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1 Introduction
According to the principle of conservation of mass, the equation of continuity form is
given by

du(x,t)  0Q(x,t

usl) QWD _ i, (1.1)
at ox

where u(x, £) is the distribution function of the diffusing quantity, Q(x, £) is the diffusion

flux, and f'(x, t) is the source term. Then we modified the classical Fick’s law by

x b
Q(x,t):—ax)aa—x / 1<+<x,s)u(s,t>ds—0<x)aa—x / K_ (x5, &)ult, 1) de, (12)

where C(x) and D(x) are nonnegative diffusion coefficients, K, (x,&) and K_(x,&) are the
kernel functions defined by

1(+(x,%-):ﬁ(x_%-)—a, aféfx;
K_(%,6) = s —%)™, x<E<b,

l-«)

(1.3)
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where 0 < o < 1. Combining Egs. (1.1)—(1.3), we can get a one-dimensional two-sided
space-fractional diffusions equation [1]:

ou(x,t) 0 0%u(x, t) 0%u(x, t)
ot £<C(x) PR S T >+f et

a<x<b0<a<1lt>0. (1.4)

In this paper, we discuss the two-dimensional two-sided space-fractional diffusion equa-
tion as follows:

LD L (o™ Dy )
' a%(cy(w) 73%3(9;%% 2Dy —321%’35 t))
+fxyt), (xy) et>0, (1.5)
subject to the initial condition
u(x,9,0)=pxy), *y) e, (1.6)
and the zero Dirichlet boundary conditions
u(ay,y,t) =ulas, y,t) = ulx, by, t) = ulx, by, £) =0, £>0, (1.7)

where Q = (a1,a,) x (b1, by) is a rectangular domain, 0 < &, 8 < 1, C,(%, ), Dx(x, %), C,(, ),
and D,(x,y) are the nonnegative diffusion coefficients, f(x,y,¢) is the source term. The
%—xf"t), % (y = o or B) are respectively the left and right Riemann-Liouville frac-

tional derivatives [2, 3] which are defined by

97 u(x,y,t) 19 *u(s,y,t)
oxY T T(1-vy)dx v/a1 (x—s)Y ds, (1.8)

Vulxyt) -1 0 [ ulsyt)
I-x)y  T(l-y)ox /x (s —x)Y (1.9)

The definitions of %, dzz’_(—’;)yyt) are similar to the definitions of the x direction. As
we cannot easily get the explicit analytical solutions of the fractional equations, so many
researchers resort to their numerical solutions [4—10].

Moreover, a second-order method which combines the alternating-direction implicit
approach with the Crank—Nicolson discretization and the Richardson extrapolation for
the two-dimensional fractional diffusion equations was studied in [11]. Chen et al. [12]
studied preconditioned iterative methods for the linear system arising in the numeri-
cal discretization of a two-dimensional space-fractional diffusion equation. Chen et al.
[13] discussed the practical alternating-directions implicit method to solve the two-
dimensional two-sided space fractional convection diffusion equation on a finite domain.
Liu et al. [14] developed an alternating-direction implicit method for the two-dimensional
Riesz space fractional diffusion equations with a nonlinear reaction term. Zeng et al. [15]
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proposed a Crank—Nicolson alternating-direction implicit Galerkin—-Legendre spectral
method for the two-dimensional Riesz space fractional nonlinear reaction-diffusion equa-
tions. Feng et al. [16] presented a second-order method for the space fractional diffusion
equation with variable coefficient. Moroney et al. [17] developed a fast Poisson precondi-
tioner for the efficient numerical solution of a class of two-sided nonlinear space-fractional
diffusion equations. Chen et al. [18] proposed a fast finite difference approximation for
identifying parameters in a two-dimensional space-fractional nonlocal model.

However, less focus has been on the variable coefficients FDE in a conservative form.
The diffusion coefficient is generally space- or time- dependent in practical problems. In
the numerical aspect of these two-sided space-fractional diffusion equations in one di-
mension, Chen et al. [1] developed a fast semi-implicit difference method for a nonlinear
one-dimensional two-sided space-fractional diffusion equation with variable diffusivity
coefficients. Feng et al. [19] presented a new finite volume method for a one-dimensional
two-sided space-fractional diffusion equation. Feng et al. [20] discussed a fast second-
order accurate method for a one-dimensional two-sided space-fractional diffusion. To
our knowledge, the study on the finite difference method computation of these two-sided
space-fractional diffusion equations in two dimensions is limited. This motivates us to
develop the alternating-direction finite difference methods for this two-dimensional two-
sided space-fractional diffusion equation in this paper.

