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1 Introduction and main result
The associated Pollaczek polynomials P’ (cos 6;a, b, ¢) can be defined by (see, e.g., [13, 14]

and [17])

o . .

ZP;(COS 0;a,b,c)t" = (1 - te_i‘g)f}ﬂd5 (1 - teie)7A+l¢

n=0

x Fi[e, 1= —i®@,1-A+i®;c+ 1;te™, te”], (11)
where |£| < 1,
0+b
®=a() = L0717 (1.2)
sin 6@

and F; is the Appell hypergeometric function defined by ([18, p. 53, Eq. (4)])

o (@min(B1)m(Ba)n 2™ ¥
Fila, Bi, Bos vix ) = m;o#%a’ max{|x/, [y} < 1.

Here the Pochhammer symbol (1), is defined (for A € C) by

(1’120),
AMrA+1)---(A+n-1) (meN:={1,2,...}).

()\)n =
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When ¢ = 0, we may obtain from (1.1) the generating function of the Pollaczek polynomials
P(cosB;a,b):

ZPﬁ(cos 0;a,b)t" = (1 - te_ie)f}Hq> (1 - tew)fmm). (1.3)

n=0

Conventionally, the polynomials obtained by setting A = % in P%(cos 0;a, b) are simply de-
noted by P,(cos6;a, b). For classical results on Pollaczek polynomials, we refer the inter-
ested reader to [6, 7, 10], and [16]. Furthermore, readers are encouraged to see [13, 14]
and [9] for the latest development in this area.

Despite some important results, we still know little about the associated Pollaczek poly-
nomials, especially about the inequalities satisfied by this class of polynomials. In this pa-
per, our aim is to establish two interesting inequalities for the associated Pollaczek poly-
nomials.

The first inequality is given by the following:

Theorem 1.1 Fora,b,c >0, A >0, and x € [-1,1], we have
|Pﬁ(x;a, b, c)| < Pﬁ(l;a, b,c). (1.4)

As we will show in the following sections, Theorem 1.1 is obtained by using an impor-
tant result from Askey’s work on orthogonal expansions with positive coefficients. Theo-
rem 1.2 is obtained by using a completely different method.

Theorem 1.2 For6 € (0,7),c>0, A >0, and ¢+ 2\ > 1, we have

(T2 (c+20),(2¢ +21),
[T (A +i®)|2 (c+1),n!

’Pﬁ(cos@;a, b, c)’ < (1+2sin0)”, (1.5)

where @ is given by (1.2).

We denote by P,(cosf;a,b,c) the polynomials obtained by letting A = % in P’(cos6;
a,b,c). Then, using Theorem 1.2, we have

2c+1), .
sech(n(D)|P,,(cos€;a, b, c)| < g(l +2sin0)”,
n!

where we have used the relation that |1"(% +iy)|? = m sech(iry) (see [16, p. 137, Eq. (5.4.4)]).

2 Key lemmas
In this section, we present some useful lemmas used in our proofs. The first result due to
Askey [3] gives a sufficient condition for writing a set of orthogonal polynomials as a linear
combination of a second set of orthogonal polynomials with nonnegative coefficients. We
will use it in the proof of Theorem 1.1.

Let p,(x) be defined by

%Py (%) = pri1 () + apn(x) + Bupu-1(x), n=0,1,2,..., (2.1)
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where p_1(x) =0, po(x) = 1, ;-1 real, B, >0, n=1,2,..., and the polynomials are normal-
ized to be monic (i.e., the leading coefficients of the polynomials are one).

Similarly, let p,,(x) be defined by

xqu(%) = o1 (%) + Vugu(®) + 8,g,-1(x), n=0,1,2,..., (2.2)

where g_1(x) =0, go(x) = 1, y,-1 real, 6, >0, n=1,2,.... Then Askey’s result can be stated
as follows.

