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Abstract

In this paper, we give a modified characteristics projection finite element method for
the time-dependent conduction-convection problems, which is gotten by
combining the modified characteristics finite element method and the projection
method. The stability and the error analysis shows that our method is stable and has
optimal convergence order. In order to show the effect of our method, some
numerical results are presented. From the numerical results, we can see that the
modified characteristics projection finite element method can simulate the fluid field,
temperature field, and pressure field very well.
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1 Introduction

The conduction-convection problem constitutes an important system of equations in at-
mospheric dynamics and dissipative nonlinear system of equations. There is a significant
amount of literature as regards this problem. An optimizing reduced Petrov-Galerkin least
squares mixed finite element (PLSMFE) [1] method for the non-stationary conduction-
convection problems was given. An efficient sequential method was developed to estimate
the unknown boundary condition on the surface of a body from transient temperature
measurements inside the solid [2]. An analysis of conduction natural convection conju-
gate heat transfer in the gap between concentric cylinders under solar irradiation [3] was
carried out by Kim et al., Boland and Layton [4] gave an error analysis for finite element
methods for steady natural convection problems. Newton type iterative methods [5-7]
and defect-correction methods [8—10] for the conduction-convection equations were pre-
sented.

The projection methods, which are efficient methods for solving the incompressible
time-dependent fluid flow, were first introduced by Chorin [11] and Temam [12] in the late
1960s. This method is based on a special time-discretization of the Navier-Stokes equa-
tions. In this method, the convection-diffusion and the incompressibility are dealt with
in two different sub-steps. The velocity obtained in the convection-diffusion sub-step is
projected in order to satisfy the weak incompressibility condition. The projection methods
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can be classified into three families: the pressure-correction method [13, 14], the velocity-
correction method [15], and the consistent splitting scheme [16, 17], which is called a gauge
method also [18]. The convergence analysis of the semi-discrete projection methods can
be found in Shen [19] and Guermond and Quartapelle [20]. In Guermond and Quartapelle
[21], the projection method was implemented by the finite element method. It was used to
solved the variable density Navier-Stokes equations in [22]. In [23], a gauge-Uzawa projec-
tion method was presented. Then it was applied to the conduction-convection equations
[24] and incompressible flows with variable density [25].

As we know, the characteristics method is a highly effective method for the advection
dominated problems. Douglas and Russell [26] presented the modified method of char-
acteristics first. It was extended to nonlinear coupled systems by Russell [27] in two and
three spatial dimensions. A detailed analysis for the Navier-Stokes equations has been
done by Dawson et al. [28] and numerical tests have been presented by Buscagkia and
Dari [29]. A second order MMOC mixed defect-correction finite element method [30]
for time-dependent Navier-Stokes problems was given. Notsu et al. gave a single-step
characteristics finite difference analysis for the convection-diffusion problems [31] and
a single-step finite element method for the incompressible Navier-Stokes equations [32].
El-Amrani and Seaid gave the error estimates of the modified method of characteristics
finite element methods for the Navier-Stokes [33], natural, and mixed convection flows
[34]. In [35], Achdou and Guermond gave the projection/Lagrange-Galerkin method for
the incompressible Navier-Stokes equations.

In this paper, we give the modified characteristics projection finite element method
(MCPFEM) for the time-dependent conduction-convection problems, which is gotten by
combining the modified characteristics finite element method and the projection method.
We give stability and error analysis, which show that our method is stable and has optimal
convergence order. In order to show the efficiency of our method, some numerical results
are presented. At first, the numerical results of Bénard convection problems are given.
Then we give some numerical results of the thermal driven cavity flow. From the numer-
ical results, we can see that MCPFEM can simulate the fluid field, temperature field, and
pressure field very well.

2 The modified characteristics projection finite element method for the
time-dependent conduction-convection problems

In this paper, we consider the time-dependent conduction-convection problem in two di-

mensions whose coupled equations governing viscous incompressible flow and heat trans-

fer for the incompressible fluid are Boussinesq approximations to the Navier-Stokes equa-

tions. For all £ € (0, 4], find (i, p, T) € X x M x W such that

uy—vAu+w-Vu+Vp=ivigT +f, x€Q,

divu =0, x € Q,

T, — AT +u-VT =b, x e, (1)
u(x, 0) = ug, T(x,0) = Ty, x e,

u=0, T=0, x €08,

where Q is a bounded domain in R? assumed to have a Lipschitz continuous boundary
9Q. u = (u1(x, t), us(x,t))T represents the velocity vector, p(x,t) represents the pressure,
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T(x,t) represents the temperature, k represents the Grashoff number, A = Pr, Pr is the
Prandtl number, g represents the vector of gravitational acceleration, v = Re™!, Re is the
Reynolds number, and f and b are the forcing functions.

