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1 Introduction
The quantum difference operator has been applied in many mathematical areas such as
orthogonal polynomials, combinatorics, and the calculus of variations [1–4]. The research
works related to the quantum difference operator have been published continuously.

q-difference operator is the one type of quantum calculus proposed by Jackson [1] which
is defined by

Dqf (t) :=

⎧
⎨

⎩

f (qt)–f (t)
t(q–1) , t �= 0,

f ′(0), t = 0,

where q ∈ (0, 1). For fractional q-difference operator, it was proposed by Al-Salam [5] and
Agarwal [6]. Basic knowledge of fractional q-difference calculus can be found in [7] and
[8]. The studies of q-difference operator can be found in [9–33].

Hahn difference operator proposed by Hahn [34] is another tool that can be employed
to study families of orthogonal polynomials and approximation problems (see [35–37])
which is defined by

Dq,ωf (t) :=

⎧
⎨

⎩

f (qt+ω)–f (t)
t(q–1)+ω

, t �= ω0,

f ′(ω0), t = ω0,
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where q ∈ (0, 1), ω > 0, and ω0 := ω
1–q . The right inverse operator of Hahn’s operator, which

generalizes both the Nörlund sum and the Jackson q-integral, was proposed by Aldwoah
[38, 39]. The new extensive results of Hahn difference operator can be seen in [40–47].
Recently, Brikshavana et al. [48] and Wang et al. [49] introduced the fractional Hahn dif-
ference operator. The studies of fractional Hahn difference calculus can be found in [50–
56].

We observe that the study of the boundary value problem of mixed difference opera-
tors had not been studied until the work of Dumrongpokaphan et al. [57]. They studied
sequential fractional q-Hahn-difference equation. In this paper, we propose a sequential
fractional Hahn-q-difference equation where the difference operators are reverse. Our
problem is a nonlocal Robin boundary value problem for sequential fractional Hahn-q-
difference equation of the form

Dα
q,ωDβ

q u(t) = F
[
t, u(t), Dθ

qu(t), Dν
q,ωu(t)

]
, t ∈ II[0,T]

q
q,ω ,

λ1u(η) + λ2Dγ
q u(η) = φ1(u), η ∈ (0, T), (1.1)

μ1u(T) + μ2Dγ
q,ωu(T) = φ2(u),

where II[0,T]
q

q,ω :=
⋃∞

k=0 Iqk s
q,ω , s ∈ [0, T]; Ix

q,ω := {qnx + ω[n]q : n ∈ N0} ∪ {ω0}; N0 := N ∪ {0};
[n]q := 1–qn

1–q ; 0 < q < 1; ω > 0; T > ω0; α,β ,γ , θ ,ν ∈ (0, 1]; α + β ∈ (1, 2]; λ1,λ2,μ1,μ2 ∈ R
+;

F ∈ C([0, T] × R × R × R,R) is a given function; and φ1,φ2 : C([0, T],R) → R are given
functionals.

We organize the paper as follows. In Sect. 2, we provide some basic knowledge. In Sect. 3,
we prove the existence and uniqueness of a solution to problem (1.1) by using the Banach
fixed point theorem. In Sect. 4, we prove the existence of at least one solution to problem
(1.1) by using Schauder’s fixed point theorem. Finally, in the last section, we provide an
example to show applications of our results.

2 Preliminaries
In this section, we recall some notations, definitions, and lemmas used in the main results.

For q ∈ (0, 1), ω > 0, n ∈N0, and a, b ∈R, we define the q-analogue of the power function
(a – b)n

q as

(a – b)0
q := 1, (a – b)n

q :=
n–1∏

k=0

(
a – bqk),

and the q,ω-analogue of the power function (a – b)n
q,ω as

(a – b)0
q,ω := 1, (a – b)n

q,ω :=
n–1∏

k=0

[
a –

(
bqk + ω[k]q

)]
.

For α ∈R, we define

(a – b)αq = aα

∞∏

n=0

1 – ( b
a )qn

1 – ( b
a )qα+n

, a �= 0,
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(a – b)αq,ω = (a – ω0)α
∞∏

n=0

1 – ( b–ω0
a–ω0

)qn

1 – ( b–ω0
a–ω0

)qα+n
=

(
(a – ω0) – (b – ω0)

)α

q , a �= ω0.

In addition, we define aα
q = aα and (a–ω0)αq,ω = (a–ω0)α . For α > 0, we let (0)αq = (ω0)αq,ω = 0.

For k ∈ N, the q-analogue and q,ω-analogue of forward jump operator [58] are defined
by

σ k
q (t) := qkt and σ k

q,ω(t) := qkt + ω[k]q,

respectively. The q-analogue and q,ω-analogue of backward jump operator are defined by

ρk
q (t) :=

t
qk and ρk

q,ω(t) :=
t – ω[k]q

qk ,

respectively.

Definition 2.1 For q ∈ (0, 1), the q-derivative of a real function f is defined by

Dqf (t) =
f (t) – f (qt)

(1 – q)t
and Dqf (0) = f ′(0).

The q-integral of a function f defined on the interval [0, T] is defined by

Iqf (t) =
∫ t

0
f (s) dqs = (1 – q)t

∞∑

n=0

qnf
(
qnt

)
,

where the infinite series is convergent.

