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1 Introduction

The Chaplygin gas model was first proposed by Chaplygin [1] as a model in aerodynamics
with the equation of state in the form p = —B/p with constant B > 0. It was discovered in
[2] that the equation of state for the Chaplygin gas was very suitable to describe the dark
energy in the universe from the viewpoint of string theory. To be in more agreement with
observational data, it was extended to the generalized Chaplygin gas [3] with p = —-B/p“
and the modified Chaplygin gas [4] with p = Ap — B/p*, where A,B>0and 0 <o < 1. The
equation of state for the modified Chaplygin gas contains two terms; the first term gives an
ordinary fluid obeying a linear barotropic equation of state, and the second one is related
to some power of the inverse of energy density. However, there are other barotropic fluids
with quadratic or higher-order equation of state. To overcome this drawback, the modified
Chaplygin gas has been further generalized by Pourhassan and Kahya [5] to the extended
Chaplygin gas with the equation of state in the form p = >}_, Axp* — B/p®. It is clear that
all the Chaplygin gas models mentioned are particular cases of the extended Chaplygin
gas model; see [6-9] for the related studies of the extended Chaplygin gas model.

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13661-018-1064-1
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-018-1064-1&domain=pdf
mailto:shenchun3641@sina.com

Tong et al. Boundary Value Problems (2018) 2018:144 Page 2 of 20

In the present paper, we are interested in the isentropic extended Chaplygin gas dynamic
system of the form

pe+ (pu)x =0, (L1)
(pu)e + (pue® + 4 Arp* = 1) =0,
where p and u stand for the density and velocity, respectively. The equation of state p =
> 4, Axp* — B/p is chosen as a particular form of the extended Chaplygin gas with o = 1
for the conciseness of computation, in which Ay >0 (k=1,...,n) and B > 0. In fact, the
result in this paper can be generalized to the general situation (0 < & < 1) with the same
method by adding up a complicated computation.
If the pressure term p = ZZ:I AgpF =B/ p tends to zero, namely thelimit Ax (k=1,...,n),
B — 0is taken, then system (1.1) formally becomes the following pressureless gas dynamic
system [10-15]:

pr+ (pu)y =0, 12)

(pu); + (pu)x = 0.
Model (1.2) was also used to describe some important physical phenomena, such as the
sticking process of free particles under collision [16, 17] and the formation of large-scale
structure in the universe [18]. It is worth noticing that the universe evolution behaves as a
pressureless fluid at early time of dark matter era and subsequently behaves like the cosmic
fluid to mimic the cosmological constant at late time of dark energy era [6]. In this work,
we investigate the transition between the two different eras of the universe by studying the
process of vanishing pressure from system (1.1) to system (1.2). More precisely, we focus
on the limiting relations of solutions to the Riemann problems for systems (1.1) and (1.2)

with the initial data of Riemann type

(u_,p-), —-o00<x<0,
(4, p)(x,0) = (1.3)
(thsy p1), 0<x<+00.

The motivation comes from the the fact that both the §-shock wave when u_ > u, and
the vacuum state when u_ < u, are included in the solutions to the Riemann problem
(1.2)—(1.3). Thus, the formation process of §-shock wave and vacuum state can be ob-
served when we consider the limit of solutions to the Riemann problem for the isentropic
extended Chaplygin gas dynamic system (1.1) as the vanishing pressure Ay (k=1,...,n),
B — 0. That is to say, if the limit Ag (k =1,...,n),B — 0 is taken in the solution to the
Riemann problem (1.1) and (1.3) when u#_ > u,, then there is no solution in the space of
bounded variation functions such that we must solve it in the space of distributions due to
the blowup mechanism of solutions [15, 19, 20]. Specifically, we rigorously prove that the
limiting solutions to the Riemann problem (1.1) and (1.3) as A (k=1,...,n), B— 0 are
exactly identical with the corresponding ones to the pressureless gas dynamic system (1.2)
with the same Riemann initial data. To be more precise, when u_ > u,, the two-shock-wave
solution tends to a §-shock wave solution as A (k = 1,...,n), B— 0, in which the inter-
mediate density between two shocks tends to be a weighted §-measure. In contrast, when
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u_ < u,, the two-rarefaction-wave solution tends to a two-contact-discontinuity solution
with a vacuum state between them, even if the initial data are far away from vacuum.

The formation of §-shock wave and vacuum state to the Riemann problem (1.2) and
(1.3) was considered initially for the isothermal [21] and isentropic [10] situations by the
vanishing pressure limit approach. The result was further extended to the generalized
pressureless gas dynamics model in [22], the isentropic magneto-gas-dynamics model in
[23], and the Aw—Rascle model in [24]. Recently, the limiting relations of Riemann solu-
tions from a variety of Chaplygin gas dynamic systems to the pressureless gas dynamic
system have been extensively studied. More precisely, Sheng, Wang, and Yin [25] consid-
ered the asymptotic limits B — 0 of Riemann solutions for the generalized Chaplygin gas
p = -B/p*. Furthermore, Chen and Sheng [26] have made a step further by considering
the isentropic magneto-gas-dynamics Euler system for the generalized Chaplygin gas as
the vanishing magnetic field. Yang and Wang made a step further by considering the mod-
ified Chaplygin gas p = Ap — B/p* with o = 1 in [27] and 0 < « < 1 in [28]. The vanishing
pressure limit problem for the Chaplygin gas p = —B/p and the generalized Chaplygin gas
p = —B/p* with source term [29] has also been considered by Guo, Li, and Yin [30, 31]. Li
and Shao [32] have generalized these results to the relativistic Euler system with the gen-
eralized Chaplygin gas p = —B/p“. Also see [33-35] for the other related study about the
formation of §-shock wave. In this work, we make a step further by extending these results
to the relatively more general pressure term p = > }_, Axp* — B/p. In a recent paper [36],
we have also considered the limiting relations of Riemann solutions from the isentropic
extended Chaplygin gas dynamic system to the isentropic Chaplygin gas dynamic system
when only the limit A¢ (k =1,...,n) — 0 is taken in system (1.1). We also refer to [37-43]
for other related works for the isentropic Chaplygin gas dynamic system.

