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1 Introduction

Fractional calculus was introduced by Liouville and Riemann. The concept of non-integer
calculus is a generalization of the traditional integer-order calculus that was mentioned
by Leibniz and L'Hospital. Fractional calculus is a rapidly growing area with many appli-
cations in diverse fields ranging from physical sciences, engineering to biological sciences
and economics.

Fractional mathematical modeling and fractional differential equations theory arise nat-
urally in applications; see [1-7] and the references given therein. Fractional Langevin
equations (i.e., equations involving two fractional derivatives with fractional initial con-
ditions) are used to describe stochastic problems in physics, chemistry and electrical en-
gineering, and the existence and stability results for these equations were considered in
[8-23] and the references given therein.

In [24] the authors gave a local stable manifold theorem near a hyperbolic equilibrium
point for planar fractional differential equations by considering the Lyapunov-Perron op-
erator via the asymptotic behavior of the Mittag-Leftler function. In [25] a reliable strategy
to approximate the local stable manifold near a hyperbolic equilibrium point for nonlinear
fractional differential systems is presented and, using the fractional Hartman-Grobman
theorem, the local behavior near a hyperbolic equilibrium point is investigated. In [26] a
local center manifold result for fractional ordinary differential equations is given. In the
literature stable manifold results for fractional Langevin equations are still very limited. In
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[27] the authors consider center stable manifolds for planar fractional damped equations
involving two Caputo fractional derivatives with zero and first derivative initial condi-
tions which act on two-dimensional vectors with one order belonging to (1,2), the other
belonging to (0,1).

In this paper, motivated by [14, 16, 24, 25, 27], we study local center stable manifolds of

fractional Langevin equations of the type:

“Dp, (‘D x(0) + Ax(e) = h(x(0), 1), =0, "
x(O) =0= (O!O)Tr [CDS,tx(f)]t:O =x= (x3vx4)Ty
where “Dj, and “D}), denote the Caputo fractional derivative of order u, v € (0,1) with the

lower limit zero (see Definition 1.1), 0 <  + v < 1 and A = diag(Ay, A5) with 41 >0, 4, <0
and h(x, t) = (hi(x, £), ha(x, £))T. The function 1 : R? x R, — R? satisfies

| A, 0) = by, 0| < b()llx -yl ()

for all [lx||, [lyll < r with A(0,t) = 0, lim,_,o l,(r) = 0, where || - || = [|(, )| = max{| - |,] - [}.
Note for (1), two different order derivative are involved, and from [17, Theorem 3.3] we

can rewrite “Dfy,(“Dy x(t)) as “Dy; "x(t).

Definition 1.1 (see [1]) The Caputo derivative of order y for a function @ : [0,00) — R
can be written as ‘D) ,w (¢) = D} (o (¢) — "o %w(k)(O)), t>0,N-1<y<N,N =

1,2,...,where ®:Dj & denotes the Riemann-Liouville derivative of order y with the lower

limit zero for a function @, which is given by D ,w (¢) = F(n;_w j—; f(f ( t_f)’}fi)l,n ds, t>0,
N-1<y<N,N=1,2,....

From [16, Lemma 2.8], taking the Laplace transform of the Caputo fractional derivative

and the inverse Laplace transform of the functions, the solution ¥/ (-, 0, %) of (1) is given by

W(t, O,E) = IE/J,+u,v+1 (_tl“.uA)tvx

¥ / (£ = ) By (- — ) A)( (5, %, %), 5) ds. 3)
0

Next, we give the definition of a local center stable manifold.

Definition 1.2 By a local center stable manifold of (1), we mean the set of all small x for
which the solution of (1) is bounded on R,.

For some certain X, the solution’s limit of (1) is zero when the time variable tends to
infinity.

Let Xo (R, Y) be the Banach space of all continuous functions from R, into a Banach
space Y with the norm ||z||» = sup{||z(¢)||y : £ € R,}. We adopt the ideas in [24, 27] and
construct a suitable Lyapunov-Perron operator

LP = (LP1, LP2): Xoo (R, R?) = Xoo (R4, R?) (4)
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as follows:

Epl(n)(t) = E;L+v,v+1 (_ﬂ“—u)\l)tuxS

+ /0 = VB (== 92 (0(6), ) s,
and
LPA0E) = ~2) F By (03 [ exp(—-) 5065
+ /0 (= By (= =V 20) 1 (1(5), ) s,

Then we show that the local center stable manifold of (1) can be characterized as a fixed
point of the above Lyapunov-Perron operator LP and the fixed point is bounded.

