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Ludong University, Yantai, China In this article we study applications of the Schrédinger-type identity for obtaining

transmutations via the fixed point index for nonlinear integral equations. It is possible
to derive a wide range of transmutation operators by this method. Classical Riesz
transforms are involved in the Schrédinger-type identity method as basic blocks,
among them are Fourier, sine and cosine-Fourier, Hankel, Mellin, Laplace, and some
generalized transforms. In this paper, we present a modified Schrédinger-type
identity for solutions of a class of linear Schrédinger equations with mixed boundary
conditions. The techniques used in our proofs are quite different, and most
remarkably some of the proofs become simpler and more straightforward. As an
application, we obtain the existence and uniqueness of a solution to the stationary
Schrédinger equation in the sense of the Weyl law, which advances the recent results
obtained in several articles even in a more general setting.
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1 Introduction

The stationary Schrédinger equations are often used to express real-life problems. Natu-
rally, we focus on finding solutions of linear Schrodinger equations. However, analytical
solutions are frequently not possible to find and numerical solutions can be both theoret-
ically and computationally complicated due to the complexity of a modified Schrodinger
operator. Frequently, researchers investigate inequalities in weighted Banach spaces; see,
for example, [1-6] and the references therein for details. Hence, it is appropriate to de-
rive a generalized stationary Schrodinger inequality equation from modified Schrédinger
differential equations (see [4, 5, 7]).

In recent years, under the frame of the auxiliary principle, some references, such as Ding
[8], Noor [7], Chen and Zhang [9], Huang [10], and so on, introduced the related properties
of weak solutions for generalized stationary Schrodinger equations of fluid dynamics and
built the corresponding convergence theorems.

Due to the rapid advancement of computing resource, rigorous derivation of general-
ized stationary Schrodinger equations was done also for Schrodinger fluids. An asymp-
totic analysis of the generalized Schrodinger differential equation based on the asymptotic
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expansion was presented in [9, 10]. In this paper we investigate a new equation of general-
ized stationary Schrodinger inequalities and prove an existence and uniqueness theorem
of solutions for this kind of equation.

The rest of the paper is organized as follows. In Sect. 2, we present some basic def-
initions, concepts, and some results that will be used later for our model problem. In
Sect. 3, we prove the existence and uniqueness of weak solutions for generalized stationary
Schrédinger equations. Finally, the paper is concluded in Sect. 4.

2 Preliminaries
In 2013, Ren [11] proposed the following linear Schrodinger model:

as S+0D[1 S+1 BSI Y
— =7 - |- — s
dt K m

%:,BSI—)/(I)Y—CI, 1)

o ey e -d)y,
where S is the number of sound prey, I is the number of infected prey population, Y is the
number of predator population, y () and ny:1(S) are predator functional response func-
tions. Ren analyzed model (1) in terms of positivity, uniqueness, boundedness and studied
the existence of the Hopf bifurcation.

Model (1) may be re-written by Wang, Mai, and Wang (see [12]) in a simplified form as

follows:
ds s(1 S+1) BsI
22 ors(1-222) — Bsi,
dt K
dl
= —cl+ BSI-plY, )
av_ dy + pqlY
dar pqir.

Let I = {1,2} be an index set, H; be a real Hilbert space with inner product (-,-); and
norm || - ||;, respectively, where i = 1,2. Let A : H; — Hy, B: Hy — Hj, F; : Hy x Hy — Hj,
and n; : H; x Hy — H; be mappings. Let a; : H; x H; — R be a coercive continuous map
such that

(C1) ai(oi,00) = cilloill?;

(C2) lai(oi0i)| < d;lloill; - lloill;
for any o;,0; € H;.

Let b; : H; x H; — R be a map with nondifferentiable terms such that

(C3) b; is a linear function for the first variable;

(C4) b; is a convex function;

(C5) There exists a positive constant y; satisfying
villilli - lloill; = ai(oi 01)

for any o;,0; € H;.
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(C6) bi(0i,0: = w;) > bi(0i, 03) — bi(0is wi)
for any o;, 01, w; € H;.

