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1 Introduction
The differential equation arises in the modeling of different physical and natural phe-
nomena: nonlinear flow laws, control systems and many other branches of engineering.
In these years, integer order differential equations and fractional differential equations
have found wide applications. There are many papers concerning integer order differen-
tial equations [1-8], Caputo fractional differential equations [9-14], Riemann-Liouville
fractional differential equations [15-20] and mixed fractional differential equations [21].
By means of the Avery—Peterson fixed point theorem, Shen et al. [1] established the

existence result of at least triple positive solutions for the following problems:

—u"(t) =f(t,u(t),u' (1)), te(0,1),

u'(0) =0, Bu'(1) + u(n) =0,

or

where f € C([0,1] x [0,00) X (00, +00),(0,+00)), n € (0,1), B >0, with 8+ n > 1.
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In [21], Liu et al. discussed the four-point problem for a class of fractional differential

equations with mixed fractional derivative and with a p-Laplacian operator,

DS, (9, (“DE. u(t))) = (¢, u(t),c Df, u(t)), te(0,1),
Df, u(0) = u'(0) = 0,
u(l) = riu(n),  °Dh.u(l) = rsDj. u(g).

Herel<a,B <2,r1,7,>0,f € C([0,1] x [0, 00) x (—00,0], [0, +00)). Based on the method
of lower and upper solutions, they studied the existence of positive solutions of the above
boundary problem.

Motivated by the aforementioned work, this work discusses the existence of positive

solutions for fractional differential equation:

Dl [y (DEe(e))] + f(6,u(t)) =0, € (0,1),

[p(DSu(O)]? =0, i=1,2,...,m,

$p(D5 u(0)) = Y13 bilp (DG, &), (1.1)
@©O)? =0, j=0,1,2,...,n—1,

Dy u(1) = Y13 @Dy ul&),

where2 <m<o <n+l,1<m<pB<m+landm+n+l<a+pf <m+n+2,¢,(u)= |u|P~2u,
p >1,Dg, is the Riemann-Liouville fractional derivatives and ”Dg+ is the Caputo fractional
derivatives. Using the Avery—Peterson fixed point theorem, we obtain the existence of
positive solutions for the fractional boundary value problem. A function u(¢) is a positive
solution of the boundary value problem (1.1) if and only if u(¢) satisfies the boundary value
problem (1.1), and u(t) > 0 for ¢ € [0, 1].

We will always suppose the following conditions are satisfied:

(H) 0<é& <& << 9<l,a;>0, b;>0,i=1,2,...,] —2 are constants and

Yira<L Y bi<l;
(Hy) f(t,u):[0,1] x [0,00) — [0,00) is continuous.

2 Preliminaries
To show the main result of this work, we give the following basic definitions, which can
be found in [22, 23].

Definition 2.1 The fractional integral of order & > 0 of a function y : (0, +00) — R is given
by

() = ﬁ /0 (-9 y(s) s,

provided that the right side is pointwise defined on (0, +00), where

+00
I'(a) :/ e*x% Ldx.
0
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Definition 2.2 For a continuous function y : (0, +00) — R, the Caputo derivative of frac-
tional order « > 0 is defined as

o _ 1 ! _ yr—a—1,,(n)
D)= s [ =9y as,

where 7 = [«] + 1, provided that the right side is pointwise defined on (0, +00).

Definition 2.3 For a continuous function y : (0, +00) — R, the Riemann-Liouville deriva-
tive of fractional order « > 0 is defined as

o e L (AN [ e
D40 - oo (5) [ -9 o

where 7 = [«] + 1, provided that the right side is pointwise defined on (0, +00).

Let P be a cone in real Banach space E; y, § be nonnegative continuous convex func-
tionals on P; w be nonnegative continuous concave functionals on P and ¥ be nonnegative
continuous functionals on P. Then, for positive real numbers /4, r, ¢ and d, we define the
following sets:

P(y,d) = {x € Ply(x) < d},

P(y,w,r,d) = {x € Plr < w(x),y(x) <d},

P(y,0,w,1,¢,d) = {x € Pr < w(x),0(x) <c,y(x) <d},

Q(yr 1/f,h,d) = {x € P|h < I/I(JC), V(x) =< d}'
Theorem 2.1 ([24]) Let P be a cone in real Banach space E. Let y and 0 be nonnegative
continuous convex functionals on P, w be a nonnegative continuous concave functionals

on P, and ' be a nonnegative continuous functionals on P satisfying ¥ (Ax) < Ay (x) for
0 < X <1 such that, for some positive numbers d and M,

ox)<v¥x), and |x| <My(x), forallxeP(y,d).