The rest of this paper is organized as follows. In Section 2, we give some fundamental
estimates related to Mittag-Leffler functions, and in Section 3, we present the main result
of this paper concerning center stable manifolds. An example is given to demonstrate the
application of our main result.

2 Integral estimates related to Mittag-Leffler functions

The following explicit estimates of Mittag-Leftler functions are useful in the sequel. One
can use the integrable expansion of Mittag-Leffler functions [28, Theorem 2.3] and adopt
the ideas in [24, Lemma 3] to derive explicit estimates of Mittag-Leffler functions (for
more details, we refer the reader to [29, Lemma 2.5]).

Lemma 2.1 (see [29, Lemma 2.5]) Let A > 0 be arbitrary. For any « € (0,1], 8 € R and
B <1+ a. Denote m(a, 8, 1) = max{my(a, 8, 1), my(, B, A)}, where

| sin(B)| fooo P exp(—ré)dr

sin(ra)raA?

ml(a’ﬁr)‘) =

’

Isin(r (B — )| [ 7 exp(—r)dr

my(a, B, A) =
2@ B.2) sin?(ra)roA

(i) Forallt>0,we have

_ my(o, B,A)  my(a, B,A)
|tﬂ lEa’ﬁ (_)\'ta){ = ;2a—ﬁ+1 2t0t—/3+1

1 1
§m(a,ﬂ,k) m + W .

In particular, we have

m(a, o, \)

|t B u (—22%)| < vy

’

< m(a,l,k).

B (20)] =



Wang et al. Advances in Difference Equations (2017) 2017:335 Page 4 of 15

(ii) Forallt> 0, we have

_ 1 18 1 mi(a, B,X)  ma(a, B, 1)
ﬂ 1 — o o
‘t E“,ﬂ ()‘ta) - o A exp(k t)‘ = t2a-p+1 + toa—p+1

IA

1 1
m(ot,ﬂ,)») m + W .

In particular, we have

1 14 0, A
B (147) - 12 exp(xét)‘ < M)
o 1 L | mle,1,h)
Eq (A2%) - exp( t)‘ < —Q

Remark 2.2 Note that m (o, 8,1) =0 if 8 = 1. Then m(«, B, 1) = ma(c, B, 1) if B =1. The
previous results in [24, Lemma 3] are special cases of the above lemma.

Lemma 2.3 For X > 0, define

—n Epvvpn(d)
P(,U-; v, )\) = max{ sup E;L+v,#+u+1(z)r}\ pry E;ﬁv,vﬂ(}\)’ A + AR ]Eﬂ+v,v+1()‘-)}'
z€[-2,0] Kty

Then, for any function g € Xo(R,,R), the following statements hold for all t € [0,1]:

t
0 / (= )" B,y (= (= ) A)g(s) | < P(1t, v, 1)l
0
. Lop v +v * L
(i) (A By (£7V1) / exp(—A 747 5)g(s) ds| < P(i, v, 1)1l oo-
t
t
(i) / [(£ = )7 E e (2 = 5)72)
0
_AED B (81V1) exp(—kﬁs)]g(s) ds
< P(yv,2) g e
Proof

(i) Using the fact fot(t —S)MVE o (—(E = )V A) ds = 4V E 4y a1 (FAE4TY), and
noticing that Mittag-Leffler functions are increasing functions on [0, c0), we have

/o (£ ) By (~(¢ — )" 0)g(s) s

= t“wEuw.Merl(_)ntp’w)"g”oo < sup B (@)lglloo-
ze[-A,0]

(ii) In the same way, we have

~ o0
)\lliTl:tvEuw,wl (tuw)‘) f eXp(_)\ﬁS)g(S) ds
¢

1p *© L =
f Any Eu,+v,v+l()‘-)/ exp(_)‘- atid S) ds”g”oo f Aty ]Eu+v,v+1()‘-)”g”oo'
0
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(iii) Similarly, we derive

