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Abstract

In this paper we study a new class of boundary value problems for fractional
differential equations which contains Riemann-Liouville fractional derivatives of four
orders, two in a fractional differential equation and two in boundary conditions. Our
results are based on some classical fixed point theorems. Some illustrative examples
are also included.
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1 Introduction

In this paper, we investigate a boundary value problem which contains Riemann-Liouville
fractional derivatives of four orders, two in a fractional differential equation and two in
boundary conditions, of the form

(AD* + 1 = \)DP)x(t) = f(t,x(t)), te(0,T), (L)
x(0) = 0, uD"x(T) + (1 — w)D"?x(T) = y3,

where D? is the Riemann-Liouville fractional derivative of order ¢ € {a, 8,11, 72} such

thatl<o,B<2and O <y, o <a— B, y3 € R, the given constants 0 < A <1, 0 < u <1,

and f € C([0, T] x R, R) is a continuous function.

Observe that the Riemann-Liouville fractional derivatives appearing in the differential
equation and in the boundary conditions depend on the values of the constants A and p,
respectively. If A = 1, then the first equation of (1.1) is reduced to a single order fractional
derivative. Also in boundary conditions, the value of constant i has an effect for fractional
derivative of order y; and y,. In applications, it seems that the values of A and u can be
interpreted as the adjustable instruments for a suitable real world phenomenon.

Fractional calculus has found numerous miscellaneous applications connected with real
world problems as they appear in many fields of science and engineering, including fluid
flow, signal and image processing, fractal theory, control theory, electromagnetic theory,
fitting of experimental data, optics, potential theory, biology, chemistry, diffusion, and vis-
coelasticity. For a detailed account of applications and recent results on initial and bound-
ary value problems of fractional differential equations, we refer the reader to [1-17] and
the references therein.
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The paper is organized as follows. In Section 2, we present the framework in which the
boundary value problem (1.1), is formulated in a fixed point equation. Section 3 is devoted

to the main results. Illustrative examples are also presented.

2 Preliminaries
In this section, we introduce some notations and definitions of fractional calculus [1, 2]

and we present preliminary results needed in our proofs later.

Definition 2.1 The Riemann-Liouville fractional integral of order o > 0 of a function g :
(0,00) = R is defined by

" ~ t (t _ S)a—l
I g(t)—/o Wg(S)ds,

provided the right-hand side is point-wise defined on (0, 00), where I' is the Gamma func-

tion.

Definition 2.2 The Riemann-Liouville fractional derivative of order @ > 0 of a continuous
function g: (0,00) — R is defined by

oo L (AN ["__g) _
Dg(t)_I‘(n—a)<dt) /0 (t_s)aimlds, n-l<a<n,

where n = [a] + 1, [@] denotes the integer part of real number «, provided the right-hand

side is point-wise defined on (0, 00).

From the definition of the Riemann-Liouville fractional derivative, we can obtain the

following lemmas.

Lemma 2.1 (see [2]) Let o > 0 and y € C(0,1) N L(0,1). Then the fractional differential
equation D*y(t) = 0 has a unique solution
oa—n

Y(E) = et + ot P 4yt
wherec; € R,i=1,2,...,n,andn—-1<a < n.
Lemma 2.2 (see [2]) Let o > 0. Then fory € C(0,1) N L(0,1) we have
I*Dy(t) = y(t) + c1t* "+ ot + - 4t
wherec;eR,i=1,2,...,n,andn-1<a < n.

For convenience we use the constant

_pr@r (- pre e
~ Tl-n) Ta-y)
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Lemma 2.3 The boundary value problem (1.1) is equivalent to the following integral equa-
tion:

0= g fo (- 5t ds s e / (=5 f(5x(9)

Al -8

o p(r—1) weppiol
V(i |, @ sa

N )/1)/ (T =) 7f (s,%(s)) ds

_a-wt- b
7)»1"(01—,3—)/2)/(; (T —5s) x(s)ds

1-p T

————— | (T -5 f(s,x(s ds), te]:=[0,T], 2.2
o | T ) [0,7] (2:2)
where the nonzero constant A is defined by (2.1).

