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Abstract
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1 Introduction
Let Q be a smooth bounded domain in R?, W!?(Q) be the usual Sobolev space and
Wol’p(Q) be the closure of C5°(R2) in W?(Q). For 1 < p < 2, the classical Sobolev theo-

rem says that
Wy (Q) < L9(Q) forany1<q <2p/(2-p).

As the limit case of the Sobolev inequality, the famous Trudinger—Moser inequality [3, 4]

states

sup / e dx < 00. (1.1)
Q

ue W (Q),IIVulp<1

This inequality is sharp in the sense that, for any p > 47, there exists a sequence {u;} C
2

W&’Z(Q) with [|Vul2 = 1 such that fQ ¢ dx — 0o as j — oo. Furthermore, let {1} be

a sequence of function in WOI’Z(Q) with || Vug|l2 = 1 such that uy — u weakly in WOLZ(Q).

Lions [5] proved that, for any p < 1/(1 — || Vu||3), we have

lim sup/ VP dx < 0. (1.2)
Q

k—00

If u £ 0, the inequality (1.2) gives more information than the Trudinger—Moser inequality
(1.1). If u =0, (1.2) is a consequence of (1.1). Motivated by this, Adimurthi and Druet [6]

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13660-018-1718-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-018-1718-7&domain=pdf
mailto:housb10@163.com

Hou Journal of Inequalities and Applications (2018) 2018:125 Page 2 of 15

proved that, for any «, 0 < @ < 11(2),

2 2
sup f g (relinl) gy « oo, (1.3)
ueWy (), Vullp<1¥ 2

where A1 (€2) is the first eigenvalue of the Laplace operator with respect to Dirichlet bound-
ary condition. If @ > A;(R2), then the supremum in (1.3) is infinity. The inequality (1.3)
provides valuable supplementary information on (1.2). Note that if @ = 0, (1.3) becomes
the classical Trudinger—Moser inequality. Adimurthi and Druet’s result was extended by
Yang to high dimensions [7] and compact Riemannian surfaces [8], and by Tintarev to a
stronger version [9].

Denote

12
llll 1,0 = (f |Vu|2dx—af Mzdx) (1.4)
Q Q

for any u € Wy*(Q) with [, |Vu|?dx — a [, u®dx > 0. In [1], Yang proved that, for any a,

0 <a < A1(£2), we have

sup / e dx < 00 (1.5)
Q

ueWy ()0 <1
and the supremum can be attained by some function u, € Wol 2(Q) N CH(Q) with
llztoll1,e = 1. Let A1(2) < 12(€2) < - - - be all distinct eigenvalues of the Laplace operator with
respect to Dirichlet boundary condition and Ej (o) be the eigenfunction space associated
to 1;(R2). Noting that Wol’z(Q) is a Hilbert space, for any positive integer /, we have

Wy (Q) =E @ E,
where

E=Ey@@ @EL ® - ®Ey @ (1.6)

and

E = {u e W,2(Q) :/

uvdx:O,VveEl}. (1.7)
Q

It was also proved by Yang [1] that, for any «, 0 < & < A;41(£2), we have

sup / e dx < 00 (1.8)
Q

Uk lull,o <1

and the supremum can be attained by some u, € Ef N CHQ) with ||ug |1, = 1. The analogs
of (1.5) and (1.8) still hold on compact Riemannian surfaces.

Our first result is the following.
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Theorem 1 Let Q be a smooth bounded domain in R?, A, () be the first eigenvalue of the
Laplace operator with Dirichlet boundary condition, and h be in C°(Q) with h > 0 and
h#0. Then we have, for any 0 < o < 11(R2), the supremum

sup / he*™ dy
Q

ueWy2(Q)llull1,e <1

can be attained by some u € WOI’Z(Q) NCY(RQ) satisfying |luoll 1o = 1, where || - || 1« is defined
as in (1.4).

When the high order eigenvalues are involved, we have a similar result.

