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1 Introduction
In this paper, we consider the following quasilinear elliptic problem:

WP2u P @2y Pt 02y, A‘u‘q “oinQ
P Joc]# lx—xo? [Ed ’
(1)

u=0 on 052,

—Apu— 1

where £2 C RN (N > 3) is a bounded smooth domain such that the different points 0, xo €
2, —A,u = —div(|VulP2Vu) is the p-Laplacian of u; 0 < u < [t := (N_p)l’ 1 <p <N and A
is a positive parameter, 0<a<b<p, 1=<qg<p, p“a)= N “) p*(b) = £===. Note that
PrO)=p* =3, p*(p) =

Let Wol'p(.Q) be the completion of C§°(£2) with respect to the norm (fQ |Vul? dx)}’. The
energy functional of problem (1) is defined on Wg’p (£2) by

14 p*(a)
](u):l/ <|V v - ML) A — *1 |l :
ple |x[? pHa) Jo x|

|| A ul?
(b) |x — xolb qJo lx*

Then J(u) € Cl(Wl’p( £2),R). Function u € Wl’p( £2)\{0} is said to be a nontrivial solution
of (1) if (J'(u),v) =0 forallv e W ?(£2) and a solution of (1) is a critical point of J(x). But
the appearance of multiple Sobolev—Hardy terms in (1) makes it difficult to investigate the
existence of positive solutions for problem (1).
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Recall that the functional J (i) satisfies the (PS), condition if every (PS). sequence for J(u)
has a convergent subsequence, and a sequence {u,} C W/Ol ?(£2) is called a (PS), sequence
for J(u) if J(u,) — cand J'(u,) — O.

Elliptic equations with critical growth terms have received wide attention in recent

years. In a pioneering work, Pohozaev [18] considered the following elliptic problem:

—Au=|u*2u in$,

u=0 on 452,

where §2 is a star-shaped domain with respect to the origin, and obtained that there is no
nontrivial solution. However, lower order terms can reverse this situation. Indeed, Brezis
and Nirenberg [1] proved the existence of positive solutions for the nonlinear elliptic prob-

lem involving the critical Sobolev exponent

—Au=ru+u*2u in$2,

u=0 on d452.

Generalizations of this result can be found in [6], and for multiplicity results for elliptic
equations with critical exponents see [7].

As for the elliptic problems involving Hardy terms, Jannelli [13] proved the existence of
solutions. This problem was also discussed in [2, 3, 8, 9]. The following quasilinear elliptic
problems with a singular Hardy term and a critical Sobolev—Hardy term:

—Apu—p ‘”K;” = K(x) '”'p:‘sz_% +g(x,u) in £2,
u=0 on 452,

2)

have been investigated in recent years, where K(x) is a continuous nonnegative function
and g(x, u) is a subcritical perturbation. Kang [14] proved the existence of solutions for
problem (2) with K(x) = 1 and g(x, u) = ‘”‘Izl_,z"

methods and the results crucially depend on the parameters p, ¢, ¢, A, and u. In [17],

where p <t < p*(s) by using variational

Liang consider problem (2) with K(x) = 1 and derived the existence of infinitely many small
solutions by using the concentration compactness principle and a symmetric mountain
pass theorem.

Concerning problems with multiple nonlinearities, there has been little research up to
now. Here we mention Gao [5] who studied the elliptic problem with combined critical
Sobolev—Hardy terms on smooth bounded domain and obtained some existence results
by investigating the limit behavior of the PS sequence for the corresponding energy func-
tional. Li [15] has established the complete asymptotic description for any PS sequence
{u,} of the associational energy functional and then proved the existence of nontrivial so-
lutions under different assumptions. As for problems involving multiple critical Sobolev—
Hardy terms, we refer to articles [12, 16].

This paper is devoted to the study of the multiplicity of positive solutions for problem
(1) when a, b, s, A, i satisfy suitable conditions by using variational methods and some
ideas from [11, 12].
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Problem (1) is related to Sobolev—Hardy inequality

" ® N\ o N Y
/ dx §Cf |Vul? dx, VueCSO(R ),aeR .
N |x —alt RN

When ¢ = p, p*(¢t) = p, the well-known Hardy inequality holds:

p 1
/ g < —/ \VulP dx, Vue CP(RY),
rN [x—al? RN

where 1t = ([%)1” is the best Hardy constant.
In the space Wol ?(£2), we employ the following norm if u < 7z:

lul </ <|V P '”'p)d )
u = ulr — —_— X .
=\ e K

1
Due to Hardy inequality, it is equivalent to the usual norm (. o |VulP dx)? of the space

Wol'p(.Q), and

( (wer - 25) )

Page 3 of 19

1
is also equivalent to the usual norm (/, o |VulP dx)? of the space W&’p (£2) with %y € £2.

Hence we can deduce that

e —

Jul? ; P\ \?
(w2 as) <o [ (w5 )

where S is a constant.

