Fang and Song Advances in Difference Equations (2018) 2018:139 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-018-1580-4 a SpringerOpen Journal

RESEARCH Open Access

CrossMark
Existence results for fractional order
impulsive functional differential
equations with multiple delays
Huiping Fang' and Mingzhu Song?’
“Correspondence:
wyfwywyf@126.com . Abstract
C%ﬂgif;g&gﬁ%gﬁ? In this paper, we study the solution of impulsive fractional differential equations with
University, Tongling, PR. China multiple delays by using the nonlinear alternative of Leray-Schauder and the Banach
Full list of author information is fixed point method. Also, we prove that the equations have at least one solution or

available at the end of the article . . . . " .
unique solution with certain conditions. In the last part, we give two examples to

illustrate the usefulness of the main results.
MSC: 34A34

Keywords: Fractional order functional differential equations; Impulsive; Fixed point
theorem

1 Introduction

With the development of fractional calculus and the requirement for field applications
of physics, mathematics, and chemical engineering, fractional differential equations have
attracted great interest in recent years (see, for example, [1-8]).

Based on the nonlinear alternative of a Leray—Schauder model, we have considered and
cited previous studies on the existence of solutions of fractional differential equations for
investigating the existence and uniqueness of fractional functional equations. Zhou et al.
have already used Krasnoselskii’s fixed point theory to study the existence and uniqueness
of fractional function equations [9, 10]. Some researchers have studied fractional order
impulsive differential equations and discussed the existence solution of nonlinear func-
tional differential equations with multiple delays [11, 12]. Many authors have investigated
the existence solutions of fractional function equations with impulse [13-18]. However,
there are few studies on the existence of fractional order impulsive functional differential
equations multi-delays. The recent development of the theory of fractional differential
equations has already affected the present research.

In this paper, we should study the solutions of impulsive fractional order functional dif-

ferential equations with multiple delays as follows:

Dx(t) = f(t, ) + Y b x(t—r), te]=[0,blt#t,
Axliy = Ix(8)), k=1,2,...,m, (1.1)
x(t) = ¢(t), tel-7,0],
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where p € {1,2,...}, T = max;<;<,{ri}, f :J x 2 — X is a given function, where € is a phase
space defined in preliminaries. 0 = fg < t; < -+ -ty < byy1 = b, Iy € C(X,X) (k=1,2,...,m)
are bounded functions. Ax|s.-;, = x(tf) — x(¢;), x(¢;) and x(t;) represent the left and right
limits of x(¢) at ¢ = &, respectively. We assume that the histories x; : [-7,0] = X, x,(s) =
x(t +s), s € [-7,0], belong to an abstract phase space .

In this paper, we prove the existence and uniqueness of the solution. The idea of the
paper is as follows. In the second part, we give preliminary facts and definition. In the third
part, we prove the existence of solutions. In the fourth part, some examples are given to

illustrate our main results.

2 Preliminaries
In this section, we give some basic definitions, notations, and results which are used
throughout this paper.

Let C(J, X) be the Banach space of continuous functions x from J into X with the norm
[I%]l o = sup{x(£) : £ € J}, and we introduce the spaces:

Q= {w : [-7,0] = X such that v (¢) is measurable and bounded},

and define ||{/ ||q by

[¥lle= sup |(s)

s€[-1,0]

, Yy eQ.

We consider the space

PC = {x: [0,b] — X such that x; € C((tk,tk+1],X),there exist x(t;;) and x(t,:)

with x(t) = x(t,;),xo =¢peQ,k=0, 1,...,m}
to be a Banach space with the norm
lcllpc = max{ [l k = 0,1,...,m},

where x; € Ji = (&, ti1), k=0,1,...,m.
Set

Qp = {x: [-7,0] > X\x € PC(J,X)N Q},
and let || - ||, be a seminorm in €2, defined by
lxlls = I ¢llc + sup{|a(s)| :s € (0,8}, x € 2.

Definition 2.1 The Riemann-Liouville fractional integral operator of order o > 0 of a
function f € C,,, u > 1, is defined as

o _L ! _ -l
0= 505 /0 (t—35)""f(s)ds, t=>0.
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Definition 2.2 The fractional derivative of f(£) in the Caputo sense is defined as

DO = f@ Sy s) ds,
wheren—-1<a<n t>0,feC”.

Definition 2.3 The function x € 2, as follows:

¢(0)+ fo (t—s)* 1f(s,xs)als+ Ly s —r)*x(s) ds
+ T f (t s— )% 1¢3(s)a’s, te[O,tl],

(t1)+11(x(t1 ))+ ftl (t=s)*Lf (s,%5) ds
+ g 2 tj’;(t s—r)*x(s)ds, telt,t);

x(t) = (2.1)
x(t,,) + Ln(x(8,) + 7y /tm (t =) (s,x5) ds
s YL [T (= s—r) Ma(s)ds,  t€ [t b

+
¢(t)7 te [_7:1 0]’

will be called a solution of system (1.1).