In this section, we aim to describe some notations and materials which will be frequently
used in this paper. For the mathematical setting of the conduction-convection problems
(1), we introduce the Hilbert spaces

X=H)QP  W=H\(Q)

M=13(Q)= {(p eLZ(Q);/ (pdx=0}.
Q

3y, is a quasi-uniform partition of €2, into non-overlapping triangles, indexed by a param-
eter /1 = maxges, {x; hx = diam(K)}. We introduce the finite element subspace Xj, C X,
My, C M, W), C W as follows:

X ={vin e XN CUQ%5vilk € Po(K), VK € 3},
My, = {gn € M N COUQ); qulk € Pe(K),VK € 3},
Wi = {#n € W N C* Q)i dulic € B(K), VK € 3},
where P;(K) is the space of piecewise polynomials of degree £ on K, £ > 1, k>1,j>1

are three integers. Wy, = W), N Hy(€2), and assume that (X}, M},) satisfies the discrete LBB
condition, there exists 8 > 0 such that

AV on)

> Bllonllo,  You € My,
vweXy 1VVallo

where d(vi, o) = —(oy, V - vy,). Let V), be the kernel of the discrete divergence operator,
Vh = {Vh EXh;(qh,V . Vh) = O,th S Mh}.

For each positive integer N, let {7, : 1 < n < N} be a partition of [0, #;] into subintervals
T = (ty-1,tu), with t,, = nt, T = T1/N. Set u” = u(-, t,)). The characteristic trace-back along
the field #"~! of a point x € Q at time ¢, to t,_; is approximately

X ty) =% — u" 1.

Consequently, the hyperbolic part in the first equation of (1) at time ¢, is approximated
by

n _ Ijln—l

u+u"t V'
At

where

a1 TR, x=x-u"lreq,
7l

0, otherwise,

for any function w.
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With the previous notations, we get the projection FEM for the time-dependent
conduction-convection problem (1), which is a slight transmutation of the projection FEM
[13, 19] for the time-dependent Navier-Stokes equations.

Algorithm 2.1 (Projection FEM) Start u2 as a solution of (ug, vi) = (o, vi) and (T2, yry,) =
(To, Y1), Py = 0 for all vy € Vi, ¥y, € M.

Step 1: Find /™! € X, as the solution of

ft"+1 —u"
(711 . h,vh> + B(uy, iyt vi) + v(Viag, V)

= sz(gT[:’Vh) + (f(tnﬂ):vh); Yv, € Xy,

where B(up, viy wi) = 5 (- V)i wi) = 5 (- V)wi, viy).
Step 2: Find u}*! € Vj, pj** € My, as the solution of

un+1 _ I’/‘ln+1
(%,vh) +d(p;™hve) =0, VvgeVy,

()
d(qh,uZ”) =0, Vg,eM,.
Step 3: Compute T}"** € W, as the solution of the linear elliptic equation
Tn+1 _T" _
(7’“ . z ,1//;,) + B(up™, T, yn) + Av(V T, Vi)
= (b(tws1)s ¥i),  Y¥u € Won, (3)

B, Tis ¥) = 5 (- V) Ty i) — 5 (- V)Y, Th).

Remark 2.1 Denote by P;, the orthogonal projector in (L%(£2))? onto V. We can readily
check that (2) is equivalent to [19]

Wit = Py, (4)

The MC time discretization, combined with the projection finite element method, leads
to the following MC projection finite element method.

Algorithm 2.2 (MC projection FEM) Start with ] as a solution of (u)), ;) = (uo,v) for
all v, e V.
Step 1: Find itZ*l € X, as the solution of

i‘tn+1 iy
(%, vh> +v (Vz)Z*l, Vvh)

= KUZ(gT;, Vh) + (f(tn+1): Vh); VVh S Vh: (5)

e up(xX), x=x-u,t €,
h= .
0, otherwise.
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Step 2: Find uZ*l € Vh,pZ"l € M, as the solution of

un+1 _ i\ln+1
(u,vh) + b(pZ*l,vh) =0, Vv,eV,

t (6)
b(qh, MZ+1) =0, th (S] Mh.
Step 3: Compute T}"*! € W}, the solution of the linear elliptic equation
(f; wh) + )‘-V(VT'[?Jr )th) = (b(thrl)) wh)’ Vl//h € WOh, (7)

where
oy ) TR(), *=x-mT e,
h 0, otherwise.