/(; [(t - S)MW_IE/HU,;HU ((t - S)‘“U}\)

_aES v (£1) exp(—)\ﬁs)]g(s) ds

1-p

t
o 1
= / [(t - S)IHV_IE;H-U,/HU()\) + AR E//.+v,v+l()") exp(_)‘ ey S)] dS”g”oo
0

1
= |:M ) tlﬁ'vEquv,quv()‘)

+ A%]EMM(A)(_A% exp(—,\ﬁt) + Awlv)] lglloe

E ivpusv(X)  —n
< |: et + At ]E;L+v,u+1()‘)i| “g”oo
Mm+v

From the above the proof is complete. O

Lemma 2.4 For X > 0, define

m(u + v, +v,A)

Q(,u, v, )\) = maX{E//.Jrv,/urwrl(_)\) +
n+v

1 =
+ 20 m( + v, v + 1, 1),
(i + V)i

m(u+ v, L+, A =
M +E o peve1(A) + 44 o m(u +v,v + l,k)}.
w+v

Then, for any function g € Xoo(R,,R), the following statements hold for all t > 1:

t
() / (£ = 1" E e (~(¢ — " 2)g5) | < QUts v, gl
0
j o0 1
(i) (A E g (V1) / exp(-A 7+ s)g(s) ds| < Q(t, v, 11|l oo-
t
t
(iii) / [(t - S)M+U_IEM+U,/J.+U ((t - S)IHV)\)
0
- A% Europe (t“”k) exp(—kﬁs)]g(s) ds
< Q1 v,1) 1€l so-
Proof

(i) Note that

L
/ (t- S)M+V_1]Eu+v,u+v (_(t - S)IHV)\) ds = EM+U,M+U+](_}\')7
t-1
SO

t
/ (t- S)IHV_IE;J,W,WV (_(t - S)“H))‘-)g(s) ds| < Euw,uwﬂ (=2) llglloo-
t-1
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On the other hand, applying Lemma 2.1(i), we get

t-1
/ (t - S)M+V71E;L+U,;L+U (_(t - S)’”U}»)g(s) dS
0

t-1
< / (6 = ) E s (=(2 = 142) | [g(9)| s
0

Sl + v, 1+ v, 1)
Sf ———————""g(s)| ds
0

(If _ S)1+u+u

< m(u+v, L+, A)

P lglloo- (5)

Consequently, we get

/0 (£ = ) VB (—( — )" 0)g(s) ds

lglloo-

m(u +v, L+ v,A)
=< (Eu,+v,u,+v+1(_)‘-) L2 —

(ii) Similarly, applying Lemma 2.1(ii), we get

1

B o0
A%t”EMwwl(t“*”A)f exp(—A 77 s)g(s) ds
t

1-p

1p 1 1
<A m(u +v,v+1,1) o

2/4+V + t_/‘

+

=N 1 o 1
M_H))L# exp(A7 t):|/t exp(-A 77 5)|g(s)| ds
1 1-p—v

e 1
AR / exp(km(t —S)) ‘g(s)’ ds
t

<
W+

1-p o 1
+ 20 m(p + v, v + 1, )»)/ exp(-27¥7s)|g(s)| ds
t

<

1
_(W+Wk

+ 20T a4+ v, v + Lk)> lIglloo-

(iii) Like the above we get

(6 = ) VB (£ = )7 R) = AT £ 041 (7772 exp (=2 7975) |

- m(u + v, +v,A)

lp 1 1 1
oy +m( +v,v + LA exp(-Am7s) [ — + — |,
-s

t2[L+U tH

SO

t-1
0

_ i t'E v (847 1) exp(=2 H%s)]g(s) ds

<

ds

/t‘l M+ v, (1 + v, A)[g(s)|
0

(t _ S)M.+l)+1
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[t
+2m(p + v, v + 1, A)AHE f eXp(—?\ﬁS) ds||gllo
0

< |:m(,u+ V, 1+ V,A)

e +2m(u+v,v+1,)»))»“%]llg||oo~

On the other hand,

t
/ [(t - S)M+V_IE[L+\),[L+\) ((t - S)/Hv)‘-)
t-1

_aES v (811) exp(—)\ﬁs)]g(s) ds

boiew 1
< [EMWI(M + / I LR (£171) exp (=277 s) ds} lglloc-
t-1

Furthermore, we obtain

t -
/ A B,y (£ 1) exp(=2.757 ) dis
t-1

lp 1 1 £ 1
<A m(pu+v,v+ 1’A)<t2u+v + t_/‘) /til exp(_A/L+1;s) ds

< ZA%m(M +v,v+1,A).