Set
JoIVul — pptip) dx
A, (82) = 11nf oz 4€ 2.
ueWy? (2)\(0} (f, |‘L;|_a|t dx) 7@

Whenever A,,; is independent of £2 C RN, we will simple denote A, (£2) = A,,,(RN) = A, ..

Therefore we conclude that
*(b)

(fQ(|VM|p - Mlx—xo\p

luf? 5 - “(b
)49 P Ol

up®
/_Q |9|¢_|x0|b i = 70 = v
A A
Let
*p;q * N —s
Ag = mm{( r-q )P ®> p—p*(b) (NwNRo
287" O (p*(b) - q) q-p*(b)\ N-s
p*(i)—)q

< r-q )w’?;?-p p—p*(b) (NwNRQ’-S> o
q-p*(b)\ N-s

2(p*(a) - q)

q)
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and

L

_ N-a _p Nb
A1=min{ p-a = P79 'h}.

—AFY, A
p(N-a) " "p(N-b)"*

Now we give our main result:

Theorem 1.1 [fN >3,0<u<w,0<a<b<p, 0<s<p,1<gqg<p,then we have the
following results:

(i) If A €(0, Ao), then (1) has at least one positive solution in Wol’p(.Q).

(i) Ifr e (0, %Ao), then (1) has at least two positive solutions in W;’p(.Q).

This paper is organized as follows. In Sect. 2, we narrate some useful preliminary knowl-
edge and some properties of Nehari manifolds. In Sect. 3, the multiplicity of positive weak
solutions is verified.

Throughout this paper, various positive constants will be denoted by ¢, and dx in inte-
grals will be omitted for convenience.

2 Preliminary knowledge and main results
Since the functional J(z) is not bounded from below on Wol ?(£2), we will work on a Nehari
manifold. For A > 0, we define

Ny = {u e WoP()\(0) : {J'(), ) = 0.

We recall that any nonzero solution of (1) belongs to N,. Moreover, by definition, we
have that # € N; if and only if

lulle #0 and  lullf, -

p*(a) p*(b) q
& _/ N @)
Q

o w—xol? " o lak
Lemma 2.1 The functional ] (u) is coercive and bounded from below on N,.
Proof For u € N;, we have

1 , 1 |u|p*(a) 1 |u|p*(b) A |9
Jw) = —llullf, - — T b, s
p pra) Jo Ixl p) Jo lx=x01"  qJa Ixl

1o, A || 1 lulp"@ lulp"®
> a5 | o ;
p qJo xI* p*®)\Jo Ixl @ |x—xol

11 11 |u|?
(el [
p p*0) q p*b)) Je |«

1 1 » 1 1 |u|P”® 6 p;S()sEq @
- (Lo ul —A(—— )( ) (/ |er) R
(p p*(b)) " q p*b))\Jo Ix 2

Set Ry be a positive constant such that £2 C B(0;Ry), where B(0; Ro) = {x € RV : |x| < Ro}.

Since

J O P*(s)-q *(s)-q

) ©) R 0] NaowyRN- pp* ©
|~ <|Nwy Nl gy = —
Q - 0 N-s ’
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N
where wy = 1\12173(?\1) is the volume of the unit ball in RV, we have
2

q

.

uf'ON\rFe -4

( P <Auslulll.
2

Thus combining with (4), we get that

*(s)-
-b p p*(b) —-q Na)NR{)\FS % _g g
luelly, =2 w0 \ N_s Ak llu).

p
](U)Zm

Since 0 < b,s<pand 1 < g < p, J(u) is coercive and bounded below on N;.

Define ¢; : Wy (2) — R by ¢;.(u) = (J'(u), u), that is,

ulp @ ulp*® ull
ot =qug - [ BT [ [
o 2 |x—xo 2 I

Note that ¢, is of class C! with

| |ufP"®) |ul?

|P*(a) .
w P b)

(&), (w), u) = pllull?, - p*(a) /
2

Furthermore, if 4 € N, then from (3) and (6), we have

¥ (a) p*(b)
(8,0}, = pllaelt, — p* (@) /Q 1 AL /Q bl

| | — 2o/

oo lxle o lx—x0/”

lulP"@
— _ by _ * —
- a)lult, - (p*(a) q)/g T
. lulp”®
) | e

and

p*(a) q
(8,0), ) = pllalt, - p*(@) / Ly / el
2 2

|x[“ |x[*

ulp @ uld
—p*(b)<llullﬁ—/ b —A/ ke )
o |x* 2 %I

()
— (p-r Bl - (@ - p®) [
2
o [ Il
~Ha-r (b))/g s

o lx—x0/” o lxf
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(5)

(6)

8)

)

(10)
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Now we split N, into three sets:

N):r = {M S N)\ : ((iﬁi(lxl), M) > 0}’
Ny ={u e N, : (¢}, (), u) =0},
Ny = {u €N, : (¢i(u), u) < 0}.
The following result shows that minimizers on N, are the usual critical points for J(u).