Remark 2.2 Define Xx””(t) =% — (o1 — Duy, Yt € [ty1, 4], 2 < I < N. Since X, is a
subset of W*(2), under the condition 7 < ﬁ, L, = maXi <<y ||u},|| w1 on the time step
it is an easy matter to verify that this mapping has a positive Jacobian, since u}, vanishes
on 9%2; this mapping is one-to-one and this is a change of variables from €2 onto Q. This

yields for any positive function ¢ on Q2 the estimate (please see [36] for details)

/ S(XM (1) dx < C / () di.
Q Q

3 Stability analysis
Theorem 3.1 (Stability) If r < i, L, = maxj<j<, ||uL||W1,oo, the MC projection FEM is
stable in the sense that

N N
o g + 7RG + 2 Do Vu g + dve YOIV T
n=1 n=1

N N
T
<Cluplg+ g+ Con DI Gy +2CT 3Bt -
n=1

n=1

Remark 3.1 We will prove the boundary of | u},||\y1 in the next section. Here, we use
mathematical induction method.

Proof Letvy, = uZ*l in (5), we obtain

i\ln+1 —u" R
(%, MZ+1> +v(Vigt, Vi) = v (g7, up™) + (F () ufy ™).

Using (6), we deduce
(&Z*l,vh) = (uz+1,vh) +td(pn,ve), VYvp € Xy
Noting V - u)/*! = 0, we get

(itz+1, MZ+1) — (MZ+1’ uz+1)’ (8)
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(VMZ+1 vun+l) (VMZ+1, Vun+l)

Then we deduce

n+l _ *n
(u . >+v||w,;1||0—w (@7 ) + (Fltw), 1),

We arrive at

a6l = laeillg + 2ve | vag g

<12 - s+ 2ev?e (T ) + 2 600, 57

Now, we estimate the bound of ||, 12 - |, ||3. By the definition of X;’ (t4-1), we have

](A":(tn,l)) _ (1 ) uhl‘ T —Oyuyy 1z )

't 1-9dulstt
Hence,
det/ (X2 (t,1)) =1+ O(1).
Then we get
Mn%—||u2||3=f(ﬂz)2dx—/(u2)2dx
Q Q
:/(MZ)2(1+O(T)) dx—/(uZ)zdx.
Q Q
We have

Jaily = il = el
On the other hand, by Cauchy-Schwarz inequality, we deduce

2KV t(gT” "*1) <2CKU2‘L’|| 1) || ”uZ*l ”0

< Cetvie| i+ Ce |

Combining (10), (11), and (12), we get

a6l = leeillg + 2ve | Vet

3vt

" T
< Ceflugllg + o @2 + = [va g

+ Crvte || T, nl H

o+ Cellu

Let v, = 2t Tj*! in (7), we obtain

2Ty = T T7) + 200 (VT V) = 20 (bt), 7).

Page 6 of 23
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(11)

12)

(13)

(14)
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We deduce
1756 = 1 Thllg + eav | VT g < 2¢ bt + 1715 - 1 75
Similar to (11), we have
1730 - 730 = ce .
Then we can get
|z o = 73l + = [ VT g < 22 bl |y + Co i (15)

Adding (13) and (15), summing over all # from 0 to N, we can get

N N
e 105 + TG + 2ve DoVt + awe oIV TG

n=1 n=1

N
< [abllo + 17205 + € 3ol g

n=1
. N , N , N
* oo Z|Lf(tn+1) IZ, + Ce*vte Z” T; |, + 27 Z”b(tml)u "
n=1 n=1 n=1

Using Gronwall lemma, we deduce

N N
™ o+ 170 g + 202 Do Vu g+ 2ve Y[ VT
n=1 n=1

N N
T
=Clujly+clmlo+C5; ;Ilf(tm)lli +2Ce ;Hb(tm)ll,r
4 Error analysis
In order to get the error analysis, we give some lemmas first.