The rest of the paper is organized as follows. In Sect. 2, we begin with some notations
and properties. In Sect. 3, we present an ADI-implicit Euler method for this equation and
its theory analysis. In Sect. 4, we present an ADI-CN method for this equation and its
theory analysis. In Sect. 5, we present numerical experiments to check the accuracy of
these methods.

2 Notations and properties

For the numerical approximation of the implicit difference method, we define a uniform
grid of mesh point (x;, yj, tx), x; = a1 + ihy for i =0,1,...,Ny; ¥, = by + jhy for j=0,1,...,N,;
ty = kt, where I, = 1’1]\;—:1, hy = bZNy”, T are the mesh w1dth in the x—, y—, and the time
direction, respectively. Let C,',» = Ci(%1,9)), Dij = Dy(x;, %)), Ci/ = C)(x, %)), Di}' = Dy(x;, ),
fk i=f (%5, 9j» tr). Denote le u . to be the exact and numerical solutions at the mesh point
(%i,9j» tx), respectively. \X/e use the shifted left Griinwald formula and the standard right
Griinwald formula to approximate the left and right Riemann—Liouville fractional deriva-

tives, respectively [21, 22]. We have the following formulae:

07 u(xz)y}’ tk) 1 i
o, g

+O(h),
o H &

t+1 =5

8 (xl;y)tk k
U] 3 e+ O
130

where ¢ ( = a or B) are the normalized Griinwald weights [23]

w (-1)* (M)
s

The formulae of the y direction are similar to the formulae of the x direction.



Yin et al. Advances in Difference Equations (2018) 2018:389 Page 4 of 17

Lemma 1 ([23]) The normalized Griinwald weights gs(“ ) when 0 < <1 satisfy the proper-

ties:
mz%ﬁbm
(ii) go _1 ( <0forj=>1;
(iii) ijog/ >0 foranyn>1;
(iv) gt -g" =gt forj=1;
) Z:;'Zog/(“+1 <0foranyn>1.
Define the following finite difference operators:

1 i

k ()

Sa,xui,j = potl [Z(Ci,/gifl—s Ci l}gl s)u + CllgO z+11:|
1

s=0

Ny
1
(@) (@)Y, k
+ et |:Z(Di1:/gsfi+l _Di:/gsgi)usl
1

s=i

+ Dy gy uf 1,} (2.1)
1 [ ®) ®
‘ _ _
Spyi; = P |:Z(Ci,ig/+1—s - i'/*lgj—s)u + szgo l;+1]
2 s=0
1 [&
~ (B) A (B, k
h5+1 |:Z(Di,/—1gsj+1 - Di:/gs—j)ui,s
5=
+ Di,/—lg(()ﬁ)u{‘(,j—l] . (2.2)

3 ADI-implicit Euler method and its theory analysis
In this paper, we use the backward Euler scheme for the first-order time derivative. We

use the shifted left Griinwald formulae and the standard right Griinwald formulae to ap-
proximate the left and right Riemann—Liouville fractional derivatives, respectively [1, 20].

We get a discrete approximation for Eq. (1.5) at the mesh point (x;, y;, t):

k k-1 X

ui i ui j 1 3“”(95,3", t/() 3au(x;y‘, tk)
J J ] J
AR Colt, ) ——2 D,y — -
T h1 ( <) 0x“ (.3)) d(—x)~ xi-1

1 3P ulxir y, t) Fulxny i)\ &

%—CmJ————quJ————) o

h2 ( y y 3)/‘3 y y 8(—_)/)‘3 Y 5

We can obtain

k. — k1 i+l
i i
ha+1 |:<CU ng t+1—51 Dl/ ng t+s;>
Ny—i+l
_< i- 1}ng Ui -D; 1j Z gs Uy 1/>:|
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j+1 Ny—l
5+1 |:< ij ng Ujjy1-s — DU Z

Ny—j+1

_< iyj— 1ng Upjs = l/ 1 Z gs
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z}+s)
k
,/+s 1 ij*

After some rearrangements, the implicit finite difference equation is given by

k k-1 i+1
wij— Uy
T ha+l ’1 Zng - s;
i
() k
- Ci—1J§ &isUsj—
s=0

s=i—-1

j+1
hﬁ+l |:< ij Zgj-f—l - l,S

Ny
Dy g )
S=1
Ny
Diy, Z gs(fz?duf,j) :|
Ny
By e )
s

Ny
B), k Bk k
( ij—1 Zgj—s Upjs— iJ—l ng—j+luz’,s>:| tJije (3.1)
s=j-1
Equation (3.1) may be written as
i
k i (@)
2 et |:Z(Ci:/gifl—s -Ci llgz—s)” + Cugo l+1;j|
1 s=0
r [
() (@)Y, k (@) k
gy Y (Dirygh — Dijg))uk; + Dicv gy’ ui—l,j:|
1 L s=i
r [ (8) (B)
> k
- hﬁ+1 Z(Civ/gj+1—s ij— 1g/ s)u + C:]gO ,/+1:|
2 L s=0
[ i
™ (B) A B kT (B), k
- F Z(Di,j—lgs—/+1 _Di:/gs—j)ui,s +Dij 18y ui,j1:|
2 L s=j
Sl (3.2)
Combining Egs. (2.1)-(2.2), Eq. (3.2) can be written in the operator form
(1= T8 — T8py)uy; = s + Tff5. (3.3)