For proving the existence of solution of system (1.1), we need to provide the following
lemmas.

Lemma 2.1 Foro €(0,1] and 0 <a < b, we have |a° —b°| < (b-a)°.

Lemma 2.2 (Holder’s inequality) Assume thatp,q > 1,and }7 + é =1.Ifle L*(J),m € L1()),
then for 1 < p < oo, lm € L}(J) and Imllpgy < Wlizegyllmllzag)-

For measurable functions m : ] — R, define the norm

(J; ImoP ), 1<p<oo,

7]l o
nf, G {sup,e;_j Im(@)l},  p= o0,

where 1.(]) is the Lebesgue measure on J. Let L”(J, R) be the Banach space of all Lebesgue
measurable functions m: ] — R with ||m||»¢) < c0.

Lemma 2.3 If X is a Banach space, U C X is convex with 0 e U, and F: U — U is a
completely continuous operator, then either

(i) theset E={xe€ U:x=MF(x),0< A < 1} is unbounded, or

(i) F has a fixed point.

3 Main result and proofs
In this section, we give the main results on the existence of solutions of system (1.1).
Firstly, to establish our results, we add the following conditions:
(H;) The map f:] x  — X is said to be an L!-Caratheodory map if
(i) t— f(¢ u) is measurable for each u € Q,
(i) u# — f(¢,u) is continuous for almost all £ € /,
(iii) for each r >0, there exists /4, € L1(J, R*) such that ||f (¢, u)|| < k,(¢) for all
ll#|lq < r and for almost ¢ € ].
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(Hy) If & w)) < pt)¥(||lulle) for almost all £ € J and all u € , where p € L'(J,R,) and

W : R, — (0,00) is continuous and increasing with

173 00
f m(s)dss/_ G
th—1 Ni_1 (S)+S

where

o

o B qb B
No=v(0)=llgplle + =——lplle,  Nicr= sup  |[Lea()| + My,
[ +1) x€[~Ky_2,Ki_o]

- %Ki k1
Ny = Ny + L& 2k2 Mk_;,:r;_11</ m(s)ds>, k=2,...,m+2,
Mo +1) s

and

Ko = max (Mo, l9]l2), Ki = max(Ki_1,Ky), k=1,...,m+1,

B b qb*
m() = max{ Mo + l)p(t)’ Mo +1) }’

z ds _
F/(_l(z)zﬁ v , z>Ni,kel{l,2,...,m+2}.
N, Y(s)+s

(H3) The functions Iy : X — X are continuous, there exists a constant dj such that
X)) <di, k=1,2,...,m, forall x € X.

(Hy) There exist a constant 8 € (0,«) and a real-valued function /() € L%(] ) such that
W& @) —f& )|l <I®t)llp — ¥|lq for almost every ¢ € [0,b] and all ¢, ¢ € Q2.

(Hs) There exist positive constants ¢, kK = 1,2,...,m, such that || (x(£;)) - L(yE)) <
ck|le —y|| for each x,y € X.

Next, we give an existence result based on a nonlinear alternative of Leray—Schauder

applied to a completely continuous operator.

Theorem 3.1 Assume that conditions (Hy), (H,), and (H3) are satisfied, then system (1.1)

has at least one solution.

Proof The proofis carried out in the following steps.

Step 1: Consider the following problem:

Dx(t) =f(t, %) + > x(t—r), te]=1[0,t],

(3.1)
x(t) =¢(t), te[-1,0].
Define the operator F : Q; — €, by
$0) + my Jo =9 (s,x0) ds + w5 Xy fo "t =5 — )" x(s) dis
FO@O) =1 + g 2 [, (t—s—r)*p(s)ds, tel0,4], (3.2)

o), tel-t1,0]

Claim I: F is continuous.
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Let {x,} be a sequence such that x,, — x in €, . Then, for ¢ € [0, ], we have
|Lf(s,xm, ) = f(s,x5) || <€ n— o0,
because f is continuous, for all ¢ € [0,¢;], we have
|F(x)(£) = F(x)(2)|

e
SF(“)/o(t s) Lf(s,xns) f(S,xs)|ds

q t-r;
ﬁ ;/o (t—s—ri)“_lyx,,(s) —x(s)’ds.

Since f is L'-Caratheodory, we obtain F is continuous.

Claim 2: F maps bounded sets into bounded sets in €2;,.