Based on the above notations, we then define the proposed equation of generalized non-
linear stationary Schrodinger inequality problems as follows (see [13, 14]):

oF ;‘;” ) Fy ()1 (6 01) — 1 ) (Fr ) + Fal,)) — ax (0 (01— )],
oF Za(;"y ) Eye )1 (6 01) — (o) (o) + Fal,)) — sl 1)l 02 — )],
ofi(x,y)

rya —d (%, y)x3(x,y) — b(x, y)x3(x,9) + c1(x, y)a3(t — T)Fy (¢t~ T)
toyxs(t—t)F(t-1) (i=1,2),
where F, F,, and f; are susceptible, infected, and predator population respectively, and the

corresponding parameters have the meaning as defined in [15]. Time delay is considered

as a gestation period, and a disease can be transmitted by contact and spreads among prey
species only.

Remark 1 There are some special cases for the model problem (3):
(1) fA=B=1,f;=0,and a;(0;,0;) = 0, then (3) is equivalent to

(F1(x,9),m(01,%)), + b1(x,01) = by (x,%) = 0
for any o7 € H; and
(F2(%,9),12(02,9)), + b2(3,02) = b2 (3,5) = O

for any oy € Hs.

(2) IftHi=Hy=H,fi=fo=f,m=n2=1n,a1 =ax=a, by = by = b, then (3) is reduced to
(F(Ax, Bx) - f,n(w,)) + a(y,w — y) + b(y,w) — b(y,) = O
forany ve H.

We then introduce the following definition (see [16, 17]), which will be useful for the
proposed method.

Definition 1 Let A: Hy — Hy, B: H, — H,, Fy : Hy X Hy — Hy, and n; : H; X H; — H;
be mappings. Then
(1) Fy is ap-strongly monotone if the following inequality holds:

(F1(A01,02) - Fi(Ao1,02), 01 — 01)), = ellor — o1}

where 01,01 € Hy, 03 € H; and « is a positive constant;
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(2) If there exist two positive constants ; and &; such that

|F1(Ae1, Bea) - Fi(Ao1,Boy) |, < Billor — o1l + &1lle2 — 02l

for 01,01 € Hy and 03,05 € Hy, then Fj is (81, &1)-Lipschitz continuous;
(3) If

[mer, 00|, <diller - o1l

for 01,01 € Hy, then n; is 8;-Lipschitz continuous, where 8; is a positive constant.
(4) If

2
(o1 —o1,me1,01)), = o1llo1 — ol
for 01,01 € Hi, then 1, is 01-strongly monotone, where o7 is a positive constant.

3 Existence and uniqueness
In this section, we give an existence and uniqueness theorem of the solution of the aux-
iliary problem for (3). Under the frame of this theorem, we develop a new linearization
iterative algorithm for the proposed model. First of all, let us present the following auxil-
iary problem for (3).

It follows that there exist z; € H; and z, € H; such that (see [18])

(z1 = m,m(o1,21)), + o1{Fi(Anm1, Bxa) — fi,m(o1,21)), + p1[a1(z1,01 — 21)]

+ p1[b1(n1,01) = b1(n1,21)] = 0 (4)
for any oy € H;.

(72 = %2, m2(02,22)), + P2(F2(An1, Bxo) — fo, 12(02,22)), + p2[ a2 (22,02 — 20)]

+ ;o[ ba(%2,02) — b1 (%2,22) ] = 0 (5)

for any o, € H, and any given (n1,%;) € H; X Hs.
By applying a fixed point theorem, which is due to Yao et al. (see [19]), we have the
following.