Definition 2.2 For q ∈ (0, 1), ω > 0, and f defined on an interval I ⊆ R containing ω0 :=
ω

1–q , the Hahn difference of f is defined by

Dq,ωf (t) =
f (qt + ω) – f (t)

t(q – 1) + ω
for t �= ω0,

and Dq,ωf (ω0) = f ′(ω0) whenever f is differentiable at ω0.

For a, b ∈ I ⊆R, a < ω0 < b, and [k]q = 1–qk

1–q , k ∈N0 := N∪ {0}, we define the q,ω-interval
by

[a, b]q,ω :=
{

qka + ω[k]q : k ∈N0
} ∪ {

qkb + ω[k]q : k ∈N0
} ∪ {ω0}

= [a,ω0]q,ω ∪ [ω0, b]q,ω

= (a, b)q,ω ∪ {a, b} = [a, b)q,ω ∪ {b} = (a, b]q,ω ∪ {a}.

For each s ∈ [a, b]q,ω , the sequence {σ k
q,ω(s)}∞k=0 = {qks + ω[k]q}∞k=0 is uniformly convergent

to ω0.
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Definition 2.3 Let I be any closed interval of R containing a, b, and ω0, and f : I → R is
a given function. We define q,ω-integral of f from a to b by

∫ b

a
f (t) dq,ωt :=

∫ b

ω0

f (t) dq,ωt –
∫ a

ω0

f (t) dq,ωt,

where
∫ x
ω0

f (t) dq,ωt := [x(1 – q) – ω]
∑∞

k=0 qkf (xqk + ω[k]q), x ∈ I , and the series converges
at x = a and x = b. The sum to the right-hand side of the above equation is called the
Jackson–Nörlund sum.

We note that the actual domain of function f is [a, b]q,ω ⊂ I .
In what follows, we define fractional q-integral, fractional Hahn integral, fractional q-

difference, and fractional Hahn difference of Riemann–Liouville type.

Definition 2.4 For α ≥ 0 and f defined on [0, T], the fractional q-integral of Riemann–
Liouville type is defined by

(
Iα

q f
)
(t) :=

1
Γq(α)

∫ t

0
(t – qs)α–1

q f (t) dqs

=
t(1 – q)
Γq(α)

∞∑

n=0

qn(t – qn+1t
)α–1

q f
(
qnt

)

=
tα(1 – q)
Γq(α)

∞∑

n=0

qn(1 – qn+1)α–1
q f

(
qnt

)
,

and (I0
q f )(x) = f (x).

Definition 2.5 For α,ω > 0, q ∈ (0, 1), and f defined on [ω0, T]q,ω , the fractional Hahn
integral is defined by

Iα
q,ωf (t) :=

1
Γq(α)

∫ t

ω0

(
t – σq,ω(s)

)α–1
q,ω f (s) dq,ωs

=
[t(1 – q) – ω]

Γq(α)

∞∑

n=0

qn(t – σ n+1
q,ω (t)

)α–1
q,ω f

(
σ n

q,ω(t)
)

=
(1 – q)(t – ω0)α

Γq(α)

∞∑

n=0

qn(1 – qn+1)α–1
q f

(
σ n

q,ω(t)
)
,

and (I0
q,ωf )(t) = f (t).

Definition 2.6 For N ∈ N, α ≥ 0, where N – 1 < α ≤ N , and f defined on [0, T], the frac-
tional q-derivative of the Riemann–Liouville type of order α is defined by

(
Dα

q f
)
(t) :=

(
DN

q IN–α
q f

)
(t)

=
1

Γq(–α)

∫ t

0

(
t – σq(s)

)–α–1
q f (s) dqs,

and (D0
qf )(x) = f (x).
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Definition 2.7 For N ∈N, α ≥ 0, where N – 1 < α ≤ N , q ∈ (0, 1), ω > 0, and f defined on
[ω0, T]q,ω , the fractional Hahn difference of Riemann–Liouville type of order α is defined
by

Dα
q,ωf (t) :=

(
DN

q,ωIN–α
q,ω f

)
(t)

=
1

Γq(–α)

∫ t

ω0

(
t – σq,ω(s)

)–α–1
q,ω f (s) dq,ωs,

and D0
q,ωf (t) = f (t).

Lemma 2.1 ([17]) For N ∈N, α ≥ 0, where N – 1 < α ≤ N , q ∈ (0, 1), and f : IT
q →R,

Iα
q Dα

q f (t) = f (t) + C1tα–1 + · · · + CN tα–N

for some Ci ∈R, i = {1, 2, . . . , N}.

Lemma 2.2 ([48]) For N ∈ N, α ≥ 0, where N – 1 < α ≤ N , q ∈ (0, 1), ω > 0, and f : IT
q,ω →

R,

Iα
q,ωDα

q,ωf (t) = f (t) + C1(t – ω0)α–1 + · · · + CN (t – ω0)α–N

for some Ci ∈R, i = {1, 2, . . . , N}.

The q-gamma and q-beta functions are defined by

Γq(x) :=
(1 – q)x–1

q

(1 – q)x–1 , x ∈R \ {0, –1, –2, . . .},

Bq(x, s) :=
∫ 1

0
tx–1(1 – qt)s–1

q dqt =
Γq(x)Γq(s)
Γq(x + s)

, respectively.

