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Abstract

This paper deals with a Neumann boundary value problem in a d-dimensional box
T =(0,7)? (d = 1,2,3) for a nonlinear diffusion chemotaxis model with logistic
source. By using the embedding theorem, the higher-order energy estimates and
bootstrap arguments, the condition of chemotaxis-driven instability and the
nonlinear evolution near an unstable positive constant equilibrium for this
chemotaxis model are proved. Our result provides a quantitative characterization for
early spatial pattern formation on the positive constant equilibrium. Finally, numerical
simulations are carried out to support our theoretical nonlinear instability results.
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1 Introduction

Chemotaxis models take into account a diffusion term in the cell dynamics to model an
undirected or random component to movement. In general, a constant diffusion coeffi-
cient is assumed in many applications. However, using a nonlinear dependence on the cell
density in research of cell movement has also proliferated in recent years, it can be utilized
in ecological applications to describe “population-induced” movement for insect popula-
tions. In this case when possibly also cell proliferation is included, this leads to models of

form

U, =d,V - (DU)VU) - xV - (UVV) +f(U), xeQt>0,

tV,=dr, AV +al - BV, x€Q,t>0,

, (1.1)
= 8V -, x€0Q,t>0,

X 0x;

U(x,0) = Uy(x) > 0, V(x,0)=Vox) >0, xeQ,

where x > 0 is the chemotactic sensitivity, and U(x,t), V(x,£) denote the density of the
cells population and the concentration of the chemoattractant, respectively. dy,d> > 0 are
the cell and chemical diffusion coefficients, respectively. The function D(U) describes the
density-dependent motility of cells, and f(U/) represents the proliferation rate of the cells.
The term ool — BV asserts that the chemical has a linear production and degradation.
For model (1.1) without the growth term f(U), when 7 = 1, Hofer et al. in [1] intro-
duced a phenomenological description of cell-cell adhesion in a model for Dictyostelium
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discoideum aggregation by considering D(U) = pu; + 1\% where N is a critical cell den-
sity. For the case D(U) = U", n > 0, Kowalczyk [2] obtained blow-up control relies on
the presence of a pressure function, which increases faster than a logarithm for high
enough cells densities: for such a pressure function the solutions cannot blow-up in a finite
time, and proved the global boundedness for (1.1) under some other conditions. However,
Hillen and Painter in [3] also reviewed its formulation from a biological perspective, and
showed necessary conditions for instability by a standard linear analysis at the homoge-
neous steady state of the model (1.1). Senba and Suzuki [4] described that if the positive
function D(U) rapidly increases with respect to U, then solutions to the system (1.1) ex-
ist globally in time. When the diffusion function D(U) takes values sufficiently large, i.e.
takes values greater than the values of a power function with sufficiently high power, in
[5], Kowalczyk and Szymanska proved that global-in-time existence of weak solutions.
In addition, the uniqueness of solutions was given provided that some higher regularity
condition on solutions is known a priori.

When t = 0, for the model (1.1) with logistic source, in [6] it is shown that under
some suitable assumptions, then there exist initial data such that the smooth local-in-
time solution of a higher-dimensional chemotaxis system blows up in finite time. Cao and
Zheng [7] considered the boundedness for simplified the model (1.1) with the special case
D(U) > c¢(U + 1)?, p € R. For the case D(U) > CpU™ !, m > 1, Wang et al. [8] proved
that, for the case of positive diffusion function, the model (1.1) possesses a unique global
classical solution which is uniformly bounded, and that the weak solutions are global ex-
istence if the diffusion function is zero at some point, or a positive diffusion function and
the logistic damping effect is rather mild. Moreover, they asserted that the solutions ap-
proach constant equilibria in the large time for a specific case of the logistic source. In [9],
for the case of D(U) = (U + 1)?, p > 0, Zheng et al. studied the global boundedness and
finite-time blow-up of solutions for a chemotaxis system with generalized volume-filling
effect and logistic source f(U/) = AU — uU*, with A > 0, > 0 and k > 1. When D(U) = 1,
Zheng et al. [10] considered the global boundedness of solutions in a chemotaxis system
with nonlinear sensitivity and logistic source.