Consequently,

fo (6= ) " oy (£ = 572

—A e "E o (t‘“")») exp(—)» /ﬁs)]g(s) ds

< [M(lu V, [+ V,A)

K
L+ + EM+U,M+U+1()“) + 4y m(ﬂ +v,v+1, )L):| ”g”oo

From the above the proof is complete. d

3 Local center stable manifold theorem
From Lemmas 2.3 and 2.4, the operator LP in (4) is well defined. We now state and prove
some fundamental properties of LP, which are used later to prove the existence of stable

manifolds.

Proposition 3.1 Define

B(,LL, Ur)\lr )‘2) = maX{P(M7 v, )\1)¢ Q(/Lr v, )"1)) 2P(/Lr v, _)‘2)) ZQ(M) v, _)‘2)}7

where P and Q are the functions defined as in Lemmas 2.3 and 2.4. For any 0,7 €
Xoo(R,,R?), we have

1LPm) - LP@)| ., < By v, A1, A2) b (max([17]loos 1ll00) ) 17 = Alloos (6)
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and

lcPm)| ., < ( +2m(p +v,v + 1,k1)> |3

Cv+1)
+ B4, v, A1, 22) i (171l 00) 177l o
Proof Note that
|LPy(n) - LPA(3)

=

t
/ (= )" E g (—( = ") (1 (1), 8) = I (7(s), ) ) ds|.
0
Now using Lemmas 2.3 and 2.4, we have

sup |LP1(n)(@) = LP(@)()| < P(w, v, 1)l (max (17lloos 171l00)) 11 = Al cos

te[0,1]

and

stu%)Iﬁpl(n)(t) — LP1H)(O)] = Qs v, A) Iy (max (171l sos 1H1100) ) 117 = Allows

SO
suglﬁ’l(n)(t) = LP1H)(®)] < B, v, 21, 22) I (max (171l oos 1110 ) ) 117 = fill oo
t=
On the other hand,

|LP2(n)(t) - LP(1)(8))|

(A Bt (Do) /0 exp(=(=32) 757 5) (2 (1(5),) = s ((5),5))

+ /0 (= )" " E i (= = )1V 22) (B2 (n(5),8) = 2 (7(s), 8) ) ds

/0 (= 9B s (<= ' 2)

(A2 LB (o) exp(~(-22)775)) (o (n(s),5) - o (7(s),5)) ds
- (—)\2)/1% EEpivvin (—hat"”)

[ (a5 8) (ra16)5) - (6,5

From Lemmas 2.3 and 2.4, we have

S}lp]!m’z(n)(t) = LP2 (D)) < 2P, v, =22) i (max (|1l oos 1711l00)) 17 = 7l o
te[0,1

and

sup| LP2(n)(&) = LP2 (O] < 2Q(w, v, ~22) by (max (1171l oo, 171 ll00) ) 17 = 7l s

t>1

Page 8 of 15

7)

ds
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SO

sup| LP2(n)(&) = LP2(1)(©)] < B, v, A1, )l (max (1l oo, 17 lloo) ) 117 = 7llo-

t>0

Consequently, we get conclusion (6). Next, notice

|LP10)®)| < | Eprvper (87 A1) |Ixs] < < +2m(p +v,v + 1,)»1)) %31,

1
'(v+1)
|LP1(0)(®)] = 0.

Hence we get conclusion (7). The proof is complete. d

Before stating and proving the stable invariant manifold result, we present the following

technical lemma.