Lemma 2.1 ([3, p. 341]) Let p,(x) and q,(x) be defined by (2.1) and (2.2) and set

an(x) = Y _ a(k, n)pi(x).

k=0

Then a(k,n) > 0 if

>y, k=0,1,...,m,n=0,1,..., (2.3)

Bi>8m k=0,1,...,mn=0,1,.... (2.4)

To use this lemma, we require three-term recurrence relations for the normalized
(monic) associated Pollaczek polynomials and some of their particular cases. Let f)ﬁ (%

a, b, ¢) denote the normalized associated Pollaczek polynomials. We have ([6, p. 185])

(c+1),

P(x;a,b,¢) = ——
a ) 2" (A +a + ¢)y,

P:(x;a,b,c),
from which we have the following three-term recurrence relation ([6, p. 185, Eq. (5.9)]):

xﬁﬁ (x;a,b,¢) = f’ﬁﬂ(x; a,b,c)— 13; (x;a,b,¢)

n+i+a+c

nm+c)(m+21+c-1) A
P sa, b, c). 2.5
dn+r+a+c)n+r+a+c—1) n-1(®, b, ¢) 25)

When a = b = 0, (2.5) reduces to the three-term recurrence relation of the normalized
associated ultraspherical (Gegenbauer) polynomials Cﬁ (%, ¢) given by

nm+c)n+21+c-1) 4

C)L ) = é)h ) C')L 5C). 2.6
20y (®0) = G c)+4(n+k+c)(n+k+c—1) 51 ¢) (26)

It was also proved in [3, p. 345] that
|Ch(x,0)| < Ch(l,0), we[-1,1],A>0,c>0. (2.7)

Following Carlson [5, p. 52, Def. 3.11-1], we define the Euler measure m, on R, by

dmg (u) : wWle™du (a>0).

T
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It is not difficult to verify that m,(R,) = 1. For f(«) > 0 and R(B) > 0, we define

I'a+pB)

_ a-1¢1 _ \B-1
_71"(0()1"(,3)t (1-1)ftdt, (2.8)

d/"a,ﬂ (8):

which is a particular case of the Dirichlet measure (see [5, p. 59]) and satisfies
Ha,p([0,1]) = 1. Throughout this paper, we let

dIT (¢, w1, 1) = dpieprio (8) dmgyo 1 (u1) dmy (). (2.9)
The following Lemma 2.2 is proved in [13] and is essential in the proof of Theorem 1.2.

Lemma 2.2 Forc>0,A>0,c+2A>1, we have

200
Pﬁ(cos 0;a,b,c) = ueme
n!
—n,c+ A +i® ,
X / oF, meraTl stug + u2(1 - e’w) dIT(t, uy, uy),
(0,1)xR2 c+1,c+21
(2.10)
where o F; is the generalized hypergeometric function defined by
o0
a, ar (a1)n(a2)n 2"
F. FARE ———— (zeQ). (2.11)
w [bl,bz } 2(; (b1)a(ba)y !

In addition to this result, the proof of Theorem 1.2 heavily relies on the properties
of hypergeometric functions and Laguerre polynomials. The following lemma giving an
Eulerian-type integral representation for o F,-function enables us to handle appropriately
the yF>-function occurring in (2.10).

Lemma 2.3 ([16, p. 408, Eq. (16.5.2)]) For R(b,) > R(ay) > 0, we have

ai, ay I (by) /1 -1 by—ar-1 a
F. i Z|l=— t27 (1 -¢)> 2| F szt | de, 2.12
ae |:b1:b2 Z:| I(ax) I (by —a3) Jo (1-2) ", ‘ @12

where oF, is defined by (2.11), and 1F is the confluent hypergeometric function (see, e.g.,
(18, p. 36, Eq. (3)]).