Next, we aim to find a solution of the linear variant of mixed problem (1.1) where the
following auxiliary lemmas will be used for simplifying calculations.

Lemma 2.3 ([21]) Let α,β ≥ 0 and 0 < p, q < 1. Then the following formulas hold:

∫ η

0
(η – qt)α–1

q tβ dqt = ηα+βBq(β + 1,α),

∫ η

0

∫ s

0
(η – ps)α–1

p (s – qt)
β–1
q dqt dps =

ηα+β

[β]q
Bq(β + 1,α).

Lemma 2.4 ([48]) For α,β > 0, p, q ∈ (0, 1), and ω > 0,

∫ t

ω0

(
t – σq,ω(s)

)α–1
q,ω (s – ω0)β dq,ωs = (t – ω0)α+βBq(β + 1,α),

∫ t

ω0

∫ x

ω0

(
t – σp,ω(x)

)α–1
p,ω

(
x – σq,ω(s)

)β–1
q,ω dq,ωs dp,ωx =

(t – ω0)α+β

[β]q
Bq(β + 1,α).
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Lemma 2.5 Let α,β ,γ ∈ (0, 1], α + β ∈ (1, 2]; 0 < q < 1; ω > 0; T > ω0; λ1,λ2,μ1,μ2 ∈ R
+;

h ∈ C([0, T],R) be a given function; φ1,φ2 : C([0, T],R) →R be given functionals. Then the
linear variant of problem (1.1) given by

Dα
q,ωDβ

q u(t) = h(t), t ∈ II[0,T]
q

q,ω ,

λ1u(η) + λ2Dγ
q u(η) = φ1(u), η ∈ (0, T), (2.1)

μ1u(T) + μ2Dγ
q,ωu(T) = φ2(u)

has the unique solution, which is in a form

u(t) =
1

Γq(α)Γq(β)

∫ t

0

∫ x

ω0

(
t – σq(s)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω h(s) dq,ωs dqx

+
{

ATΦη

[
φ1(u), h

]
– AηΦT

[
φ2(u), h

]} 1
ΩΓq(β)

∫ t

0

(
t – σq(s)

)β–1
q (s – ω0)α–1 dqs

–
{

BTΦη

[
φ1(u), h

]
– BηΦT

[
φ2(u), h

]} tβ–1

Ω
(2.2)

for t ∈ [0, T], and the functionals Φη[φ1(u), h], ΦT [φ2(u), h] are defined by

Φη

[
φ1(u), h

]
:= φ1(u) –

λ1

Γq(α)Γq(β)

∫ η

0

∫ x

ω0

(
η – σq(x)

)β–1
q

× (
x – σq,ω(s)

)α–1
q,ω h(s) dq,ωs dqx

–
λ2

Γq(α)Γq(β)Γq(–γ )

∫ η

0

∫ r

0

∫ x

ω0

(
η – σq(r)

)–γ –1
q

× (
r – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω h(s) dq,ωs dqx dqr, (2.3)

ΦT
[
φ2(u), h

]
:= φ2(u) –

μ1

Γq(α)Γq(β)

∫ T

0

∫ x

ω0

(
T – σq(x)

)β–1
q

× (
x – σq,ω(s)

)α–1
q,ω h(s) dq,ωs dqx

–
μ2

Γq(α)Γq(β)Γq(–γ )

∫ T

ω0

∫ r

0

∫ x

ω0

(
T – σq,ω(r)

)–γ –1
q,ω

× (
r – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω h(s) dq,ωs dqx dq,ωr, (2.4)

and the constants Aη , AT , Bη , BT , and Ω are defined by

Aη := λ1η
β–1 +

λ2

Γq(–γ )

∫ η

0

(
η – σq(s)

)–γ –1
q sβ–1 dqs, (2.5)

AT := μ1Tβ–1 +
μ2

Γq(–γ )

∫ T

ω0

(
T – σq,ω(s)

)–γ –1
q sβ–1 dq,ωs, (2.6)

Bη :=
λ1

Γq(β)

∫ η

0

(
η – σq(s)

)β–1
q (s – ω0)α–1 dqs

+
λ2

Γq(β)Γq(–γ )

∫ η

0

∫ x

0

(
η – σq(x)

)–γ –1
q

(
x – σq(s)

)β–1
q (s – ω0)α–1 dqs dqx, (2.7)
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BT :=
μ1

Γq(β)

∫ T

0

(
T – σq(s)

)β–1
q (s – ω0)α–1 dqs

+
μ2

Γq(β)Γq(–γ )

∫ T

ω0

∫ x

0

(
T – σq,ω(x)

)–γ –1
q,ω

(
x – σq(s)

)β–1
q (s – ω0)α–1 dqs dq,ωx, (2.8)

Ω := AT Bη – AηBT �= 0. (2.9)

Proof We first take fractional Hahn integral of order α for (2.1). Then the problem be-
comes fractional q-difference equation as follows:

Dβ
q u(t) = C0(t – ω0)α–1 +

(1 – q)(t – ω0)α

Γq(α)

∞∑

k=0

qk(1 – qk+1)α–1
q h

(
σ k

q,ω(t)
)

= C0(t – ω0)α–1 +
1

Γq(α)

∫ t

ω0

(
t – σq,ω(s)

)α–1
q,ω h(x) dq,ωs (2.10)

for t ∈ I[0,T]
q := {qns : s ∈ [0, T], n ∈ N0} ∪ {0}.