The arrangement of this paper is as follows. In Sect. 2, we simply restate the solutions to
the Riemann problem for the pressureless gas dynamic system (1.2) for self-consistency.
In Sect. 3, we investigate in detail the basic properties of the isentropic extended Chap-
lygin gas dynamic system (1.1) and consequently construct the solutions to the Riemann
problem (1.1) and (1.3) for all kinds of Riemann initial data. In Sect. 4, we make a step
further by investigating the limit relations of Riemann solutions from the isentropic ex-
tended Chaplygin gas dynamic system (1.1) to the pressureless gas dynamic system (1.2)
as the limit A (k=1,...,n), B— 0 is taken. The formation of §-shock wave and vacuum
state can be observed during the process of vanishing pressure limit.

2 Preliminaries

In this section, for completeness, we recall the Riemann problem for the pressureless gas
dynamic system (1.2), which has been extensively investigated in [10, 14, 15]. System (1.2)
is nonstrictly hyperbolic since it has a pair of coincident eigenvalues A = u associated

. L . —
with the corresponding right eigenvector 7 =(0,1)7. We further have VA - 7 =0, where
— (2 2
- (?)u ? dp
associated wave is contact discontinuity. For the case u_ < u,, the solution contains two

), which implies that the characteristic field of A is linear degenerate and the
contact discontinuities with vacuum state between them as follows:

(u_,p.), —o0<x<u_t,
(u, p)(x,t) = £,0), U_t <X <UL, (2.1)

(e, pi), ULE<X<+00.
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For the case u_ > u,, a solution containing a weighted §-measure supported on a curve
will be taken into account. We must then introduce the definition of §-measure [10, 15,
44] for the purpose to describe the §-shock wave solution to the Riemann problem (1.2)
and (1.3).

Definition 2.1 Let I = {(x(s),£(s)) : @ < s < b} be a parameterized smooth curve. Then a
two-dimensional weighted Dirac delta function w(£)dr with the support on I' is defined by

b
(@(9)85, @ (x(s), £(5))) = / w(s)p (x(s), £(s)) ds (2.2)
for any test function ¢(x,t) € C°(R x R,).

For completeness, we give a more general definition of §-shock wave solution suggested
by Danilov et al. [45, 46]. Suppose that I' = {y;|i € I} is a graph in the upper half-plane with
the requirement (x,¢) € R x R,, which is comprised of Lipschitz continuous curves y; for
i € I, where [ is a finite index set. Subsequently, I; is a subset of I such that the curves y;
for i € Iy start from the points on the x-axis. By I'g = {x,(zlk € Iy} we denote the set of initial
points of yi for k € Iy. As is shown further, the solutions of the initial value problem for
the pressureless gas dynamic system (1.2) with the §-measure initial data are defined in
the distributional sense.

Definition 2.2 Consider the initial data of §-shock wave type

(¢, p)(x,0) = (uo(x), Oo(x) + Z Wi (xg, O)S(x - xg)) (2.3)

kely

with ug, po € L°(R). A pair of distributions (u, p) is called a solution of §-shock wave type
to the initial value problem (1.2) and (2.3) if the following integral identities are satisfied
for every test function ¢ € C°(R x R,):

3 (x, 1)
/Ie+/p<pt+pu¢x dxdt+2/w,x, (pl dl

iel
f Po@)p(x, 0) dxc + Y wi(a,0)(a,0) =0, (2.4)
kely
d¢(x, )
/ / pug + putpy dxdt+2/ wi(x, £)us(x, t) dl
Ry iel l
/po(x)uo(x)w(x, 0)dx + Zwk xk,O)u,g (xk,O)go(xg,O) =0. (2.5)
kely

In view of these definitions, as in [10, 14, 15], if #_ > u,, then a §-shock wave solution
can be constructed for the Riemann problem (1.2) and (1.3) in the following piecewise
smooth form:

(u_, p_), X < ost,
(M’ p)(x, t) = (Mg(t), a)(t)(S(x - O’gt)), X = 0o5st, (26)

(U4 1), x> ost,
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in which

NI RN A
P+t A/ P- '

o5 = us(t) =

o(t) = /p-p+ (- — u,)t. (2.7)

In addition, the §-shock wave solution (2.6) associated with (2.7) must satisfy the gener-

alized Rankine—Hugoniot conditions

dx do(t) d(w(t)us(t))

