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Abstract

The boundedness character of positive solutions of the following system of difference
equations: xp41 =A+ X{—i,yw =A+ VZ% n € No, when min{A,r} >0andp >0, is
studied.
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1 Introduction

Concrete nonlinear difference equations and systems, especially those which are not
closely related to differential ones, have attracted a lot of attention recently (see, for
example, [1-33] and the references therein). Among them, symmetric and close to
symmetric systems of difference equations, whose study was essentially initiated by
Papaschinopoulos and Schinas in the mid-1990s, have attracted a considerable interest
(see, for example, [4, 7-11, 13, 14, 22-32]). For example, in [7] Papaschinopoulos and
Schinas studied the oscillatory behavior, the boundedness character, and the global sta-
bility of positive solutions of the following close to symmetric system of difference equa-
tions:

Yn Xn
xn+l:A+—: yn+1:A+—; I’IGN(),

Xn-p Vn-q

where A > 0 and p, g € N. It should be noted that the system is rational. On the other hand,
for the case p = g the system obviously becomes symmetric, that is, it is of the following
form:

IYn :f(yn—k: xn—l);

Xn :f(xn—k:yn—l): ne NO:
for some k,/ € N.

On the other hand, a systematic study of positive solutions of nonlinear difference equa-
tions containing non-integer powers of their dependent variables began by Stevi¢ et al.,
approximately since the publication of [15], where the first nontrivial results related to the
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following difference equation were given:

i
Xl =0+ =L meN,, 1)

P
where min{a, p} > 0.
A good prototype including (1) is the following difference equation:

i
x,,:a+xf_k, n €Ny, 2)

n-1

where k,/ € N, k # [, min{e, r} > 0, and p > 0, which was proposed for studying by Stevi¢ at
numerous talks. Some special cases of this, the corresponding max-type difference equa-
tion or related equations has been studied considerably (see, for example, [1,2,5,12,16-21,
30, 31] and the references therein).

Motivated by these two lines of investigations Stevi¢ has proposed recently studying
symmetric and close to symmetric systems of difference equations which, among others,
stem from special cases of (2).

Motivated by all above mentioned work, and especially by [19], here we investigate the
boundedness character of the solutions of the next system of difference equations

b

x
P Yn+1 =A+ r_Vl’ ne NO: (3)
n-3 n-3

X1 = A+

when min{4,r} >0, p > 0,and x_;,y_; > 0, i € {0,1,2,3}. Our results extend and comple-
ment some results in [19].

By using the induction and the equations in (3) we see that if x_;,y_; > 0, i € {0,1,2,3},
then

min{xm}’n} > 0; n Z _3)

which means that positive initial values generate positive solutions of system (3). More-

over, we have
min{x,,y,} >A, nelN. (4)

The case p = 0 is simple. Namely, in this case by using (4) into (3) is obtained

1
max{X,1,Vus1} <A + T n>4,

which means that all positive solutions of system (3) in this case are bounded. In fact, since

1
A <min{x,,y,} <max{x,,y,} <A+ T n=>5,

they are persistent.
For a solution (x,, ¥,).>—3 of system (3) it is said that it is unbounded if

Sung(xmyn)”]Rz = Su%\/m: +00.
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Otherwise, the solution is bounded, that is, if there is a nonnegative constant M such that

SUPP’H (xmyn)“Rz SM < +0Q.

2 Main results

In this section we prove the main results in this paper, all of which are related to the bound-
edness character, that is, the boundedness of all positive solutions of system (3) or the ex-
istence of an unbounded solution of the system depending on the values of parameters A,

p,andr.

Theorem 1 Assume that min{A,p,r} > 0 and 27p* < 256r. Then all positive solutions of
system (3) are bounded.

Proof Using the equations in (3), we have

o

xn+1:A+r—

Xn-3
p
n
=A+ ( ); )
p
Xn-3
A &0\
=A+ ( — + 1
p p r
Xn-3 Xn-3Vn-a
A Xno1 b\ P
= A + 7 + [ ,
b P’ b
*u-3 Xn_3Vn-4
A A P\ P
=A+ + + Yo
r LZ r L2 r
L4 e P p* b 1
Fn-3 Xn-3YVn-a Xn-3Vn-a%n_s
A A V2 P\ P\ P
=A+ + +
r Lz r LS xr r
p e P pe P
Fn-3 Xn-3Vn-a Xn-3Yn-a¥p_s
,
P73
A A A x, 2 P\P\?
=A+ + + + (5)
r LZ r LS L2 r L2 r
L4 e P > e P P P .r
Fn-3 Xn-3YVn-4 Xn-3Vn-a¥y_5 Vn-a%y-5Yn-6
A A A
=A+|—+ a + A
P p> P P P
Fn-3 Xn-3Vn-4 Xn-3Vn-a¥y_5
—
Xp_3 p 3 P\ P\ P
+
L= /o) =75
Vn-a Xp-5 Vn-6
I
A A X3 p 3 P\ P\ P
=A+ + + + ,  (6)
5 Lo Lo yal 4 yq
p* P P> P 4%, 5V 6
Fn-3 Xn-3Vn-4 Xn-3Yn-a%n_s " " "
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Now using the first equation in (3) in (6) we get