If D(U) =1 and f(U) = 0, then the model (1.1) reduces to the classical Keller—Segel
system. This model attracted a lot of attention in the mathematical literature (refer to
[11-14]). The first nonlinear instability result is due to Guo et al. in [15] who investigated
nonlinear dynamics near an unstable constant equilibrium in the classical Keller—Segel
model. Their results can be interpreted as a rigorous quantitative characterization for the
early-stage pattern formation in the Keller—Segel model. Recently, Fu et al. in [16] and
[17] studied nonlinear instability in the Keller—Segel model with a logistic source and cu-
bic source term, respectively. Their results indicated that chemotaxis-driven nonlinear
instability occurs in these models.

Motivated by the arguments in [15-17], it is the goal of the present paper to investigate
nonlinear evolution of pattern formation for the following nonlinear diffusion chemotaxis
model with logistic source under homogeneous Neumann boundary conditions:

U =dV-(U'VU) - xV-(UVV)+rU(1-Y), xeT%t>0,

Vi=dba AV +all - BV, xeT%t>0, 12)
W _ 3V _, atx;=0,m,1<i<d,t>0,
x; dx;

U(x,0) = Uy(x) > 0, V(x,0) = Vo(x) >0, xeTe,
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where T% = (0,7)% (d = 1,2,3) is a d-dimensional box. The nonlinear diffusion is of the
form D(U) = U" for n > 0, as studied by Kowalczyk [2], which means that the rate of
diffusion increases with increasing cell density. Eberl [18] also used this formulation in a
model for biofilm growth.

Yang et al. in [19] studied the global boundedness of solutions to (1.2) in the higher-
dimension (d > 2). To the best of our knowledge, however, it is still open mathematically
whether there exists an unstable solutions to the linearized problem of (1.2) and the non-
linear problem (1.2). Particularly, nonlinear instability remained open. The proof of the
nonlinear instability based on unstable eigenvalues is nontrivial for several reasons. The
main difficulty is that the nonlinear term d;V - [(}__; C.k""'u/)Vu]. The technical key of
our work is controlling the nonlinear growth of higher-order energy norm for the pertur-
bation by the linear growth rate.

To avoid excessive technicalities, let n € Z* throughout this paper. Our main result (see
Theorem 5.1) indicates that chemotaxis-driven nonlinear instability occurs in the model
(1.2), that is, nonlinear patterns are created by chemotaxis for the model (1.2) with non-
linear diffusion.

The organization of this paper is as follows: In Sect. 2, we study local stability of positive
constant equilibrium point for the model (1.2) without chemotaxis. In Sect. 3, we consider
the growing modes of (1.2). In Sect. 4, the bootstrap lemma is established. In Sect. 5, we
show that, given any general initial perturbation, its nonlinear evolution is dominated by
the corresponding linear dynamics along a fixed finite number of fastest growing modes.
In the last section we draw some conclusions and carry out simple numerical simulations
for this model.

2 Analysis of local stability
We consider the following PDE system (1.2) without chemotaxis:

U =dV - (U"VU) +rU(1-4), xe€Tt>0,

Vi=dy AV +all - BV, xeTt>0, @1
oW_ 2V, atx; =0,m,1<i<dt>0, '
X ox;

U(x,0) = Up(x) > 0, V(x,0) = Vo(x) >0, xeT

We use [+, -] to denote a column vector. It is clear to see that the trivial equilibrium point
E, = [0,0] is unconditionally unstable, and that W = [{/, V] = [k, 2k] is the unique positive
equilibrium solution.

Let 0 = 1) < iy < i3 < --- be the eigenvalues of the operator —A on T% (d = 1,2,3)
with the homogeneous Neumann boundary condition, and E(y;) be the eigenspace corre-
sponding to x; in H'(T?). Let X = [HY(T)]%, {¢;:j = 1,...,dim E(11;)} be an orthonormal
basis of £(11;), and X;; = {c - ¢ | ¢ € R%}. Then X = %, X, X; = @7 X;.

Denote D = diag(d1 k", d,), F(W) = [rU(1 — ,—L([),otl,[ —pBV]and £ = DA + Ew (W), where

- -r 0
Fw (W) = .
()
The linearization of (2.1) at [, V] is W, = £(W — W). For each i > 1, X; is invariant under
the operator £, and A is an eigenvalue of £ on X; if and only if it is an eigenvalue of the
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matrix

D+ Eyg (W) = [ DK Hir 0 .
o ~dapi - B

Then —u;D + Fyw(W) has two negative eigenvalues —d1k”u; and —dyp; — 1. Hence, the
positive equilibrium point [IJ, V] of (2.1) is locally asymptotically stable (see [20]).

Remark 2.1 The above result indicates that the Turing instability does not occur in the

absence of chemotactic effect.