Theorem 1 Let ¢; be a continuous function defined in Hy x Hy and S be multifunctions
defined in R,. If there exists a function m € L] (R, ) satisfying

loc

m(s) > H(F(s,x,),0)
forany t € R,, then there exists a solution x of problem (3) satisfying
L
() = pas)] < <|m(0) —Xo| + / p1(s) dS) exp(21*s) (6)
0

fors €[0,L], where A* = max{A,0}.
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Proof Define
Vilsi5.B) = {x € F(s, 6, B): (11(5) — % (5) = ) = Am(9) - ¢ [*}.
It is easy to see that it is nonempty for any s € [0, L]. So
1a(6) = w] = (829,045, m(8) maxm (1)) ) < 1)
which together with (C3) gives that
(w=am() - ) < 2|ms) — "+ [m@ - g|-
So

(#1(s) =2, m1(s) = )
<(w-xm(8) = )+ |#1(s) = w||m(s) - 5|

2
< 2|m) - s+ [m) - | (3| max m(s) - 8 + ;).
s€S(s)
which yields that there exists a solution x of problem

#s) € G(s, pz(s),gggéx(s)),

(7)
%(0) = xo
satisfying
(&1(s) = &(s), m1.(5) = a(s))
= 4m) = o2 + [ - p209)| (3 max () - max )] + 1))
s€S(s) se€S(s)
Skhﬂﬂ—pﬂﬂf+ImG)—pﬂﬂKAHMAnAQ—xBH+pﬂ9> (8)
seS(s)
for any s € [0, L].
Define
r(s) = max|n1(s) - pa(s)],
s€S(s)
which is absolutely continuous and differentiable. It follows that
. d ,
rls)i(s) = Z2r(6) < r(s) (r(s) + max r(s)) ©)
from (8).
And define

T = {s e[0,L]:r(s) = O}.
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It follows that
#(s) < A* (r(s) + max r(s)) + p1(s) (10)
s€S(s)
for any ¢ ¢ T from (9), which yields that 7 is the solution of
7(s) = At <17(s) + max ?(s)) +p1(s), se€l0,L]
seS(s)
7(0) = r(0).
So

7(s) < r(0) + /S(ZA*F(r) + p1(7)) d,
0

which implies the required conclusion. d

Theorem 2 Let the following conditions hold:
(1) a;:H; x H; — R satisfy (C1) and (C2), b; : H; x H; — R with (C3)—(C6);
(2) n; is o;-strongly monotone;
(3) (Fi(Ax,By),ni(0y,-)) is concave and upper semicontinuous.

Then the auxiliary problems (4) and (5) are solvable.

Proof Let mappings ¢;, ¥; : H; x H; — R be defined as follows:
¢i(01:2:) = (07 — %, 1i(01,22)), + PilFi(Am, Bxo) — fi, mi(03, 22)),
and
Vilowz) = (2 — %:,mi(03,20)), + pilFi(Any, Bx) = fi, 1i(03,20))

respectively.
So

¢i(01,2)) — Yilowz) = (0i — zi (01, 2)), + pil ailoi — iy 05 — 2) |

2
> (0 + pic)lloi —zill; =0

for any o;,z; € H;, which yields that 1 (1) holds. And a; is coercive continuous, then
ai(o;,0; — z;) is weakly upper semicontinuous.

It follows that b; is convex and lower semicontinuous, which means that (F;(Ax, By),
n:(o;,+)) is concave and upper semicontinuous. Hence, ¢;(0;, -) and {o; € H; : ¥;(0;,z;)} are
convex. That is to say, conditions (2) and (3) hold.

Furthermore,

w; = [0 + pici] ™ { pi | FiAny, Bxo) = fi]|, + (o1, + pivi) Il }
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and

Ki={z: € H;: ||zill: < w;}

foreachiel.
So

Vi(oo;,zi) = ¥:(0,z:)
= (& — %, 1:(0,2)), + pi(Fi(An1, Bxa) — fi, 1i(0, 22)),
+ pilai(z:,0 - z)]
= {0 - 2, 7:(0,20), + {xi, ni(2:, 0)), + pi{ Fi(Any, Bxa) — f;, n:(0, 1)),
- pilai(zi,z:)]
< —aillzill} + prllaillillzilli + i | Fi(Any, Bxa) = fi| 1zl
= picillzill} + pavillxllillz::

= —|lzilli{(oi + pico)|1zill: — pi | Fi(An1, Bxa) - fi||, = (o1; + pivi) il }
<0.