Lemma 2.2 Suppose that u is a local minimizer of ](u) on N, and uy ¢ N, then J'(ug) = 0
in (Wo?(2))™L.

Proof 1t is easy to see that there exists a neighborhood U of 4 in W&’p (£2) such that

up) = min J(u)= min u).
]( 0) ueL[ﬂN;\]( ) ueU\{O},qb)L(u):O]( )

Furthermore, by the Lagrange Multipliers Theorem, there exists p € R such that J'(u) =
p¢:.(uo). Then, since uy € N, we get

0 = (J'(uo), o) = p(¢; (140), uo)-
Now ug ¢ NY, thus p = 0, and consequently J'(u) = 0 in (Wol'p(.Q))’l. O
Motivated by the above result, we will get conditions for N? = ¢J.
Lemma 2.3 If A € (0, Ag), then N? = (), where Ay is given in the introduction.

Proof We argue by contradiction. Suppose that there exists a A € (0, Ao) such that N} #,
then from (9),
0 < lullf;

_P@-p®) [ | q-pb) [l
p-p'®) Jo Wt Tp-pr0) Jo sl

q-p*b) [ |ul?
p-pr*b) Jo |xI*
* ()
q-p*(b) (NoyRY™ p‘”*“’qA‘%n 14
s,
p-p*b)\ N-s e T
which implies
*(s)-q 1
—p*(b) [ NoyRN=\ 70" -4\ 77
< (142220 (NenRo Ty 707 5\ (11)
p-p*b)\ N-s

Again by using (7), Holder and Sobolev—Hardy inequalities, we have

4
0 < flull,

_P@-q [ WY pb)-q / jul”®
p-q9 Jo kI p-q9 Jolx-xl
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* * *(b
_P@-qluli”  pb) -q Bl

p-q 9 r-q )
Auh AM,’Z
@) —q lull, @ prb)—q 7O ull,
< 2 max p q 2 p q U
- p-q Z97 p-gq o
AM,Z A;L,Ib’

Now we distinguish two cases:

* « b
Case 1. 2-@)=q Il @ _ prb)=g B Oty ¥
torq p*}g“) — pq p*p(h) .
Apa Al

It is easy to calculate that

pP—q 20N pFbrp
”u”u = (Zﬁp*(b)(p*(b) _q)Au,b :

Combining with (11), we conclude that

_rq_ * ()=
r—-q s p—p*(b) ( NoyRY~ E%0] g (N;(Z)g;q)
A> O (o () — — All,sAM,b .
287" O)(p*(b) - q) qg-p*(b)\ N-s
* @ . by 2 (6)
pra)—q llully pE(b)-q BY 7 llully
Case 2. pa @ > 1L(b;

Ar Al
4y
As in Case 1, one obtains that

)_

_ *(s

N pP—q Fap p-p*(b) [ NoyRY™* %Ag Ai(N;(‘X_(’Z)’q)

> sAus .
2(p*(a) - ) q-p*b)\ N-s S

Hence A > Ao, which contradicts A € (0, Ag). Thus N° = ¢. O

Lemma 2.4 If X € (0, Ao), then for each u € W&’p(ﬂ)\{O}, the set {tu : T > 0} intersects N,
exactly twice. More specifically, there exist a unique t~ = v~ (u) > 0 such that t"u € N, and

a unique T+ = t*(u) > 0 such that t*u € N, . Moreover, T* < Tyax < T~ and

J(t*u)= inf J(Tuw), J(t7u) = sup J(tu).

<7 <Tmax T>Tmax
Proof The proof is similar to that of Lemma 2.7 in [11], and we omit it here. O

From Lemma 2.3 we obtain that N, = N;” UN; for all A € (0, Ap). Furthermore, by

Lemma 2.4 it follows that N} and N, are nonempty and, by Lemma 2.1, we may define

oy, = inf J(u), o, = inf J(u), o, = inf J(u).

ueN,, ueN;: MEN}:

Lemma 2.5
(i) Ifx € (0, A), then we have o, < o <O0.
(i) Ifr e (0, ;—iAo), then there exists some positive constant do such that o3, > d.
In particular, for each X € (0, ng), we have that oy <0< a;.
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Proof (i) It is enough to prove that there exists ¢ > 0 such that o < —c < 0. Let u € N;.
Then from (7), we have

pia)-q |u|P*<“’+p*(b)—q / |uf?"®)
-q9 Jo Ix° p-q Jolx—xb

a1,
Therefore for u € N, we get

1 ul? 1 1 ulp"®

](u)z(———)ll 17, — ( - ) ||a —<* >/ a b

p p*(a) o I prb) q) Jo lx—x

<{(1 ) (a) g (1 )} |u|P*<“>

P q - pia) o lx

{(1 l)p*(b)—q ( 1 1>}f lulp"®

+ o - * - b

p q9) P-4 p*b) ¢ 2 |x—xol

_ P @-ap-p@) [ W (p*(b)—q)(p—p*(b))/ Jup”®
par*(a) o lx° pap*(b) @ o —xol®

|-

<0,

where g < p < p*(b) < p*(a). Therefore, from the definition of o, and «;, we can deduce

