respectively, are denoted by
u(n, k) =t(2n,2k) and U(n,k)=T(2n,2k) (see [8]). (5)
They satisfy the recurrence relations

um k) =u(n-1,k-1)-m-1)*u(mn-1,k), n>k>1, (6)

Unk)=Umn-1,k-1)+kPUn-1,k), n>k>1. 7)
The explicit formula of U(n, k) is given by

2

Um k) = o5

J

k
(-1 (;f}.)ﬂ" (see [4]). ®)
=1

The combinatorial interpretations of u(n, k) and U(#n, k) can be found in [8]. See [24] for
the connections between these numbers and Bernoulli polynomials.

In this paper, we consider the r-central factorial numbers with even indices of the first
and second kind, which we will denote by u,(n, k) and U, (n, k), respectively. We study var-
ious properties and identities related to these numbers. In addition, we give some explicit
formulas for these numbers. Finally, we represent u,(n, k) and U,(n, k) in terms of s(n, k)

and S(n, k), respectively.

2 The r-central factorial numbers with even indices
Definition 1 The arrays u,(n, k) and U,(n, k) for nonnegative integers r, n, and k with

n >k > 0 are determined by the recurrences

u,(mk)=u,(n-1,k-1)— ((n -1+ r)u,(n -1L,k), nk=>1, 9)

U (n,k) = U(n-1L,k-1)+ (K +r)U,(n-1,k), nk=>1, (10)

with initial values u,(n,0) = (-1)" 1—[?:—01(1.2 +7), U;,(n,0) = ", and u,(0,k) = U,(0,k) = 8o
for all m,k > 0.

Note that at r = 0, these numbers are reduced to the central factorial numbers with even
indices, i.e., uo(n, k) = u(n, k) and Uy(n, k) = U(n, k). From (9) and (10), it is easy to observe
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that
n-1 n-1 1
uy(m,1) = (=1)"! Q(ﬁ +7) XO: — U,(n1)=(r+1)" -1,
n—1 n—-1
u(mn—-1)=- (r+€2), U.(n,n—-1)= Z(r+€2),

~
Il

(=}

o~

=0

u,(n,n) =1, U.(n,n)=1.

We next show that u,(n, k) and U,(n, k) can be defined as connection coefficients between
some special polynomials.

Theorem 1 Forn > 0, then

n-1 n
[T&-3) = wmhex+nk (11)
i=0 k=0
n k-1
@+n)" =Y Uk [ [(x-2). (12)
k=0 i=0

Proof We prove (11) by induction on # and (12) is proven similarly, the initial case of
n = 0,1 being obvious. Suppose that the statement is true for n, we prove it for n + 1:

n+l

Z u,(m+ 1,k)(x + 1)~

k=0

= uln+ LK)+ )+ (o)
k=0

= Z uy(m k= 1)(x + 1)k - (n2 + r) Z ur (1, k) (x + 7)< + (x + 7)1

k=0 k=0
n-1 n—1

= Zur(n, B+t = +r) [ [(x—2) + @+ r)"?
k=0 i=0

n—

1
(x - iz) + (x+ )l

= Zur(n, )+ ) = o+ r)™ - (n2 + r)

k=0 i=0
n-1 n-1
=(x+7) H(x— iz) - (rz2 + r) H(x— i2)
i=0 i=0
n-1 n
=] [(x-?)(x-n?) = ](x-?)
i=0 i=0
which completes the induction. O

Remark 1 From (11) and (12), we get the following orthogonal relation:

> un, )UK, i) =Y U, Ky (ke ) = 8, (13)

k=i k=i
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In the following theorem, we derive an explicit formula for the array U,(n, k) from the
Newton interpolation formula.

Theorem 2 For any integer 0 < k <n,

k
Uy (n, k) = % > (=1)k ( ;fj) (7 +r)". (14)

j=0

Proof Using the Newton interpolation formula, we have

n k X k-1
x" =Z<Z k—’) H(x—x,»). (15)

k=0 \ j=0 [Tz = %) ] io

Then replacing x by x + r and x; by 2 + r, we get

n k +V) k-1
wer) =Y (Y ]‘[ x—i%) (16)

k=0 \ j=0 l_[z 01#1(12 - l2) i=

Then

15 (]2+r) 2(=1)% (2 + r)"
k) =
& ? oy Z =ity

2 +
- 23 Z(— )kf( )(]2+r) . .