After taking fractional q-integral of order β for (2.10), we get the solution which is in
the form

u(t) = C1tβ–1 +
C0

Γq(β)
(1 – q)tβ

∞∑

k=0

qk(1 – qk+1)β–1
q

(
σ k

q,ω(t) – ω0
)α–1

+
1

Γq(α)Γq(β)
(1 – q)2(t – ω0)β

∞∑

h=0

∞∑

k=0

qh+k(1 – qh+1)β–1
q

× (
1 – qk+1)α–1

q

(
σ h

q,ω(t)
)αh

(
σ k

q,ω
(
σ h

q (t)
))

= C1tβ–1 +
C0

Γq(β)

∫ t

0

(
t – σq(s)

)β–1
q (s – ω0)α–1 dqs

+
1

Γq(α)Γq(β)

∫ t

0

∫ x

ω0

(
t – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω h(s) dq,ωs dqx (2.11)

for t ∈ [0, T].
In order to find the unknown constants C1 and C0 that appeared in (2.11), we first take

fractional q-difference and fractional Hahn difference of order γ for (2.11) to get

Dγ
q u(t) =

C1

Γq(–γ )

∫ t

0

(
t – σq(s)

)–γ –1
q sβ–1 dqs

+
C0

Γq(β)Γq(–γ )

∫ t

0

∫ x

0

(
t – σq(x)

)–γ –1
q

(
x – σq(s)

)β–1
q (s – ω0)α–1 dqs dqx

+
1

Γq(α)Γq(β)Γq(–γ )

∫ t

0

∫ r

0

∫ x

ω0

(
t – σq(r)

)–γ –1
q

(
r – σq(x)

)β–1
q

× (
x – σq,ω(s)

)α–1
q,ω h(s) dqs dqx dq,ωr (2.12)
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for t ∈ [0, T], and

Dγ
q,ωu(t) =

C1

Γq(–γ )

∫ t

ω0

(
t – σq,ω(s)

)–γ –1
q,ω sβ–1 dq,ωs

+
C0

Γq(β)Γq(–γ )

∫ t

ω0

∫ x

0

(
t – σq,ω(x)

)–γ –1
q,ω

(
x – σq(s)

)β–1
q (s – ω0)α–1 dqs dq,ωx

+
1

Γq(α)Γq(β)Γq(–γ )

∫ t

ω0

∫ r

0

∫ x

ω0

(
t – σq,ω(r)

)–γ –1
q,ω

(
r – σq(x)

)β–1
q

× (
x – σq,ω(s)

)α–1
q,ω h(s) dq,ωs dqx dq,ωr (2.13)

for t ∈ [ω0, T], respectively.
Substitute t = η into (2.11) and (2.12) and use the first condition of (2.1). Then we get

AηC1 + BηC0 = Φη[φ1, h]. (2.14)

Similarly, substitute t = T into (2.11) and (2.13) and employ the second condition of (2.1).
We have

AT C1 + BT C0 = ΦT [φ2, h]. (2.15)

We can solve the linear system for (2.14)–(2.15), and we find that

C1 =
BηΦT [φ2(u), h] – BTΦη[φ1(u), h]

Ω

and

C0 =
ATΦη[φ1(u), h] – AηΦT [φ2(u), h]

Ω
,

where Φη[φ1(u), h], ΦT [φ2(u), h], Aη , AT , Bη , BT , Ω are defined by (2.3)–(2.9), respectively.
Solution (2.2) can be exposed after substituting C1 and C0 into (2.11). �

3 Existence and uniqueness result
In this section, we employ the Banach fixed point theorems to consider the existence and
uniqueness result for problem (1.1). Let C = C([0, T],R) be a Banach space of all function
u with the norm defined by

‖u‖C = ‖u‖ +
∥
∥Dθ

qu
∥
∥ +

∥
∥Dν

q,ωu
∥
∥,

where

‖u‖ = max
t∈[0,T]

∣
∣u(t)

∣
∣,

∥
∥Dθ

qu
∥
∥ = max

t∈[0,T]

∣
∣Dθ

qu(t)
∣
∣,

and

∥
∥Dν

q,ωu
∥
∥ = max

t∈[ω0,T]

∣
∣Dν

q,ωu(t)
∣
∣.
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We define an operator F : C → C by

(Fu)(t) :=
1

Γq(α)Γq(β)

∫ t

0

∫ x

ω0

(
t – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω

× F
[
s, u(s), Dθ

qu(s), Dν
q,ωu(s)

]
dq,ωs dqx

+
{

A∗
TΦη

[
φ1(u), Fu

]
– A∗

ηΦT
[
φ2(u), Fu

]} 1
ΩΓq(β)

×
∫ t

0

(
t – σq(s)

)β–1
q (s – ω0)α–1 dqs

–
{

B∗
TΦη

[
φ1(u), Fu

]
– B∗

ηΦT
[
φ2(u), Fu

]} tβ–1

Ω
, (3.1)

where

Φ∗
η

[
φ1(u), Fu

]
:= φ1(u) –

λ1

Γq(α)Γq(β)