5 =0 g moslel=leul,  —— == =oslpul - [pu?], (2.8)

and the over-compressive §-entropy condition
U, <05 <U_. (2.9)

3 The Riemann problem for the isentropic extended Chaplygin gas dynamic
system (1.1)

In this section, we first analyze the properties of elementary waves and then construct the

solutions to the Riemann problem (1.1) and (1.3) for all kinds of situations. System (1.1)

has two distinct eigenvalues given by

1 |« 1
M=u—— X:kAk,ok+1 +B, Ao=U+— (3.1)
0

k=1 P

System (1.1) is strictly hyperbolic for A; < A, when not all the # + 1 parameters Ay (k =
1,...,n) and B are equal to zero. The right eigenvectors corresponding to A; and X, are
computed respectively by

p T
ZkAk,ok*l +B, p) . (3.2)

k=1

" T
ZkAl<Pk+l +B, p) ’

k=1

Let us denote V = (%, %). Then we have

- _Z > i1 k(k + 1)Ag ok - _ Y iy k(k + 1)Arp*

V)\l - 7(0, V)\,z )
2./ > i kAgp*t + B 2. /30 kAgp**t + B

when not all the n parameters Ay (k = 1,...,n) are equal to zero. Therefore, the character-

#0, (3.3)

istic fields associated with A; and A, are genuinely nonlinear when not all the n parameters
Ag (k=1,...,n) are equal to zero, in which the associated waves for both of them are either
shock waves or rarefaction waves.

Under uniform stretching of coordinates (x,t) — (ax, «f) for any constant & > 0, both
system (1.1) and initial data (1.3) remain unchanged. Hence we are looking for the self-

similar solutions of the form

(1 p) ) = (1, ) E), & = ’{ (3.4)
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Then the Riemann problem (1.1) and (1.3) is reduced to the following system of ordinary
differential equations:

~£p: + (pu)s =0,

(3.5)
~E(pu)e + (pu? + Y}, Axp* - %)s =0,

in companion with the boundary conditions at infinity given by (u, p)(£00) = (44, p+). For
smooth solutions, (3.5) is simplified to be

0 u-=§& du) (0 (3.6)
2up —Ep u2+ZZ=1kAk,ok’1+p%—$u dp] \o]’ '

Except for the constant states, (3.6) also provides the 1-rarefaction wave

E=M=u- %,/Zzzl kA p*+! + B,

Ri(u_,p-): (3.7)
du + p%, /> i1 kAkp**t + Bdp =0,
and the 2-rarefaction wave
E=do=u+ %JZZ:lkAkpk*l +B,
Ro(u_,p-): (3.8)

du — p%,/zzzl kA% + Bdp = 0.
More precisely, since uz = 1> 0 and u, = —;—21/ZZ=1/<A/(,01‘+1 +B < 0 by (3.7), the 1-

rarefaction wave is

E=0u,p)=u- %, /> i kAgp*+t + B,
Ri(u_,p):yy=y — p/i SLZ /ZZ:IkAkSk” + Bds, (3.9)

u>u_, p<p_.

Similarly, since uz =1 >0 and u, = p—lz,/ZZ:l kA pk*! + B > 0 by (3.8), the 2-rarefaction

wave is
£ =ha(u,p) = u+ 5\ 30 kAxpk! + B,
Rou_,p): Yy =0 +fpp_SL2 /ZZ=1kAk5k+l +Bds, (3.10)

u>u_, 0> p_.

For the 1-rarefaction wave, it follows from the second equation of (3.7) that

Sv k(k = 3)Arp*! — 4B
Upp == .
203,/ > i kArpk+! + B

If n = 1,2,3, then we have u,, > 0 for all the p > 0. Otherwise, if # > 4, then there exists

only one pg € (0,+00) such that u,, >0 for 0 < p < py and u,, < 0 for p > py. In other

(3.11)
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words, the concavity or convexity of the 1-rarefaction curve changes at p = pg in the (1, p)
phase plane, but it does not affect the construction of Riemann solutions. In addition, from
the second equation of (3.9) we have

1| ’~ /B B(1 1
u—u_=/ = ZkAksk+1+Bdsz \/—z_ds=£(———), (3.12)
o S\ , S o \p o

which means that the limiting relation lim,_, # = +00 holds on the 1-rarefaction curve R,
in the (u, p) phase plane.
Similarly, from the second equation of (3.8) we also have

Sp k(k - 3)Axp**t — 4B
Upp = .
203 /ZZ=1kAkpk+l +B

With an analogous analysis as before, if # = 1,2,3, then we have u,, < 0 for all p > 0.

(3.13)

Otherwise, if # > 4, then there also exists only one p, € (0, +00) such that we have u,, >0
for 0 < p <’py and u,, > 0 for p > p,. In addition, from the second equation of (3.10) we
also have

- » /B B/1 1
X:kAksk*1 +Bds > / £ ds = £(— - —>, (3.14)
k=1 p- s? p

p- P

which implies that the limiting relation lim,_, ;o % = +00 holds on the 2-rarefaction curve
R, in the (&, p) phase space.