Multiplying both sides of (14) by t;n, and summing over n > k gives the exponential gen-
erating function of U,(n, k):

Jf 2k 2+r
Zum,k) - (2k)' Z(— )k/( 1) ¢ (17)

In particular, at r = 0, we get the exponential generating function of U(n, k):

k ; 1% 2k e 18
Z()’(zk),D)(k) (18)

3 Log-concavity and distribution of |u,(n, k)|

A sequence {a;}", of real numbers is said to be log-concave (strict log-concave) if (ax)* >
ax_1aie1 ((ar)? > ag_1aps) for any k > 1; it is said to be unimodal if there exists an index
0<j<mnsuchthatc; <¢y fori=0,...,j—1and ¢; >cyy1 fori=j,...,n— 1. Clearly, a
log-concave sequence of positive terms is unimodal (see [3]).

Proposition 1 (Wilf [30]) Let Y, aix' be a polynomial with positive coefficients and with
only real and negative zeros. Then the sequence {a;}}., is strictly log-concave and it is also
unimodal.
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The unsigned r-central factorial numbers of even indices of the first kind are defined by
w, (1, k) = (=1 u,(n, k) = |4, (n, k)]

Theorem 3 Forany fixed positive integer n, the sequence {u,(n, k)};_ is strictly log-concave
(and thus unimodal).

Proof Replacing x by —x — r in (11), we get the polynomial

n n-1
Zur(n,k)xk =1_[(x+r+j2) =@+r)(x+r+1%) - (x+ 7+ (n-1)%),
=0 j=0

whose zeros are real and negative. Proposition 1 implies that the sequence {u,(n, k)};_, is
strictly log-concave. O

As consequences of Theorem 3, the sequence {u,(n,k)}}_, satisfies the inequalities
(0 (n, k)" > w0n, k- Du,(m,k+1), k=1,...,n—1. (19)
Theorem 4 The array u,(n, k) is Poisson-binomially distributed.

Proof Let us define random variables Y, n=1,2,..., such that

P(Y,=k)= nu’("’k) = _lll’("’k) , k=0,1,...n (20)
koW (mk) [T @ +r+42)

The probability generating function of Y, is given by

,_.

()= Y spr, =0 =[] 0000

k=0 i=0
n-1
1 s
= 1- + . 21
[0[( 1+r+2 1+r+i2> @1

Then Y, can be represented as a sum of independent zero-one Bernoulli random variables
Xo,X1,...,X,_1 with probabilities p; of success on the ith trial:
1
pi=P(X;=1)=1-P(X;=0)= — (22)
l+r+i
and then the random variable Y, = > /" ' X; has a Poisson-binomial distribution (which is
a generalization of the binomial distribution) with mean and variance given by

n-1

n—1
B Z T+r+22 @3)
i=0

i=0

wr(Y)-Zp,u 2 Z (1’“ (24)

+r+i%)?

Page 6 of 16
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Note from (20) that P(Y,, = k) differs from the array u,(#, k) only by a normalizing constant,

and thus completely characterizes the distribution of u,(n, k). O

Using the same previous assumption, one can get an alternative proof of Theorem 3 as
follows:
Let f,,(k) = P(Y,, = k) be the probability distribution function of Y,, defined in (20), equa-

tion (21) can be rewritten in the form

n n-1
Y fls* =] =pi+pis).
k=0 i=0

An inequality of Newton found in [9, p. 104] and [27] states that if {ai}”‘()l are any nonzero

i
real numbers (positive or negative) and if {b;}], are defined by

n n-1

n k
Z <k> bis* = H(l + a;s),
k=0 i=0
then
b > b by fork=1,2,...,n (25)

Setting by = k ZS,I;) , we obtain
k

(o)~ ) "

So, we have the inequality

() > fulk = Vfy (k + 1),

that is, f,(k) is strictly long-concave. Since f,(k) = u,(#, k) ]_[:':_01 pi, and ]_[;':_01 pi is clearly
strict log-concave, then u,(#, k) also.