3 L2-Estimate
Let u(x,t) = U(x,t) — U, v(x,t) = V(x,£) — V. Then

uy = dik"V2u — xkV* v+ di V(YL CLk"u') Vu)
- xV@Vv) - ru-fu?, (3.1)
Ve =da V3 + au — B,

n!

T’ The corresponding linearized system is as follows:

where C! =

uy = dik"V?u — xkV2v - ru,
(3.2)
Ve =do Vv + au — Bv.

Let w(x, t) = [u(x, 1), v(x,1)], q = [q1,...,94] € N* = Q, and eq(x) = 1—[;1:1 cos(gix;). Then

{eq(X)}qeq forms a basis of the space of functions in T¢ that satisfy Neumann boundary
conditions.
We will find a normal mode to the linear reaction—diffusion system (3.2) of the following

form:
w(x, t) = rqe)“lteq(x), (3.3)

where rq is a vector depending on q. Substituting (3.3) into (3.2), it is easy to see the fol-

lowing dispersion formula for A4:
Afl + [(dlk” + dz)q2 +r+ ,B]Aq +q° (dldzk"cf +d1[k"B +rdy — ozxk) +rB =0, (3.4)

where ¢° = Zil g7. Thus, we derive a linear instability criterion by requiring that there

exists a q such that
didok"q* + (dlk”,B +rdy — a)(k)q2 +rB<0 (3.5)
to ensure that (3.4) has at least one positive root Aq. It follows from (3.5) that

[(drk" = do)q* + 7~ ,6]2 +4axkq® > 0. (3.6)
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There exist two distinct real roots

(@ (di k" + do) + 7+ Bl £/ [(drk" — do)q? + 7 — BI? + 4o x kq?
2 .

Ay = — (3.7)

The corresponding (linearly independent) eigenvectors by r_(q) and r,(q) are given by

r.(q) = (3.8)

Ag +dag® + B .
o )
Hence, there are only finitely many q such that A; > 0. We denote the largest eigenvalue by
Amax > 0 and define Q. ={q e Q| )\; = Amax}. From (3.7) we can regard )»:; as a function
of g*. Moreover, there is one g* (possible two) having A*(?) = Amax-

Given any initial perturbation w(x, 0), we can expand it as

w(x,0) = queq(x) = Z{w;r_(q) + W;Lr(q)}eq(x). (3.9)

qef qef

We denote by (-,-) and (-,-) the inner product of [L?(T¢)]? and the scalar product of
RR?, respectively. For any g(-,£) € [L*(T%)]?, we denote ||g(-,2)|| = |Ig(-, £)|| ;2. Throughout
this paper, we always denote universal constants depending on d;, ds, x, k, r, o, B by C;

(i=1,2,...) and choose an appropriate constant

XZ

K=—"——. 3.10
dldzker ( )

The unique solution w(x, ) = [u(x, £), v(x, £)] of (3.2) takes the form
wi(x, t) = Z{w(—lr_(q)e’\at + wflrJ,(q)e’\:lt}eq(x) = e“'w(x,0). (3.11)

qe

Our main result in this section is the following lemma.

Lemma 3.1 Let the instability criterion (3.5) hold. Let w(x,t) = e“*w(x,0) be a solution
to the linearized system (3.2) with initial condition w(x,0). Then there exists a constant
Cl > 1 depending on dy, dy, k, x, r, o, B, such that

[wie )] < Gt

w(-,0)

, Vt>0. (3.12)

Proof We prove the lemma in the following two cases.
(1) t = 1. From (3.7), for g large, it follows that

+

. A‘q
lim — = —-dik",—d,, (3.13)
q—> 00 q

which leads to

hg <-min{dik",ds}q". (3.14)
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Moreover, there exists positive constant C; for all g > 0 such that

)»j:
—g < (.
q

By the quadratic formula of (3.4), we can obtain

|)L:rl —A;| >2q+/axk.

It follows from wq = w;r_(q) + w;m(q) that

+ [r+(q)] x [wgl
Wyl = ==
17 | det[r_(q),r.(q)]|

By (3.8) and (3.15), for all g > 0, there exists a positive constant C,, such that

)\‘i
’riq)| (—+d—)q +é+1<C2q,

aq>  «
where C, = 2max{é(C1 +d>), g +1}. By (3.16), we deduce that

1 1 1
< .
|det[r_(q),r ()] |Ag—2ql ~ 2qvaxk

Plugging (3.18), (3.19) into (3.17) yields

|w§| <C? [wq| = C3glwgl.