Lemma 3.2 For any function g € Xo(R,,R) and X >0, we have

o o = B (- 9" W)l ds v
U—0o MUE/L+V,\)+1()\‘M“+V)

o0 1
/ exp(—A7 5)g(s) ds.
0
Proof According to Lemma 2.1(ii), we obtain
1

lim
U—>0o0 MVEM+V,U+1(A'MM+V)

-V 1
A exp(A )

Next, since for u >1

u
/ (M - S)H+U_1EM+U'M+V ((M - s)”+”)»)g(5) dS =< EM,+V,;L+V+1()") “g”oo:
u-1

then

. “(u—- S)M+U_1E/l.+v,/l.+v((u —$)**VA)
lim

Uu— 00 u-1

— — g(s)ds=0.
ﬁ)\‘ w+v exp()» E M)

Also we have

1-p—v 1
ut (14— SR (= )P — T exp(AT (u — 5)
| S ¢(5)ds
0 u%)‘ ¥ exp(A 7+ 1)

lim
Uu—>00

u-1
) ’)\’
< lim MU VAR el =0,

= — 1
veeJo ﬁkﬁv exp(A 70 1) (u — s)l+1+y

SO

" (” - S)MHAEW—U,W-U((M - S)MH})\)

linolo = . g(s)ds
u=oJo Ty AT exp(A T u)
u g i s 00
= lim A expla le (e = s))g(s) ds = A / exp(—kﬁs)g(s) ds.
u=oJo exp(A 7+ u) 0

The proof is complete. d
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Let V Cc U ¢ R? and W C R? be open neighborhoods of 0. Define a local center stable

manifold

W (V x W, U)={0e€V,xe W:¢(£,0,%) € U,V > 0}.
Proposition 3.3 (0,x) € W§*(V x W, U) if and only if ¢(-,0,%) is a fixed point of LP
along with ¢(t,0,x) € U Vt > 0. Furthermore, lim,_, », ¢(¢£,0,x) = 0 provided that p =
Iy (r)B(i, v, A1, A2) < 1 for ||@|loo < r*, where B(i, v, A1, 13) is defined in Proposition 3.1.
Proof 1f (0,%) € W§*(V x W, U), then from (3) we get

(»bl(t) 0)%) = tv]E;Hv,erl (_tﬂﬂ})‘-l)xl’y

t
+ / (=" E gy (=€ = )" 21) 1 (¢(s, 0, %), 5) ds,
0
and

$2(2,0,%) = £"Epn a1 (1 Aa) %4

t
+ / (t - 5)M+V71E/4+u,/4+u (_(t - S)Hw)‘Z)hZ (¢(57 019_5)7 S) ds.
0

From the above results we know that ¢;(-,x, %) = LP1(¢(-, x,X)).
Furthermore, lim;_, o " IE;4y,041(—£#*"A2) = 00 and using ¢, € X (R,,R), we arrive at

% = — lim fot(t - S)IHU_IE;HV,;HV(_(t —$)*V o)y (¢ (s, 0, %), 5) ds
‘o t—>o0 tv]E,u+v,v+1(_ﬂL+v)‘2)

= —(—Az)llt% /000 exp(—(—)q)ﬁs)hz (¢(s,0,%),5) ds,
because of Lemma 3.2. Hence
(t,0,%) = —(—xz)%t”Ew,M (=" 2) /0 ooexp(—(—xz)ﬁs)h2 (¢(s,0,%),s)ds
+ _/Ot(t = )" VT E gy iy (—(E = 8T A2) i (¢(s, 0, %), 5) ds = To(¢2(+, 0, %)),
so ¢(t,0,%) is a fixed point of LP. Clearly, ¢(¢,0,%) € U, YVt > 0.

On the other hand, let n € Xo(R,,R?) N X (R,,R?), (n(0),7(0)) € V x W be a fixed
point of 7 such that n(¢) € U, YVt > 0. Then

t
nl(t) = tU]E,u+v,u+1 (_tﬂ+v)\l)x3 + / (t - S)H+V_IEM+V,M+V(_(t - S)M+V)\1)h1 (U(S)»S) ds,
0
772(t) = _(_)LZ)%tvEpHv,vH (_tuHJ)LZ)/ CXP(—(—)LZ)#S)]’IZ (U(S),S) dS
0

t
+ / (t- s)’”"‘lEm\,,m\, (—(t - s)’”")»z)hz (n(s), s) ds.
0



Wang et al. Advances in Difference Equations (2017) 2017:335 Page 11 of 15

Defining

x4 = —(—hg) T f exp(~(=32) 75 5) s (n(s),5) s,
0
we get

Yl(t) = ¢(t’ O’E)

= tvEuw,wl (_t'lHVA)?_C

t
. / (£ = Y E o (—(E — )" A) (5, 0,%)) ds,
0

with 7(0) = (0,0)7 and #/(0) = (x3,x4)”, which is a bounded solution of (1).