4 |dentities of the r-central factorial numbers with even indices
Theorem 5 For fixed n > 0, the generating functions of the arrays u,(n, k) and U,(n, k) are
given, respectively, by

n n-1
> umn -kt =T [(1- (K +7)x), (27)
s k=0
umkt' = —/—— , k=>0.
2 e ¥2 2
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Proof We prove (27) by induction on #. The equality holds for # = 0. Assume that the
equality holds for #, and we prove it for n + 1. From recurrence (9), we have

n+1
Zu,(n +1L,n+1-k)ak
k=0
n n+l
= Zur(n,n —k)xk - (n2 + r) Z u(mm+ 1 — k)X
k=0 k=0
n-1 n
= 1_[(1 — (K +7)x) = (1> +7) Z up(n, m — k)ak*1
k=0 k=0
n-1 n-1
= 1_[(1 - (k2 + r)x) - (n2 + r)x (1 - (k2 + r)x)
k=0 k=0
n-1 n
= H(l - (k2 +r)x)(1- (n2 +7)x) = 1_[(1 - (k2 + r)x),
k=0 k=0

which completes the induction. For (28), let L[ﬁk)(t) = an « Ur(n, k)t", then the initial con-
dition is given by
1
Uf(e) = U m 0" =y ()" = (29)

n>0 n>0 1-rt

Multiplying both sides of (10) by #” and summing over n > k gives
ub @) = () + (kK + r)edd®(@).
Then

t
u®e) = mugk-D(;:), k>1. (30)

Iterating this recurrence gives

t t t
t ,
’ 1-Q+r)t1 -2+t 1-(k2+r)t

and according to initial condition (29), we deduce (28). O

Given a set of variables z1, 23, . . ., z,, the kth elementary symmetric function ox(z1, 2y, . . .,
zy,) is the sum of all possible products of k of these n variables, chosen without replace-
ment, i.e.,

(7]((21,22,...,2;1): E Zjlzjz"'zjky lfkfl’l

1gji<p<<=n

If the choice is with replacement, then we have the kth complete homogeneous symmetric
function 4 (21,22, ...,24):

(21,22, ..,20) = Z Zi2j, 2y, k=1,

Page 8 of 16
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with initial conditions oo(z1, 22, . . .,2,) = ho(z1,22,...,2,) = 1. Note that ox(z1,22,...,2,) =0
for k > nand h(z1, 22, ..., 2,) # 0 for k > n, for example h3(z1,25) = 25 + 222 + z21z5 + z3. The
generating functions for oy and /; are given by

n n
Zcrk(zl,zg,...,z,,)tk = H(l + z;t), (31)
k=0 i=1
Y ez ozt = [ [ -z (32)
k>0 i=1

From (27) and (28), we deduce that the numbers u,(n, k) and U, (1, k) are the specializations
of the elementary and complete symmetric functions given by

u.(n,n—k)= (—l)kak(r, 1247,2%+r,...,(n-1)%+ r), (33)

L[,(n+k,n)=hk(r,12+r,22+r,...,n2+r). (34)
Recall that the central factorial numbers with even indices of both kinds satisfy

u(mn—k) = (1o (12,2%,..., (n - 1)%), (35)

U(n + k,n) =hk(12, 22,...,n2). (36)
And the Stirling numbers of both kinds satisfy

s(mn—k) = (=1 ox(1,2,...,n-1), (37)

S(n+k,n) =he(1,2,...,n). (38)

Proposition 2 (Merca [23]) Let k and n be two positive integers, then

k
n—c; _i
Q@+t zy )= ) (k_i>gi(zl,22,...,zn)tk , (39)

i=0

wheret,z1,2,...,z, are variables, g; is any of these complete or elementary symmetric func-
tions and

i ifgi = oy
l—k, lfgiZhi.

C;i =

In the next theorem, we show that the array u, (1, k) (U,(n, k)) can be expressed in terms
of u(n, k) (U(n, k)) and vice versa.