∫ η

0

∫ x

ω0

(
η – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω

× F
[
s, u(s), Dθ

qu(s), Dν
q,ωu(s)

]
dq,ωs dqx –

λ2

Γq(α)Γq(β)Γq(–γ )

×
∫ η

0

∫ r

0

∫ x

ω0

(
η – σq(r)

)γ –1
q

(
r – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω

× F
[
s, u(s), Dθ

qu(s), Dν
q,ωu(s)

]
dq,ωs dqx dqr, (3.2)

Φ∗
T
[
φ2(u), Fu

]
:= φ2(u) –

μ1

Γq(α)Γq(β)

∫ T

0

∫ x

ω0

(
T – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω

× F
[
s, u(s), Dθ

qu(s), Dν
q,ωu(s)

]
dq,ωs dqx –

μ2

Γq(α)Γq(β)Γq(–γ )

×
∫ T

0

∫ r

0

∫ x

ω0

(
T – σq(r)

)γ –1
q

(
r – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω

× F
[
s, u(s), Dθ

qu(s), Dν
q,ωu(s)

]
dq,ωs dqx dqr, (3.3)

and the constants Aη , AT , Bη , BT , Ω are defined by (2.5)–(2.9), respectively.
If one can prove that F has a fixed point, we can conclude that problem (1.1) has a

solution.

Theorem 3.1 Let F : [0, T] ×R×R×R →R be a continuous function, and assume that
the following conditions hold:

(H1) There exist constants �1,�2,�3 > 0 such that, for each t ∈ [0, T] and ui, vi ∈ R, i =
1, 2, 3,

∣
∣F[t, u1, u2, u3] – F[t, v1, v2, v3]

∣
∣ ≤ �1|u1 – v1| + �2|u2 – v2| + �3|u3 – v3|.

(H2) There exist constants ξ1, ξ2 > 0 such that, for each u, v ∈ C ,

∣
∣φ1(u) – φ1(v)

∣
∣ ≤ ξ1‖u – v‖C and

∣
∣φ2(u) – φ2(v)

∣
∣ ≤ ξ2‖u – v‖C .

(H3) X := (�1 + �2 + �3)Θ + ξ1ΥT + ξ2Υη < 1
3 ,
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where

Θ :=
(T – ω0)αTβ

Γq(α + 1)Γq(β + 1)
+ O1ΥT + O2Υη, (3.4)

O1 :=
(η – ω0)αηβ

Γq(α + 1)Γq(β + 1)

∣
∣
∣
∣λ1 –

λ2η
–γ

Γq(1 – γ )

∣
∣
∣
∣, (3.5)

O2 :=
(T – ω0)αTβ

Γq(α + 1)Γq(β + 1)

∣
∣
∣
∣μ1 –

μ2(T – ω0)–γ

Γq(1 – γ )

∣
∣
∣
∣, (3.6)

ΥT :=
1

|Ω|
{

|AT | (T – ω0)α–1Tβ

Γq(β + 1)
+ |BT |Tβ–1

}

, (3.7)

Υη :=
1

|Ω|
{

|Aη| (T – ω0)α–1Tβ

Γq(β + 1)
+ |Bη|Tβ–1

}

. (3.8)

Then problem (1.1) has a unique solution.

Proof Let H|u – v|(t) := |F[t, u, Dθ
qu, Dν

q,ωu] – F[t, v, Dθ
qv, Dν

q,ωv]|. For each t ∈ [0, T] and
u, v ∈ C , from (3.2), we see that

∣
∣Φ∗

η

[
φ1(u), Fu

]
– Φ∗

η

[
φ1(u), Fv

]∣
∣

≤ ∣
∣φ1(u) – φ1(v)

∣
∣ +

∣
∣
∣
∣

λ1

Γq(α)Γq(β)

∫ η

0

∫ x

ω0

(
η – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω

×H
∣
∣u – v

∣
∣(s) dq,ωs dqx –

λ2

Γq(α)Γq(β)Γq(–γ )

∫ η

0

∫ r

0

∫ x

ω0

(
η – σq(r)

)γ –1
q

× (
r – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω H

∣
∣u – v

∣
∣(s) dq,ωs dqx dqr

∣
∣
∣
∣

≤ ξ1‖u – v‖C +
(
�1|u – v| + �2

∣
∣Dθ

qu – Dθ
qv

∣
∣ + �3|Dν

q,ωu – Dν
q,ωv|)

×
∣
∣
∣
∣

λ1(η – ω0)αηβ

Γq(α + 1)Γq(β + 1)
–

λ2(η – ω0)αηβ–γ

Γq(α + 1)Γq(β + 1)Γq(1 – γ )

∣
∣
∣
∣

≤ ξ1‖u – v‖C +
(
�1|u – v| + �2

∣
∣Dθ

qu – Dθ
qv

∣
∣ + �3

∣
∣Dν

q,ωu – Dν
q,ωv

∣
∣
)
O1

≤ [
ξ1 + (�1 + �2 + �3)O1

]‖u – v‖C .

Similarly, we see from (3.3) that

∣
∣Φ∗

T
[
φ2(u), Fu

]
– Φ∗

T
[
φ2(u), Fv

]∣
∣ ≤ [

ξ2 + (�1 + �2 + �3)O2
]‖u – v‖C .