Also, we will frequently use the following version of the Chu—Vandermonde identity
(see, e.g., [18, p. 31]).
Lemma 2.4
" (n
(5 + Yo = Z( )(xn(y)n_e. 213)

=0 ¢

For the Laguerre polynomials defined by [16, p. 443, Eq. (18.5.12)]

1 _
L(,,a)(x) = (a:;i‘)nlljl |:oz +n1;x:| ) (2.14)

Page 4 of 13
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Egs. (2.15) and (2.16) given further by Lemma 2.5 are known as the addition and multipli-
cation theorems for the Laguerre polynomials, respectively, and would be required in the

proof of our inequality (1.5).

Lemma 2.5 (see [16, p. 460, Eq. (18.18.12)] and [16, p. 461, Eq. (18.18.38)])

L P+ 9) = Y LWL, 0, (215
£=0
LY0x) (1), L)
— = A=) . 2.16
15(0) 520: (ﬁ) 0 o

The Laguerre polynomials satisfy the following well-known important inequality (see
[1, p. 786, Eq. (22.14.13)]):

(o + 1), o2

L) = —

(¢ >0,x>0), (2.17)

In 1997, Love [12] published several inequalities for the Laguerre polynomials Li,“)(x)

(with complex «) and for the Laguerre functions L% (x) (with complex x and v).

/2 can make

Although inequality (2.17) is quite elegant, the involved exponential factor e
an integral to be divergent. The same exponential factor occurs in Love’s generalization of
(2.17) (see [12, p. 295, Theorem 1]). So we need a particular bound for Laguerre polyno-

mials. To remedy such a situation, we denote by o) the Ceséro mean defined by

@ > o “ (o + 1)ys
7 (Z“”> TSI D

n=1 k=0

Lemma 2.6 ([11, p. 532, Eq. (10)]) For o > —%, x>0,andn=0,1,..., we have

(¢ +1),

L] < @
n.

a,(,“)(ex), (2.18)

where

. (a+1)n—kx_k
(m—k)! k!

n!
o (e) = (o +1),

k=0

Estimate (2.18) is better than (2.17) for large x.

3 Proof of Theorem 1.1
In view of the range of the parameter A, the proof is divided into two parts. We first prove
inequality (1.4) for 0 < A < 1. We then consider the case A > 1.

When 0 < A < 1, our aim is to show that the normalized associated Pollaczek polyno-
mials can be written as linear combinations of some normalized associated ultraspherical

polynomials with nonnegative coefficients. More precisely, we want to prove that

IA’f,(x; a,b,c) = Za(k, n)éﬁ(x, ¢), wherea(k,n)>0. (3.1)
k=0
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By comparing (2.1) with (2.6) we have

nm+c)(m+21+c-1)

=0 d = )
“n and B dn+r+c)(n+r+c—-1)

where B, >0 for n=1,2,.... Similarly, comparing (2.2) with (2.5) gives

b n+c)(m+21+c—-1)
Ypy=————— and §,= )
n+i+a+c dn+r+a+c)n+r+a+c-1)
where 8, > 0 for n = 1,2,.... Obviously, we have 8, > §, because a > 0. We also have

o>y, k=0,1,...,m,n=0,1,...,

since a,b,c > 0 and 0 < A < 1. So condition (2.3) of Lemma 2.1 is satisfied.
To prove that 8y > 6,,k=0,1,...,n,n=0,1,..., we need to show that

x(x+2x1-1)

J):= 4x+A)(x+A-1)

is a decreasing function on (1 — A, 00). By taking the logarithmic derivative with respect to

x, we obtain

1 1 1
x+20 -1 x+r x+r-1

d 1
— logf(x) = — +
dx x

The condition under which % logf(x) < 0 is obtained by observing that

1 1 1 1

+ < +
x x+22-1 x+A x+A-1

& @+ +r-1)<x(x+21-1)

& AMr-1)<0.

So f decreases on (1 — 1, 00) for 0 < A < 1. Noting that 8, = f(n + ¢) (c > 0), we have
Br1=Pa=-=Bu= 8y

which completes the verification of condition (2.4). Then expansion (3.1) follows from

Lemma 2.1.