Lemma 4.1 [37, 38] Let e(x,n) = [w - (%(x, t,) + u"(x)Vu"(x))] and let T > 0 be
such that u € €*([t, T); H*(2)?). For t,, > T, we have
1d’g"  du

e(x,n) = —r(i T + e - Vu(x, t,,)) + O(rz), (16)

where g'(t) = u(x — (&, — )u" 1, £), u"(x) = ulx, t,,).

Lemma 4.2 Let

T"(x) — T"(x)
(o

L, m) = —Tt(x,t)—u~VT>,

and let T > 0 be such that T € €*([t, TI; H*(Q)). For t, > T, we have

1d*y! du )
C(x,m) = —‘L’(E P + vl VT(x, ty,)> + O(t ),

where y(£) = T(x — (6, — Du %, 1), u"(x) = ulx, t,,).
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Lemma 4.3 There exists rj,: W — Wy; for all v € W we have

(VW =r¥),dn) =0, Ve, € Wi, (17)

[ =rds=o. 1rapto < 19wl 8)
When v € W™(Q2) (1 < g < 00), we have

1V —rllsg < CH ™ Ylrgy -1<s<m,0<r<m+l (19)
There exists 1y, : Wo — Woy; for all v € Wy we have

(VW =) ) =0, Yoy € Woi, IVFurllo < IV llo- (20)
When ¢ € WH1(Q2) (1 < g < 00), we have

1V =7 llsqg <CH " |Ylrg -1<s<m0<r<m+l (21)

Then we define the Galerkin projection (Rj, Q) = (R(u, p), Qu(u,p)) : (X, M) — (Xp,
My,), such that

va(Ry —u,vy) — d(Qu —p,vi) + d(gn, Ry — u) = 0,

Y(u,p) € (X, M), (vi, o) € (Xir, M) (22)
Lemma 4.4 [39, 40] The Galerkin projection (Ry, Qy) satisfies

IRy = wllo + h([| VR = )], + 1Qu = pllo) < CH* (vl + Ipllx),

k=1,2. (23)

4.1 Error estimate for velocity and temperature

Lemma 4.5 Ift < f, L, = maxy<j<y |4} |l oo, 4, p, uy, and py are sufficiently smooth, we
" <i<

have

[ N apaoe < 00,

N R 1 N .
[&h s+ D_N&n &l + v SOIVE G+ i g
n=0 n=0

N N
# D[l = gillg + ave 3 Vept g = (e + D),
n=0 n=0

N R 1 N
[&h s+ D_N&r —&ls + v 2oIvar G+ i g
n=0 n=0

N N
# Dl =g g ave Yo Ve o = O D),
n=0 =0
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where &} = ) — R}, &' = uj, - R}, SZ+1 = T[”*l — T, R} = Ry(u",p"), C is a positive con-

stant independent of T and h.

n+l_pn
Ry =Ry
T

Proof Subtracting ( Vi) + U(VRZ+1, V) from both sides of (5), we can get

((l)zﬂ _ RZH) _ (MZ _ RZ)

) ,vh> (VI - R, V)

Rn+1 _Rn
u,v;,) — (VR V). (24)

= kv2g(Th,vi) + (f"vi) = (
Defining " = u" — R}, we can get
gn+l _ gn .
<M,vh> +v(VE, V)
T

un+1 —_ "
— _(7 _ VAZ/HI + Vpn+l _ kUZgTrHl _fn+1th

T
n+l _ »m s o in _ gn
+ (u,Vh> + <u " ,Vh> + (Ve vn) + <§h Si ;Vh>
T T T
+v(V (@™ = R, V) + kg (T = T}, vi) (25)

Mn+1 —u
_ _< _ vAu’”l + Vpn+l _ kUZgTrHl —fn+1,Vh)
T

-u

NG
(

7n+1 71+1 nn+l_]:ln
i | +d(Qp = p" i) + W

&~ &

+

, vh) +v(V(@™ =R, Vvy) + kv?g (T = T}, vy)
Mn+1 —u"
- _<7 _ vAu’”l + Vpn+l _ I<v2ng+1 _fn+1’Vh)
T

() (5 ) (555
yVh | + Vi | + »Vh
T T T

+ kg (T = T}, vp). (26)

Let vy, = 2155‘*1 in (26), we can get

A R A R A PR A

Ltm'l iy n
— _2_[( . _ UAM"H + Vpn+1 _ kl)2ng+1 _fn+1, ;;Hl)