Suppose further that T : P(y,d) — P(y,d) is completely continuous and there exist positive
numbers h, r and ¢ with h < r such that:

(C1) {xeP(y,0,w,1,¢c,d)|wx) >r} #0 and o(Tx) > r for x € P(y,0,w,1,¢,d);

(C2) w(Ix) > rforx e P(y,w,r,d) with 0(Tx) > ¢;

(C3) 0¢ Qy, ¥, h,d) and y(Tx) < h forx € Q(y, ¥, h,d) with y(x) = h.
Then T has at least three fixed points x1,%2,%3 € P(y,d) such that

V(xz)fd: i: 1)213;
r < o(x1);

h<(xy) withw(x)<r,
and

w(x3) < h.
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3 Useful lemmas
Lemma 3.1 The boundary value problem (1.1) is equivalent to the following equation:

t

u(t) = ct* ! - ﬁ ; (¢ —8)* w(s) ds, (3.1)

where

~ fol w(s)ds — Zf;f a; [, w(s)ds
1-Ya)l (@)
Jols =P (r,u(r))dr
)
Ly (Zi‘f biJo' & - 0w u@)dr [ols - 0" (T u(0) dr)
! (1- Y b (B) rp) ’

C1 (32)

wis) = b, (-do R

(3.3)

¢4(u) is the inverse function of ¢,(u), i.e. 1,19,

1
rq
Proof In view of ”Dg+ (¢ (DG u(t))] +f(t, u(t)) = 0, we have

1 t
¢p(D8‘+u(t)) =dy+dit+ - +dut" - ——— / (t- r)’g’lf(r,u(r)) dr.
re) Jo
In view of [¢, (D%, u(0))]? =0, i=1,2,...,m, we obtain
di=dy=---=d, =0,
that is,

B Jot =) (r,u(r)) de
r(p) '

¢p (DG u(t)) = do (3.4)

In view of ¢,(D% 4(0)) = Yi; bilg (D, u(£:))], we get

B Zflf b [;' (& - 1) f (z,u(z))dT

do =
’ (1-Y2b)r ()

By (3.4), we have

Jo & =P (z,u(x)) dr)

Dg+ M(t) = d)q (do - F(IB)

For t € [0, 1], integrating from O to ¢, we get

) = 1t L+ ot P et g

1 ' _e-l _f(:(s_f)ﬂ_lf("::”(f))dt)
r(oe)/o ¢ ¢"<d° () ds

+

Page 4 of 12
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In view of (D, u(0)? =0,j=0,1,2,...,n— 1, we obtain

c=c3=--=Cu1 =0,
that is,
1 t Jols =P (z,u(r))dr
u(t) = cit* ' + f [ ) (d - )ds
YTk T\ )
= t* 1_ t—s)* 1 ds.
ar - o )/( 9 Iw(s)
By a straightforward calculation, we get
t
D&M u(t) = o1 T () —/ w(s) ds.
0
By use of D0+ u(l) = ij a;D§. u(&;), we obtain
. f w(s)ds — Zl 1% fo’ w(s)ds
1=
(1-yi3
The proof is complete. O

Lemma 3.2 Suppose that the conditions (H,) and (H,) hold, then u(t) defined by (3.1) isa

nonnegative nondecreasing function.

Proof In view of the conditions (H;) and (H;), we get

s} < ¢q<zfjb o' G =T wu@)dr fg<s—r>f‘-1f(r,u(r))dr>
1-Y5 ) (B) rp)

. ¢q<253b o' &= ut >)dr>

B A=Y )0 (B)

> 0.

So
u(t) = c1t*' - % t( —8)* w(s)ds

) f w(s)ds - lla,fol sta_l_fg(t—s)“‘lw(s)ds
(I—Z; a;)I (a) I ()

- fol w(s)ds -3, 1“! fo w(s) dstu—l B fot W(S)dsta—l
1-Y"2a)r (@) I'(a)

o w9ds oy fow9ds

AT I'(x)

> 0.

Therefore, we see that u(t) is nonnegative.



Li Advances in Difference Equations (2019) 2019:112 Page 6 of 12

It is similar to the proof of u(t) > 0, we can obtain #/(t) > 0, so u(¢) is nondecreasing.
The proof is complete. O

4 Main result
Let the Banach space E = C[0, 1] be endowed with the norm ||| = max;cjo,1] [#4(¢)|. Define
the cone P by

P= {u € E, u(¢) is nonnegative and nondecreasing for ¢ € [0, 1] }

Define the operator T : P — E,

()‘C1t“1——f(t 8% w(s)ds,

where ¢; and w(s) are defined by (3.2) and (3.3). Obviously, «(t) is a solution of problem
(1.1) if and only if u(¢) is a fixed point of T. Now we introduce the following notations for
convenience.