In the following proposition, we show that this method defined by Eq. (3.2) is consistent

with model (1.5) of the order O(t + k1 + h3).

Remark 1 The implicit difference scheme Eq. (3.2) can be rewritten as

i+1
(or+1)
ui,}' ha+1 |:Z(C‘l Ci 11)gl su51 + ch/gl+1—s U,

r [&
_W[Z( i-1j —

s=i s=i-1

]

(a+1) k
U)gs zus1 + ZDl 1j8s+1-i s,]:|
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j j+1
(B) k B+1)
ho{+1 |:Z Cl/ Cl/ 1)g1 —s Pi,s + chlgﬁl -5 ts:|

s=0 s=0

Ny
v > (B+1) K

- W |:Z(DU 1= Lt s T Z Dll 1gs+1—/ i,s

2

s=j s=j—-1
_ k-1 k
=u; +Tfi (3.4)

Theorem 1 The implicit Euler method defined by Eq. (3.2) is consistent with model
Egq. (1.5) of the order O(t + hy + hy).

Proof Equation (1.5) may be written as

du(x,y,t) 9 0% u(x,y,t) 0% u(x, y, t)
TERE 2 TEEDT 4 Culyy) e
9t = am G Gl —oh

9 %u(x, y, t) 0% u(x, y, t)

Dx ’ e, . _Dx bl T a/  ~No.1
ol —(Du(x,9)) T (07)— et

9 Pu(x,y,t) P u(x,y,t)

+ @(Cy(x,J’))T + Cy(x,y)W

9 Fu(x,y,t) P u(x, y,t)

=5y PN O DN o

+f(x,9,t). (3.5)

From Eq. (3.4), we obtain the local truncation error term.

U S
Ri,j = % ha+1 Z(Cl/ Ci 1])gz—s + Z Cl]gz+1—s sj
s=0

- N,
1 1

- W Z(Di—l,j _Dl':l‘)gs(fz? it Z Dl llgsf; i“s, i|
1

L s=i s=i-1

1 [&- - .
Tt Z(Cf,i—cf,i—lg, s +ZCllg/fl u, }

L s=0
1 [&
/3+1 k
_ s Z( ij-1 — t/gs, ls + ZD” 1g3+1_} :| f (3.6)
2 L s=j s=j-1

From Eq. (3.5), we get

k k—
o U= dutwy, 0
i = B
. ot

i

1[< (Cij=Cii1j) (@), 0 0%u(x, y, t)
— | ST U (Gl y)
h{ |:5=0 n Sims ™ ¥ Bx( e J/)) 0x®

k
ij

k
ij

i+1
0% L u(x, y, £)
a+1 N4
ha+1 |:z :Cl/ng s C ( ) dxatl
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k
ij

N,
1 [ Dicj—Dij) (4 ad %u(x,y,1)
1

= n ox 0(—x)x
3 u(x,y, 1) |
a+1) )

e {ZD, g U, — Do(x,y )W B

s=i—1 2
(Cl] Cl] 1) k a 3’3M(x,y,t) ,

-— —_— U C,(x%y)———F—

4 [; hy g y 7y (@) Wy

j+1 (/3+1 ﬁ+1u(x’y’ t)
hm Zcugm s G

k
ij

Ny = =
1 (Dij—l_Dij) B) 7 1k 8 3ﬁu(x,y,t)
- >RGP U - —(Dy ()
Wy [ <y "S+3y( )7) 3(-y)P

k
i

Therefore, the implicit Euler method defined by Eq. (3.2) is consistent with model Eq. (1.5)
of the order O(t + hy + ). O

k
ij

P U (x, y, t)
hﬁ+1 |:ZDZI 1gs+11 i,s Dy(x’)’)w

s=j—1

=0(t + Iy + hy).