Proof From the first equation of (1.1), we have
A—-1 1
D%x(t) = TDﬁx(t) + Xf(t,x(z:)), te]. (2.3)

Taking the Riemann-Liouville fractional integral of order « to both sides of (2.3), we get

A-1 t

- - _ oa-B-1 1 t _ a-l
W(a—p) o(t s) x(s)ds+kr(a)/0(t s) f(s,x(s))ds

+ Clta_l + Czta_z

x(t) =

for C;,C, € R. Since 1 < « < 2, the first boundary condition of (1.1) implies that C; = 0
Hence

x(t) = % / t(t — )P Lx(s) ds

AF(a) / (t -9 7f (s, %(s)) ds + Cre* 7. (2.4)

Applying the Riemann-Liouville fractional derivative of order ¥ € {y1, y»} such that 0 <
¥ <a— B to(2.4), we have

S L e
x(t)_kr(a—ﬁ—W)/(t s) x(s) ds

sVl ['(a) a—y-1
I/j)/ fsxs))ds+C1F(a_1//)t .

Substituting the values ¥ = y; and ¥ = y, into the above relation and using the second
condition of (1.1), we obtain

Olﬂ -1
= )»F(Ol B - V1)f (T- ") ds
ul (o) To 11

ozyll
Mo m)/ S(sx@)ds + =556
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C-@0-D (T oy
M“(a—ﬁ—)/z)/ g

. 1 -l (a)To 72t
AF (o — J/z)./ (T =527 (sa(s)) ds + o —y) o

which leads to
1 nr 1)
= —— = | (T-s*Fnt
G A[Vs R Vl)/ (T -s) x(s) ds

H a—y;—-1
- m /; (T - S) V] f(S,x(S)) ds

A=l -1)
AT (=B —v2) Jo

§)* 2"
St [, T e a]

Substituting the value of the constant C; into (2.4), we deduce the integral equation (2.2).

T
(T — 5)* P72 1x(s) ds

The converse follows by direct computation. This completes the proof. d

3 Main results
Let C = C(J, R) denotes the Banach space of all continuous functions from J := [0, 7] to R
endowed with the usual sup-norm ||u|| = sup,; |u()|.

By Lemma 2.3, the boundary value problem (1.1) can be transformed to a fixed point

problem x = Fx, where the operator F : C — C is given by

_a-p-1
Fax(t) = —ﬂ)/ (t—s) x(s)ds +

+ﬁ< w1 T
A\ T ar@-8-m)Jo

- L ! _gqn-l1
Al(o = 1) / (T'-) f(sx(9)) ds

(I-uw)(r-1)
CAT(@-B-y)
T

_al
AF()/( s) fsxs))

(T — 5)* P 7171x(s) ds

/ (T — 5)*P7271x(s) ds

1-p

- = _o)x-r2-1
o) (T -5s) f(s,x(s))ds), (3.1)

where A #0 is defined by (2.1). Observe that the boundary value problem (1.1) has a solu-
tion if and only if the associated fixed point problem x = Fx has a fixed point.
For the sake of computational convenience, we use the notations

T P|x -1 T2e=Bn-1y|x -1]
+
Al(la-B+1) AAT(x-B-yp1+1)
T2 P71 - p)|n -1
AMT(@-B-y+1)

T« T2a—y1—lu T2a—y2—1(1 _M)

+ + .

Al +1) MAAT(x—-n+1) AAT(@—yy+1)

1=

(3.2)

Q= (3.3)
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3.1 Existence and uniqueness result via Banach’s fixed point theorem
In the first result we prove an existence and uniqueness result by means of Banach’s con-
traction mapping principle.

Theorem 3.1 Suppose that f :] x R — R is a continuous function and satisfies the follow-
ing assumption:

(Hi) there exists a constant L > 0 such that |f(¢,x) — f(t,y)| < Llx — y|, for each t € ] and
x,yeR.

¥
LQQ + Ql <1, (34)

where Q1, Q, are defined by (3.2) and (3.3), respectively, then the boundary value problem
(1.1) has a unique solution on J.

Proof Setting sup,; |f(£,0)| = N < 00, and choosing

ANQZ + |y Tt

- A(l L — ) (35)

where A is given by (2.1), as a first step, we show that B C B, where Br = {x € C : ||x| <
R}. For any x € Bg, we have

|]7x(t)| < stg) AF(a / (£ = 8)* P x(s) ds + Fl(oz) /t(t—s)"‘_lf(s,x(s)) ds
! w(x—1) wepopi-l
“T(swwﬂaqu ST ds

H a—y1—1
- mA (T—S) £ f(S,x(S)) ds

e L
4)&_‘(0[_’3_)/2)/0 (T —5s) x(s) ds

1_““ ’ a—yr—1
—m/ (T—S) v f(S,x(S))dS)