Consider

∣
∣(Fu)(t) – (Fv)(t)

∣
∣

≤ 1
Γq(α)Γq(β)

∫ T

0

∫ x

ω0

(
T – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω H|u – v|(s) dq,ωs dqx

+
{|AT |∣∣Φ∗

η

[
φ1(u), Fu

]
– Φ∗

η

[
φ1(u), Fv

]∣
∣ + |Aη|

∣
∣Φ∗

T
[
φ2(u), Fu

]
– Φ∗

T
[
φ2(u), Fv

]∣
∣
}

× (T – ω0)α–1Tβ

|Ω|Γq(β + 1)
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+
{|BT |∣∣Φ∗

η

[
φ1(u), Fu

]
– Φ∗

η

[
φ1(u), Fv

]∣
∣ + |Bη|

∣
∣Φ∗

T
[
φ2(u), Fu

]
– Φ∗

T
[
φ2(u), Fv

]∣
∣
}

× Tβ–1

Ω

≤ ‖u – v‖C
[

(�1 + �2 + �3)(T – ω0)αTβ

Γq(α + 1)Γq(β + 1)
+

[ξ1 + (�1 + �2 + �3)O1]
|Ω|

×
{

|AT | (T – ω0)α–1Tβ

Γq(β + 1)
+ |BT |Tβ–1

}

+
[ξ2 + (�1 + �2 + �3)O2]

|Ω|
{

|Aη| (T – ω0)α–1Tβ

Γq(β + 1)
+ |Bη|Tβ–1

}]

≤ [
(�1 + �2 + �3)Θ + ξ1ΥT + ξ2Υη

]‖u – v‖C
= X ‖u – v‖C . (3.9)

Taking fractional fractional q-difference of order θ and fractional Hahn difference of
order ν for (3.1), we get

Dθ
qu(t) =

1
Γq(α)Γq(β)Γp(–θ )

∫ t

0

∫ r

0

∫ x

ω0

(
t – σq(r)

)–θ–1
q

(
r – σq(x)

)β–1
q

× (
x – σq,ω(s)

)α–1
q,ω F

[
s, u(s), Dθ

qu(s), Dφ
q,ωu(s)

]
dqs dqx dq,ωr

+
{A∗

TΦη[φ1(u), Fu] – A∗
ηΦT [φ2(u), Fu]}

ΩΓq(β)Γp(–θ )

∫ t

0

∫ x

0

(
t – σq(x)

)–θ–1
q

× (
x – σq(s)

)β–1
q (s – ω0)α–1 dqs dqx,

–
{B∗

TΦη[φ1(u), Fu] – B∗
ηΦT [φ2(u), Fu]}

ΩΓq(–θ )

∫ t

0

(
t – σq(s)

)–θ–1
q sβ–1 dqs (3.10)

for t ∈ [0, T], and

Dν
q,ωu(t) =

1
Γq(α)Γq(β)Γp(–ν)

∫ t

ω0

∫ r

0

∫ x

ω0

(
t – σq,ω(r)

)–ν–1
q,ω

(
r – σq(x)

)β–1
q

× (
x – σq,ω(s)

)α–1
q,ω F

[
s, u(s), Dθ

qu(s), Dν
q,,ωu(s)

]
dq,ωs dqx dq,ωr

+
{A∗

TΦη[φ1(u), Fu] – A∗
ηΦT [φ2(u), Fu]}

ΩΓq(β)Γp(–ν)

∫ t

ω0

∫ x

0

(
t – σq,ω(x)

)–ν–1
q,ω

× (
x – σq(s)

)β–1
q (s – ω0)α–1 dqs dq,ωx,

–
{B∗

TΦη[φ1(u), Fu] – B∗
ηΦT [φ2(u), Fu]}

ΩΓq(–ν)

∫ t

ω0

(
t – σq,ω(s)

)–ν–1
q,ω sβ–1 dq,ωs (3.11)

for t ∈ [ω0, T], respectively.
Similarly, we have

∣
∣
(
Dθ

qFu
)
(t) –

(
Dθ

qFv
)
(t)

∣
∣ < X ‖u – v‖C , (3.12)

∣
∣
(
Dν

q,ωFu
)
(t) –

(
Dν

q,ωFv
)
(t)

∣
∣ < X ‖u – v‖C . (3.13)
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From (3.9), (3.12), and (3.13), it implies that

‖Fu – Fv‖C = ‖Fu – Fv‖ +
∥
∥Dθ

qFu – Dθ
qFv

∥
∥ +

∥
∥Dν

q,ωFu – Dν
q,ωFv

∥
∥

< 3X ‖u – v‖C .

Therefore, F is a contraction by (H3). Thus, F has a fixed point, which is a unique solution
of problem (1.1) by using the Banach fixed point theorem. �

4 Existence of at least one solution
In this section, we also prove the existence of at least one solution of (1.1) by using
Schauder’s fixed point theorem. Firstly, we provide some basic knowledge that is used
in this section as follows.

Lemma 4.1 ([59] (Arzelá–Ascoli theorem)) A set of functions in C[a, b] with the sup norm
is relatively compact if and only if it is uniformly bounded and equicontinuous on [a, b].