One standard method in the multi-dimensional PDEs is the ADI methods [11, 24]. For
these methods, the difference equations are specified and solved in one direction at a time.
For the ADI methods, the operator form Eq. (3.3) is written in a directional separation

product form

(1 -184)(1 - tSﬁ,y)ufj R uk/ +1T l’;, (3.7)
which introduces an additional perturbation error equal to 72(84.35 y) .. Using Propo-
sition 4.1 in [11], we can conclude that the ADI-implicit Euler method is also consistent

with order O(t + h; + h3). Equation (3.8) can be written in the matrix form
STU* = u*' + tFk, (3.8)
where the matrices S and T represent the operators 1 — 78, and 1 — 78, and

k_ (kK k k k k
us= (ul,l’uz,l"“’uNx—l,l"“’ul,Ny—l’MZ,Nyfl’“"uNx—l,Nyfl)’ (3.9)

and the vector F¥ absorbs the source term and the boundary conditions in Eq. (3.9). Com-
putationally, the ADI method for the above form is then set up and solved by the following
iterative scheme at time #:

(1) First solve the problem in the x-direction (for each fixed y,) to obtain an intermediate
solution u}, from

1- r(Sa,x)uzq = uff;l +T i{‘q. (3.10)
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(2) Then solve in the y-direction (for each fixed x,) to obtain a solution uf;j from

(1—t8p,y)uy; = u (3.11)

qj°
From Egs. (3.11)—(3.12), we can compute the boundary values for u* from ”}tfx,j =(1-
rrSﬁ,y)uﬁ,x,j, and using the zero Dirichlet boundary conditions, we can get

Uy, = 0. (3.12)

Theorem 2 If C.(x,y) and C,(x,y) decrease monotonically along x and y, respectively;
Dy(x,y) and D,(x,y) increase monotonically along x and y, respectively. Each one-
dimensional implicit system defined by the linear difference Egs. (3.11)—(3.12) is uncon-
ditionally stable for all 0 < o, B < 1.

Proof At each grid point y,, for g = 1,2,...,N, — 1, consider the linear system of equa-
tions defined by Eq. (3.11). This Eq. (3.11) can be written as AqI:[;‘ = I:Ig’l + IFZI(, in-
corporating the boundary conditions from Eq. (3.13), where L_[;‘ = (u’f,q,u;q, . ..,u}“\,rl‘q),
Ff = (ff o f5 - SX,1), and for each y,, the matrix A, = [A;] for i =1,...,N, — 1 and
s=1,...,N, — 1 of coefficients is defined by

—rl(C,-,qgffi_s - Ci_l,qgl-(fs)), fors<i-1;

—r1(Cig8s = Ci148" + Dii1gl®), fors=i-1;
Ais=31-1r1(Ciyg™ = Ci1,8l”) = 11 (Di1,,8\” = Diygl), fors=i; (3.13)

_Vl(Ci,qg(()a) + Di—l,qgéa) - Di,qgia)); fors=i+1;

-n (D,'_ngs(i’?+1 - Di,qgs(ﬁ’?), fors>i+2,

here r; = ;1‘;7 Cx(x,y) decreases monotonically along x; D,(x,y) increases monotonically
along x. By Lemma 1 we have C;_;, > C;; > 0,D;;, > D;_1,>0(i=1,2,...,Ny), Ci, i =
Ci,qgf > C,',l,qg';" ,D,',ng;’il > D,-,ng]‘?‘ > C,»,qgf‘ (f > 2). Let 7; be the sum of elements along
the ith row excluding the diagonal elements A;;, then

N1
ri=n Z |Ais

s=1,s7i

i-2
=n |:Z(Ci,qu‘(f;_s - C,»,ngi(f‘s))

s=1

+Cigfy” = Ciorg@” + Dic1,48Y" + Cigs” + Di-1,485"

Ny-1
() () ()
- D& + § :(Di—l,qgsﬁm_Di,qgsft)j|

s=i+2

i i—1
o [(zg@ —g@) G (zggw —ggw) Cor
s=0 s=0
Ny—i Ny—i-1
_ (zgsw) —g;w)a,q . ( T g —gsw)al,q}
s=0 s=0
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i Ny-i-1
() (o)
=n |:ng(a) (Cig—Cing) +&"Cig+ Z &UDi-14 - Dig) +g]\([);iDi—1,qi|
s=0 s=0

-n (szqgia) - Ci,l,qg((;’)) —-n (Di—l,quX) - Di,qgéa))

<r (aC,',q + Ci—l,q + aDi—l,q + D,"q). (314)
We obtain

Aji=1- fl(Ci,qgia) - Ci,l,qg(‘,")) —-n (D,»,ngﬁ") - D,»,qg(()“’)

=1+ ry (O[Ci,q + Ci—l,q + OlDi—l,q + Di,q)' (315)