—a _r
L A . L‘F - A . s P35 \P\P\ P
n+l = r o ar b . b .
5 p Vn-4%n_5Yn_6 Xn-5Yn-6%n-7

Fn-3 Xn-3Vn-a
A A A
=A+ r + Lz r A al b C1
4 pe P Vn-4%p—5Yn—
*n-3 X3V n-4 " n=5/n-6

T
ay by ¢ ’
Xn-5Vn-6%n-7

where

Assume that for some k > 2 we have proved that the following equalities hold:

—Afc—.
A Xn—2k+1 prikea P
xn+1:A+ T+ T . (8)
7 2k Sx 2k-3 2k-3
X s Yn-2k ®p-2k-1Y n-2k-2
—A) fe—.
A Vu_ok p—=azk-3 p
—A+ (s > ), 9)
7 vak—Z 2k-2 xCZk—Z
X 3 n-2k-1Yn-2k—2%pn-2k-3

where the sequences ay, by, and ¢ are defined by

by Ck r
A+l = ’ bk+1 = ) Cks1 = ’ (10)
b —ak b —ak b —ak
with
r r r
ao = —» bO—_y Co=—.
r’ r p

Using again the equations in (3) and the recurrent relations in (10), we have

pP—as_; p
< Yn-2k ) k=3 )
a b C
x 2k-2 2k-2 2k-2

n—2k-1Yn-2k—2%n-2k-3

X1 = A+ <

RSN

-3

=~

X
A
o -2, bak—2 | Cok-2
Xn—2k-1Yn—2k-2%n-2k-3

=A+ <
X
—A2k-2 p-axk-3 p
n—2k—1 ) . .> (11)

SN
w

bok-2  Cok-2 1
Yn—2k-2%n"2k-3Vn—2k—4
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A A
=A ar%-2 bak-2 k-2
x) X k1Y n 2k 2% 2k

p—axk-2\ P—42k-3 p
Xn-2k-1
+ h e
2k—2 k-2 r
p-axk_y P=42k-2 , P=42k-2

n—2k-2 *n-2k-3 Yn—2k—4

A A
:A+ + .-
k-2, bak—2  Cok-2
X X

3 n—2k-1Y n-2k-2%n-2k-3

P—agk_2\ P=A2k- 2
+ Xn—2k-1 k k=3 (12)
a1 bak1 ok ’

VnZ2k-2%n-2k-3Yn-2k—4

INERSTRY

A A A
X1 =A+ 4.
n+l 5 w1 okt ok
Xy o Yn-2k-2%n-2k-3Yn-2k-4
*”2k—1 p=ax-—2 P
2k-2
13
bok1 , C2k-1 ) ) (13)

Xy ok-3Y no2k—-4%n-2k—5

(
=A+
X

-3

P—azk-1 p
Yn-2k-2
+ e e
bok-1 k-1 r
- — p=agj-1

p-axk-1 , P=42%k-1
n-2k-3 /' n-2k-4 "n-2k-5

A e p-azk-1 p
A+ P y 2k-2 ) (14)
x“zk

X0 s n-2k- 33’n ok aFas

S s

INERSTR

From (6), (7), (12), (14), and the method of induction it follows that (8) and (9) hold for
every k > 2, and for every n > 2k.
If p* > r, then

5l r5) -
ag = - —
p? P p?
by =rlp* <— ( —L) by,
P?

cozr/p<r/(p——>

From this and by using recurrent relations (10), it follows that ax, bk, and ¢k increase, as
far as ax < p. On the other hand, (10) implies

r
Akl = k>2.

p-a)p-a)p-as)

Hence, if ai < p for every k € N we see that there is a finite limit limy_, o ax = x* € (0, p],

and that x* is a solution of the equation
fx) =xp-x>-r=0

We have f(0) = f(p) = —r and f'(x) = (x — p)*(p — 4x). Hence maxye(o1 f () = f (p/4). Since
by a condition of the theorem