Finally, we check that lim;_,~ sup |[7(#)|| = 0. Let lim;_, o sup ||n(¢)|| = @ € [0,r*). Thus,
there exists a sequence {t,,} such that lim,,_, «, £, = co with lim,_, o, sup ||n(¢,)|| = a. That is,
Ve >0, 3T (¢) > 0, when ¢t > T(¢), we have ||n(¢)|| < a + € := r*. On the one hand, it follows
(5) that

t

(t - 3)M+U_1Eu+v,u+v (_(t - S)MH))\I) dS
T(e)

T(e) )\'
5/ m(iL + v, L+ v, A1) ®)
0

(t _ S)l+//.+v

On the other hand, repeat a proof similar to that in Lemma 2.3(i), Lemma 2.4(i), and one

can derive that

t
/ (t - S)HJrv_lEquv,quv (_(t - S)AHU)\I) ds =< B(,“«; v, )\1; )\2). (9)
T

(€)

From Lemma 2.1(i), (8) and (9), and the fact that /4 is a Lipschitz type function with
h(0,¢t) = 0, one obtains

tlirglo sup!m(t)| = tlglolo SUP[VI)EWV:‘M(_W”AI)||x3|

T(e)
+ f (= )" ™ B (—( = ) A1) 1 (n(s), s) ds
0

]

+

t
/ O s (9 ) 0(9)
T(e

. 1 1
=< tl_lglo sup[m(u +V,v+ LM)(W—H) + t_“) 3]

T©) m( + v, o+ v, A
+ 7l (r*)/ (1 e ) ds
0 (t_s)lﬂ,uv

t
+ 7, (r")

(t - S)M+V71]Eﬂ+v,u+v (_(t - S)MH))\l) dS
T(e)

)

=r*l, (r*)B(,u, v, AL Ay) = pr.

Thus lim—, oo sup [71(£)| < pr* = p(a + €).
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Also, one can use Lemma 3.2, so

tlim sup|n2(t)|
—> 00

- oo
= lim sup —(—kz)%t”IEW,,Ml(—t”*")»z)/ exp(—(—lz)ﬁs)hz(n(s),s) ds
0

t—00

. fo (= 9By (< — 5 2) s (1(5), ) i

= lim sup
t—00

£ vt (~24 1) [—(—kz)M / exp(—(=12) 77 )y (n(s), s) ds
0

N f(f(t - S)IHVJE/HU,/MU(_(t - S)IHV)\Z)hZ(n(S)’ s)ds
tUEM+u,v+1(_tﬂ+U)"2)

=0.

From the above,

lim sup|[5(6)|| = maX(tlggo sup|m(#)], lim SUPInz(t)I) =a.

Thus, we get a < p(a + €), which yields that (1 — p)a < 0. Letting € — 0, we obtain a = 0

since p < 1. The proof is complete. O
Now we state and prove the main result on stable manifolds.

Theorem 3.4 Take 0* > 0 and set

(1-p)0*
1

o) +2m(pw +v,v+1,4)

U=

O = (<ha) T Iy (9%) 9.

Then, for any x = (0,0,x3) € (-=9,9)3, there exists a unique S(x) € (—9**,9**) such
that (x,S(x)) € WE(V x W, U) with V = (=9,0), W = (=9,9) x (-0, 0*) and U =
(=%, 9*)2. Furthermore, S : (=1%,9)% — (=0**,0**) has the following properties:

(i) S(0)=0.

(i) S is Lipschitz continuous:

k%

- - 04 1
5@ -S0)| = 57 (F(v+1)

+2m(p +v,v + 17)\1)) %3 = 3
for any % = (x,x3), 5 = (5, y3) € (-9,9)°.