As7; < A;;— 1, matrix A, is strictly diagonally dominant, which guarantees the invertibility
of the matrix A, so Aq[[;‘ = L_Igll“1 + rFZI‘ is uniquely solvable. According to the Gershgorin
theorem [23], every eigenvalue A of the matrix A, has a real part larger than one, so the
spectral radius of each matrix A;l is less than one. This proves that Eq. (3.11) is uncondi-
tionally stable. At each grid point x,, for g = 1,2,...,N, — 1, consider the linear system of
equations defined by Eq. (3.12). This Eq. (3.12) can be written as Eq 0 g = ;» incorporating
the boundary conditions from Eq. (3.13), where I:[;‘ = (”5,11 u/;,z, e, u’;’NFI), and for each

%4, the matrix Eq =[Ej ] forj=1,...,N,—lands=1,...,N, — 1 of coefficients is defined

by
—rg(Cq,,ggff_s - Cq,j,lg;i)), fors<j—1;
—rg((_fq,jgéﬂ) - Cq,,»_lgiﬂ) + l_)q,j_lg(()’s)), fors=j-1;
Ejs = 11-12(Chigl” — Cpjorgd) — 12(Dyjrgl” — Dyygd), fors=ji; (3.16)
—r2(Cq,jg(()ﬁ) +Dq,j_1g§ﬁ) —Dq,jgi’g)), fors=j+1;
~rs(Dgj180),1 ~ Dgsgi))s fors>j+2,

here r; = hﬂ’ﬁ. Similarly, we can obtain that each eigenvalue A of the matrix f?q has a real
2

part larger than one, so the spectral radius of each matrix E;l is less than one. This proves
that Eq. (3.5) is also unconditionally stable. O

From Egs. (3.9), (3.11), and (3.12), the matrix S is a block diagonal matrix of (N, —1) x
(N, — 1) blocks whose blocks are the square (N, — 1) x (Ny — 1) matrices resulting from
Eq.(3.11). We can write S = diag(A1,A,, ... ,ANy_l). Similarly, the matrix T is a block matrix
of (N; — 1) x (N, — 1) blocks whose blocks are the square (N, — 1) x (N, — 1) diagonal
matrices resulting from Eq. (3.12). In addition, we may write T = [Ti,/], where each T; j is
Ny =1) x Ny = 1), Tjj = diag((EAl)i,/, (EAz),',j, e (ENx,l)i,j), where the notation (EAq)i,j refers
to the (i, j)th entry of the matrix Eq defined previously (see [24]). To prove the stability and
convergence of the ADI method, we need the following lemma. Let X = [x1,%,... Xl L

I X1l oo = maxy<j<m |%il.

Lemma 2 ([25]) If the matrix D = (d;j)mxm satisfies the condition

m
Z |dij| <di; -1,

I=1,1i
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then

[Xlloo < 1DXloo- (3.17)

To discuss the stability of the numerical method, we denote by izf‘] (1<i<N,-1,1<
0

ij

j < N, — 1) the approximate solution of the difference scheme with the initial condition i
(1<i<N,-1, 1§j§Ny—1),anddeﬁneel{(=uk —ﬁk,efzuk uk

ij i i ~ Yip
k_(k k k k k k )T
& =L N1, BN Eo Ny -1 EN LNy -1)
k_ (k k k k k k T
e —(‘31,1'62,1"'-»eNx—l,p--~’91,Ny—1»‘32,Ny—17-~~’3Nx—1,1vy—1) .

Theorem 3 If C,(x,y) and C,(x,y) decrease monotonically along x and y, respectively;
D,(x,y) and D, (x,y) increase monotonically along x and y, respectively. The ADI-implicit
Euler method defined by Eq. (3.9) is unconditionally stable and convergent, and there exists

a positive constant C > 0 such that ||e¥||oo < C(T + Iy + hy).

Proof First we consider stability of the ADI-implicit Euler method. From Eq. (3.9) and the

definition of eX, we have
STek = k1, (3.18)

By Theorem 2, matrix A, and matrix Eq satisfy the condition of Lemma 2. According to
the relationship between the matrices S and Aq, and the relationship between the matrices

T and E,, we can obtain that S and T also satisfy the conditions of Lemma 2.

le*lo = 1768 ) = 15T = " - (3.19)
Repeating k times, we have

"] = 1€°] (320

Therefore the ADI method defined by Eq. (3.9) for the two-dimensional two-sided space-
fractional diffusion equations is unconditionally stable. Then we consider the conver-
gence of the ADI method. According to Eq. (3.2) and the definition of X, we have STek =
¢! + TR  and €® = 0, where R* = (R |, R ,...,R}, | ,,. ..,R’l('Ny_l,Rlz‘,Ny_l, . ..,R;ﬁ,x_lyNy_l)T

and ||R¥||oo < Ci(t + h11 + 1), Cy is a positive constant. Using Lemma 2, we obtain
[ < 1T, < I5Te|, < [l + oRY| < [+ 12RY] . (3.21)