Theorem 2 Let Q be a smooth bounded domain in R?, A;,1(2) be the (I + 1)th eigenvalue
of the Laplace operator with Dirichlet boundary condition, and h be in C°(Q) with h > 0
and h # 0. Then we see that, for any 0 < « < A;,1(S2), the supremum

2
sup f he*™ dx
ueEl llullp,q <179

can be attained by some uqy € E;- N CY(Q) satisfying |luoll1,o = 1, where E- is defined as in
(1.7) and || - ||1,o defined as in (1.4).

Similar results hold on compact Riemannian surfaces. Denote by (X, g) a compact Rie-
mannian surface without boundary, by V, its gradient operator and by A, the Laplace—
Beltrami operator, respectively. Let A;(X) be the first eigenvalue of A,. Denote

1/2
il = ( / Vol dx - / u2dvg> (19)
M) >

for all u € W2(X) with fz |Vgu|2 dx — o f): u? dv, > 0. Then we have the following theo-
rem.

Theorem 3 Let (2,g) be a compact Riemannian surface without boundary, h be in C°(X)
with h > 0and h#£ 0. Then, for any «, 0 < o < A1 (X), the supremum

2
sup /he4”” dv,
ueWl2(%), [s udvg=0,|lull1,o <19 =

can be attained by some ug € WH*(2) N CY(X) satisfying ||uoll1o = 1 and [ uodvy = 0.

Corollary 4 Let (X,g) be a compact Riemannian surface without boundary, h be in C°(X)
with h >0 and h # 0. For any o, 0 <« < \(E), Yu € WH(E) with [ udv, =0, define

1
J(u) = = / |Vgu|2dvg—a/ wdvy | - 87 log/ he* dv,.
2\Us > s

Then we have the weak Trudinger—Moser inequality J(u) > —C, where C is a positive con-
stant depending only on (£, g) and .



Hou Journal of Inequalities and Applications (2018) 2018:125 Page 4 of 15

If 1 is strictly positive and /(«) has no minimizer on H = {u € W"*(X): [ udv, = 0}, Yang
and Zhu [10] calculated the infimum of /() on ‘H by using the method of blow-up analysis.
One may refer to [11] for earlier results on the functional

1
—f |Vgu|2dvg+8nf udvg—Srrlog/ he" dvg.
2Js b T

Let 11(X) < A2(X) < - - - be all distinct eigenvalues of A, and E;, (5 be the eigenfunction
space associated to 1;(X). For any positive integer /, denote

E=E\(5)®DEnx @ - ®Eyx
and

Ef = {u e W (%) :/ uvdvy = O,VVEEZ}.
b

Similar to Theorem 2, we obtain the following.

Theorem 5 Let (X,g) be a compact Riemannian surface without boundary, h be in C°(X)
with h > 0 and h # 0. Then, for any a, 0 < « < Aj,1(X), the supremum

sup / he* dvg
b

uekEl, [5 udvg=0,|ull,a <1
can be attained by some uo € Ej- N C'(X) satisfying ||uoll1o = 1 and [5 ugdvg = 0.

Existence of extremal functions for Trudinger—Moser inequality can be traced back to
Carleson and Chang [12], where the unit ball case was treated. Later contributions in
this direction include M. Struwe [13], Flucher [14], Lin [15], Ding—Jost-Li—Wang [11],
Adimurthi-Struwe [16], Li [17], Adimurthi—Druet [6], and so on. In our proof, we use the
blow-up method. Compared with [1], there are some different key points. First, we derive
the different Euler—Lagrange equation on which the analysis is performed. Then we prove
that # must be positive at the blow-up point. Hence we use the different scaling when
define the maximizing sequences of functions. We also obtain the different upper bound
of the subcritical functionals. Finally, when proving the existence of the extremal func-
tion, we obtain the different lower bounds for the integrals of test functions constructed
in Sects. 2-5. It should be remarked that our analysis on the weight / is essentially differ-
ent from that of Yang and Zhu [2], where a weak version of Trudinger—Moser inequality
was studied.