From now on, we focus on the shock wave, which is the other elementary wave for system
(1.1). Denote by (u_, p_) and (u, p) the left and right states of a shock wave, respectively.
The Rankine—Hugoniot conditions at a bounded discontinuity £ = o read as

olp] = [pul,

(3.15)
olpul = [pu + 3o}, Axp* = 71,

where [p] = p — p_ denotes the jump of state variable p across the discontinuity and so
on. If 0 = 0, then we can only arrive at the trivial case (i, p) = (u_, p_). Otherwise, if o #0,
then we have

lpul® = [p] [puz +y Ak - ﬂ, (3.16)
k=1

which gives

- B B
(pu - p_u_)’ = (p - p)| pu” — p_u® + Y Ar(p* = p¥) ==+ = ). (3.17)
k=1 PP
Simplifying (3.17) yields

pplu—u )= (p —p_)<ZAk(pk—pf) +B(i - 3)) (318)

1 P o
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so that we further get

u—u_ ==+ (pi—%) (gAk(pk—pk)w(pi—%)). (3.19)

In what follows, the sign in (3.19) should be determined. It is known from [47] that the
1-shock wave should satisfy the Lax entropy conditions

0 < )"I(M—’ )O,), )"l(ur IO) <o < )‘-2(1’[1 ,0); (320)
whereas the 2-shock wave should satisfy the Lax entropy conditions
My, po) <o < da(u, po), Ao(u,p) <o (3.21)

It follows from the first equation of (3.15) that

o= puzpn- u_+ 7/)(” — ) =u+ 7'0_@ — u_). (3.22)

P = p- o= p- o—=p-

It is deduced from (3.20) that the state set (1, p) on the 1-shock wave curve Si(u_, p_)
must satisfy

> " kAgpkt + B (3.23)
k=1

Similarly, it is deduced from (3.21) that the state set (u, p) on the 2-shock wave curve
So(u_, p_) must satisfy

n
> " kAgp* + B, (3.24)
k=1

Simplifying (3.23) and (3.24), we obtain that p > p_ and u < u_ for the 1-shock wave and
p < p_ and u < u_ for the 2-shock wave. Thus the minus sign should be chosen in (3.19)
for both shock waves S (u_, p_) and Sy(u_, p_).

In summary, for the given left state (u_, p_), the two shock waves can be expressed re-

spectively by
o=u_+ p(p”__:_‘),
Sulosp )i Yu=u - J(E - DT, Aklok - pb) + BGE - 1)), (3:25)
u<u_, p>p_,
and
o=Uu_+ %,
Saltosp )i Yu=u - J(E - DT, Aklok - o) + BGE - 1), (3:26)

u<u_, p<p_.
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Figure 1 The elementary wave curves for system 0
(1.1) in the (u, p) phase plane

It follows from (3.25) or (3.26) that

Xk Axlkp (p = p) + p-(p" = p) +2Bo-(5- - 7))
20-9%\J G = )y Aok - pb) + BGE = 1)

Uy = (3.27)

We have u, < 0 from p > p_ for the 1-shock curve and u,, > 0 from p < p_ for the 2-shock
curve. The concavity or convexity of the 1-rarefaction (or 2-rarefaction) curve is similar
to that for the 1-shock (or 2-shock) curve. The calculation is trivial but tedious and thus
is omitted here. In addition, the limiting relation lim,_, .., # = —00 can be established for
the 1-shock curve, provided that not all the n parameters Ax (k = 1,...,n) are equal to
zero. Similarly, the limiting relation lim,_, o # = —00 can also be established for the 2-shock
curve.

Gathering the formulae (3.9), (3.10), (3.25), and (3.26) together, we can see that if the
left state (u_, p_) is fixed, then the half-upper (u, p) phase plane is divided into four re-
gions denoted with 7, II, III, and IV respectively by the elementary wave curves R (u_, p_),
Ry(u_, p_), S1(u_, p_),and Sy (u_, p_) starting from the left state (z1_, p_) (see Fig. 1). By using
the method of phase plane analysis, for the given left state (z_, p_) € R x R,, the unique
solution to the Riemann problem (1.1) and (1.3) can be constructed for any right state
(¢4, p4+) € R X R,. More precisely, if (u,, p,) € I,II,1II, or IV, then the solution to the Rie-
mann problem (1.1) and (1.3) can be expressed by the symbols R; + Ry, Ry + Sy, S1 + Ry, or
81 + Sy respectively, in which the symbol R; + R; is used to express a 1-rarefaction wave
R, followed by a 2-rarefaction wave R;, and so on.

4 The limits of Riemann solutions from system (1.1) to system (1.2) as A,
(k=1,...,n),B—0

In this section, we focus ourselves on the asymptotic limits of solutions to the Riemann
problem (1.1) and (1.3) as all the parameters Ag (k = 1,...,n) and B tend to zero. Let the left
state (#_, p_) be fixed. If the limit A; (k=1,...,n), B— 0is taken, then it can be seen from
(3.9), (3.10), (3.25), and (3.26) that all the wave curves Ry («_, p_), Ry(u_, p_), S1(u_, p_), and
So(u_, p_) tend to the line u = u_ in the half-upper (u, p) phase space. We further observe
that the regions II and III disappear in the limit Ax (k =1,...,n), B — 0 situation. Hence,
if u, <u_, then the right state (u,, p,) is located in the region IV for sufficiently small A,
(k =1,...,n) and B. Otherwise, if u, > u_, then the right state (u,, p,) is located in the
region I for sufficiently small Ay (k =1,...,n) and B. In the special situation, if u, = u_,
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then the right state (u,, p,) is located in the region II for 0 < p, < p_ or in the region III
for p, > p_ when all the parameters Ay (k = 1,...,#n) and B are sufficiently small.