that ) <oj <O0.
(ii) Let u € N;. By (7),

(ﬂ) |M| ( ) (k) |M| ( )
2

-q Jo Ik P—q |x — x0[2"

p
p
llaelly, <

Thus from the Sobolev—Hardy inequality, we get

pia)-q -2 pb)-q,-
llul? < A w2+ " ﬂ” O g2 ®
pP—q -
) (b =q b)-q, L0 .
§2max{ P @, 2O o]
Q- e “b)-g ;P o *(b)
Case 1. p (a quwp ”u”p Spp—qqALL,bp B (b)||u||ﬁ

Itis easy to calculate that for all # € N[,

S« 1
p—q 0N pForp
llzell, > (WAM, . (12)

From (5) and (12), we obtain

*(s)-q

Vi
p-b P prb)—q Na)NRQI‘S 7o -1
R _a A .
/(u)_ (N b)“ ||u qp*(b) N_s /4, ””‘HM
*( p—q

r—-q 2o 1#)17
>\ — A’Z,
—\2p7Opr(b)-q) "
20N 7o)
i)

X{ p-b < pP—q
p(N = b) \ 287" O (p*(b) —q) "
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q P*(s)-q

) ( p-a_ P ) 707 p*(b) - q (NwNRgf-s> o
q

_4
A p

S
N-s

* pr—q
p;b))l,*(b)p qp*(b)
p*(b)-q

*(5)—q

_ PO\ S ok (B _ N-s\ 2251
Z(L—IAO—A>(LA ’ )p(b)pp(b) q(NwNRO )p()AMfZ
p >

287" O (p*(b) - q) " ap*(®) \ N-s
>0.
@ )
@-q 4" P @) prb)-q 47 P P ()
Case 2. = 27A, . ully ™ > 2HA, 0 lulll ™.

It is easy to calculate that for all u € N

pP—q 2@\ 5 ap
[l z(—A H ) .
T2 -q) "

With (5), we deduce that

. q
p—q @\ 7 ap
J(u) = (—A a )
20p*@)-q) "
p=q

p-b ( pP—q ”*If") > 7@
X A a
{P(N -b)\20p*@)-q "
(

)\p*(b) —q (NoyRY™\ 7 & 1
qp*(b) \ N-s

r*(s)-q

:<__£:z__A4@>F%ﬁufw)—q(NwNRyﬂ)2%> »
20p*(b)-q) " :

x{ p-b ( P-q A”*é“))ﬁ*w
PN = b) \ 2(p*(a) - q) Hot

_rre)-q
qp* (b) (NwNRS“S> BN _)\}

“pb)-q\ N-s &

N

*(9)—q
_ r*@) *(Z>, *(h) — N RN-S L o) 4
= (2p,-» r-q az ) »p*(b)—q (NonRy ™\ 7 Al
p qr*(b) N-s

Soif A € (0, I%Ao), then J(u) > d, for all u € N; for some positive constant dy. O
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Remark 1 If A € (0, I%Ao), then by Lemmas 2.4 and 2.5, for each u € W&’p(.Q)\{O}, we can
easily deduce that

tTueN; and J(t7u)=sup/(tu)>a; >0.
>0

3 Proof of the main result

Lemma 3.1
(i) Ifx € (0, Ag), then J(u) has a (PS)y, sequence {u,} C Nj,.
(ii) Ifr € (0, %AO)’ then J(u) has a (PS)a; sequence {u,} C Nj .

Proof The proof is similar to that of Proposition 3.3 in [11], and we omit it here. g
Now we use the Ekeland’s variational principle [4] to get the following results.

Theorem 3.2 If A € (0, Ay), then there exists u, € N, such that
(i) J(w) = o5 = o35
(ii) u; is a positive solution for problem (1);

(iii) [|ually — 0 as 1 — 0*.
Proof By Lemma 3.1(i), there exists a minimizing sequence {u,} C N, such that
J) =, +0(1) and J'(u,) =0(1) in (W,7(£2))". (13)

Since J(u) is coercive on N, we obtain that {u,} is bounded in W/Ol’p (£2). Thus, passing to
a subsequence if necessary, there exists u; € Wol’p (£2) such that as n — oo,

u, — u; weakly in Wol'p(SZ),
u, — u;,  weakly in LZ"®(82, |x| ™) for 0 < £ < p, (14)
u, — u; strongly in L1(£2, |x|~*) for 1 < g < p*(s),

U, —> u; a.e.in§2.