Theorem 6 Ifn,k,r >0, then

n

up(m k)= (/’() u(n, i)(—r)k, (40)

i=k

n

u(n, k) = Z (/l() u,(n, i)'k, (41)

i=k
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n

U k) =" (':) UG, ke, (42)
i=k
Umni)=3" (';) U (i, K) (=), (43)
i=k

Proof To show (40), note that

u,(myn—-k) = (—l)kcrk(r, 12+r2247,...,(n-1)%+ r)

k .
kZ (” >a, (0,12,...,(n - 12k

i=

k
Z ( ) O, 12,...,(1/1— 1)2)(_r)/<—i
i=0

14

k ,
Z(n ) (1 — i) (—r)k.

i=0

»

Then

n—-k i
u,(n,k) = ( )u(n n—i)(=r)" 1
n-—

i=0

n

=2 (i_ik>u(n, i)(-r)*.

i=

For (42), note that

U (n+kn)=h(r,1* +71,...,n +7)

Zk n+k '
= : (k_l')hi(oz’12""’712)7’](_1
i=0
k

= <n+lf)u(n+ln)rk
. k—i
i=0
Thus
£ n . k—i
U,(n,n—k):z ki Un-k+in—kr,
i=0
then we obtain
k - n k+ik n—k—i . n  k n—i
Umk=3 (- Jutksikr =3 7 UG ke
i=0 i=k

The proofs of (41) and (43) are similar.
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Merca [22] showed that
k
ok(21,25, . 20) = Y (-1)0rilz1, 22, 2)Oksi(21, 22, - 2. (44)
i=—k

Similarly, we can deduce combinatorial identity for /(z3,23,. . .,22).

Theorem 7 Let k and n be positive integers. Then
k
hk (Z%; Z%; cees Zf,) = Z(_l)k_lhk—i(zl) Z2y0en ,Zn)hkﬂ(zl) 225000y Zn)' (45)

i=—k

Proof 1t is clear that hy(-z1,-22,...,—2,) = (=1)*Ii(z1, 22, . . ., 24), hence

> Dz za, ozt = [ JA+zt) ™

k=0 i=1

Replacing z; by z7 and ¢ by #2 in (32), we get

o0 n
Y h(dz,...)r =]~ 20)7, (46)
k=0 i=1

and we can write
n

1_[(1 _ Zlth)—l = ﬁ(l +zit)7! ﬁ(l —zit)™
i=1 i=1

i=1

o) o)
= Z(—l)khk(zl,zz, e ,Zn)tk th(zl: 2250 :Zn)tk
k=0 k=0

ook
=Y > Vhilzn 2o, 2 eeilzr, 2,z

k=0 i=0
00 2k
- Z(Z(—l)lhi(zm, oo Zhai(z1, 2, ..,zn)>t2k.
k=0 \ i=0
By (46), we obtain
2k
hk(Z%,Z%, e ,Zﬁ) = Z(—l)’hi(zl,zz, N ,Zn)hzk,j(zl,ZQ, e ,Zn)
i=0
k
= Z(—l)k”hk,i(zl,zz, e 221, 225 - . Z0). .

i=—k

Using the prior identities, we show in the next theorem the connection between the

r-central factorial numbers with even indices of both kinds and the Stirling numbers.

Page 11 0of 16
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Theorem 8 Ifn,k,r >0, then

A(n,n—k) = ZZ )k”( )s(n,n—i+j)s(n,n —i—j)rk_i, (47)

i=0 j=—i

L[(n+/<,n)—ZZ( 1)"( ) (n+z+/,n)S(n+l—],n)r (48)

i=0 j=—i
Proof From (44), (33), and (39), we get

u(m,nm—-k) = (—1)kak(r, 124n2%+r,...,(n-1)7%+ r)

k

= (=1) Z (Z : j)o,«(o, 12,...,(n- l)z)rk_’

i=0

ki ;
= § § (_1)k+j n_l‘ Gi+j(0, 1,.,.,}’[—1)0’1‘,]'(0,1,,,,,}’[—1)1",{_1'
k—i

i=0 j=—i

ZZ( 1k+’< ;)s(nn i +))s(n,m—i—j)r<,

i=0 j=—i

From (45), (34), and (39),

U,(n+k,n):hk(r,12+r,22+r,.,.,n2+r)

Z(—1)f-f<’/itf>hi+,(o,, (01, )

Z(—l)i’/ (7{+ ]f)S(n +i+j,m)Sn+i—j,nrk,
, —i

For example,

1 i .
(6 — )
u(6,5) =Y > (-1 (1 j ;>s(6, 6—i+))s(6,6—i—j)r'"=—6r-55,

i=0 j=—i

2 i
U 5,3)=Y_ Y (-1)7 (25: i)S(S +i+),3)SB+i—j,3)r*"

i=0 j=—i

=10r% + 707 + 147.