Since a(k, n) > 0, by inequality (2.7) we have

n n
’f’ﬁ(x;a, b,c)| < Za(k, n)’é'ﬁ(x, 0| < Za(k, n)Ck(1,¢) = P*(1;a,b,c).
k=0 k=0

This completes the proof of the case 0 < A < 1.

Next, we consider the case A > 1. Note that for A = 1 in (2.6), it becomes

a ~ 1.
xClx,c) = CL. (%, 0) + ZC;_I(x, c),
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which still defines a set of (particular) associated ultraspherical polynomials. Let us
demonstrate that

Isﬁ(x; a,b,c) = Z&(k, n)éi(x, ¢), wherea(k,n)>0. (3.2)
k=0

As mentioned before, condition (2.3) is straightforwardly satisfied. To show that i =P >

8, we only need to require that

12 nm+c)(m+21+c-1) (3.
47 dn+r+c)n+r+c-1)

After little computation, the just mentioned inequality can be simplified to to A(A —1) > 0,
which suggests the condition A > 1. This validates expansion (3.2).
Finally, we have

n n
P ab,0)| < alk,m)|Chx0)| <Y atk,m)Ch(1,¢) = Py(1;a,b,0).
k=0 k=0

4 Proof of Theorem 1.2

To establish inequality (1.5), we firstlet ay = —n, a3 =c+ A +i®, by =c+1,and by = c + 21
in (2.12), and then in view of the defining expression (2.14) of the Laguerre polynomials,
we obtain

-n,c+ A +i® n! I'(c+2))
2F 2| = - -
c+1l,c+2A (c+1), C(c+A+i®) (A —-iD)

1
% / tc+k+i<b—1(1 _ t)A—i(D—lLch)(zt) dr
0

for ¢ > 0 and A > 0. Substituting this expression of ,F; into (2.10) and simplifying the re-
sulting equation by using (2.8), we obtain

Pﬁ(cos 0;a,b,c)

_ (c+21), it
(c+1),

1
X / |:/ L (tulus +upus(1 - 67210)) dltc+,\+i¢,xiq>(b13)i| dIT (¢, uy, us),
01)xRZLJo

(4.1)

where dIT(t,u1,us) is given by (2.9). This assertion means that the associated Pollaczek
polynomials can alternatively be obtained by integrating the Laguerre polynomials.

Next, we choose a = ¢, A = u3, and x = tu; + u>(1 — e"2%) in (2.16), so that the Laguerre
polynomials involved in (4.1) can be rewritten as

© 216 — (1) LY
LY (tuyus + upuz(1 - e727)) = Z <E>u3(l —u3)"™ e
=0 ¢ (0)

X Lic) (tur + up (1 - e727)). (4.2)

Page 7 of 13
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Let us assume that ¢ = ¢; + ¢ + 1 (¢ > 0, ¢; + 1 > 0) for convenience. Then by using (2.15)
we get

Lﬁf)(tul +uy(1-e2)) = Lt (u2(1— e + tuy)

4

= ZLS;Z) (u2(1- e‘m))Lﬁc_ly)n(tul). (4.3)

m=0

Further, applying (2.16) to Lﬁff)(uz(l - e %%)), we have

, m ok aiomie LS2(0)
L(,ff)(uz(l _ e—219)) _ Z <”l:’> (1 _ e—219)ke—21(7n—k)9 L(T)E();Li 2)(u2), (4.4)
k=0 k

and hence combining equations (4.2), (4.3), and (4.4) suitably, we obtain

L(,f) (tu1u3 + u2u3(1 2‘9)

-3 (0w 30
£=0

L;(0)
¢ (c1) " 2i0NK_2i(m-k)6 Lif,Z)(O) )
1 —2i —2i(m— o
X %me(tul) g (k) (1-e?)e L}:Z)(O) L (u). (4.5)

From (4.5) we have

1
/ L (tuyus + upuz (1 - e%)) dtessriopmio (43)
0

_ " (n 1 . (0)
= i <g)'/0 Mg(l us) d/’LHAHq)A l(p(ug)m

(c2)
> ZL (tul)z< ) —219) e—21m ko L (0) (62( 5)