Lemma 4.2 ([59]) If a set is closed and relatively compact, then it is compact.

Lemma 4.3 ([60] (Schauder’s fixed point theorem)) Let (D, d) be a complete metric space,
U be a closed convex subset of D, and T : D → D be the map such that the set Tu : u ∈ U is
relatively compact in D. Then the operator T has at least one fixed point u∗ ∈ U : Tu∗ = u∗.

Based on the above lemmas, we prove the existence of at least one solution of (1.1) as
shown in the following theorem.

Theorem 4.1 Suppose that (H1) and (H3) hold. Then problem (1.1) has at least one solu-
tion.

Proof The proof is divided into three steps as follows.
Step I. We verify that F maps bounded sets into bounded sets in BR = {u ∈ C : ‖u‖C ≤ R}.

We let maxt∈[0,T] |F(t, 0, 0, 0)| = M, supu∈C |φ1(u)| = N1, supu∈C |φ2(u)| = N2 and choose a
constant

R ≥ MΘ + N1ΥT + N2Υη

1
3 – (�1 + �2 + �3)Θ

. (4.1)

We denote that

∣
∣S(t, u, 0)

∣
∣ =

∣
∣F

[
t, u, Dθ

qu, Dν
q,ωu

]
– F[t, 0, 0, 0]

∣
∣ +

∣
∣F[t, 0, 0, 0]

∣
∣.

For each t ∈ [0, T] and u ∈ BR, we have

∣
∣Φ∗

η

[
φ1(u), Fu

]∣
∣

≤ N1 +
∣
∣
∣
∣

λ1

Γq(α)Γq(β)

∫ η

0

∫ x

ω0

(
η – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω

∣
∣
∣
∣S(s, u, 0)

∣
∣
∣
∣dq,ωs dqx

–
λ2

Γq(α)Γq(β)Γq(–γ )

∫ η

0

∫ r

0

∫ x

ω0

(
η – σq(r)

)γ –1
q

(
r – σq(x)

)β–1
q

(
x – σq,ω(s)

)α–1
q,ω
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× ∣
∣S(s, u, 0)

∣
∣dq,ωs dqx dqr

∣
∣
∣
∣

≤ N1 +
[
(�1 + �2 + �3)‖u‖C + M

]
O1

≤ N1 +
[
(�1 + �2 + �3)R + M

]
O1. (4.2)

Similarly, we find that

∣
∣Φ∗

T
[
φ2(u), Fu

]∣
∣ ≤ N2 +

[
(�1 + �2 + �3)R + M

]
O2. (4.3)

From (4.2)–(4.3), we find that

∣
∣(Fu)(t)

∣
∣ ≤ Θ

[
(�1 + �2 + �3)R + M

]
+ N1ΥT + N2Υη ≤ R

3
(4.4)

and

∣
∣
(
Dθ

qFu
)
(t)

∣
∣ <

R
3

and
∣
∣
(
Dν

q,ωFu
)
(t)

∣
∣ <

R
3

. (4.5)

Hence,

‖Fu‖C = ‖Fu‖ +
∥
∥Dθ

qFu
∥
∥ +

∥
∥Dν

q,ωFu
∥
∥ <

R
3

+
R
3

+
R
3

= R,

which implies that F is uniformly bounded.
Step II. It is obvious that the operator F is continuous on BR due to the continuity of F .
Step III. We prove that F is equicontinuous on BR. For any t1, t2 ∈ IT

q,ω with t1 < t2, we
find that

∣
∣(Fu)(t2) – (Fu)(t1)

∣
∣ ≤ ‖F‖(T – ω0)α

Γq(α + 1)Γq(β + 1)
∣
∣tβ

2 – tβ
1
∣
∣

+
(T – ω0)α–1|tβ

2 – tβ
1 |

|Ω|Γq(β + 1)
{|AT |∣∣Φ∗

η [φ1, F]
∣
∣ + |Aη|

∣
∣Φ∗

T [φ2, F]
∣
∣
}

+
|tβ–1

2 – tβ–1
1 |

|Ω|
{|BT |∣∣Φ∗

η [φ1, F]
∣
∣ + |Bη|

∣
∣Φ∗

T [φ2, F]
∣
∣
}

, (4.6)

∣
∣
(
Dθ

qFu
)
(t2) –

(
Dθ

qFu
)
(t1)

∣
∣

≤ ‖F‖(T – ω0)αTβ

Γq(α + 1)Γq(β + 1)Γq(1 – θ )
∣
∣t–θ

2 – t–θ
1

∣
∣

+
(T – ω0)α–1Tβ |t–θ

2 – t–θ
1 |

|Ω|Γq(β + 1)Γq(1 – θ )
{|AT |∣∣Φ∗

η [φ1, F]
∣
∣ + |Aη|

∣
∣Φ∗

T [φ2, F]
∣
∣
}

+
Tβ–1|t–θ

2 – t–θ
1 |

|Ω|Γq(1 – θ )
{|BT |∣∣Φ∗

η [φ1, F]
∣
∣ + |Bη|

∣
∣Φ∗

T [φ2, F]
∣
∣
}

, (4.7)

and

∣
∣
(
Dν

q,ωFu
)
(t2) –

(
Dν

q,ωFu
)
(t1)