From (13) and (14), it is easy to see that ; is a solution of (1). Furthermore, from u, € N,
and (4), we deduce that

A/ lunl"2<1 1 > qr* (b) il — ' ®)
2

ks =\p p®) /) p)-q p*(b)—q
_qp*®)-p) ., qp*(b)
—p(p*(b)_q)llunll,L p*(b)_ql(un)
qp*(b)
—m](un)« (15)

Let n — oo in (15). Then from (13)—(14) and since «; < 0 by Lemma 2.5(i), we get

q (b
|24 - qp*(b) o, >0.

e kP 7 prb)-q

Thus u,, # 0. Since J'(u;) = 0, it follows that u; € N, and, in particular, J(x;) > «;.

Page 10 of 19
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Next, we will show, up to a subsequence, that u, — u; strongly in W/Ol’p (£2) and

J(u) = ay. From the fact u,, u; € N, (4) and Fatou’s Lemma, it follows that

o, <J(uy)

I @1 O A walt
T - _
p " p@le Ik pr®) Jolx-xl® qla kP

RYFEAS |z ") |14 | 1 |y [P

_5(9 il +L;M—MW+A;WP>_pﬂm e Il

1 A A
I,

) Jolx-xlt g lo s

(1 1 ) |uk|p*(u) (1 1 )/ |ux|1’*(”)
= —_ - + - —

p p@a/)Ja Ix° p p*b)) Jo lx—xol

1 1 a

M(_ B _)/ 24|

p q)Ja Ixf

(L @ (11 "

< lim inf {{ - - +( == -

oo |\p p@)/) o |x* p p*b)) Jo lx—x0l

o) ]
Y
p q/)Jo Ix

= lim inf J(u,)

=),

which implies that J(u;) = a; and lim,,_ « ||t,||% = || |52 Standard argument shows that
u, — u; strongly in W/g’p(.Q). Moreover, u; € N;. Otherwise, if i, € N;, from Lemma 2.4

there exist unique 7,’ and 7 such that 7,/u; € Ny, 1, u;, € N and 7} < 71 = 1. Since

2

7) d
E}(r;ux)zo and ﬁ](t{u,\)>0,

there exists T € (z;, 7, ) such that J(z; u,) < J(t; u,). By Lemma 2.4, we get that
J(tiw) <J@w) < J (5 us) =T (),

which is a contradiction. Since J () = J(|u,|) and |1, | € N7, by Lemma 2.2, we may assume
that u, is a nontrivial nonnegative solution of (1). From the strong maximum principle
[19], it follows that u; > 0 in £2. Finally, by (9), Holder and Sobolev—Hardy inequalities,
we obtain

0< <¢),L(M)u)’ uk)

.
@ |2 |7

o IxIf

=@—p%mmuwz—@%m—pwmxé

|22 |

o Ix°

wr Mg -p*(b))

< (p-p ®)url, - 1(q - p* (b))
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Thus
*(5)-q
*(b) — 4 p*(b)—q [ NoyRY S\ 7o -1
”m”ﬁ_qd‘v() q [ |lml" . p"®) q( N Ry )p A
pr®)-ple Ix°  p*)-p\ N-s
which implies that ||, ||, — 0as 1 — 0. O

Next we will establish the existence of the second positive solution of (1) by proving that
J () satisfies the (PS),, condition.

Lemma 3.3 Let {u,} be a bounded sequence in Wol’p(.Q). If{u,} is a (PS). sequence for J (1)
with ¢ € (0, A1) where A is defined in the introduction. Then there exists a subsequence of

{u,} converging weakly to a nonzero solution solution of (1).
Proof The proof is similar to that of Corollary 4.3 in [15], and the details are omitted. [

Lemma 3.4 ([14]) Assume1<p <N,0<a<pand 0 < u <. Then the problem

P2y u *(“)_Zu .
—Apu— g et K‘p =l |pma in RN\ {0},
u>0 in RN\{0}, (16)
u € DY?(RN)

has radially symmetric ground states

— _N-p x _N-p |x|
Ve)=e 7 Uyl =) =¢ 7 Uyu| — ), VYe>0,
3 &

satisfying

_ VvV p VvV p*(a) N-a
/13N<|Vvs(x)|p —MM) - /I;N Wl = =(Apa) 7,

|x? %[

where Uy, ,(x) = Uy, (|x]) is the unique radial solution for problem (16) satisfying

1

N — a)(if — @
Uy, (1) = (%)y ;
and DY?(RN) = {u € I7" (RN) : Vu € LP(RN)}. Moreover, U, ,(x) also has the following prop-
erties:

lim r*® Uy, (r)=c >0,

r—0

rggloo rb(/t) upyu (r) =Cy > 0,

lim r“(’”*lU;,,u(r) =cia(u) >0,

r—0

lim P2W* (1) = cob(p) > 0,

r—+00 P
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where c1 and ¢, are positive constants depending on p and N, a(in) and b(u) are the zeros
of the function

f(T)=(P—1)Tp—(N—p)TP71+,U-’ 7>20,0<p<p,

satisfying

N - N -
0<a(u)< pd?(ﬂ)f—f.
p—

Remark 2 By direct calculation, we deduce that Ty, = ]\% is the only minimum point of
f(z). Furthermore, f'(7) < 0 for 0 < T < Ty and f'(7) > 0 for T > Tiy. Thus, we infer that