Repeating k times, we have ||eX||o, < kTCi(T + h1 + hy), 50 |0 < C(T + hy + hy), here

C =kt C;. Therefore the ADI-implicit Euler method defined by Eq. (3.9) is O(t + k3 + hy)

accurate. O
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4 ADI-CN method and its theory analysis
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A CN method for Eq. (1.5) may be obtained into the differential equation centered at time

tk-1/2 = 3 (t + tx-1) to obtain

kK _ ket .
Wij— Wi 1 ) 0% ulx, yj ti-1r2) Dux )3 u(x, yj, tie12) \ |
v\ T e P e )
1 P ulxi,y, tee1s2) P ulx,y te12) \ |7 "
+ =Gy ——— o = Dy y) —— e |
h2< Y\ 8yﬂ Y\ 8(—y)ﬂ - i
i+1 Nx—i
yk-1r2 k=1/2
s=0
i Ny—i+1
k-1/2 k-1/2
i (C"lvags(“ uy = Diay ) gs“)”fﬂ-l’f)]
s=0 s=0
j+1 Ny—j
k-1/2 k-1/2
hﬁ+1 |:( Uzgsﬁ) z/+1—s_ llzgsﬁ) z/+s )
Ny—ji+1
k = k-1/2 k-1/2
( bj= lzgsﬂ) Uijs = Dij-1 Z gs(ﬂ)ui,j+s1>:| +fi (4.1)
s=0

After some rearrangements, combining Egs. (2.1)—(2.

operator form

2), Eq. (4.1) can be written in the

(1 %(Sa Sﬁy)u <1+ — 8o 5;;3,) +tfk 112 (4.2)
For the ADI methods, the operator form Eq. (4.2) is rewritten in the following form:
1—38 8 1+ 8 1+£8 u +rk1/2 (4.3)
2 a,x By o,x 2 By ij ) .

which introduces an additional perturbation error equal to

k-1
ij

1
Z (f)z(aa.xaﬁ,y) (ufi] -

Similar to Theorem 1, we can conclude that Eq. (4.3) is

also consistent with order O(z2 +

hy +hy). Equation (4.3) can now be solved by the following set of matrix equations defining

the ADI method:
-1
) 2
. . T k-1
(1 - f&y)“u‘ = (1 " 28‘”‘)”;’ roh

The intermediate solution u:‘] should be defined carefu

(4.4)

(4.5)

lly on the boundary, prior to solv-

ing the system of equations defined by Eq. (4.4) and Eq. (4.5). Otherwise, the first-order
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spatial accuracy of the two-step ADI method outlined above will be impacted. This is ac-

complished by subtracting Eq. (4.4) from Eq. (4.5) to get the following equation to define

2u;; = ( S,Sy)u + (1 + Sﬁy)uk L (4.6)

ujj
Thus, the boundary conditions for ufl (ie,i=0o0r Ny forj=1,...,N,—1) needed to solve

each set of equations in Eq. (4.6) are set from

”3,; = ( 25ﬂy>uo, (1 + 25ﬁy)”0; =0, (4.7)
N A
Uy, = Sﬂy ”N; 1+ Sﬂy ule

=( 8,3,3,>MN] (1 + ‘Sﬁvﬂ')”Nx,/ (4.8)

The corresponding algorithm is implemented as follows:

First, solve the problem in the x-direction (for each fixed ;) to obtain an intermediate
solution .

Second, solve it in the y-direction (for each fixed x;) to obtain a solution uf j According to
the fact that the first step gives a set of N, — 1 linear equations, the system of the equations

may be written as

_ k-
(I-A)U; = Q! Ak (4.9)
where
uy = [”T,z’ g ”Xfx-u]’
Ny Ny Ny
k-1 k-1 k-1 k-1 k-1
Ql :|:ZBlvulv ’ZBZVMZV’ ’ZBNx—lqux 1v:|’
v=1 v=1 v=1
k-1 k-1 fk—% k-1 k-3
F, *= [ 1.0 Jal fo 21’fo 10— ANy- IXxMN l]
the matrix A; = [A;,] for i = oNy—1lands=1,...,N, — 1 of coefficients is defined by
C; (@) - C () f i —1;
1 i,q8i+1—s 1-1,qgi,s), ors<i ;
r1(Cig8y” = Cira@l” + Di14g8”), fors=i-1;
Ais = 1 11(Cigfl — Ciorggs”) + 11 (D148 — Diggs”), fors=i; (4.10)
rl(C,»,qg(()“) + Di,l,qgéa) - Di,qgﬁa)), fors=i+1;
1 (Di—1,qgs(fz+1 lqgs(al)) fors>i+2,