Let

-2 -2 -1
M, = <1—Za,»>r [(1 bl) ﬂ+l)} ,
i= i=1

1-Y2a)r@((1-Y2b)r ﬁ+1)]

M, =
[ biEl 19 (1 - E10)ES

The following theorem is the main result in this paper.

Theorem 4.1 Suppose that the conditions (Hy) and (Hy) hold. In addition, assume that

there exist positive numbers h, r, ¢ and d such that h <r < E“r‘l <c<d, and that f(t,u)
-2

satisfies the following growth conditions:

(Hs) f(t,w) < @My~ for (t,u) € [0,1] x [0,d],

(Hy) f(t,u) > (rMa)P™, for (t,u) € [0,1] x [r,c],

(Hs) f(t,u) < (WM™, for (t,u) € [0,1] x [0, 4].
Then the boundary value problem (1.1) has at least three positive solutions uy, u, and us
such that

y(ul) < d} i= 11 2; 3’
r<o(m);

h<y(uy) with w(uy) <r;
and
a)(l/lg) <h.

Proof First of all, we show T : P — P is a completely continuous operator.

For u € P, in view of Lemma 3.2, we see that Tu(t) is nonnegative and nondecreasing,
consequently, we have T : P — P. By using the continuity of f(¢, &), we obtain the operator
T is continuous.
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Let £2 C P be bounded, that is, there exists a positive constant / for any u € £2, and let

=i=1,V=u=

lj2 b‘f i r)ﬁ—lf(f u(r)) dr fs(s—r)ﬁ_lf(‘r,u(r))df

— =1 0 i 0
w(s) = ¢q( A=y 2b)r + G )
< ¢q(L Liib Lyt~ ”ﬁ_l dr  Lpya-o" dt)
1= b)) r)
4 ( LZ L bit! L )
C\a-Yg e+ "TE+Y
L q-1
- <(1 -y h)rp+ 1)) ' (4.1)
So we get

— a—l_# ‘ _ el
Tu(t) = cit F(a)/o (t—5)*"w(s)ds

f ()ds L1
=a- Y240 («) =a- Y a)r @1 - Y b) (B +1))a1

Hence, T(£2) is uniformly bounded.
Now, we will prove that T(£2) is equicontinuous. For each u € 2,0 <1t <, <1, we

have

|(Tu)(&2) - (Tu)(11) |

/tl(tl —8)* w(s)ds

a-1 1 2 a-1 a-1 1
ity — T (L2 —8)* " w(s)ds—cit] ™ + @
0

< il '/ (b2 — 9w <>ds—f0 (t1 - 9" w(s) ds

1 L (e a-1 a-1
= ( ) (& -47)
(1- Y a) @ \(1 - X b)C(B+1)

1 L q-1 Y i}
(a+1)<(1 y 2 bi)l"(ﬁ+1)> [(&5 —]) + (2 —11)"]

1 L ! .
(a+1)<(1 2 b,-)F(,B+1)> (t2 = 0"

Therefore, T(£2) is equicontinuous. Applying the Arzeld—Ascoli theorem, we conclude
that T is a completely continuous operator.
For u € P, let

w(u) = min ‘ (2) ’ (4.2)

y () = 0(u) = () = max |u(t)],
te[0,1] telg o

Secondly, we prove T : P(y,d) — P(y,d).
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For u € P(y,d), in view of (4.1), we get

w(s) < ( ()P )ql dM,
T\A-X5e)r+) (-2 b)r(B+ 1))t

then
_ Ot—l_# ‘ el
Tu(t) = cit F(a)/o (t—35)*""w(s)ds
 fywls)ds- Y a fol‘w(s)ds r e
= - Z a)]" t T )/(t $)* T w(s)ds
- fo w(s)ds - damM,
T 1-YHa)r@ " (- T a)r @1 - X5 by I + 1)l

=d.
So we obtain T': P(y,d) — P(y,d).
Finally, we show conditions (C;)—(C3) in Theorem 2.1 are satisfied for T. To prove that
the second part of condition (C;) holds, taking uo(t) = 0.5(r + ¢), in view of (4.1), we obtain
v (ug) = 6(up) = 0.5(r + ¢), w(ug) = 0.5(r + c).
So {ug € P(y,0,w,r,¢,d)|w(up) > r}, which shows that