Tmin < % <bp) f(g) <f(b(w) =0

1N 2
— 0<“5W' (17)

Furthermore, by (17) we know that b(u) > % implies N > p?.
Lemma 3.5 ([7]) Suppose 1 <p <N, 0 < b < p. Then the following holds:

(i) Aoy is independent of $2;
(i) Aoyp is attained when 2 = RN by the functions

—1 L‘f;} b P
yg(x):<s(N—b)<];[%f)p )p(p )(£+|x—xo|"T)P’

for some e > 0. Moreover, the functions y.(x) solve the equation

z

&

lu|P"©-2y

“Aju=——  inRN\{x
4 |x—x0|b \{ 0}

and satisfy

el ® Nt
P _ — -
/RN Vel _/RN % — ol = (Aop) 7"

Lemma 3.6 If0<pu<@,0<a,b<pandl <q<p, then for any \ >0, there exists v, €
Wo? (82) such that

sup/(tvy) < Ay. (18)

>0

In particular, a; < Ay for all . € (0, Ao), where A1 is defined in the introduction.

N-a N-b N-a
P . . p—a p-a p-b p-b p—a p-a
Proof Now we distinguish two cases, that is, p—(N—a)A/’"” < p(N_b)A ', and g Ana >
N-b
p=b_ 4 pb
s-nos -
N-a b ;ll;
p-a_ 4 pa p=b_ 4=
Case 1. p(N_a)AMﬂ < p(N—b)AO,b .

Page 13 of 19
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Assume p > 0 is small enough such that B(0,p) C 2, ¢(x) € C5°(£2), 0 < p(x) < 1,

@(x) = 1for |x| < §, p(x) = 0 for |x| > p. Let

u (%) = (%) Ve(x), €>0.

The following estimates are from [10] and [14]:

Nea _
e llf, = (Aya) 7o + O("WPPN), (19)
| [P N-a @)
e~ Aua) e O, (20)
2
CgN—s+(1—¥)q q> N-s
|uae |7 N-s+(1-1) ’ l;\(z )
WZ ce »M|Ineg|, q= 1505 (21)
2 N
q(b(u)+1-%) N-s
ce re, <50

Now we consider the following functions:

g(r) =J(tu,)

4 r*(a) lup|P"@ ") |ue 7" @) s PAL
= e, - - 1
@ le e pr®) Jelx-xl® T g Jo Ikl
and
4 (@) |u P @

(1) = w2 -
So= el ™ @ o e

Using the definitions of g and u,, we get

P
g(t) =J(tu,) < %nugnf;, forall 7 > 0 and 1 > 0.

Combining this with (19) and letting ¢ € (0, 1), there exists 15 € (0,1) independent of ¢

such that
p-a s
sup g(r)< ——A,;, foralli>0andalle € (0,1). (22)
0<t<79 P(N - Ll)
On the other hand, by the fact that
2 7@ p-a _ Na _Np
max(—81 - — 2) =——By74By 4, B;>0,B,>0, (23)
=0 \ p pr*a) p(N —a)

and from (19) and (20), we obtain that

N-p
(N— * _xr
p-a_ o, ””‘p_a“)< Jue P (’”) ra
ellp
2 |x”

r?%g(r) - p(N —a)

P (4, o
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N-p
((Apb(l)pa +O( a)m—N)) p-a
p-a o4 -N
=—A,, +0 (wp+p 24
pN—a) " " (e ) @4)
Hence as A >0, 1 < g < p, by (24) we have that
q q
sup g(r) < sup(gm—x’— / ] )
=70 =10 q Jo |xI*
_ N-a
< F AL + O - AT"/—'”” : (25)
PN —a) q Jo lx

(HIfl<gc< then by (21), we obtain that

b(/t) ’

q
[el? g1
o

and since b(u) > %, q < p, we obtain
N
b(wp+p-N> q<h(u) +1- ;).
Combining this with (22) and (25), for any A > 0, we can choose ¢; small enough such that

N-a

AL (26)

V4
supg(t) =supJ(rtu,, ) < ——
rzgg( ) rz% ( )L) P(N—ﬂ)

(i) If 75 N S <g<p, thenby (21) and b(u) > N2 \ve obtain

N—s+(1—N)q N-.
|”£|q - ce P q> WIA;’
2 IxP Ny ?|ne|, gq= %,

and b(uW)p+p-N>N-s+(1- %)q. Combining this with (22) and (25), for any A > 0, we

can choose ¢; small enough such that

p—a N=—a

supJ(tug, ) < ——AL, . (27)

>0 (N 6!)