Let us first consider the situation u, < u_, in which the right state (u,, p.) is located in
the region IV for sufficiently small Ax (k =1,...,#n) and B. In what follows, we are devoted
to studying the formation of §-shock wave solution from the solution consisting of two
shock waves by studying the vanishing pressure limits of solutions to the Riemann problem
(1.1) and (1.3). When (u,, p,) € IV, for any fixed Ay (k=1,...,n), B> 0, let (u,, p.) be the
intermediate state between two shock waves. Then (u_, p_) and (u,, p.) are connected by
the 1-shock wave S; with the speed o, whereas (u,, p.) and (u,, p,) are connected by the
2-shock wave S, with speed 0. More specifically, we have

_ PxUx—p-U—
1= "
St Yu,=u - \/(p% = )i Ak(pk = %) + B(- = ), (4-1)
Uy <,  Pi>po,
and
= e
S u+=u*—\/(,%*—,,% (ko1 Ax(pk = p5) + B(o- = ), (4-2)
Ue>Uy, i > s

In what follows, we give some lemmas to show the limiting behaviors of the solutions
to the Riemann problem (1.1) and (1.3) consisting of two shock waves for the situation
u, <u_whend, (k=1,...,n),B— 0.

Lemma 4.1 When u, < u_, if the solution to the Riemann problem (1.1) and (1.3) consists
of two shock waves for sufficiently small Ay (k=1,...,n) and B, then we have

n
. . P-P+ )
lim = 400, lim Agpk= — 22y - . (4.3
PR e L m (k=1,,..,n),B—>0kX=1: o= o S (-~ ). (43)
In addition, we further have
S Py + S O_U_
im o=  lim  oy=  lim  u, = YINVOR o (44)

Ay (k=1,..,n),B—0 Ay (k=1,..,n),B—0 Ay (k=1,..,n),B—0 [P+ + /P

Proof 1t follows from (4.1) and (4.2) that

e (e o 5))

P«P- \'

PP+ \'] Px P+

P+ — Px <2Ak(pf—pf§) +B<i _ i)) (4.5)

If limg, (x-1,..m,8-0 P+ = M € (max(p_, p,),+00), then taking the limit of (4.5) as A
(k=1,...,n), B— 0 leads to u_ — u, = 0, which contradicts with u, < u_. Therefore,
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limy, (k=1,..,n),8—0 P« = +00 must be established. With this fact in mind, if we take the limit
of (4.5) as Ay (k=1,...,n), B— 0 again, then we have

U_—uU, = lim — A lim 4.6
"7 Ag (k=1,.,1),B—0 Z kPit & (k=1,.12),B—0 (4-6)
which gives the second limiting relation in (4.3).
On the other hand, it can be deduced from (4.1) and (4.2) that
. Pxlhy — P_U_
lim o1 = im _
Ay (k=1,...,n),B—0 Ay (k=1,...,n),B—0 Psx — P—
u, — P=t=
= lim 7;" = lim Use, (4.7)
Ag (k=1,..,n),B—0 1 — o Ay (k=1,..,n),B—0
. P+Us — Pxly
lim 0y = im N
Ag (k=1,..,1),B—0 A (k=1,..,1),B—0 P, — Py
P+lUt+ Uy
lim S lim Us. (4.8)
Ak(k 1,...1),B—0 Z—; -1 Ay (k=1,...,11),B—0
More precisely, from (4.1) we get
lim Uy
Ay (k=1,...,n),B—0
1 1
=u_ - lim (———) ZA/( K — pk) +B<———>
Ay (k=1,...,n),B—>0\ O— s O— P
1 n
=u_— lim — ) Agpk
Ag (k=1,..,n),B—0 | p_ Z ks
\
1
o P-4 PPy
o- (JP-+/Pr)?
" NP ") NP+ UL P U o
=U_ - = —— —— = 0gy.
Pt «/p_ " JPs + /P
Hence the limiting relation (4.4) can also be established. The proof is completed. d

Moreover, we have the following limiting relations of mass and momentum in the limit
Ag (k=1,...,n), B— 0 situation, which can be described by the following lemma.

Lemma 4.2 The limiting relations of mass and momentum between two shock waves as
Ay (k=1,...,n), B— 0 are as follows:

02
lim / pr di = o31p] = [pul, (4.9)
A k=Les) B0 J o,
09 )
li dé = — , 4,10
Ak(k=1,1..r.¥;11),B—>0,/al pit d§ = o5 [ pu) - [pu’] (4.10)

in which the jump of p is given by [p] = p. — p—, and so on.
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Proof If the first equation of the Rankine—Hugoniot conditions (3.15) is carried out on the
two shock waves S; and S,, then we have

01(0x — p-) = psths — p_u_,

(4.11)
02(0+ = Px) = P4 Uy — Pslhss
which leads to
lim  (0y—01)ps = lim (=01p- + 0204 — psthy + p__)
Ay (k=1,..,n),B—0 Ag (k=1,...,n),B—0
=os[p] - [pu]. (4.12)

Similarly, if the second equation of the Rankine—Hugoniot conditions (3.15) is carried out
on the two shock waves S; and S, then we also have

O1(path — poti) = peit = poui® + 30 Ar(ok - pF) - B(S- - 1), 13)
. .