[A—1] 1
SM"(a /(T s) |x(s)|ds

a-1
t @) /0 (T =97 |f (s,%(5)) = f(5,0)| +[f(s5,0)| ds

Tot—l /’L|)"_1| /T
+ — t+t = T—Sa_ﬂ_yl_1 x(s)| ds
n O”'Arw—ﬂ—n>o( i 0]

Iz T .
_r - ~
T a—-m) _/0 (T -s) If (s,x(5)) = f(5,0)| + |f(s,0)| ds

-wh=1 T s
+4XF(a—ﬁ—y2)/ (T -s) ‘x(s)|ds

[ a—yr—1
M“(a yz)/ (T-s) If (s, %(s)) = £ (5,0)| + [f(g,o)|ds)
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T T2a—y1—1 T2ot—y2—1 1-—
§(L||x||+N)[ = ( ”“)}

+ +
Al +1) MT(a-n+1) AAT(x -y +1)

T P|x -1 T2*=B-n-1, | —1|
+ ||l +
AMlla-B+1) AAT(x-B-y1+1)

TP Q- ) =17 |y T
AMT(@-B-y+1) A

lys| T

= (L2 + Q)R+ NQ, + <R.

This means that ||Fx|| < R, which leads to FBy C Bg.
Next, we let x,y € C. Then, for £ € ], we have

| Fa(t) - Fy(t)|

1A -1
< —_
“Al(a-B)

)J'(oc)/ (T -s)*" 1[}” (s, x(s)) - (s,y(s))|ds

/(T s“’Sl|x(s y(s)‘ds

O pla-1 s
TTA (Ar(a—ﬂ—n)/ (T =577 |x(s) = y(s)| ds

% T )
_ _ - _
+Ar(a—y1>/o (T =) f (5, x(5)) = (5:(5)) | ds

+”(a—ﬂ—yz)/ (T =572 a(s) = 5(9)] ds

a—yr—1
T TZa—yl—IM T2a—]/2—1(1 _ /'L) ]
+ +
Al +1) AT (@-n+1) AAT (@ -y +1)
T P|x -1 T2e=B-n-1y | — 1]
+||x_y|||:kr(a—ﬂ+1) AT(@—B-p+1)

TP 11— p)|a -1
AT (@ —-B -y +1)

SLIIx—yII[

= (L2 + Q)llx = yll,

which implies that || Fx — Fy|| < (L2 + 1)|lx — y||. Since LR, + €; <1, F is a contrac-
tion. Therefore, by the Banach contraction mapping principle, we see that F has a fixed
point which is the unique solution of the boundary value problem (1.1). The proofis com-
pleted. 0

Example 3.1 Consider the following boundary value problem which contains Riemann-

Liouville fractional derivatives of two orders in a differential equation and the conditions:

26 H17/9 , 1 115/8 _ 2[x(2)|
(ﬁD + ﬁD )x(t) = 20— tz(\x-*-i)\fl)’ te [0;3]7 (3,6)

x(0)=0,  ZDY%%(3)+ SDV0x(3) =
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Here o =17/9, B =15/8, A = 26/27, u = 2/67, 1 = 1/100, y, =1/101, y3 =2/9, T = 3, and
f(t,x) = (78727 = ) ((«* + 2|x])/(|x| + 1)). Since |[f(t,x) — f(¢, )| < (1/16)|x — y]|, then (H;)
is satisfied with L = 1/16. By direct computation, we have A ~ 2.63552 # 0, Q; ~ 0.07837,
and Q; & 9.16679. Thus L2, + Q; &~ 0.65129 < 1. Hence, by Theorem 3.1, the problem
(3.6) has a unique solution on [0, 3].

3.2 Existence result via Krasnoselskii's fixed point theorem
Next, we prove an existence result based on Krasnoselskii’s fixed point theorem.

Theorem 3.2 (Krasnoselskii’s fixed point theorem [18]) Let M be a closed, bounded, con-
vex, and nonempty subset of a Banach space X. Let A, B be operators such that

(a) Ax + By € M where x,y € M;

(b) A is compact and continuous;

(c) Bisa contraction mapping.
Then there exists z € M such that z = Az + Bz.

Theorem 3.3 Letf:] x R — R be a continuous function satisfying (H;) in Theorem 3.1.
In addition, assume that:

(Ha) [f(t,x)| < v(2), V(t,x) €] x Rand v € C(J,R*).