From (26) and (27) we obtain the result in Case 1 by taking v; = u,, .
N-a N-b
Case 2. 24 A,ua > I;\;f’b)A(f;b.

p(N-a)
Let

—1\ P
c - (- n(222) ),
p-1

Ve (%)
c

&

U, (x) =

Page 15 0f 19
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Consider ¢(x) € C§°(£2), 0 < ¢(x) < 1, ¢(x) = 1 for |x — x| < 2, ¢(x) =0 for |x —x9| > R,

where B(xg, R) C £2. Denote

ve(x) = (x)U.(x), foralle >0,

Ve (x)
We (x) f b
2 \x—xolh
such that
¥ (b)
/ wel” ™ _ 1. (28)
o lx—x0/”

Then we can obtain the following results by the methods used in [7]:

f|ng|P Aoy +O(e7F),
2

q(N-p)
N(p-1
cg pw-b) | q< ;[p_p ) ) (29)
q(N-p) .
/ [Wel? > § ce P |Ing|, g= (ppl),
$ (p-D(pPN-g(N—p)) N(p D
ce b g> .

Observing that w, concentrates on x = xy when ¢ > 0 is small enough, we can easily esti-

mate
4(N-p)
cs oD | q< (Ppl)’
|we |7 aN-p)
e D el g= R0 (30)
@ (p=1)pN—q(N~p) Ng-1
ce  pP-b v 4> N
Especially, when g = p, we have
N-p 2
cerb p°> N,
[we P N-p
—— > 1{cer?|lne|, p*=N, (31)
o 7
pp-1) 9
ce v b, p°<N.

Now we consider the following function:

h(t) =J(Tw,)

__/ (|vW| _ IwgV’)_rf’*(ﬂ) '@
) T r@ Ja e

p*(b)

wel"® 1w

P (b) 2 |x—x0|b q Jo Ix°°

Since lim;_, ;o /1(7) = —00 and lim,_,¢+ /(7) < 0, combining this with Remark 1, we get
that sup, . 4(7) is attained for some 0 < 79 < +00. Together with (23) and (28)-(31), we

Page 16 of 19
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calculate that

h(t) < h(zo)

b)
<_/ (W o |wg|> A VA
" wle ) ) q o lal

N- b P 14 q q
< P20 (agr0fert)) it T [ I o [
P(N—b) pJo [« q Jo IxI°
N-p
, cerb, p*>N,
p-b 37 Nep N-p
————Ay, +0(er?) - =7 2_
AN-b) 0b ( ) cs:’(piltlnsl, p° =N,
ce rh, p?<N,
q9WN-p)
ce Po-b q< NIE,”;),
q(N-p)
- CSP(Ph [Ineg|, qu]E[p__;), (32)
(p-1)(PN-q(N-p))
(i) If p*> > N, then we have that Y2 > 439 By (39) for any A > 0, we can choose &; small
p b~ ppb) Y Y
enough such that
p-b Np q(N=p) p-b Y
h(to) = supJ(twe,) < ————=A;, —cere=b < Al
e T T p(N =) p(N =)

(ii) If p? < N, then we have that I;[%f > pg’:bl). By (32), for any A > 0, we can choose ¢;

small enough such that

&

p-b —b p(p-1) p-b A=
h(zo) = 0) <~ Al AL
(7o) 210)/ (Twg,) < SN D)

O ~
S
Z

I
=

From (i) and (ii), we obtain the result in Case 2 by taking v, = w;, .
From Lemma 2.4, the definition of «; and (18), for any A € (0, A), we obtain that there
exists t; >0 such that 7; v, € N; and

o5 fl(tk_vx) <sup/(tvy) < A1.

>0
The proof is thus complete. d
Now we establish the existence of a local minimum of /() on N .

Theorem 3.7 Assume that N >3,0<pu<u,0<a,b<pandl <qg<p.Ifre (O,}%Ao),
then there exists U, € N; such that

(i) J() = a5

(i) U, is a positive solution of (1).

Proof 1f 1 € (0, p%AO)’ then by Lemmas 2.5(ii), 3.1(ii), and 3.6, there exists a (PS)QX sequence
{u,} CN; in Wol'p(.Q) for J(u) with o € (0, A;). Since J(u) is coercive on N;, we get that
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{u,} is bounded in Wol ?(£2). From Lemma 3.3, there exists a subsequence still denoted by
{u,} and a nontrivial solution U, € Wol P(£2) of (1) such that u,, — U, weakly in W&’p (£2).

First we prove that U, € N; . Arguing by contradiction, we assume U, € N} . Since N is
closed in Wol’p(Q), we have [|u, |, < liminf,_, o [|#4,]l,.. Thus by Lemma 2.4, there exists a
unique 7;_ such that t; U, € N; . From Remark 1, u, € Ny, [|U, ||, < liminf,_, o |24, || ., and
(4), we can deduce that

o 5](17’L[,\) < nli)rgo](r{u,,) < nli)rgo](un) =a;.

This is a contradiction. Thus U, € N; .