For any r > 0, there exists / > 0 such that, for each x € B, = {x € Q,, ||x|| < r}, we have
IFE) <1

For each ¢ € [0, ], we get

EG)0)] < |60)] + ﬁ / (6= (s, | ds
F(a) Z/ (t—s—r)*" 1|x(5)|a,'s

' )Z/ (=5 - )" |p(s)| ds

qb* qb*r |
T(a + )”‘z’”Q Ta+l) F(a+1)

= l¢la+ | (&)] 1=

Claim 3: F maps bounded sets into equicontinuous sets in €2, .
Let B, be abounded set of ;, asin Step 2. Then, for each 51,5, € [0,£1], 51 < 52, we obtain

| EGe)(s2) - F)(s)|

= ﬁ Hhr(t) “Ll (/81 2(52 - 5)0(71 ds + ](; 1[(82 - S)OF1 - (51 — S)ot—l] ds)

r q so—r;
+ — (/ (sy—s—r)*tds
re S\

+ /0 - i[(sz —s—r)* o (sg—s— r,»)"‘_l] ds)

3110l 2 3qr
5[ e+l T+ 1)](2 s

If s, — 51, then ||F(x)(s2) — F(x)(s1)|l = 0. According to a consequence of Steps 1-3,
and together with the Arzela—Ascoli theorem, we can deduce that F is continuous and
completely continuous.

Claim 4: (A priori bounds).
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Let x be a possible solution of the equation x = AP(x) with A € (0,1). Then, for each
t € [0,t;], we have

a-1 i a-1
|x(t)|§¢3(0)+ e )/ (t-3s) f(s,xs)ds+m2/ (t—s—r)* " x(s)ds
a-1
* T )Z/ (t—s—1)*"Lp(s)ds.
By (H3), we have
0] <161+ 10l s s [ PO (Il ds s s [ o]

Let us define w(t) as
o(t) = sup”x(s)‘ T <s< t}, 0<t<t.

Then we have

o

q
Mo +1)

o(®) < Illa + Illa + /0 () (W (0(s)) + ls)) ds.

Let us take the right-hand side of the above inequality as v(£). Then we have

v(0) =l¢lle + =——= ( ) I¢lle, o) <v(®), t€[0,4]

and
V' (6) < m(t)(V(0(0) + o(t), te(0,4].
Using the nondecreasing character of W, we get
V') < m@) (¥ (v(®) + v(), tel0,n]

Then, for each ¢ € [0, £;], we have

u(t) d
Fl(v(t)):/(o) / m(s)ds</ \I/(s)s+s

This implies that v(£) < 0o. So, there is a constant K such that v(£) < I'7( f D n(s) ds) =
Moy, t € [0,11]. So, [x:]le < w(t) < u(t) < My, t € [0,1,], then||x|loc <max{||$|lq, Mo} = Ko.

Step 2: Consider the following problem:

Dx(t) =f(t, %)+ Y b x(t—1), telty, b,
x(87) = 2(t7) + L (x(87)), (3.3)
x(t) =x,,-1(8), te[-1,t]
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Define the operator F; : Q;, — Q, by

x(t7) + L&) + w55 [y, (6= )7 f (5, %) ds
P =+ o fo i =s—r)Tx(s)ds, telh,b), (3.4)

x(tf) = x(t7 ) + I (x(27)).

As in Step 1, we can show that F; is continuous and completely continuous if x is a
possible solution of the equation x = AFx for some X € (0,1).
Note that

’x(t{)|§ sup |Il(r)’+1(0:=N1

re[-Ko,Ko]
and
O] <Ny + F( 72 ), n(t—s—ri>“-1|x<s>|ds+ @ / (6= |f(s,)| s
F(a) Z / (t—s—r)* " |x(s)| ds
<N+ T ) =t )|+ —— t(t—s)"‘_llf(sx)|ds
= {N] ( 1) 1 1 i F( ) Vs
F(a )It t1 —r;|® / |x(s)|ds
By (H;), we have

qt°Ky b ft qb® /t
N, W (|2 d ds.
o] <8+ T o limin) dor 2 [ o]

Let us define w(t) as

w(t) =sup{|x(s)| : -1 <s<t}, 0=<t=<n.

Then we have

w(t) <Nj + /tm(s)(\l—’ (a)(s)) + a)(s)) ds

t1
Let us take the right-hand side of the above inequality as v(t). Then we have

qt® Ky
MNa+1)

c=Nj + w(t) <v(t), telt,t]

and

V' (6) <m@)(V(0(t) + o), telt,bl.
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Using the nondecreasing character of ¥, we get

V() <m(t)(V(v() +v(8), telt, bl

Then, for each ¢ € [t1, t,], we have

u(z) ty o9
Iy (v(2)) = / s _ / m(s) ds < f ds
o) V() +s T Uy it W(s) +s

This implies that v(¢) < co. So, there is a constant K; such that v(£) < I';}( fttlz m(s)ds) =
My, t € [t 12]. So, |lxelle < w(t) < v(t) <My, t € [t1, 1], then ||x]loo < max{Ko, M1} =K.
Step 3: We continue this process and take into account that x,, := x|, 4] is a solution to

the problem

Dox(t) = f(t, %) + Y b x(E—11), t€E [ty D),
x(Ey,) = x(t,) = Ln(Xm-1(£;,)), (3.5)
x(t) = xm-1(8), tE€[-T,Lm).