1
2g/axk
It follows from (3.11), (3.14) and (3.20) that for £ > 1 and g large

w(x, t) <4 C2C2 q° exp 2m1n dik", dy ) q?) |wq|?
q

qe

< 4c2< ) D Iwgl? =4C} [ w(x,0

qe2

2

’

thus,
[w(x,£)| < 2Cs|w(x,0)| exp(Amaxt)-

(2) t < 1. It follows from (3.2) that

1d
Zdt Td

=-KB vzdx—r/ uzdx+1(ot/ uv dx.
T T4 T4

{lu?® +K|v|2}dx+/ {di K"\ Vul* + Kdo|VvI* = xkVuVv} dx
Td

By Young’s inequality,

2
X 2
- Vv«
2d1k”72 | |

Page 6 of 19

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Then using Young’s inequality, (3.21), (3.22) and (3.10), we get

1d

VK
_ 2 2 y 2 2
T Td{|u| +K|v |}dx§ 5 ./Td{'M' + K| }dx. (3.23)

By the Grownwall inequality, we deduce that

[wx, 0| < C,emaxt [wi(x,0)

’

where C; = max {2Cy, vVe/K} > 1if 0 < K < 1, and let C; = max {2Cy, vVKeK} > 1 if K > 1.
This completes the proof of Lemma 3.1. O

4 Bootstrap lemma and H?-estimate
By standard PDE theory [21], we can establish the existence of local solutions for (3.1).

Lemma 4.1 (Local existence) For s> 1 (d =1) and s > 2 (d = 2,3), there exists a Ty >0
such that (3.1) with u(-,0),v(-,0) € H® has a unique solution w(-,t) on (0, Ty) which satisfies

WOl < ClwO),. 0<t<Ty
where C is a positive constant depending on dy, dy, k, o, B, 1, x.

Lemma 4.2 Let [u(x, ), v(x,t)] be a solution of (3.1). Then

1d . .
= Z/W”D ul? + K|D°v[) dx

lo|=2

dq k" . d,K -
+2Ad{ 14 ‘VD u|2+ZT’VD v|2}dx

lo|=2

o I< (ol
+rZ/Td|D u|2dx+§ Z/TJD v’zdx

lo]=2 lo|=2

R ) - . R
= (X G ?r) (Z "W"iﬂ) [Vow]? + ol

i=1 i=1

s CBybab

where C3 = 2

Proof Notice that if w(x, ¢) is a solution of (3.1) on T¢, then the even extension of w(x, t)
on 2T% = (-, 7)? (d = 1,2,3) is also the solution of (3.1) which satisfies homogeneous
Neumann boundary conditions and periodical boundary conditions on 2T¢ = (-, 7)?
(d =1,2,3). From this, we have

iy = di k"2 — xkV* + di V(YL CLk" i) Vi
- xV(@vv)-ri— i,
Ve = dy V3 + ail - B,

du _ v _q

= = = — | <
ox = o at w; 7,0,m,forl <i<d,
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where [i(x, t), 7(x, t)] is the even extension of [u(x, t), v(x, )] on 2T¢. By (4.1), we can easily
deduce that

1d

= il G O
T /ﬁd|3xlx]u| dax +dik /2W| (8xlx/u)| dx

—xk V (8,0, 72) - V(O ) dX + r/ 1y 5| dx
214 7 " 214 7

=x / V (O, 8) - Oy, (V) dx — dynk"™ / V (O, ) - Oy, (V1) dX
Z'JI‘d ] Y ZTd ] ]

1
- Edln(n - l)k”_Z/

V(O 1) - Dy (7 Vi) dx
21

1 - ~3~
- gdln(n —1)(n - 2)k”_3/ V(&xixju) Oy (u3Vu) ax—- .-

214

- dlnk/ V(Bxl,xiit) . axix,(a"—lva) dx
274

—d1/ V(ax,,x,ﬁ) . 3xix/(1:thIjl) dx
2Td

2r - - 2r - - -
% i ulaxix/u|2dx— © /ﬂd Ok~ Ok - Bxixjudx (4.2)
and
~ 2| Ko, 7> dx + Kdy / |V (3, 7)|* dx + K B f 19,0712 dx
2 dt oTd ¥ oTd v 24 v