Remark 2 The term at i = k in (47) gives the following identity, which was shown previ-
ously in [22]:

k
uln,n—-k)= Z(—l)k”s(n, n—k+js(nn—k-j). (49)
j=—k
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And the term at i = k in (48) shows a new connection between U(n, k) and S(#, k):
k
Un+k,n) = Z(—l)k’jS(n +k+j,n)S(n+k-jn). (50)

j=—k

5 The r-central factorial matrices
In the following, we consider the r-central factorial matrices with even indices of both
kinds, then we obtain factorization of these matrices.

Definition 2 The r-central factorial matrices with even indices of the first kind /; (n) and
of the second kind U, (n) are the n x n matrices defined by

Us(n) == UL () = [0, )]

0<ij<n-1

and

Us(n) := U () = [U, (i, )]

0<ij<n-1'

For example, U (5) is given by

1 0 0 0 0
-r 1 0 0 0
rrer —2r—1 1 0 0],
—r® —5r2 —4r 3r2 +10r + 4 -3r-5 1 0
r* + 1473 + 4972 + 36r  —4r® —42r* —98r—36 6r’+42r+49 —4r-14 1

and U (5) is given by

1 0 0 0 0
r 1 0 0 0
r? 2r+1 1 0 0
r 3r+3r+1 3r+5 1 0
o 4rds6r+4r+1 6rr+20r+21 4r+14 1

In particular, if r = 0, we obtain the central factorial matrices with even indices of both
kinds:

Ai(n) = [u(i,j)] and Ay(n) = [Ll(i,j)]

0<ij<n-1 0<ij<n-1"

Note that the orthogonality property (13) is equivalent to the matrix equation
Ui (MU (n) = Usr(m)lh (n) = 1,
with I being the # x # unit matrix. Hence, we have the identity

hm) " =thn), n>1.
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In fact, inverse relations are known for practically all special numbers, such as Whitney
numbers and Stirling numbers (see [6, 7, 25, 26]).

Recall that the generalized n x n Pascal matrix P,[z] is defined as follows (see [5]):

P,lz] = [(;) zi‘j] , (51)
0<ij<n-1

with P, = P,,[1], the Pascal matrix of order 7. For example,

1 0 0 0
z 1 0 0
P5 [Z] = 2 2z 1 0

NN
_ O O © O

Y473 622 4z

N

Moreover,

0<ij<n-1

From (40) and (42), we have the following factorization:

U(n) = Ai(mPy[-r], n=1, (52)
and

Up(n) = Py[r]Az(n), n>1. (53)

For example,

1 0 0 0 O 1 0 0 0 0
0 1 0O 0 O —r 1 0 0 0
uGy=lo -1 1 0 Of|x|r =2r 1 0 0
0 4 -5 1 o0 -r 3 =3r 1 0
0 -36 49 -14 1 o4 err —dr 1
= A1(5)P5[-1]
and
1 0 0 0 O 10 0 0 O
r 1 0 0 O 01 0 0 O
UB)=(» 2r 1 0 0|x|0 1 1 0 O
P 3 3r 1 0 01 5 1 O
rroard ert 4r 1 0 1 21 14 1
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6 Conclusions

In this paper, we introduced the r-central factorial numbers with even indices of both
kinds as extended versions of the central factorial numbers with even indices of both
kinds. We derived the generating functions, some explicit expressions, and orthogonal-
ity relations for such special numbers. In addition, we showed the relations between such
numbers and the central factorial numbers with even indices which were also interpreted
in matrix forms involving Pascal matrices. Also, we showed the relations between such
numbers and the Stirling numbers. Finally, as an application to probability, we gave the
probability distribution of the unsigned r-central factorial numbers with even indices of
the first kind.
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