Yin et al. Advances in Difference Equations (2018) 2018:389

and the coefficients B;, for i = 1,..., N, — 1 are defined by

—fz(Cq,lgl(fi_S - Cq,zf1gl(ﬂs)) forv<I-1;
—Fz(Cq,lgéﬁ) - Cq,l—lgiﬁ) Dy 9, forv=1-1;
Biy=41- rg(Cq,;giﬂ) - Cq,l_lgo ) ~ro(Dyy- 1g1 - Dq,jg(()ﬂ)), forv =1
—Vz(Cq,zg((,ﬁ) + Dq,l—lgéﬁ) - q,zgl ), forv=1[+1;
—Vz(Dq,zf1gs(Z)+1 q,gs 1) forv>1+2.

Similarly, according to the fact that the second step gives a set of N, — 1 linear equations,
the system of the equations may be written as

N T ~Ak—=
(I -Byuk=0; + Eff 2, (4.11)
where
[”11’”12’ »”wy ]
Ny
k k
S A YA S }
1 k-1 1
Fl : fk fz re szy 2rf1kNr BNy 1NyulN 1]

the matrix B; = [Ej,v] fori=1,...,Ny—landv=1,...,N, — 1 of coefficients is defined by

”Z(Cq,j&'(fl)—s - Cq,j,lgfs)), forv<j-1;
—rz(Cq,géﬁ)—(_? - lgiﬁ)+l_) - 1g(’3)) forv=j-1;

B =11-n(C q/g1 - Cyj- 1g0 ) =r2(Dygjag” - Dyjgll"), forv=j; (4.12)
—rz(Cq,ng + D,M-_lg2 - q,jgl ), forv=j+1;
~r2(Dgj 18,1 ~ Dg,gi)), forv=j+2,

and the coefficients A,;V forj=1,...,N, — 1 are defined by

—rl(Cz,qg,(ﬂ,s - Cl—l,qgl(i)); for V<I-1;
—rl(Cl,qgéa) - i_l,qgia) + D,-_ngéa)), fors=1-1;
Ajy=11-r(Crg® - C1ig®) + r1(Dii1,8” - Diygl®), fors=1; (4.13)
—rl(C;,qg(()a) + Dl_llqgé -D qg(a)) fors=1+1;
- (Dl_l,qgs(f‘ﬁ1 - Dl,qgs_l), fors>1+2.
Equation (4.2) can be written in the matrix form
I-8)I-T)Ur=(U+S)U+T)U" + FF-172, (4.14)

where the matrices S and T represent the operators 1 — 784, and 1 — 738g,, which are
matrices of size (N, —1)(Ny—1) x (N~ 1)(N, — 1), F*-1/2 absorbs the source terms f¥/2 and

Page 13 of 17
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the boundary conditions in the discretized equation, and U* = (u}7!,u47!,..., UK 1

”lﬂ\}y_p”lz(jx}y_pm’”;{v;l_l,z\zy_l)- From Egs. (4.9), (4.11), and (4.14), the matrix S is a block
diagonal matrix of (N, — 1) x (N, — 1) blocks whose blocks are the square (N, — 1) x (N, —
1) matrices resulting from Eq. (4.9). We can write S = diag(A1,As,...,An,-1). Similarly,
the matrix T is a block matrix of (N, — 1) x (N, — 1) blocks whose blocks are the square
(N — 1) x (N, — 1) diagonal matrices resulting from Eq. (4.11). In addition, we may write
T =[T;;], where each T;; is (N, — 1) x (N, —1), T, = diag((BAl)i,,», (l§2)i,,», . (l:‘)’Nx_l),»,j), where
the notation (BAq),-,j refers to the (i, j)th entry of the matrix éq defined previously.

Theorem 4 If C,(x,y) and C,(x,y) decrease monotonically along x and y, respectively;
D,(x,y) and D,(x,y) increase monotonically along x and y, respectively, and the matrices S
and T commute, then the ADI-CN method defined by Eq. (4.14) is unconditionally stable,
and the ADI-implicit Euler method defined by Eq. (3.9) is O(t? + hy + hy) accurate.