L(C2 (0)

~ (c+1), = /n\(ctr+i®)(h—i®),¢
e+ 24)m! ;0: (6) 900

¢ m (c2)
4 m —2il —2i(m— L 0 C
X E Léj;)ﬂ(tul) E <k>(1—e 2O)ke 2i(m-k)o © (2( 2).
m=0 k=0

LP0)

Thus

Pﬁ(cos 0;a,b,c)

R (n) (c+ X +i®) (A —idD),y
n f=\( (C)(O)

(c1)
X /(01 " |:ZL

m=0

8 - e~20) K2 00 L (0) L )] dIT(t, uy, uz).
Z( Jo- L$2><0> o

Page 8 of 13
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Now we need to carry out some evaluations to obtain a more accurate estimate for the

associated Pollaczek polynomials. It is easy to observe from [8, p. 810, Eq. (11)] that

[ e ami) = [ er ) - 2

+

Then we have

P (cos03a,b,) = e & (n) (c+ A +i®)(h— i),
n ) ’ ) -
£=0

n! L L9(0)

¢
(ca+1)
I [ () Ao () deczia )
(0,1) xRy

- m!
e k (c2)

« 1 — o210k g=2i(m—k)0 2)k )
; (k ) ( ) (ca + 1)k

Therefore it follows that

| P’ (cosB;a,b,c)|

1 /1 [(c+ A +iD)e||(h —iDP)el
=i <€> L9(0)

£=0

14

(co + 1),
D

m=0
L (m . k (c2)k
X Z (k>(251n9) PR
¢

L (1) e+ A +1D)e||(A = i)yl x (c2 +
<> LY(0) mzo m!

/ LD (t11) Ao sio (6) dme st (1)
(0,1)x R4

(1+2sinf)™

X

/ Lic_ljn(tul) diteprio (£) dmeion_1(41)
(0,1)xR4
To estimate

’

‘ / L (1) i () die 1 (11)
(0,1)xR4

we first define
H(t) = / L (ty) o (1)

and observe that

()| - ’ /R L9 () dmg 1 (1)

1
- - uc+2k—2e—u1 L(Cl) tu dbt .
S Tc+2h-1) /R 1 L2 (te) | dun
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Using (2.18), we have

- 1 —m—k tul)
H(t c+2k 2 Ul Cl + Z d
| ()|_ I'(c+2x - 1)/ Z l-m-k)! k! "

) Zz’f (c1 + Demeklc + 20 = 1)y tF
_kO (L -m=k) k!

Then
‘ / LEC_IZ,,(tul) diteprio (£) dmeion_1 (1)
0,1) xRy

1
= ‘/ H(t) nd,A+i¢(t)’
0

. 1
<‘7F(““‘(D) /|H(r)|tc-1(1—t)*—1dz
0

l—m

(c1+ D)popoic(c+21 = 1) vkl i
e 1-t¢ dt
Z (& —m—k)k! /0 ( )

k=0

I'(c+A+i®)
T\ ()l (A +iD)

l—m
(c1 + Dpmmilc+ 24 =1 ()i
Z & —m—k)k! (c+ M

() [ Te+r+id)
_F(C+k)‘ I'(h+i®)

k=0

(c+A+id) {—m
<F(C+A)' (A +i®) ‘(( m)‘Z( k )(C1+1)Emk(c+2)\,—1)k

') [ Tle+r+id)
'F(c+x)‘ I'(h+i®)

(c+21 +¢1)oem
C-my

where we have used the Chu—Vandermonde identity (2.13) to get the last equality.
Therefore we have

’Pﬁ(cos@;u, b,c)|

' (c+ 1 +id)
1"(c+k) (A +i®)

1 < (n)|(c+A+id>)g||(k—i¢)n_g|
n! — ¢ Li@(())

4
1 2 -
XZ(02+ )m (€ + +Cl)€m(1+2sin9)m

m! £ —m)!

m=0

rare) 1 (1) e+ A)e(M)ue
“F (A +i®) (A —i®)| n! pan (z)w

¢
(2 + 1)y, (C+ 2% +C1)pmm
x Z m! & —m)!