The solution of system (1.1) is then defined by

xo(t), te [_T)tl]r
x1(t), tel(t,tal,

x(t) =4 .

X(t),  te(ty bl 0

Next, we should use the Banach contraction principle to prove that F has a fixed point.

Theorem 3.2 Assume that conditions (Hy) and (Hs) hold, then system (1.1) has a unique
solution on ], provided that the following inequality holds:

1 [(1-B\"" .., TR
%Ka_ﬁ) hb +—] ch<1 h_</0 Z(S)ﬂds>.

Proof Let F be the function defined by (3.1), then F : 2, — €, is well defined according
to Theorem 3.1.
For every x,y € Qp and ¢ € [-7,0],

|F@@) - EG@)] = |o@-v@] =0

For each ¢ € [0, #], from conditions (H,) and (Hs), we have
|F(x(6) - F(y(@) |

o /O (=9 (Fls,) — f 30 ds

1 & H.
PN AR R
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F(a) /(t 9 dsllx, — ysla

1 & t-r .
T(a) —-s—r)""d. -
a)zfo (¢ =5 =r)"" ds]lx(s) y(s)HH

1 t a-1 1+ 1 ba
S[W(/o (-9 f‘d) (/ Is)? ds> +m]llx(s)—y(s)||

1 1-8 1- s 1
= %[(O{ —,3) ht; Py ;1:| ”x(s)—y(s)”

Similarly, for each ¢ € [¢, txs1], k=1,2,...,m, we have

|F (@) - ( 0)]
1 =) (f(s,%5) = £ (s,95)) ds

F
ﬁ2/<> R

O 5 (8)) - e (0(5) |
k=1
1 ! a-1
s@/() (£ =5 1(s) dislxs - yslle

q t-r; a
ﬁ ) /0 (=5 = |69 =50 + el

- 1 t w1 1% 1-8 b 1 B
[y ()

b+ 5t ;ck} [4(s) =¥
1 1-g\""
(e

Therefore, F is a contraction operator. Hence, F has a unique fixed point by the Banach

contraction principle, that is, system (1.1) has a unique solution. g

(Hy) There exists a positive constant / such that ||f (¢, ¢) —f(t, ¥)|| < ||¢ — ¥ || for almost
every t € [0,b] and all ¢, ¥ € Q.

Corollary 3.1 Assume that conditions (H,) and (Hs) hold, then system (1.1) has a unique

solution on ] provided that the following inequality rl+;+1 + 3 oy ek < 1 holds.

4 Examples

In this section we provide some examples to illustrate the usefulness of our main results.
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Example 4.1 We consider the first fractional impulsive system as follows:

D*x(t) = 1L (" x(t + 0)dO? + x(t - 1), te)=[0,1]t#t,

Ax|i—yy = L (x(2))), (4.1)
x(t) = ¢(t)’ te [_1) O]:

where f(t, V) = ﬁ(f_o1 Y(0)do):, a = 1, 1 € (0,1). Set p(t) = 11z, V(x) =& + 1, then
fty) < 15V (lylle), y € 2, t € 0,1, f, m(t)dt = ﬁ < JsS 5+ du=2.So, all the as-

T+t uturk
sumptions in Theorem 3.1 are satisfied, our results can be applied to problem (4.1).

Example 4.2 We consider the second fractional impulsive system as follows:

D*x(t) = 7o ([0 x(t +6)d6) +x(t = 1), te]=[0,1],t#t,
AX|p=gy = Li(x(£])), (4.2)
x(t) = ¢(t)’ te [_1) 0]:

where £(t, 1) = 1o (/% w(0) d0)%, o = 1, L(x(£7)) = 3, 11 € (0,1), then ||f(£,5) — f(£,7)]| <
ﬁ llx —yll, Y,y € Qp, (1—11 + 1)@ +0= % < 1. So, all the assumptions in Corollary 3.1

are satisfied, our results can be applied to problem (4.2).

5 Conclusions

In this paper, we use the nonlinear alternative of Leray—Schauder and the Banach fixed
point theorem to prove the existence and uniqueness of solution for the fractional order
impulsive functional differential equations with multiple delays.
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