+ 2(7’}}“1 _ };)n,élflﬂl) + 2(11” _ ﬁn,élflﬂl) + 2(5;;1 _ %.;lq,é_i;lqﬂ)
+kvirg (T - 1), £

5
= Z A;, (27)

i=1



Si and Wang Boundary Value Problems (2015) 2015:151 Page 10 of 23

where

un+1 —u"

Al - —21’( _ VAMVH'I + me—l _ kV2ng+l _fn+l _fn+1,§;[1+1),

T

A
As =200 = &),

Ay =2t =" E) + 2(E7 — g1, E10Y),
As = kvigr (T = T, 1Y),

2(1/!" _ Izn,égﬁl)’

Now, we estimate each term A;, respectively. By Holder inequality, we get
A= cele o Ve 29
By the definition of x and ¥, we can get
x(x, t,) — x(x,8,) = (uZ - u")r.
Using Taylor’s formula, we obtain

i — @] = (&) - " ®)|
< | vur|  fu; - |

<o (g - B+ R 7).
Therefore, we have

i), = e[V (- &3, + |75 - 5],

< Ce(W + g ],)-
Then we deduce

Ay = Clit =] V&

< Ce (Y + g ]5) + = [ VE 6. 29)

Now, we estimate the boundedness of A3. We have

1
2 tnt
“nrﬁ—l_nn”O: (/ (nn+1_nn)2dx>2 :(/ / 18_77(96,0)610
Q QlJt ot
(7781
(L
QJty

3
s«/?a—z

2 \1
dx)

n

an 2 3
D (x,0)d6 dx)
ot

(30)

L2([tntn11:L2(R))
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By the definition of /'\A,’;’“(tn), we can get

TR 6) = (l ~hT T ) .

't 1-0ulh't
Hence,
det] (XY(5,)) =1+ O(2).
Then we get

" =" _, = sup(IVVlig' (0" = 7", v))
veV

= sup|:||VV||51 (/Q 0" (x)v(x) dx — /Q n”(z)v(z’&f’(t,,)‘l) (1 + O(Atz)) dz)i|

veV

< sup(nwna1 /Q 1) () = v(R2(6) ) dx)

veV

+ sup(Cr2||Vv||51f n”_l(z)v()%:’(t,,)_l) dz).
Q

veV

Let G(x) = x — X7*1(t,)™, then |G(x)| < Ct, and

@) = (R ) ) |2 < /Q ( /t:"” %v(fgﬂ(trl) dt)2 dx
< CT|| V.

Similarly, we have

V(2 @) ™) | < Iviiga + Co).
Then we deduce

[ =", = Celn"] (31)
By (30) and (31), we have

It =i ||, < Coh|up | + CH* ' (32)
Therefore, we get

As < [t =iy [ V&

< Ct2R2* D) 4 Copked ‘Vé;”l ”f) (33)

VT |
16
Similarly, we obtain

VT ~
As < Crlgi o+ 1 IV
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For the term As, by Taylor’s formula, we can get || T"*! — T"||o < Ct, then

As = kvigr (T - T;’Z,é;7+1)
= kvzgr(T"+1 - T”,é;”l) + kvzg‘E(Tn - T;’Z:é;’,ﬂl)

= ORI+ Ve | T - 17 + = Vo (34)
Combining (27), (28), (20), and (34), we arrive at

~ ~ 1 ~
& o~ Nenlo + 18 =&l + 5 ve IV g+ ve (Isi o - lsilo)

< Cr(22+ B*D) p cr g2 + CkPvie| T - T2 (35)

Subtracting © 71 (r;, T = 13, 7", ¥3,) + Av(Vr T, Vry,) from both sides of (7), we can get

((T;IHI - Tn+1) _ (T;tl -1 Tn)

. , 1/;,,> + 0 (V(TH = T, Vi)

Vth+1 -7 Tn
- T

, Iﬂh) — Av(Vrh Tn+1, Vl/fh) + (b(thrl)’ th)

B ((Tml _ rth+1) _ (Tn _ rth)

. , wh> + o (V(T™ =1, T, Vi)

+ (; (tn+l)’ Wh) (36)

Letting &1 = T7*1 — 5y, 71, 071 = T — 1y, T, 6" = T" — 13, T", and ¥, = 27" in (36),

we can get

2(ep — e ety + 240t (Veptt, Vet

= 2(0”*1 —om, SZ”) + 2(§(t,,+1), 8;”'1) + Z(SZ - &, 8;,”1).