Proof Let By«(0) = {n € Xoo(R,,R?) : |7]l00 < *}. From Proposition 3.1, we have

1LPm) = LP@)| ., < Bt v, A, 22)lu(9) 10 = Alloo = 117 = fillos

P, < < +2m(u +v,v+ 1,Al)>19 + B, v, A1, A2l (9%) 9

1
C'(v+1)
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for any x € (—%,%) and 1,7 € By«(0). Since ¥*(1 — p) = (ﬁ +2m(u + v, v +1,A))0,

we find |[LP()|lec < 0%, ie., LP : By:(0) — By«(0). The Banach fixed point theorem

uniquely determines 0z by nz = LP(nz) with ||nz]l e < 0. Set

1-n

S = ~(<3) /0 " exp(=(=32) 77 ) (ns(s), ) ds. (10)

Then
- Lu e 1 —n
|S@E)| < (=x2) @7 I (19*)19*/ exp(—(=A2) 7 s) ds = (=ha) 77 I, (97) 9" = 9.
0
Furthermore, Proposition 3.3 implies (¥, S(¥)) € W§*(V x W, U). Clearly (i) holds.
Next we have LP = LPj, and in particular nz = LP3(nz). Then, for any x = (x,x3),y =

(9,3) € (=1, )3, it follows from Proposition 3.1 and the definition of LP; that

Iz = n5lloe = | LPx(nz) — LP5(5)])
< ||LPx(nz) = LPx(nz)| o, + | LPx(n) — LP3(m5)|)

< pline - nlles + | LP550)]

+2m(p +v,v + l,kl))lﬁ% - sl

1
< plnz =5l + [ =——
< plinz 773/”00 (F(l)+1)

since LPx(n) — LP5(n) = LPz3(0) for any n € Xoo(R,,R?). This yields
I = gl < —— (= 2m( 12) )5 = 951
M= Milleo < 7 Ty * 2+ vy 12 JIxa =gl
Hence
. 00
|S&) -SH)| < (=g)7 / eXP(—(—/\z)ﬁS)|h2(775c(5);5) — ha(n5(s),s) | ds
0

< (A 1, (97) /0 exp(~(~h2) 7 5) dsling = nylloe

< T Lo 1) ) = 93]
+ Zim +V,V+1, X3 — N
S5 a-p\Tw+1) M 1 33

which gives (ii). The proof is complete. d
Finally, we give an example to illustrate our theory.

Example 3.5 Consider the following fractional Langevin equations:

1 1
cD(it(C,Z)os,txl(t)) + xl(t) =0, ¢ = 0,

1 1 2
D3, (“Dg 2 (£)) — % (£) = <—;
1+t

x(O) =0= (Or O)T’ CDgytx(O) =x= (xB;x4)T;

where (x3,%4)7 € U((0,0),€), € is an arbitrary positive number.
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Set u = %, V= % Clearly, u + v = % < 1. Define A1 =1, Ay = =1 and h;(x(¢),%) = 0,
hy(x(8),t) = %, t>0.Let[,(¢) = %, t>0 forall ||x;]| < and ||x3|| < ©. Then (2) holds.
(1+£)5

Using (3), the solution ¢(t, 0,%) is given by

$1(6,0,7) = Es 4 (~£6)t32s,

5 4
6’3

—\2
%) ¢1(s,0,x) ds.

t
$(£,0,%) = Es 4(t%)t%x4+/ (t-s)oEs -
6’3 0 6 (1+S)§

((t-s)

aln

’

114
If we choose a ¢ > w, then p = %B(%, %, 1,-1) < 1. In this case, lim;_, - ¢(£,0,%) = 0.

Hence the Lyapunov-Perron operator £P has the form

£PA0 = ~Ey 3 (13)6) [ exnt9 25 g
" 0 1+s)5
! 2
+ (t—S)7%E§ §(t—s)§¢1(s’0’x) ds.
0 ore (1+5)5

From (10) we derive

S(%):—/OOOEXP(—s)(i’zLW ds:_/owM(E

: (1+s)%

) (—s% )s%x3)2 ds = 1.1593x3.
1+s)5

54
6’3

’

Consequently, Proposition 3.3 and Theorem 3.4 imply that the local center stable man-
ifold around the origin is given by {(0, 0,x3,1.1593x3)}.

Note that (x3,x4)7 € U((0,0),€), and clearly, we have lim,_, o (¢ (¢, 0,%), $2(¢,0,%)) = 0
for x3 = 0.
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