Oa(psthy = puths) = ot = puttl + Y4y Ar(pk = ) - B(- - ),
which gives rise to
lim (02 - Ul)P*M*
Ag (k=1,...,1),B—0
= lim —o1p_U_ + +pu* - pou?
A (k=1,1...,n),B%0< O1P-U_+ 0P+ Uy + P-U_ — P+ U,
n
1 1
+ Y Ai(pf - pf) +B<— - —)
1 P+ P-
=oslpu] - [puz]. (4.14)
From (4.12) and (4.14) we then get
o
lim dé = lim 0y — 0O =0, —[pul,
ppdm Cpude= | lim (oo onlol - o
)
lim / puttd€ = lim (02 —01)pstss = os[pul — [pu?].
Ay (k=1,..,n),B—0 o1 Ay (k=1,..,n),B—0
The proof is finished. d

Remark 4.1 It can be concluded from the lemmas that if u, < u_, then the shock waves
S1 and S, coincide with each other, and the intermediate density p. becomes the singular
measure of Dirac mass for the solution to the Riemann problem (1.1) and (1.3) in the limit
Ag (k=1,...,n), B— 0 situation, which is just the §-shock wave solution (2.6) associated
with (2.7) to the Riemann problem for the pressureless gas dynamic system (1.2) with the
same Riemann initial data (1.3) as in Sect. 2.

In what follows, for the situation u, < u_, we use the following theorem to describe the
formation of singularity of solution in the sense of distributions, which is similar to the
result of Theorem 3.1 in [10].
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Theorem 4.3 When u, < u_, we assume that the solution to the Riemann problem (1.1)
and (1.3) consists of two shock waves for sufficiently small Ay (k =1,...,n) and B. Then the
limit of solution as Ay (k = 1,...,n), B— 0 converges to the §-shock wave solution (2.6) asso-
ciated with (2.7) in the sense of distributions, which is identical with that for the pressureless
gas dynamic system (1.2). In addition, the limit of momentum puas Ax (k=1,...,n),B— 0
is the sum of a step function and a Dirac §-function of the form

lim ou=p_u_+ [pulH(x — ost) + (oa[pu] - [,ouZ])tS(x— ost). (4.15)
Ay (k=1,..,n),B—0

Proof Given & = Z, for fixed sufficiently small A (k =1,...,n), B> 0, the solution consist-
ing of two shock waves to the Riemann problem (1.1) and (1.3) takes the form

(I/L, p—)r —00 < E <01,
(4, 0)(E) = { (tsy pi), 01 <E <09, (4.16)

(s p1); 09 <& <400,

The solution (4.16) should satisfy the following weak forms of system (3.5):

. f p(&) (1(E) - €)' (8) dE + f p(E)p(E) dE = 0, (4.17)
- [ oue e - @ras - [ (ZAkp )—@> §(€)de
+ / p(E)ulE)p(E) dE =0, (4.18)

for arbitrary test function ¢(§) € C3°(—00, +00).
We will focus on the integral formula (4.18) only for the reason that the integral formula
(4.17) has been widely investigated in [10, 24, 26, 27]. We first consider

/ p(E)ul) (u(E) - £) ¢ (€)

o]

_ ( [ " f " f )p@)u(s)(u(s) _£)¢/(e) de. (4.19)

Summing the first and third parts of (4.19), we have

Jim / ' p(E)ulE) (u(E) - €)' (&) d

Ay (k=1,..,n),B—0

+ lim / p(E)uu(E) (lE) - £)' (&)

Ay (k=1,...,n),B—0 oy

- lm /p_u_(u_-sw’(sms

Ay (k=1,..,n),B=0 J _~g

o dm / Pl 6196 e

Ay (k=1,...,n),

+00

= (o5l oul - [p12]) (o) + / (p_u_ + [pUlH(E - 0,))p(&) dE, (4.20)

(o¢]



Tong et al. Boundary Value Problems (2018) 2018:144 Page 14 of 20

where H is the standard Heaviside function. For the second part of (4.19), we have

Jim / o E)ule) () - £)'(€) di

Ay (k=1,..,n),B—0 o1

= lim / Ptk (s — E)P'(€) dE
),B—0 o1

Ay (k=1,...,n),

= lim u.(0oy —01)
Ag ety B0 F

y (u*(¢(02)—¢(01)) _ 02¢(02) — 019(01) s 1 /0205(5)615)
03— 01 03 — 01 02 =01 Joy

= (oslpul - [pu*]) (03¢ (03) — 050’ (05) — P(05) + ¢(03)) = 0. (4.21)

Summing (4.20) and (4.21) leads to

tim / PEuE) () - £)0 6 s

Ay (k=1,..,n),B—

+00

= (osloul - [pu*])p(05) +f (p-u_ + [pulH(& — 05))$(£) dE. (4.22)