∣
∣

≤ ‖F‖(T – ω0)αTβ

Γq(α + 1)Γq(β + 1)Γq(1 – ν)
∣
∣(t2 – ω0)–ν – (t1 – ω0)–ν

∣
∣
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+
(T – ω0)α–1Tβ |(t2 – ω0)–ν – (t1 – ω0)–ν |

|Ω|Γq(β + 1)Γq(1 – ν)
{|AT |∣∣Φ∗

η [φ1, F]
∣
∣ + |Aη|

∣
∣Φ∗

T [φ2, F]
∣
∣
}

+
Tβ–1|(t2 – ω0)–ν – (t1 – ω0)–ν |

|Ω|Γq(1 – ν)
{|BT |∣∣Φ∗

η [φ1, F]
∣
∣ + |Bη|

∣
∣Φ∗

T [φ2, F]
∣
∣
}

. (4.8)

When |t2 – t1| → 0, we find that the right-hand side of (4.6)–(4.8) tends to be zero. Hence,
F is relatively compact on BR and the set F (BR) is an equicontinuous set. From Steps
I to III and the Arzelá–Ascoli theorem, we can conclude that F : C → C is completely
continuous. Therefore, problem (1.1) has at least one solution by Schauder’s fixed point
theorem. �

5 Example
Consider the nonlocal Robin boundary value problems for sequential fractional Hahn-q-
difference equation as given by

D
1
3
1
2 , 2

3
D

3
4
1
2

u(t) =
1

(1000π2 + t3)(1 + |u(t)|)
[
e–(t+ e

3 )(u2 + 2|u|) + e–( π
2 +cos2 π t)∣∣D

1
2
1
2

u(t)
∣
∣

+ e–(2+sin2 π t)∣∣D
2
5
1
2 , 2

3
u(t)

∣
∣
]
, t ∈ I

I[0,10]
1
2

1
2 , 2

3
,

1
10e

u(5) +
1

20π
D

1
5
1
2

u(5) =
∞∑

i=0

Ci|u(ti)|
1 + |u(ti)| , ti = 10

(
1
2

)i

,

1
20e

u(10) +
1

10π
D

1
5
1
2 , 2

3
u(10) =

∞∑

i=0

Di|u(ti)|
1 + |u(ti)| , ti = 10

(
1
2

)i

+
2
3

[i] 1
2

,

(5.1)

where Ci, Di are given constants with 1
2000e2 ≤ ∑∞

i=0 Ci ≤ 1
2000e and 1

1000π3 ≤ ∑∞
i=0 Di ≤

1
1000π2 .

We let α = 1
3 , β = 3

4 , γ = 1
5 , θ = 1

2 , ν = 2
5 , q = 1

2 , ω = 2
3 , ω0 = ω

1–q = 4
3 , T = 10, η = 5, λ1 = 1

10e ,
λ2 = 1

20π
, μ1 = 1

20e , μ2 = 1
10π

, and

F
[
t, u(t), Dθ

qu(t), Dν
q,ωu(t)

]
=

1
(1000π2 + t3)(1 + |u(t)|)

[
e–(t+ e

3 )(u2 + 2|u|)

+ e–( π
2 +cos2 π t)∣∣D

1
2
1
2

u(t)
∣
∣ + e–(2+sin2 π t)∣∣D

2
5
1
2 , 2

3
u(t)

∣
∣
]
.

We find that

|Aη| = 0.308, |AT | ≈ 0.0207, |Bη| ≈ 0.0723, |BT | ≈ 0.0308,

and

|Ω| ≈ 0.00799.

For all t ∈ [0, 10] and u, v ∈R, we find that

∣
∣F

[
t, u, Dθ

qu, Dν
q,ωu

]
– F

[
t, v, Dθ

qv, Dν
q,ωv

]∣
∣

≤ 1
1000π2e e

3
|u – v| +

1
1000π2e π

2

∣
∣Dθ

qu – Dθ
qv

∣
∣ +

1
1000π2e2

∣
∣Dν

q,ωu – Dν
q,ωv

∣
∣.

Thus, (H1) holds with �1 = 0.0000409, �2 = 0.0000211, and �3 = 0.0000137.
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For all u, v ∈ C ,

∣
∣φ1(u) – φ1(v)

∣
∣ ≤ 1

2000e
‖u – v‖C ,

∣
∣φ2(u) – φ2(v)

∣
∣ ≤ 1

1000π2 ‖u – v‖C .

Thus, (H2) holds with ξ1 = 0.000184 and ξ2 = 0.000101.
From

O1 = 0.2778, O2 = 0.2898, Υ1 = 2.2278, Υ2 = 0.5169,

and

Θ = 1.0549,

we find that (H3) holds with

X ≈ 0.000542 <
1
3

.

Hence, by Theorem 3.1 problem (5.1) has a unique solution.

6 Conclusion
A nonlocal Robin boundary value problem for fractional sequential fractional Hahn-q-
equation (1.1) is studied. Our problem contains both fractional Hahn and fractional q-
difference operators, which is a new idea. We establish the conditions for the existence
and uniqueness of solution for problem (1.1) by using the Banach fixed point theorem,
and the conditions of at least one solution by using Schauder’s fixed point theorem.
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