4

256

-r<Q0,

f(P/)—

we arrive at a contradiction.
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This guarantees the existence of the smallest / € N such that 4, ; < p and a; > p. This,
along with (13) with [ = 2ky — 1, implies that

(A A
X1 = A+ +oe

5 drkg-1  bakg-1  Cakg-1
X, n—2ko-2%n-2kg -3V n-2ko—4
p_aZko—l

b—ary-2 p
Vn-2ky-2 0
+ b oo
2ko-1 CZkO -1 r
X1-2ko-3Y n-2ko-4%n-2ky—5

<A ! !
+ + e
- Af,—l A%kg-1+b2kg-1+¢2k5-1-1

1 P—azky-2 p
+ e
A“2k01+bzk01+52k01+’—P> ) ’

for n > 2ko + 6, which implies the boundedness of x, in this case. Due to the symmetry

of system (3) the boundedness of y, follows and consequently the boundedness of the
solution. If [ = 2ky — 2, then from (11) it follows that

(A A
X1 = A+ +o

r
5 azkg-2  bakg-2 5 2k0-2
X3 n—2ko -1 n—2ky-2"¥n-2ky-3
P—a2ky-2

P-agky-3 p
X_2ko-1 0
+ Y
bokg-2  Cokp-2
Vn-2kg-2%n-2ko-3Y n-2ko-4

<A 1 1
+ + “ee
- Ag—l A%2ko-2+b2rg -2 +C2kg-2-1

1 P=%2kp-3 P
+ e
A%2kg-2+bakg 2 +C2ky 24P ) ’

for n > 2ky + 5, which implies the boundedness of x,, in this case.
Due to the symmetry of system (3) we also have

1 1 P-azky-3 p
< A + 4+ + cee
Ynil = Ar! A%2ko-2tbakg-ateakg-2=1 * paakg-2+bakg-2+caky-2+rp ’

for n > 2ko + 5, which along with the previous inequality implies the boundedness of the
solution.

If p* < r, then using (4) in (5) we get

,
p=3
A A A x, 5 PNPN?
KXn+l = A+ T + T + [ T + T
x? v I 2o
n-3 Xn-3Yn-4 Xn-3Vn-a%n-5 Vn-a¥n-5Vn-s6

G G G ) ))
§A+ 7 + [ + 7T + [N ’
AI;—I AFJr}—g—l A—3+—2+ -1

for n > 7, from which the boundedness follows in the case.

Due to the symmetry of system (3) we see that the inequality

1 1 1 1 PNP\P
Yn+l <A+ 7 T T t + - ,
Ap—l APT+1—7—1 A
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holds for n > 7, from which along with the previous inequality the boundedness of the
solution follows. O

Remark 1 Note that if a; = p for some k € N, then ay,1, biy1, and cgy1 are not defined.
However, if this happens then above mentioned index [ is chosen to be this k. For such
chosen [ is obtained an upper bound for positive solutions of system (3) in the way de-
scribed in the proof of Theorem 1.

Theorem 2 Assume that min{A, p,r} > 0, 27p* > 2567, and p > 4/3 (where at least one of
these two inequalities is strict), or r < p —1 < 1/3. Then system (3) has positive unbounded
solutions.

Proof Assume that (x,, y,),>_3 is a positive solution of (3). Then we have

X+l > rVI ’ (15)
Xn-3
P
yn+1 Z rn ) (16)
Yn-3
for n e Ny
Let

zy = In(x,y,), n>-3.

Taking the logarithm of the both sides in (15), (16), then summing such obtained inequal-
ities, it follows that

Zysl —PZn + 1243 >0, mneNp. 17)
Let

P(A) =A*—pad +r. (18)
Then P(0) = r and

P'(A) = A*(4x - 3p),

from which it follows that the polynomial P(1) has a local minimum at A = 3p/4, and ac-
cording to the conditions of the theorem

P(3pl4) = —27p*/256 + r < 0. (19)
If p > 4/3, then 3p/4 > 1. From this, (19) and since
Alim P(\) = +o0, (20)

it follows that there is A1 > 1 such that P(};) = 0. If p = 4/3, inequality (19) is strict, 3p/4 = 1,
and since (20) holds, we also see that there is A; > 1 such that P(1;) = 0.
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Now assume that 7 < p —1 < 1/3. Then P(1) =1 - p + r < 0 and since (20) holds, we again
see that there is A; > 1 such that P(A;) = 0.
Let
Py(M) =P/ =) =23 +ar? + b +c
and
Uy =2y +aZy1 + bzy_o +C2,_3.
Then inequality (17) can be written in the following form:

Upsl — }\lun > 0. (21)

Choose x_;, y_;, i € {0,1,2,3}, such that u#, > 0. For example, to get u( > 0, it is enough to
choose x_;, y_;, i € {0,1,2,3}, such that

x0Yo > lal|x-1y-1] + |bl|x-2y-2| + |c[lx-3y-3].
From this and (21) it follows that

Uy > M. (22)
Since up > 0 and A; > 1, by letting n — oo in (22) we obtain u, — +00 as n — o0. If z,

were bounded then u,, would be also bounded, which would be a contradiction. Hence z,
is unbounded. From this and since

A2+ 92 > 2%y, =2¢€5, neNg,

we have
sup /& +y; = +00,
n>-3

that is, the solution of system (3) is unbounded, completing the proof of the theorem. [J

Theorem 3 Assume that min{A,p,r} > 0 and p = r + 1. Then system (3) has positive un-
bounded solutions.

Proof Let
X0Y0 > X_1Y-1 > X_2Y_2 >%x_3y_3>0. (23)

Since p =r + 1, system (3) is

yr+1 r+1

n n

P Yn+1 = A+ P
n-3 n-3

X1 = A+ neNp. (24)
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Multiplying these two equations we easily obtain

xn+1yn+1 >< xnyn ) , (25)

XnYn Xn-3Yn-3

from which with # = 0, it follows that
xn > (_xoyo ) > 1.
X0)Yo X_3Y-3

Assume that we have proved

XKV > Xp-1Yk-1,  for =2 <k <m. (26)

Then from (25) and (26) we have

X X g
ns1Ynil > ( nJn ) >1, neN. (27)
Xn)n Xn-3Yn-3
Hence

xn+1yn+1 > xnyn;

for every n > -3. If x,y, was bounded, then there would be a finite positive
lim,,, oo X,,¥, = ¢. Letting n — oo in the product of equations in (24) we would obtain
¢ > A? + ¢, which would be a contradiction. Hence, all the solutions of (24) satisfying (23)

are unbounded. O

Theorem 4 Assume that min{A,r} > 0 and p € (0,1). Then every positive solution of system
(3) is bounded.

Proof Since x,, > A, n € N, we have

o

AT’

n

Xn+l SA+ Ar'

yn+1 SA +

for n > 4, where (x,, y,),>_3 is an arbitrary positive solution of system (3).

Hence
2(x, + yu )
Kol + Yne1 < 24+ %, (28)
for n > 4.
Let (z,)n>4 be the solution of the equation
22,
Zpel = 2A + A_:l’ n=> 4'! (29)

such that z4 = x4 + y4.
Since
2xP

S =24+ "2
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is increasing on R,, a simple inductive argument shows that
Xp +Yn <2y, form=>4. (30)

Since p € (0,1) function f is concave, which implies that there is a unique fixed point x*
of f and that the next condition

(fx) —x)(x—x") <0, x€(0,00)\ {x}, (31)

holds.

If z4 € (0,x*] condition (31) implies that (z,),>4 is nondecreasing and bounded above
by x*, and if z4 > x* that it is nonincreasing and bounded below by x*. Hence (z,),>4
is bounded, which along with (30) implies the boundedness of (x,,),>4 and (¥,,),>4, from
which the result easily follows. O

In the next theorem we use the fact that the comparison equation is a linear first order
difference equation, which is solvable in closed form. For recent application of this and
related equations see, for example, [4, 22, 23, 25-29, 33].

Theorem 5 Assume that p =1, r >0, and A > /2. Then every positive solution of system
(3) is bounded.

Proof From the proof of Theorem 4 we see that any positive solution (xy, y,;)»>_3 of system
(3) satisfies (28) with p = 1.

Let (z,).>4 be the solution of the equation

2z
Zur1 = 24 + A—f, n>4, (32)

such that z; = x4 + y4. Then clearly (30) also holds.

It is well known that (32) is solvable. Using its solution in closed form is easily proved
that

2Ar+1
lim z, =

n—00 Ar—2’

from which the boundedness of (z,),>4 follows. This fact along with (30) implies the
boundedness of (x,),>4 and (¥,),>4, from which the result easily follows. O

Remark 2 The boundedness character of positive solutions of system (3) in the following
two cases:

(@) r<27p*/256,1<p<r+1,r<1/3;

(b) r<27p*/256,p=1, A € (0,~/2],
is not known to us. Hence, we leave the cases to the interested reader.
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