—00
On the other hand, by Lemmas 4.1 and 4.2 we then have

n

. +00 B )
Ak(k:}.l.‘l.l,}t),B»o/_‘oo <Z (/0(‘5)) (5))¢ (f)d‘%'

k=1

ety M(/ / / )( Arp S)k—@>¢<s)ds
= ety qu(/ (ZAW -—) §)ds + / jz<kZzlekpf —g)w@)ds
[ (ZAM : —)¢ (E)ds)

k

= e }m}, 3%0(<2Ak'0 - —>¢(01) + (ZA’“O* - —> (¢(02) — p(01))
(ZAkP+ - —>¢(02))
k=1
=0. (4.23)

Combining (4.18), (4.22), and (4.23), we obtain

tim [ (o) - oo~ oulti(e - on)o(e)de

Ay (k=1,...,n),B—0 J _~

= (asloul = [ou’])p(0s). (4.24)
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As in [10, 24, 26, 27], if the same method is carried out for (4.17), then we also have

tm [ (o©) =~ (ol (& - 00)016)

Ag (k=1,...,n),

= (as[p] - [oul)p(&)(0s). (4.25)

Finally, we consider the limits of pu and p. Letting ¥ (x,£) € Ci°(R x R, ), then we have

im0 (5 )u(% ) wm s

- i / / p(Eule)y (et 0d(Er) de

=/0 (0’5[,014] - [puz])tw(ogt, t)dt
+ / / (,o,u, + [pulH(& - Gg))l‘lﬁ(ét, t)dé dt. (4.26)
0 —00

Therefore we can conclude that

e 1l1n}1 B_)()/ / ( ( ) ( ) p_u_ — [pu]H(x—aﬁ))W(x,t)dxdt

=/0 (Ug[pu] [ ])tl/f(o};t,t)dt. (4.27)

Analogously, from (4.25) we also have

hm 340/ _/ ( ( )‘P— [P]H(x—(’at))lﬂ(x,t)dxdt

_ fo (0s10) - [l ost. ) (@28)

The conclusion of the theorem can be drawn by taking into account Definition 2.1. The

proof is completed. d

We are now in position to consider the situation u_ < u,, in which the solution to the
Riemann problem (1.1) and (1.3) consists of two rarefaction waves for sufficiently small Ax
(k=1,...,n)and B.Inthe u_ < u, situation, the formation of a vacuum state can be derived
from the vanishing pressure limit of the solution consisting of two rarefaction waves to the
Riemann problem (1.1) and (1.3). For fixed sufficiently small Ax (k=1,...,n) and B> 0, let
(¢4, ps) be the intermediate state between two rarefaction waves. Then (u_, po_) and (4, ps)
are connected by the 1-rarefaction wave Ry, whereas (u,, p.) and (u,, p,) are connected
by the 2-rarefaction wave R,. More specifically, we can derive from (3.9) and (3.10) that

E=0u,p)=u- %‘ /> i kAgp*+t + B,
Ri:yyu—y = —f/fi S%,/ZZ=1 kArs*+! + Bds, (4.29)

U= U= Uy, P-= P = P



Tong et al. Boundary Value Problems (2018) 2018:144 Page 16 of 20

and

& =2(u,p)=u+ %\/ Y iy kArp*+ + B,
Rty —u= J7 5\ i kArsk*t + Bds, (4.30)

Uy <u <, P < P < P

Theorem 4.4 When u_ < u,, if the solution to the Riemann problem (1.1) and (1.3) con-
sists of two rarefaction waves for sufficiently small Ay (k =1,...,n) and B, then the limit of
solution as Ay (k=1,...,n), B— 0 is a two-contact-discontinuity solution with a vacuum
state of the form (2.1), which is identical with that for the pressureless gas dynamic system
(1.2).

Proof From (4.29) and (4.30) we derive that

Uy —U_ = —f;f p%,/ZZZIkAkpk“ +Bdp,

(4.31)
Uy — Uy = fpi* ,%2 /> i1 kAkp**t + Bdp,
where p, <min(p_, p,). Therefore, we can conclude from (4.31) that
-1 n P+ ] n
U, —U_ :/ — ZkAkpk“+Bd,o+/ - ZkAk,ok“+de
pv P k=1 » P \ k=1
| n P+ ] n
5/ - ZkAk,o’j”+de+/ — ZkAka”+de
e Px k=1 - Pk k=1
n p n
ZkAk/o’j+1 +B+ p—; ZkAk,o’fl +B, (4.32)

k=1 * k=1

where we have used the fact that p, < min(p_, o). If limg, (x-1,...n),8—0 P+ > O, then we
have u, — u_ = 0 from (4.32), which contradicts the fact u#_ < u,. Thus, we obtain
limy, (x-1,..,n),8—0 P+ = 0, which means that the intermediate state becomes vacuum in the
limit Ay (k = 1,...,n), B— 0 situation. In fact, the intermediate state cannot be seen as
a constant state again when a vacuum state is formed. The rarefaction curve R; in (4.29)
turns out to be the line of contact discontinuity /; : # = u_, whereas the rarefaction curve
R, in (4.30) turns out to be the line of contact discontinuity /; : # = u, in the the half-upper

(1, p) phase plane as Ax (k=1,...,n), B— 0. Hence we further have

lim )"l(u—r ,0—) = lim )"l(um 10*) =u_, (4'33)
Ay (k=1,..,n),B—0 Ay (k=1,...,n),B—0

lim Ao (U, = lim Ao (uy, =u,, 4.34
Ag (k=1,..,1),B—0 214 ) Ag (k=1,..,1),B—0 2tk 0:) = ths (4-34)

which means that the rarefaction wave R; tends to the contact discontinuity J; with the
speed u_, whereas the rarefaction wave R, tends to the contact discontinuity J, with the
speed u, as Ay (k=1,...,n), B— 0. The proof is completed. O
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Finally, we are dedicating to investigating the special situation #_ = u,, in which the
formation of contact discontinuity may be illustrated well by using the following theorem.