Similarly to (32), we get

leii—&illo = Celeilor

|67+ 67|, < Coh“ uj |, + CH 7
Then we deduce
n+l 2_ nl|2 ntl _ .n 20 \V/ n+l]|2
leilo = llehlly + len™ —eilly +2ave | Ver g
< Cth™ + Ct® + qvt | Ve ||(2) +Ct &) H(Z)

Namely,

lehr o = ehle + Neg™ —eilly + ave | Ver g

< Cth*™V 4+ C® + Cr e} ||(2) (37)
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Adding (35) to (37), we get

1 .
s = Naillg + g™ = &illg + Sve | VE 5

+len o= lerlg + lefi —eflly + ave| ve

n+l]|2
i
< Cth*"™V 4+ C3 + Cr | ”(2) +Cr e “(2)

Summing over # from 0 to N gives

N N
o+ N8 - glo +2 221V o
n=0

n=0

1 u fn+l |2 N+1||2
Nl AT
n=0

N N
D AR Y LEA
n=0

n=0
N
<C+ i %) vy ([eqfs + g ]o)-
n=0

By Gronwall lemma, we obtain

N N
A L
e G -+ o IR
n=0 n=0
N N
ey [t =gl e Y| Vet = O + D).
n=0 n=0

Using (6), we get

n+l _ £n+l
(u,vh> -b(p),vy) = 0.

T

Letvy, = 215,:‘“, we can get

Erto+ &t —&t]o =o0.

&1 -

Then we have
2 Ns 2 1 N A 2 2
&0 o+ 2_lE =&l + S v 2IVE o+ e ]
n=0 n=0

N N
# Dl =g rve Yo Ve o = O D).
n=0 n=0

Using the inequality (see [41], Remark 1.6 and [19]),

IVPuullo < CliVullo
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we have
2 A 2 1 al 2 2
[ o+ D& =&l + 5 v DIVE o+ e
n=0 n=0

N N
+ Z”sﬂ*l -& Hi +AVT ZH Vs,’q”l Hé < C(r2 + hz(]”l)). (38)
n=0 n=0

Using the triangle inequality, we deduce

e e <l = Ry | yaoe + 1RE | pace-
Via the inverse inequality, ||v4 || w10 < Ch7|| Vo (see [36]), we can get
i oo = CHH [V i = RE) [ + [ R

We thus finish the proof. 0

Theorem 4.6 (Error estimates for the velocity and temperature) If 7 < %, u, p, Uy, and
p: are sufficiently smooth, we have

N
- ZH LGN u2f+1 ”(2) < C(‘L'2 n h2(k+1)), (39)
n=0
1 N 2
VT Z”V(u”*l —up) |y = C(x* + 1), (40)
n=0
N
- ZH TN+ _ T,ﬂ\“l ”i < C(‘L'2 n hz(k”)), (41)
n=0
1 ol 2
V7 Z”V(T”+1 - Ty Ho < C(t*+ ). (42)
n=0
Proof Using triangle inequality, (23), and Lemma 4.3, we can get this theorem. O

4.2 Error estimates for the pressure
The following theorem on the pressure is a consequence of the previous theorem on the
velocity.

Theorem 4.7 (Error estimate for pressure) If T < ﬁ, u, p, u;, and p; are sufficiently
smooth, we have for all1 <n <N,

[t =P g = C(x + 1)
Proof By (6), we deduce
(pn+1 _PZ+1; VVh)

Mn+1 iy n+l _ gn
_ ( . _ UAM"H + VPVI+1 _kUZgTrHl _fn+1,vh) _ ( h . h :Vh)
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R nn+1 _ ,']n
—v(VE, V) + <f,1}h)

i\ (g
+ »Vp |+ »Vh
T T

+ \J(V(u”+1 —RZ”), Vi) + kvzg(T”Jr1 =T}, vn).