Then the boundary value problem (1.1) has at least one solution on ], provided

Q) <1, (3.7)
where 2 is defined by (3.2).
Proof Denoting ||v|| = sup,; |v(¢)], we consider the set B, = {x € C: ||x|| < r}, where

Allv]|Qs + ys| T*
r >
- Al - Q)

) (3.8)

and A, @1, and Q2 are given by (2.1), (3.2), and (3.3), respectively.
For t € ] let us introduce the operators F; and F, on B, as

Fix(t) = AF(a / (¢ =) P 1x(s) ds

(-1
AT (@-B-n)

_ ta_l(l —u)(A-1) _ a—B-m-1
)»Ar(a—ﬁ—)/z)/o ooy

/(T P a(s) ds

Fox(t) = %(a)/ (t - s)a_lf(s,x(s)) ds

tal

u -1
A |:)’3 m/ (T - " f(sx(s))

01 y2-1
AF(O{ )/2)/ (- Slsx(s))d ]
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To show that Fix + F,y € B,, we let x,y € B,. Then we have

|F19C(t) + Fzy(t)|
I LI T
§t€sF3F)T] )»F(oz—,B),/o (t—3s) x(s)ds + M"(oc)/o (t—5s) f(s,y(s)) ds

0 I
—m/ (T—S) n x(s)ds

N1 -p)(r-1)
AT (a - /3 ¥2)

/ (T - 5)*~P7271x(s) ds

ta—l

" A [Vﬁf (T =8 5.9(5) s

(1-p) [T a-p-1
Sty T
TeBn ~ 1] TPl 1|
<| ||[m +
a—B+1) AAT(@-B-y+1)
T2—F-12-1(1 — )| — lq lys| T
MT@—-B-1+D) | A

T« T201—;/1—1’LL T2a—y2—1 (1 _ M)
+ vl + +
Al +1) AMT(@-yn+1) AAT(x -y +1)

lys| %

<r.
A

=+ vl +

It follows that Fix + F5y € B,. This claim that the condition (a) of Theorem 3.2 holds. To
prove that F; is a contraction mapping, for x,y € B,, we have

|Fix(t) — Fyy(2)|
A -1]
< —_
~ Al (a-f)
T ' pla -1
AT (a =B -n)
T (1 - p)lr -1
" | (T-s)*Fr! d
g s /( 7271 x(s) - y(5)| ds
- T*PIA-1  T* Pl -1]
Al(@a-B+1) AT(@a-B8-y1+1)
21— ) -1
llx -yl
AT (@ —-B -y +1)

/(T )0"31|x(s) y(s)|ds

/ (T - 5)*~Pn-1 |x(s) - y(s)| ds

= fx -l

which is a contraction, since ; < 1. Therefore, the condition (c) of Theorem 3.2 is satisfied.
Using the continuity of the function f, we see that the operator F, is continuous. For
x € B,, it follows that

T® T2a—y1—1’u T2a—y2—1(1 _ ,l,L)
| Foxll < IIVII{ } = Qv

+ +
AM(a+1) AAT(x—-yp1+1) AAT(x—9yn +1)
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which implies that the operator F, is uniformly bounded on B,. Now we are going to prove

that F, is equicontinuous. Setting sup,; g |f (¢, %) :f, for each #, t, such that &, > ¢; and
for x € B,, we have

| Fax(ty) — Fax(ty)]

1 2 _ o)1 _
5’—H,(a)[/0 (ty — ) f(s,x(s))ds /0

LB 1

T
= _ e-B-n-1
A |:|V3| + T —Vl)/o (T -s) f (s,%(s)) ds

5]

(t — s)“‘lf(s,x(s)) ds]

A=) g  a—ya-l }
+AF(a_y2)/0 (T —)* 727 (s,%(s)) ds

Sf%(a) [/0 1 [(tz ) R (- s)“’l] ds + /ﬁ 2(tl S ds:|

Fle57 -6 Iz /T el
= 1 S T — gy Fn-1ly
e [ R e § BCED s

Q-w (7
S TH
AT (o = y2) Jo

(T —s)* 7t ds]

—[2(t — 8)* + 82 =] | — Y wTe™n
< 2 2L =2 — |yl + =
Al (a +1) A Al -y +1)
Q-7
M-y +1) )

which is independent of x and tends to zero as t; — t;. Hence F; is equicontinuous. There-
fore F, is relatively compact on B, and, by the Arzeld-Ascoli theorem, F, is compact on B,.
Thus the condition (b) of Theorem 3.2 is satisfied. Therefore all conditions of Theorem 3.2
are satisfied, and consequently, the boundary value problem (1.1) has at least one solution
on J. This completes the proof. d

Example 3.2 Consider the following boundary value problem which contains Riemann-

Liouville fractional derivatives of two orders in a differential equation and the conditions:

(11-£)2 M x(2)[+3

(%D12/7 " %D11/9)x(t) _ cos’t ( [x(2)] ), tel0,4], 39)
x(0)=0,  SDY4x(4)+ BD"x(4)= 3.