=Ko / 3x,-x,ﬁ . Bxl.xl.f/dx. (4.3)
214

It follows from (4.2) and (4.3) that
1d

5%/ d(|a,cl.x,.f4|2 + K0y, |%) dx
2T

+ / d(dlk”|V(8xix/£¢)|2+Kd2|V(8xix/.f/)|2— KV By 1) - V (yy0,7)) dx
2T

+r/ |8xl.x/£t|2dx+,31</ |9z, V1 dlx
214 214

:X/ V(axixjil)~8xl,xi(ZN17)dx—d1nk”‘1/ V(axl.x/.ﬁ)ﬁxixj(ﬁVﬁ)dx
214 2

T4

1
- —dyn(n-1)k"? / V (g 4) + Oy (4 Vik) dix
2 oTd ) )

1
- —din(n-1)(n-2)k"3 / V (O i8) - Oy (#° Vi) dx
6 2T4 " i

—--~—d1nk/ V(B 28) - axix/(ﬁnflvﬁ) dx
214

—dlf V (O 18) + Oy, (4" Vi) dx+a1</ Ol + O,V AX
214 " 7 ord 7

2r
k oTd

=ttt s+ i+t SutJa + T (4.4)

(28] Oy 11| + Do 1 - Ok - Dy 12) X
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Thanks to Young’s inequality and (3.10),

d.K

5 |V (85,7 (4.5)

d k"
XKV (B 1) - 9 B ¥) = === |V (B )| -

The nonlinear term J, is bounded by
o [ V)8 G99
214
<x {/ |V (O 1) - Byt - V7| dx+/ |V (B 1) - Byt - V (3, V)| dx
2Td 214

+/ |V(8xl.x/.£¢)~8xiiz-V(8xj17)|dx+/ |iz-V(axixjit)-V(Bxixjf/)Mx}
214 214

d
< XNl |V B | 19 1 + 20 Y NVl 10 B 1 | ¥ (B )|
i=1

By applying the Sobolev embedding to control the L* norm for d < 3, there exists a con-
stant Cs > 0 such that

llgll oo 21e) < CslIgll 2may- (4.7)

Moreover, notice that

f Vﬁdx:/ Vvdx =0, / 8xixjﬁdx=f Bxix/.f/dx=0. (4.8)
214 214 214 214

Using the Poincaré inequality, there exists a constant C > 0 such that if g € H*(2T¢) and
fzird gdx =0, then

llgllzare) < Cell VgL (4.9)
From (4.8) and (4.9), it follows that

058l = C7IVoxgll, [l 98Il < Csll VOl

and
: !
IVell < Cg(Z HVD"gHZ) < C%(Z HV(D")g||2> : (4.10)
lo|=2 lor=2
Using (4.7), we get
Vgl < Cuoll Vel < Cu [ Vg (4.11)

Thus from (4.7) and (4.11), one can derive that

Ty < xCuall Wl | V3w . (4.12)
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Similarly, one knows that

Ji < dynk" Cra | W2 | VW (4.13)

Applying interpolation inequalities, one has

||axix,g||25co( 2| V@) + ”g” > Vaso, (4.14)

. d2dyk?=2
By the choice of a = 21a2)(2C0 in (4.14),

Jo 1= ocl(/ Opix: U+ Oy, VAX
T4 iXj iXj

Z/ D75 dx + DX Z/ )| dx + Cslll)?, (4.15)
lo|=2

II2

A _ C8X60’6
where C3 = W
Now, according to Holder’s inequality, (4.7), (4.9) and (4.11), one can verify that

1 - Y~
o= —Edln(n - l)k"*z/ : V(axix,-"‘) Oy (uZVu) dx
2T

< dyn(n = DK 2||Vitl| oo | Vil 7 | V (85,80 |
+din(n = DK || Vi oo | 1l| oo || By 811 | ¥ (8 20 |

d
+ 2dyn(n = DK itl| oo || Vitl| oo | g 21l | V (D ) |

i=1

1 N 3
+ sdin(n - DK 2|t | V (0, )

1
< Sdunln = DR Cra W[} | VW 2 (4.16)
1
J3 = ——dyn(n-1)(n - 2)k"~> / V (g 1) + Oy, (4 Vi) dx
6 apd
< dyn(n—1)(n = K" 3|t oo | Vill o< | ViEl 74 || V (3, 0) |
3 - - - -
+ S din(n = 1) = DKl o | Vil 10w 1B 81|V By 0) |
1 - ~
+ cdun(n = 1) = 2K 1l | Y (9, 2) I?
1 n-3 3
gdln(n 1)(n -2k 2Cullwl?, | VW (4.17)
Ju_t = —dink / V (O 18) - Oy, (@' Vi) dx
214
< dynk{(n = 1)(n = 2|l 73| Vitl| oo | Vitl| 74 || V (B0 |
4301 = DA Vel oo | By 1 |V (B 0) | + 12172 7 By i) |}
(4.18)