Next, by the same argument as that in Theorem 3.2, we get that u, — U, strongly in
Wol’p(.Q) and J(U,) = oy >0 forall 1 € (O,I%Ao). Since J(U,) = J(|U,|) and |U, | € N;, by
Lemma 2.2 we may assume that U/, is a nontrivial nonnegative solution of (1). Finally, by
the maximum principle, we obtain that U, is a positive solution of (1). d

The proof of Theorem 1.1 Now we complete the proof of Theorem 1.1. Part (i) of Theo-
rem 1.1 immediately follows from Theorem 3.2. When 0 < A < I%Ao < Ag, by Theorems 3.2
and 3.7, we obtain that (1) has at least two positive solutions u; and U, such that u, € Ny,
U, € N; . Since N;” N N; = ¢, this implies that #, and U, are distinct. This completes the
proof of Theorem 1.1. d

Acknowledgements
The authors would like to thank the referees for their valuable comments and suggestions which improved the original
manuscript.

Funding
The project was supported by National Natural Science Foundation of China (Grant No. 11871212) and North China
University of Water Resources and Electric power (Grant No. 70495).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All the authors contributed to each part of this study equally and approved the final version of the manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 16 April 2019 Accepted: 1 August 2019 Published online: 13 August 2019

References

1. Brezis, H., Nirenberg, L.: Positive solutions of nonlinear elliptic equations involving critical Sobolev exponent.
Commun. Pure Appl. Math. 36, 437-477 (1983)

2. Cao, D, Han, P: Solutions for semilinear elliptic equations with critical exponents and Hardy potential. J. Differ. Equ.
205, 521-537 (2004)

3. Cao, D, Peng, S.: A note on the sign-changing solutions to elliptic problems with critical Sobolev and Hardy terms. J.
Differ. Equ. 193, 424-434 (2003)

4. Ekeland, .. On the variational principle. J. Math. Anal. Appl. 47, 324-353 (1974)

5. Gao, W, Peng, S.: An elliptic equation with combined critical Sobolev-Hardy terms. Nonlinear Anal. TMA 65,
1595-1612 (2006)

6. Gazzola, F, Ruf, B. Lower-order perturbations of critical growth nonlinearities in semilinear elliptic equations. Adv.
Differ. Equ. 2, 555-572 (1997)

7. Ghoussoub, N,, Yuan, C.: Multiple solutions for quasi-linear PDEs involving the critical Sobolev and Hardy exponents.
Trans. Am. Math. Soc. 352, 5703-5743 (2000)

8. Guo, Q, Niu, P, Cui, X.: Existence of sign-changing solutions for semilinear singular elliptic equations with critical
Sobolev exponents. J. Math. Anal. Appl. 361, 543-557 (2010)



Li Boundary Value Problems (2019) 2019:136 Page 19 of 19

. Guo, Q, Niu, P, Dou, J.: Multiplicity of solutions for singular semilinear elliptic equations with critical Hardy-Sobolev

exponents. Appl. Anal. Discrete Math. 2, 158-174 (2008)

. Han, P: Quasilinear elliptic problems with critical exponents and Hardy terms. Nonlinear Anal. TMA 61, 735-758

(2005)

. Hsu, T Multiplicity results for p-Laplace with critical nonlinearity of concave-convex type and sign-changing weight

functions. Abstr. Appl. Anal. 2009, Article ID 652109 (2009)

. Hsu, T Multiple positive solutions for a quasilinear elliptic involving critical Sobolev-Hardy exponents and

concave-convex nonlinearities. Nonlinear Anal. TMA 74, 3934-3944 (2011)

. Jannelli, E.: The role played by space dimension in elliptic critical problems. J. Differ. Equ. 156, 407-426 (1999)
. Kang, D.: On the quasilinear elliptic problems with critical Sobolev-Hardy exponents and Hardy terms. Nonlinear

Anal. TMA 68, 1973-1985 (2008)
Li, Y, Guo, Q. Niu, P: Global compactness results for quasilinear elliptic problems with combined critical
Sobolev-Hardy terms. Nonlinear Anal. TMA 74, 1445-1464 (2011)

. Li, Y, Guo, Q, Niu, P: The existence of solutions for quasilinear elliptic problems with combined critical

Sobolev-Hardy terms. J. Math. Anal. Appl. 388, 525-538 (2012)

. Liang, S, Zhang, J.: Multiplicity of solutions for a class of quasilinear elliptic equation involving the critical Sobolev and

Hardy exponents. Nonlinear Differ. Equ. Appl. 17, 55-67 (2010)

. Pohozaev, S.: Eigenfunctions of the equation Au + Af(u) = 0. Sov. Math. Dokl. 5, 1408-1411 (1965)
. Vazquez, J.: A strong maximum principle for some quasilinear elliptic equations. Appl. Math. Optim. 12, 191-202

(1984)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Multiple positive solutions for quasilinear elliptic problems with combined critical Sobolev-Hardy terms
	Abstract
	MSC
	Keywords

	Introduction
	Preliminary knowledge and main results
	Proof of the main result
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