Herea =12/7,8=11/9,A = 4/5, x = 6/19,y1 = 1/4, v, =1/5, 3 = 3/17, T = 4,and f (¢, x) =
(cos? ¢/((11 — £)*))((|x| /(|| + 3))). By direct computation, we have A ~ 2.053184 # 0 and
€1 % 0.743699 < 1. Clearly,

cos? t x|
11-5)2\ |x|+3
cos? t
< .
~ (11 -1¢)?

fie.9)] =

Hence, by Theorem 3.3 the problem (3.9) has at least one solution on [0, 4].
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3.3 Existence result via Leray-Schauder’s nonlinear alternative
Our final existence result is based on Leray-Schauder’s nonlinear alternative.

Theorem 3.4 (Nonlinear alternative for single valued maps [19]) Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — C is
a continuous, compact (that is, F (U) is a relatively compact subset of C) map. Then either
(i) F has a fixed point in U, or
(ii) thereis a x € 90U (the boundary of U in C) and X € (0,1) with x = AF (x).

Theorem 3.5 Suppose that f :] x R — R is a continuous function and the following con-
ditions hold:

(Hs) there exist a continuous nondecreasing function V : [0,00) — (0,00) and a function
¢ € C(J,R*) such that

[f(t,x)| < <p(t)1p(||x||) foreach (t,x) €] x R;

(Hy) there exists a constant M > 0 such that

MA
>
MASQ + Y (M@l AS2 + T ys]

)

where A, Q1, Qq are defined by (2.1), (3.2) and (3.3), respectively.

Then the boundary value problem (1.1) has at least one solution on J.

Proof Consider the operator F defined by (3.1). We will show that the boundary value
problem (1.1) has at least one solution on J. To accomplish this, firstly, we shall show that
F maps bounded sets (balls) into bounded sets in C. For a number p >0,let B, ={x € C:
%]l < p} be a bounded ball in C. Then for ¢ € ] we have

| Fa(t)| < Sfi? ﬁ /Of(t—s)a—ﬁ—lx(s) ds
1 ! a-1
+ @) /0 (t—3s) f(s,x(s)) ds

T
/ (T - $)*P71-1x(s) ds
0

ot p(h-1)
* T(yg_ M (o= B-n)

T
e / (T - s)"“”‘lf(s,x(s)) ds
0

S AT(@-n)
T
Sy |, @
_ T
g |, ) )

T® T2a—7/1—1“ T2a—V2—1(1 _ /'L)
<y (ll«l) el + +
Al(a+1) AAT(@—y1+1) AAT(x—ypy +1)
T P|x -1 T2«=B-n-1y | —1|
+ [l +
AM(a-B+1) AT (@-B-y1+1)
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2P 1 - ) - ll] lys| T

AMT(x—-B -y, +1) A
-l + p2+ T
and, consequently,
|)/3|Ta"1'

IFxll < ¥ (p)llgllS22 + pu +

After that we will show that the operator F maps bounded sets into equicontinuous sets
of C. Let t1,t, € J such that t; < t, and x € B,. Then we have

|fx(t2) —fx(t1)|
1A -1 2 _ a-p-1 _ i _ a-B-1 :|
|: /0 (ty —s) x(s)ds /o (t1—s) x(s)ds

< —_—
RECEY)
—1 2 a-1 h a1
) |:f0 (t2 —9)*"'f (s, %(s)) ds —/0 (t1—5)* 7 f (s,%(5)) ds]
|t‘2"_1_ti"_1| //L|)"_1| T P
+f<|y3|+kl_‘(a——,3—y1) | (T -5s) "=ly(s) ds

Y S S
+M"(o¢_y1)f0 (T = )" (s,x(s)) ds

T
IR fy T
+ 1_7“ T(T — s)“_”_lf(s,x(s)) ds)
Al (e = y2) Jo
<] [ 206 —0) P + 1657 57PN 17 - ( A =11
- Al(@-B+1) A Al(a-B-y1+1)