Proof From Theorem 2, if 7; is the sum of elements along the ith row of the matrix A;

excluding the diagonal elements A;;, we have

ri < =Ag;
According to the Gershgorin theorem, the eigenvalues of the matrix A; lie in the union
of the disks centered at A;; with the radius Z;n:f,‘l;zi |A;v|; therefore, the eigenvalues of the
matrix A; have negative real parts. Similarly, the eigenvalues of the matrix B; have negative
real parts. Since S = diag(A1, Ay, ..., Am,-1), the eigenvalues of the matrix S are in the union
of the Gershgorin disks for the matrices As; therefore, every eigenvalue of the matrix S
has a negative real part. Similarly, every eigenvalue of the matrix T has a negative real
part.

Because the matrices S and T commute, if A1, A, are eigenvalues of matrices S and 7,
respectively, we can obtain % is an eigenvalue of the matrix (I — S)™(I + S)(I -
T)™'(I + T), thus the spectral radius of matrix (I — T)"*({ — S)"'(I + S)(I + T) is less than
one, then the ADI-CN method defined by Eq. (4.14) is unconditionally stable. Therefore,
according to Lax’s equivalence theorem [26], the ADI-implicit Euler method defined by

Eq. (3.9) is O(z2 + hy + hy) accurate. (I

Remark 2 (Richardson extrapolation) The extrapolated solution is computed from

Ut xy = zutk,x,hl/Z,y,hz/Z — Uty by yhyr

where (x,y) is a common grid point, and #y xn, yhys Uiy xh /2942 denote the ADI-CN
method solutions at the grid point (x,y) on the coarse grid (/41/2, h,/2) and the fine grid
(h1/2,hy/2), then we can get O(t? + h? + h3) accurate.

5 Numerical examples

In this section, we carry out numerical experiments to demonstrate the effectiveness of
the ADI methods.
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Example The following two-dimensional two-sided space-fractional diffusion equation
was considered:

du(x,y,£) 0 %u(x,y,1) %u(x,y,1)
- L. = Cx J) T o _Dx J) T o N
ot 8x( o —5a S e

9 3P u(x, y,t) 0P u(x,y,t)
+ 5 (Cy(x,y)T - Dy(x,y)w) +f(%,9,1),
0<x<1,0<y<1,0<t< Tenq, (5.1)
where Tenq is the end time. The nonnegative diffusion coefficient C,(x,y) = F(F‘L(;;") - (=x),
Cy(x,9) = F(Fg(;f) - (=), Dy(x,y) = % “(x=1), Dy(x,y) = Fl(féf)(y —1). The source term

f(x,9,¢) is given by

floyt)==3e (2 -2°) (y - %) + {2 - B[y P -1 - 9" F]-2B3-B)[y**

S ) + {3 200

-3¢ -a)[«* + (1 -] - Wu —x)l }ef‘f(y -), (52)
which satisfies the initial function
$x,9) = (" =) (y-5?), (5.3)
and the zero Dirichlet boundary condition is
u(0,y,t) = u(1,y,£) = u(x,0,£) = u(x,1,¢) = 0. (5.4)
The exact solution to this problem is
ux,y,t) = e (x* = 5°) (y - 7). (5.5)

Table 1 shows the maximum absolute numerical error and temporal convergence or-
ders for the ADI-implicit Euler method with Te,q = 1. From this table, we see that the
convergence order of the scheme is O(t + /1 + h3).

Table 2 shows the maximum error and temporal convergence orders for ADI-CN ex-
trapolated solution with Teng = 1. From this table, we see that the convergence order of
the scheme is O(t2 + h? + h3).

Table 1 Maximum errors and temporal convergence orders for the ADI-implicit Euler method with

Tend =1
At=hy=hy a=064=08 a=07,6=09

Maximum error Order Maximum error Order
1/10 4.8003e-3 - 1.7678e-3 -
1/20 2.6007e-3 0.885 8.8503e-4 0.999
1/40 1.3000e-3 1.000 44357e-4 0.996
1

/80 6.7261e-4 0.956 2.2553e-4 0.976
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Table 2 Maximum errors and temporal convergence orders for ADI-CN extrapolated solution with

7Vend =1
At=h;=h, a=068=08 a=07,8=09

Maximum error Order Maximum error Order
1/5 3.7326e-3 - 9.4226e-4 -
1/10 9.3601e-4 1.996 2.3674e-4 2078
1/20 2.3732e-4 1.980 5.5934e-5 2.081
1/40 5.9725e-5 1.990 1.4838e-5 1914

6 Conclusions

We use the shifted left Griitnwald formula and the standard right Griinwald formula to
approximate the left and right Riemann-Liouville fractional derivatives, respectively; we
present an implicit Euler method and a CN method for the two-dimensional two-sided
space-fractional diffusion equation. Two methods both combine with the ADI method to
obtain unconditionally one-order accurate and two-order accurate finite difference meth-
ods.
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