< dinkCr [ W] | VP
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and

]VI = _dI/ V(axlx]i;t) : axlx/ (ﬁnVﬁ) dx
214
< di{n(n = D@21 Vit | Vil o || V (050 |
+ 3n| | | Vitl] oo | By 2 | V (B 8) || + 11220 7o |V (B 2) I}

2

< diCrun W} | VPW (4.19)

where C13 = 2CéC11 + 6C5C11 + Cg, C14, = 6C5C§C11 + 9C§C11 + Cg, Cln = (Vl - 1)(1’1 -
2)C§’"3C§C11 + S(I’l - 1)C§l—2C11 + ng—l and Cl,Vl+1 = Yl(l’l - l)Cg"chCH + 31’1Cg_2C11 + Cg
Again by (4.7), (4.10) and (4.11), we can estimate

2r
]rf_

3 { B+ [Vl oo |Vt 1B 211}

” 7 ”LO" ” axix/
further,

, (4.20)

< clrnwqu [vew

=2

where Clr = Cg(C5C3 + Cu).
Recall that [#%,7] is the even extension of [u,v]. Plugging (4.12), (4.13), (4.15), (4.16),
(4.17), (4.18), (4.19), (4.20) into (4.4),

MtZ/ (Ip7a|” + K|D7 7)) dx

lo|=2

+ Z/ ( “\voraft+ d2K|V(D“ 7)) )dx

lo]=2
+r2/ |D"£¢| dx+—Z/ |D°v | dx
lo]=2 |o|=2
<G (x +dy Yy CLk 4 —) (Z I ||H2) | V3% + sl
i=1
where C, = Cpy + Zf’:zl Cy; + Cy,. This completes the proof. O

Lemma 4.3 Let w(x, t) be a solution of (3.1) such that, for 0 <t < T < Ty,

- ; 1 . (dik" doK
>t = - min {445, 25 (a2
i 2

and

[we o] = Eretmt

w(-,0) H ) (4.22)
Then

[we B =l [We 020 + et w02}, 0<e<T,
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2
1+Cy

a PR 282 g, a
where &y = max {((1+ CK)%, [E3(1 + B22%)18), if K > 1and €, = max{(Xg

(1+CHC2 in . .
R N K <1

)3, [CH(1+

Proof From (4.10), one knows that

[vweo|* =3 Y [prwe. o),

lo|=2

(4.23)

which leads to

el = (It + (€3 +2) - Jorween)

lo|=2

(4.24)

By Lemma 4.2 and (4.21), we can see that

1d

57 /Td(|D"u|2 + K|D7v|*) dx < Csllul)* < Cs||w(, 0)|*. (4.25)

lo|=2

From this and (4.22), it follows that

> [Ed(|D"u(-,t)|2 + K|D°v(-,)[*) dx

lor|=2

c2C
= Z ,/Td(|Dgu(.’O)|2+1<|DUV(‘;0)|2)dx+ ﬁa:enmaxt

|lo|=2

wi(,0)’. (4.26)

We will proceed in the following two cases: K > 1, K < 1.
(1) If K > 1, using (4.26) yields

w(,0)|.

S w0l <K X [prto + S gt
B A‘I'Tla)(

lor|=2 lo|=2

Then it is not hard to verify from (4.22), (4.24) and (4.26) that
[we O3 = Ca([wC, 0 + w0 e,
1+CD)E2

where C, = max {((1 + C2)K)%,[C3(1 + (Am—ax)]%}‘
(2) If K < 1, notice that

K> [ D7 w0 I’ < 3 |0 w(,0) 1+ CICs it

Ap 2
1%3 2
lo|=2 lo|=2 max

Moreover, applying (4.22) and (4.24), we can see that

[we 07 < Ca( w0 + w0 e ),

2\ 2
1+C3)C3
)\maxK

n s oA n
where C; = max {(%)7, [C2(1+ )12} and thereby we complete the proof. a
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5 Main result

Let 6 be a small fixed constant, and A, be the dominant eigenvalue which is the maximal
growth rate. We also denote the gap between the largest growth rate A, and the rest by
p >0ie, p =MiNgeq\Quay |Amax — Aql- Then for § > 0 arbitrary small, we define the escape
time T° by

0 = sermn T’ (5.1)

or equivalently

1

0
T = In—. (5.2)

)‘-max

Our main theorem in this paper is as follows.