{x e P(y,0,w,r,¢,d)|w(x) > r} Z0

forall u € P(y,0,w,r,c,d), then

o(Tu) = teglm ‘Tu(t)‘ }Tu(sl_z)‘
1 12
- gty - m / (612 — 5" Lwis) ds

1 ds— : i d 1)
- L1 i
- fol w(s) dS—Z; 1“1 ogl_ w(s) ds
- (1- Zi:l
1-Y2a)r@ ™

1 D2, [0 rue)dr | [3-0)fLf(ru(z)d
fglz¢q(24 Jo frur T Jo=DP f(zulc T)dS

&2
s‘“—r( e / w(s)ds

-y 2;, * T®) o
(1- z 24)T (@) =
1 2, [oig—0)P1f(ru(r)d
fglzd)q(z,l leIZb f(tu(t T)ds 1
&5

(1 Zl 1611)F(O[)
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(VMZ)‘D Z,lbé 1
(W)q (1-4-)

(1- Zi:l a)I' (@)
rMo[Y 2 bigl 19 (1 - £0)E8!
T Ay a) @)1 - Y2 (B + 1))

=7r.

-1
530

Hence, we shall verify the condition (C;). If u € P(y, w, r,d) with 6(Tu) > ¢, in view of
(4.1), we have

w(Tu) = ter{gm ‘Tu t)! ’TM(El_z)’

=&t - 1 /51_2 (&1-5 — 5)* tw(s) ds
=C15; 9 F(O{) A -2
and

0(Tu) = max ’Tu(t)’ = Tu(1)
te[0,1]

1
=c - ﬁ /0 (1 -9 w(s)ds,

then
w(Tu) - £75'0(Tu)
12
6151 2 F(a)/ (512 — )" 'w(s) ds —01‘51 5 + F( )/ (1-95)*1w
a1, 9 d 12 w1 d
F(a)/ (-9 w6)ds = s [ a9 wlo)ds

)
ﬁ fo (s —sE12)" " wl(s) S‘%a) /O 7 (G — " () ds

So we get w(Tu) > E;"ZIO(TM) > &7 ¢ > r, that is, (Tu) > r. So we finished the proof of
(Cy).

Lastly, we shall prove the condition (Cs). It is easy to see that 0 ¢ Q(y, ¥, h, d), then we
shall prove for u € Q(y, ¥, h,d) with ¥ (u) = h, we get ¥ (Tu) < h.

For u € Q(y, ¥, h,d) with ¥ (u) = h, in view of (4.1), we have

< (M P! )q-l hM,
w(s) < =
A-Y2b)r(g+1) (-2 )T (B +1))a!

so we get
Y (Tu) = max|Tu(t)|
tel0,1]

fol(l —8)* Iw(s)ds
I'(x)

= Tu(l)=c¢; —

Page 9 of 12
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_ f w(s)ds— a,fo’ w(s)ds fo Y Lw(s) ds
-2 a)T (@) F(a)
f w(s)ds
(1 Yiia)l (@)
hM;

<
1-Y2a)r (@1 - Y2 b)r (B + 1)]a!

Consequently, the boundary value problem (1.1) has at least three positive solutions #;,

Uy and u3 such that

y(wi)<d, i=1,2,3;
r < o(uy);

h<y(uy) with w(uy) <r;
and
w(u3) < h.
The proof is complete. O

Remark 4.1 Assume that f(¢,0) # 0 on a compact set, then us is a nontrivial solution.

5 Example
In this section, we give a simple example to explain the main theorem.

Example 5.1 For the problem (1.1),let« =2.8, 8 =1.8,a; =0.1,a, = 0.3,b; =0.1, b, = 0.5,
£1=02,&=04,p=3.0and

0.5t, 0<t<1l,0<uc<l,

0.5¢ +246(u — 1), 0<t<l,l1<u<2,
ft,u)=

05t+246+2u—2), 0<t<12<u<12,

0.5t + 266, 0<t<l,u>12.

In addition, if we take & =1, r =2, ¢ = 12 and d = 22, then f(¢, u) satisfies the following

growth conditions:

Ft,u) < (dM;)"" ~ 328.408680, (t,u) € [0,1] x [0,22],
Flt,u) > (rMa)P ™' ~231.653244,  (t,u) € [0,1] x [2,12],

f(t,u) < (WM’ ~0.678530, (t,u) € [0,1] x [0,1].

Then all the conditions of Theorem 4.1 are satisfied. Hence, by Theorem 4.1, we see

that the aforementioned problem has at least three positive solutions u1, #; and u3 such

Page 10 of 12
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that

y(u) <22, i=1,2,3;
2 < w(uy);

1<¥(uy) with w(us) < 2;
and
w(u3) < 1.

6 Conclusions

The Avery—Peterson fixed point theorem is used to solve the problem of a kind of non-
linear mixed fractional differential equation with a p-Laplacian operator. Under certain
nonlinear growth conditions of the nonlinearity, we get the existence of multiple positive
solutions for the boundary value problem. Finally, an example is presented to illustrate the
effectiveness of the main result.
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