Theorem 4.5 When u_ = u,, the limit of solution to the Riemann problem (1.1) and (1.3)
asAx (k=1,...,n), B— 0isonly a contact discontinuity connecting the two constant states
(u_, p-) and (u,, p.) directly, which is identical with that for the pressureless gas dynamic
system (1.2).

Proof Our proof is divided into two parts according to p, > p_ or not. If p, > p_, then
we have (u,,p,) € IIl for any Ay (k =1,...,n) and B. That is to say, (u_, p_) and (u,, p,)
are connected by the 1-shock wave S; with the speed o, whereas (u,, p,) and (u,, p,) are
connected by the 2-rarefaction wave Ry, which can be expressed by the formulae (4.1)
and (4.30), respectively. Therefore the intermediate state (u., p.) between S; and R; is
determined by

p- P
Uy — Uy = fpi* plz /> i1 kKAkp**t + Bdp,

where p_ < p, < p, and u, < u_ = u,. More specifically, the solution to the Riemann prob-

Uy = U — \/(i = )k Aok = p¥) + B(S- = -), (4.35)

lem (1.1) and (1.3) can be displayed in the form

(bl_, /0—)» -0 < E <01,

(0 0)(E) = (s pi) 01 <& < Ao(tts 04), (4.36)
R21 )‘2(74*: p*) S 5 < )\2(M+: /0+),

(s 04)s Aa(uy, py) <& < +00,
where the propagating speed of Sy is given by o1 = 27x-£==, and the state (1, p) in R
should satisfy (4.30). For p_ < p, < p,, we directly get lima, (k-1,..n),8—0 %« = u_ in the first
equation of (4.35).
On the one hand, we can derive from the first equation of (4.35) that

(e —U_ 1 " k_ ok
M:_— ZAkp_p*(p* p_>+B
1 Px — P-

Px — P- Px \
1 n
=—— (ZAkPP* (P14 pk2p_ 4o 4 pk1) 4 B>, (4.37)
Py \i5
so that we have
Pslhs — P_U_
lim o1 = lim
Ag (k=1,..,11),B—0 Ag (k=1,..,),B>0 Py — p_
(s —u_
- lim (u + M) —u. (4.38)
Ay (k=1,..,n),B—0 Ps — P—

On the other hand, from (4.30) it directly follows that

lim A , = lim A , =u,=u._. 4.39
A o 2 (245 P4) B m o 2, p0) =u,=u (4.39)



Tong et al. Boundary Value Problems (2018) 2018:144 Page 18 of 20

Inview of (4.38) and (4.39), if u_ = u, and p, > p_, then the limit of solution to the Riemann
problem (1.1) and (1.3) as A, (k = 1,...,n), B— 0 is a contact discontinuity with the speed
u_ connecting (u_, p_) and (u,, p,) directly.

Otherwise, if p, < p_, then we have (u,, p,) € II for any Ax (k=1,...,n) and B. In other
words, (u_, p_) and (u,, p.) are connected by the 1-rarefaction wave R;, whereas (u,, p.)
and (u,, p,) are connected by the 2-shock wave S, with speed o3, which can be expressed
by the formulae (4.29) and (4.2), respectively. As before, the intermediate state (i, px)
between R; and S, is determined by

Uy —U_ = —f/f_* plz /> iy kKAxp**t + Bdp,

(4.40)
=t = [ = Ny el = o)+ BGE = 1))

where p_ > p, > p, and u, > u_ = u,. Analogously, the solution to the Riemann problem
(1.1) and (1.3) is given by

(I/L, p—)r —00 < S < )‘l(u—t :07)7

(u’ p)(é) _ Rl: )\l(u—’ :0—) = g =< Al(u*: p*)» (4.41)

(s P)s A1 (s ps) <& < 09,

(M+;,0+): 02 < E <00,

where the propagating speed of S, is given by oy = 2222, and the state (1, p) in Ry

should satisfy (4.29). For p_ > p, > p,, we immediately obtain lim, (x-1,..,n),8-0 %s = %, in
the second equation of (4.40). With the similar method as before, we can also arrive at the
limiting relations

lim )‘-l(u—’ ;0—) =

lim M (s, = lim oy=u, =u_. (442
Ag (k=1,..,1),B—0 Ag (k=1,..,1),B—0 1(ter £2) A 2T (4.42)

i (k=1,...,1),B—0

Thus, if u_ = u, and p, < p_, then the limit of solution to the Riemann problem (1.1) and
(1.3) as Ax (k=1,...,n), B— 0 is also a contact discontinuity connecting (x_, p_) and
(¢4, p;) directly. The proof is finished. O
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