(1+2sin0)”

m=0

FOILG) 1§ (1) 4 We@oce o
: mﬁ;(3>w(l+2sm9)

¢
XZ( )(cz+1 (c+21+C1)oem
-0
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re)yre) 1 e (1) (e W)W
—W;(l+2sm9) 2 <Z>W(2c+2k)e

n

r)re) (2c+2x), - n
SFG+19)2 (c+ D! (1 +2sin0) eX:O: <E>(C+)\-)E()\v)n€' (4.6)

To verify the last inequality in (4.6), we prove that the sequence {(2c + 21),/(c + 1),} is

increasing for £ = 0,1,...,n. Consider the function

I'(2¢c+2A +x)

()= log I'(c+1+x)

, x€][0,00).

Taking the derivative with respect to x, we obtain
fx):=vQ2c+2x+x) —Y(c+1+x),

where 1/(z) denotes the psi function (or digamma function). Since ¢ + 21 > 1, from the

monotonicity of the psi function we have that f’(x) > 0. Thus

I'(2c+ 2\ +x)
Tc+l+x)’

as a function of x, is increasing on [0, 00). So the sequence

(2c +2A), I'(c+1) I'2c+21+40)

(c+ 1), I'2c+20) T'(c+1+40)

also increases on {0, 1,...,n}.
The result (1.5) finally follows by the Chu—Vandermonde identity (2.13).

5 Remarks and observations

By letting ¢ = 0 in Theorem 1.1 we obtain the following result:
Corollary 5.1 ([20, p. 4]) Fora,b>0, A >0, and x € [-1,1], we have
|P)(x3a,b)| < P(1;a,b). (5.1)
Note that Yadav’s inequality (5.1) generalizes Askey’s inequalities obtained in [2] and
[3].
(i) Note that inequality (5.1) can be equivalently written as

|Pl(x;a,b)| < LD (-2(a + b)),

since PA(1;a,b) = Lﬁ,u_l)(—Z(a + b)), where Lff‘)(x) denotes the Laguerre polynomials

defined by (2.14). For the associated Pollaczek polynomials, we have ([19, p. 305])

Pi(L;a,b,¢) = LPV(<2(a + b);c),

Page 11 0f 13
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where Lgfl)(x; ¢) are the associated Laguerre polynomials (see, e.g., [4] and [19]).
Therefore inequality (1.4) can be also expressed as

|P(x;a,b,0)| < L&D (~2(a + b);c). (5.2)

Although these inequalities are quite elegant, they are actually somewhat difficult to
use directly, especially for (5.2). The asymptotic behavior of Lg,a)(x; ¢) for fixed x > 0,
although not applicable to our case, can be found in [4, p. 24, Eq. (2.16)].

(i) Note that the associated ultraspherical (Gegenbauer) polynomials can be
represented in terms of the associated Pollaczek polynomials as
C(cos 0;c) = P(cos6;0,0,c). Hence Theorem 1.1 gives

20),(2¢ + 2X0), .
}Cﬁ(cos@;c)‘ < (c+ 21)(2¢+ 22) (1+2sin0)",
(c+1),n!

which seems to be a new inequality for the associated ultraspherical polynomials.
(ili) Finally, we may mention that a more accurate (and much involved) upper bound

than (2.18) for the Laguerre polynomials Lﬁ,a)(x) with # > 2 can be found in [15,

p. 491, Theorem 1]. It is possible to obtain an improvement of Theorem 1.1, which

may be not easy by using this inequality [15, p. 491, Theorem 1] because

derivations would be quite complicated. However, we do not pursue it here but

leave it as a worthwhile problem for the interested reader.
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