Theorem 5.1 Assume that the set of g* = Zil q? satisfying instability criterion (3.5) is not
empty for given parameters dy, dy, k, x, o, B, r. Let

wo(x) = Y {wer_(q) + wir.(q)}eq(x) € H?, (5.3)
qe

such that ||\wol|| = 1. Then there exist constants 8y > 0, C>0and6 >0 depending on dy, ds,
k, x,a, B, r, such that, for all 0 < § < 8, if the initial perturbation of the steady state [U, V']
is w8 (-,0) = 8wy, then its nonlinear evolution w’ (-, t) satisfies

Weo-sem Y wir (e

qE€Q2max

n
< é!eﬂf + Y (8 lIwollizs + et }86)‘"“‘"‘ (5.4)
i=1

for0<t< T?, and p > 0 is the gap between hmqx and the rest of Lq in (5.4).

Proof Let w’(x, t) be the solutions to (3.1) with initial data w’(-,0) = §wp. We define

T* = sup {t‘ [WP(-, 8) — 8etwo | < %Sel"“"‘t} (5.5)
and
- i 1 | [dik" drK
T**:sup{t‘;||w5(.,t)||H2§é—;mm{ 14 ,ZT” (5.6)

First, one can estimate the H? norm of w®(x,t) for 0 < ¢ < min{T?, T*, T**}. From the
definition of 7% and Lemma 3.1, for 0 < ¢t < T, it derives that

W] = S Ersem (5.7)
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In the light of Lemma 4.3, it is easy to see that

ALl
W0, < Ci{8IWoll 2 + 8™} (5.8)

and

HHI

”W éT {51+1 ||w0||t+l 6i+le(i+l)kmaxt}, 1<i<n. (59)

Second, we establish a sharper L? estimate for w®(x, ) for 0 < t < min {T°, T*, T**}. By

Duhamel’s principle, the solution of (3.1) is written as

wo(., 1) = e®twy — /teg(t_’) |:—d1V <<Z Cilk”_i(u‘s(r))i)V(u‘s(r))>
0 i=1

+x V(i (1)Vi (1)) + %(ua(t))2,0:| dr. (5.10)

By Lemma 3.1, (4.7), (4.9) and (5.9), notice that £ < min {T°, T*, T**}; it is bounded by
||w5(t) - §e*twy ||

<6 e RO PO 0 [ O]

+d (Z c:;k“illu%)lli;i) [V @) + ;nu‘*(r)ll;} dr

i=1

IA

t
61/ hmax (=7 {[ (C5 + CZ) + rCz/k] ”w '()”H2 + CZ”W Hl}dt
0 i=1
év é / Amax (E—T Z” B(T)”H‘l dt

5@6!

IA

i+1

ZC723||WO||;;21+ Z o ”*maxf}aekmaxt. (5.11)

ax max -1

Next, there exists sufficiently small &y, for 0 < § < &y, so we can prove that
T° =min {T°, T*, T**}.

If T** is the smallest, we can let £ = T** < T? in (5.8) and (5.9) to obtain

n " )
YW T e = D0 E27 (3w, 0o + 8P T)

i=1

n . n .
<SG WO+ S EF 2
i=1 i=1
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Choosing 0 satisfies

Ak doK Ao
ik ds } (5.12)

n

~ P |

C; E CAfZlQlfimm{ 4 ,T, B
i=1

and for § sufficiently small, such that

" A% i i 1 .| dik" drK
;C‘L 2 1”W(S(‘»O)”Hz < 2C mln{T,T}'

Thus, one can get

) < A minf 2 )
DI (T e = g min] G

This is a contradiction to the definition of 7**. On the other hand, if T* is the minimum,
welett = T* < T? in (5.11). By (5.12) and for § < 8o,

a1 i , 1
Cils— D Ci 25 |w(, 00 <
max i=1

then
1 " i . 1 n i 2i
W) S ET2S W, 0) [+ 3 &F T s
Amax -1 Amax -1 12

where let 6465/ (AJ;‘ < 1. This again contradicts the definition of 7%. Hence, T? is the small-
est.
Now, it follows from (3.10) that

“wa(-,t>—6e*ma*‘ > wir(@eq)

qE€Q2max

< [W(, ) - e two | +

b Z w;r,(q)e)‘i‘eq(x)

qEQ2max

+68 Z {w;r,(q)e)‘it + w;n(q)e”lt}eq(x)
qEQ2\2max
= |WP(.t) - Se*wo| + I + Io. (5.13)