A =11 - p)TeFr It5~" =177l ys]
Al(@-B—-y2+1) A

L L i I e G
Al (o +1) A Al -y +1)

(-1 )]
]
Al(a -y +1)

As t; — 5 — 0, the right-hand side of the above inequality tends to zero independently
of x € B,. Therefore, by the Arzeld-Ascoli theorem, the operator F : C — C is completely

continuous.
The result will follow from the Leray-Schauder nonlinear alternative (Theorem 3.4) once

we have proved the boundedness of the set of the solutions to equations x = 0 Fx for 6 €

(0,1).
Let x be a solution. Then, for ¢ € /, and following similar computations to the first step,

we have

lys| T*

lo(@)| < ¥ (Ilx0) lell 2 + %12 + A,




Niyom et al. Advances in Difference Equations (2016) 2016:165 Page 12 of 14

which leads to

1A -
Il AL + (Dl IAR: + Tyl

In view of (Hy4), there exists a constant M such that || x| # M. Setting the set
U={xeC:|x| <M},

we see that the operator F : I — C is continuous and completely continuous. From the
choice of U, there is no x € U such that x =  Fx for some 6 € (0,1). Consequently, by
the nonlinear alternative of Leray-Schauder type, we see that the operator F has a fixed
point x € U which is a solution of the boundary value problem (1.1). This completes the
proof. O

Example 3.3 Consider the following boundary value problem which contains Riemann-

Liouville fractional derivatives of two orders in a differential equation and the conditions:

7(¢+3) N |x(2)]+2 ()| +1 (3'10)

{(%Dl7/u+ 2 DB)x(r) = 1 20 200 ), telo,4],
x(0) =0, LD3%0x(4) + 2D¥9x(4) = 2.

Here o = 17/11, B = 13/9, A = 21/23, i = 7/12, 3, = 3/100, 5 = 5/99, y3 = 2/5, T = 4
and f(t,x) = (1/7(¢ + 3))((x*/(Jx| + 2)) + (2|x|/(|x| + 1))). By direct computation, we have
A ~2.024068 #0, 2; ~ 0.22817, and 2, ~13.76475. Clearly,

1 x2 2|«
)] = ‘7(t+3)(|x|+2 * |x|+1>‘

= 7(t +3) (el +2).

Choosing ¢(£) =1/7(t + 3) and ¥ (|x|) = |x| + 2, we can show that there exists M > 14.8763
satisfying

MA 1
>1.
MAQ + Y (M) || ARy + T |ys]

Hence, by Theorem 3.5, the problem (3.10) has at least one solution on [0, 4].

3.4 Special cases
In this section, we discuss some special cases of the problem (1.1) which can be reduced to
boundary value problems of Riemann-Liouville fractional derivatives with three orders. If
A =1, then the problem (1.1) is reduced to
{D"‘x(t) = f(tx(@®), te), G.11)
x(0) =0, uD"x(T) + (1 — w)D"2x(T) = ys.

Therefore, we have the following existence results.
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Corollary 3.1 Assume that the condition (Hy) holds. If LQ; < 1, then the boundary value
problem (3.11) has a unique solution on J.

Corollary 3.2 Let the conditions (Hy) and (Hy) be satisfied. Then the boundary value prob-
lem (3.11) has at least one solution on J, provided Q; < 1.

Corollary 3.3 Suppose that the condition (Hs) is fulfilled. If there exists a positive constant
M such that

MA
>
Y (M)ll@ll A + T ys]

then the boundary value problem (3.11) has at least one solution on J.
If u =1, then we have

(AD* + 1 = A)DP)x(t) =f(t,x(t)), te],

(3.12)
x(0) =0, D" x(T) = ys,
and also a nonzero constant
(o) T¢ 71
POk iy (3.13)
I'a—n)

Corollary 3.4 Suppose that the condition (Hy) holds. If L2 + Q1 < 1, where Q1, Q2 are
defined by (3.2) and (3.3) and A by (3.13), then the boundary value problem (3.12) has a
unique solution on J.

Corollary 3.5 Assume that the conditions (Hy) and (Hy) are satisfied and suppose that
Q) <1 with A defined by (3.13). Then the boundary value problem (3.12) has at least one
solution on J.

Corollary 3.6 Assume that the conditions (Hs) and (Ha) are true with A defined by (3.13).
Then the boundary value problem (3.12) has at least one solution on J.
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