By the LBB condition and Cauchy-Schwarz inequality, we get

lo™ =2

un+1 —u"

<

_ \)AM}HI + Vpn+1 _ kagTrHl _fn+l

T 0

y

rer gt - gl g, + ]

0

0"t - & -¢

+C’
T

+C‘

—v[v @t =R

0 0

+kvig| T - T,

Using (27), (28), (20), and (34), we arrive at
lo" = pi | = C(x + ).
Thus, we finish the proof. 0

5 Numerical experiments
In order to show the effect of our method, we give some numerical results in this section.

5.1 Bénard convection problem
The first experiments is Bénard convection problem in the domain 2 = [0,5] x [0,1] with
the forcing f = 0 and b = 0. Figure 1 displays the initial and boundary conditions for ve-
locity u and temperature 7. It means that the boundary conditions for the velocity are the
no-slip boundary condition # = 0 on 9€2, thermal insulation 8, T = 0 on the lateral bound-
aries, and a fixed temperature difference between top and bottom boundaries. Here, we
choose /1 =1/16, T = 0.01, and the finite element space is a Taylor-Hood finite element
space. Here, we use the software package FreeFEM++ [42] for our program.

First, we set « = 10%, A = 1.0, v = 1.0. Figure 2 gives the numerical temperature at t =
0.05,0.1,0.15,and 1.0. Figure 3 gives the numerical pressure at ¢ = 0.05,0.1,0.15,and 1.0.
Figure 4 gives the numerical streamline at ¢ = 0.05,0.1,0.15, and 1.0.

r
- T=0
> 05Fa,T=0 u,=0 T;=0 3,T=0
s T=1
TN NN (TN N NN NSNS NN SN ST N N S
00 1 2 3 4 5
X

Figure 1 Physics model of Bénard convection problem.
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Figure 2 Numerical temperatures of Bénard convection problem with k =1 x 10* at different times.
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Figure 3 Numerical pressures of Bénard convection problem with k& = 1 x 10* at different times.
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Figure 4 Numerical streamlines of Bénard convection problem with k = 1 x 10* at different times.

Then we set k = 10°, A = 1.0, v = 1.0. Figure 5 gives the numerical temperature at
t =0.05,0.1,0.15,and 1.0. Figure 6 gives the numerical pressure at £ = 0.05,0.1,0.15,and 1.
Figure 7 gives the numerical streamline at ¢ = 0.05,0.1,0.15, and 1. From the numerical re-
sults, we can see that MCPFEM can simulate the fluid field, temperature field and pressure
field very well, and it works well for a high Grashoff number «.

5.2 Thermal driven cavity flow problem

Here, we consider the thermal driven flow in an enclosed square = [0,1]? with the forc-
ing f = 0 and b = 0, and the initial and boundary conditions are given by Figure 8. It means
that the boundary conditions for velocity is no-slip boundary condition & = 0 on 9€2, and
thermal insulation 9,7 = 0 on the top and bottom boundaries, and a fixed temperature
difference between left and right boundaries. Here, we choose 4 = 1/32, T = 107%, and the
finite element space is a Taylor-Hood finite element space.

We choose A =1, v =1, k = 10° and 10° respectively. Figures 9 and 10 give the numer-
ical results for « = 10° and 10°, respectively. From the numerical results, we can see that
MCPFEM can simulate the fluid field, temperature field, and pressure field very well. The
numerical experiments confirm our theoretical analysis and demonstrate the efficiency of
our method.

Page 17 of 23



Si and Wang Boundary Value Problems (2015) 2015:151

Page 18 of 23

&
w o ¥ §
= il 0504 o 7,

0 o085 B R 1 Y D v Nl B MOk
0 1 2 3 4 5
X
(b) t=0.1

1m

S 7.6 T b,;?\v?f'f'"'“’ﬁ’-m'@?ﬂﬁ"\\jﬁf’ S Onu.-
3 S = e

(c) t=0.15

S S

A -
o) = TS rree A T e e B

0 1 2 3
X

10 2.
"o - o
B e e RN e
1 2 3 4 5
X
(a) t=0.05

Figure 6 Numerical pressures of Bénard convection problem with « = 1 x 10° at different times.
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Figure 7 Numerical streamline of Bénard convection problem with i = 1 x 10° at different times.

Figure 8 Physics model of thermal driven cavity ! [ 2 T=0
flow. !
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(b) t=0.003

(d) t=0.01 (e) t=0.01
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Figure 9 Numerical results of thermal driven cavity flow with = 1 x 10° at different time, left panels
the numerical streamlines, middle panels the numerical pressures, and right panels the numerical
temperatures.
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numerical temperatures.

R R I G o
04 06 08
X

(n) t=0.2

Figure 10 Numerical results of thermal driven cavity flow with K = 1 x 106 at different times, left
panels the numerical streamlines, middle panels the numerical pressures, and right panels the
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