By (3.7), we know that there is one (or two) g2 satisfying A*(¢?) = Amax. If there is only one g*
satisfying A*(q%) = Amay, it is denoted by ¢, ; if there are g7 and g5 satisfying A*(¢?) = Amax
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(i=1,2), one can let g2, = max {q3,43}. Using (3.17) and(3.19) yields

1 < 4522 0max=p) ( ) Z |Wq| |r (q)i

qE€Q2max

d
T
< 4C; 5% f’”( 5) Y dw,l
qE€Qmax
22 52 2(kmax=p)t 16

= 4CZ C48 r tqmax’

that is,
I < CgSelhmax—r)t, (5.14)

Similarly, one can verify that

I, < §elhmax=p)t, (5.15)

Combining (5.11) with (5.13)—(5.14) yields

HW‘S(ut)—Se”‘““‘“ Z Wqr+(q)eq(x)

qEQmaX
. ) foeNe i ; Z:q: é% %aiei)nmaxt
5{(C6+1)e oty = 4 5(Zc 28| w(-, 0|7y + =2 imx
. Se)hmaxt

n

< c:e-m + (8 Iwollys + sema) }5e*maxf,
i=1

where C = max{Cs + 1, CIC*‘ Zl .G, T 2/} and thereby conclude the proof. O

Theorem 5.1 implies that the dynamics of a general perturbation is characterized by such
linear dynamics over a long time period of eT? < ¢ < T?, for any & > 0. In particular, we
can choose a function wy(x) € H2(T%) such that Wq, 70 for at least one qo = [¢01, ..., qod] €

Qmax- Let wo(x) = « |::§:g)\eqo(x)v where k = 1/||eq0|| =/(2/m)4 so that ||wo(x)|| = 1. Then

[T

[wo)| 2 = (1 + Iqol* + Iqol*) > = C(qo). (5.16)
It follows from Theorem 5.1 that for ¢ = T°?

[w (-, 7%) = 8™ wo)|

I T +Za ||w°||‘+1+251elkmaﬂ }5 s T
i=1
< : T +Za ||w0||”1+29l}

I /\
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Choose 6/ < L and § sufficiently small such that

4nC

s (8\mw 1 - - P
T (2 —, Y dlwlin=C C(qo)s) < —.
e (9) <3 2 lIwoll ;2 = C(qo) i=1( (q0)8)’ < 3C

Thus
[WP (-, T%) = 8T wo(x) | < g
that is,

W (o T)] = 56T wo - 56 > sémT 29 = 50,

which shows that the solution can leave a positive distance before the escape time T°. This
results also imply that the linearized unstable equilibrium point W = [k, %k] is nonlinearly

unstable.

6 Conclusion and numerical simulations

In this paper we analyze the pattern formation of a chemotaxis model with nonlinear cell
diffusion. We address verification that, given any general perturbation of magnitude §,
its nonlinear evolution is dominated by the corresponding linear dynamics along a finite

Space x

50

Time t oo Space x Time t 0o Space x
C

Figure 1 Pattern appears in system (1.2). In Fig. 1, the point W=1[2,333]is nonlinearly unstable. Numerical
solutions of the model (1.2) in one-dimensional domain [0, 7], [0, 60], respectively, and a period of time
[0,100], [0,40], respectively
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number of fixed fastest growing modes, over a time period of the order In(1/8). Therefore,
our main results provide a quantitative characterization for nonlinear pattern formation
in a nonlinear diffusion chemotaxis model with logistic source.

Finally, we give simple numerical simulations to illustrate the results got in Theorem 5.1.
We apply a finite difference method on an equidistant grid and solve the resulting chemo-
taxis system by Newton’s method. The Matlab PDE solver is implemented to solve system
(1.2) subject to the Neumann boundary conditions, where the time step size At = 0.1 and
spatial step size Ax = 0.1.

We consider the particular case of system (1.2) with fixed parameters n=2,d; =1,d, =
0.5,x=25r=1,k=2,04=2,8=12,q=[0,1], g> = 1, then the condition (3.5) is satisfied,
and (3.4) has the two eigenvalues 11(q) = 0.215, A,(q) = —6.915. Initial data uo(x) = 2 +
0.1cos(x/10), vo(x) = 3.33 + 0.1sin(x/10). The positive equilibrium solution W = [2,3.33]
becomes unstable under chemotaxis effects; see Fig. 1.
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