There exists z} € H; such that
(o7 = xismi(01,27)), + il Ei(Any, Bxs) — fi (03, 27)), + pilai(0i, 00— 2) ]| = 0

for any s € (0,1] and o; € H; from Theorem 1.
If o; is replaced by y;; in (11), then we obtain that

0 < {yie =01 (v 27)); + il FilAnn, Ba) = fiumi (i),
+ pilai(yie yie = 2) ] + pil bi(xi, i) ]
=~y =0 mi(2y10)); = pilFi(An, Bo) = fiumi (2 3,
+ pil (i yie = 27)] + pil il yie) ]

< —t{yis — xi,mi(2}, 01)), — pit{Fi(An1, Bxs) — fi, mi(2}, 01)).»

where

Vi :=to; + (1 - )z}

(11)

In fact, in the above formulation, the second inequality comes from that »; is affine in

the second variable, 1;(z},z}) = 0 and b; satisfies (C3)—(C6).
Hence, we derive

(i = ximi(01:2))), + pilFi(Any, Bxy) = fiy mi(03,2))), + pil @i(yies 00 = 27) | = 0,

Page 7 of 9
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which yields that

(& = %ismi(00,27)), + pil Fi(An1, Bxa) — fiomi(00,27)), + pilai(2} 01— 2}) |
+ pi[ bilxi, 01) = bi(xi,2) | = 0
in the case t — 0*.
Therefore, zj € H; and z5 € H, are the solutions of auxiliary problems (4) and (5), re-
spectively.

In the following, we prove the uniqueness of problems (4) and (5). For any two solutions
z1,2; € H of (4), we have

<Z1 - N 771(01;21»1 + ,01(1:1(14771,3962) -f1, 771(01>21)>1 + 01 [611(21,01 - 21)]
+ p1[b1(m,01) = b1(m,21)] =0 Yoy € Hy, (12)
(& = mom(o1,2)), + pr(Fi(Any, Bxs) = fi,mi(01,2,)), + p1[an (21,01 - 2)) ]

+ p1[b1(n,01) = b1 (1,2,)] =0 Vo € H. (13)
Taking 07 = 2} in (12) and 07 = z; in (13), we obtain that

(&1 = mum (2, 21)), + p1(FL(Any, Bxy) — fi,m (21, 21)), + pr[ar (21,21 — 21) ]

+ p1[b1(m,2,) - br(n1,21)] > 0, (14)

(
(z1,2))), + P1{FL(An1, Bxy) = fi,m(21,2))), + pa[an(2), 21 — 7)) ]
+ p1[br(n1,21) — b1 (m1,27) ] > 0. (15)

<Z,1 - NN

Adding (14) and (15), we deduce that

oz -z} < fer -z m(22)),
< -pfa(z1 -2),21 - 2)]

2
1’

=-pa ||Zl -z

which yields z; = 2}. That s to say, z{ € H is the unique solution of (4). In a similar fashion,
z3 € H, is the unique solution of (5). O

4 Conclusions

In this work, we have studied applications of the Schrédinger-type identity for obtain-
ing transmutations via the fixed point index for nonlinear integral equations. It was pos-
sible to derive a wide range of transmutation operators by this method. Classical Riesz
transforms were involved in the Schrodinger-type identity method as basic blocks, among
them are Fourier, sine and cosine-Fourier, Hankel, Mellin, Laplace, and some generalized
transforms. In this paper, we presented a modified Schrodinger-type identity for solutions
of a class of linear Schrédinger equations with mixed boundary conditions. The tech-
niques used in our proofs were quite different, and most remarkably some of the proofs
became simpler and more straightforward. As an application, we obtained the existence
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and uniqueness of a solution to the stationary Schrédinger equation in the sense of the

Weyl law, which advanced the recent results obtained in several articles even in a more

general setting.
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