The rest of the paper is arranged as follows. In Sects. 2 and 3, we prove the main results
in the Euclidean case (Theorems 1 and 2). In Sects. 4 and 5, we prove the main results in
the Riemannian surface case (Theorems 3 and 5).

2 Proof of Theorem 1

2.1 The subcritical functionals

In this subsection, using the method in the calculus of variations, we prove the existence
of maximizers for the subcritical functionals.
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Lemma 6 Forany0< e <4m,any 0 <a < A1(2), there exists some u, € Wol’z(Q) N CY)

with ||uell1,e = 1 such that

/ hem=? gy = sup / helr-ow? dx,
Q Q

ueWy2(Q)llull1,e <1
where || - ||1,4 is defined as in (1.4).

Proof For 0 < € < 41, we choose a function sequence u; € W, *(2) such that

f|Vuj|2dx—a/ufdx§1
Q Q

and

2
f he™™ " dx — sup / e gy
Q Q

ueWy (@) llull1,a <1
as j — 0o. Then there exists some u, € W&’Z(Q) such that up to a subsequence,

u; — u. weakly in Wol’z(Q),
u; — ue  strongly in LP(R2),Vp > 1,

uj— ue a.e.in Q.

(2.1)

(2.2)

2
Using a similar argument in the spirit of the one in [1], we find that he™™ " is bounded in
2
L1(Q2) for some g > 1. Then we get he™ N > petim-eu strongly in L}(R2). This together
with (2.2) immediately yields (2.1). We claim that [|u¢||1,, = 1. Otherwise |uc|1o < 1. It

follows that

5 (47 —€) u%z
sup / L s / he lella g
Q Q

ueWy2(Q)llull1,e <1
> / he W= .
Q
There is a contradiction between in (2.1) and (2.3). Hence ||u. |1, = 1.

Moreover, the Euler—Lagrange equation for u, is

2
—-Au, —auy. = ihuee(‘”’e)"e in Q,
ue >0 in ,

re = [g hu?e(‘“"d”g dx.

(2.3)

Using elliptic estimates, we get u, € C'(). Let ¢, = u,(x.) = maxq u,. If ¢, is bounded, the

existence of the extremal function is trivial by standard elliptic estimates. Thus we assume

that ¢. — oo and x. — a9 € €. A result of Gidas, Ni and Nirenberg on page 223 of [18]

implies xo ¢ 9€2.
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Using the same argument as the one in step 2 of [1], we get the energy concentration. For
the function sequence u,, we have u, — 0 weakly in Wol’z(Q), u. — 0 strongly in L9(Q)
forany g > 1, and |V, |2 dx — 8x, in the sense of measure as € — 0, where J,, denotes the
Dirac measure centered at x.

Next we prove that % is positive at the blow-up point xy. This property plays an important
part in our analysis.

Lemma 7 There holds h(xg) > 0.

Proof We prove it by contradiction. Suppose that /4(xy) = 0. Note that up to a sequence

lim h(emn_e)ug ~1)dx = sup / 1/1(647”‘2 -1)dx>n,
Q

e—>0
v ueWy2(Q),llull1,o<1

where 7 is a positive constant. Let € be sufficiently small such that

/ h(e4m = _ 1) dx> 1. (2.5)
Q 2

Choose r > 0 such that B,(x¢) C Q. Then

f h(e(“”’e)”g - 1) dx
Q

= / h(e(A‘”_e)“z - 1) dx + f h(e<4”_5)”g - 1) dx
By (x0) Q\Br(x0)

=o(1) [ (¥ —1)dx+ / h(e® = _ 1) dx, (2.6)
By (x0) Q\By(x0)

where 0,(1) = 0asr — 0.

Choose r sufficiently small such that

0,(1) (6(4”_6)”g -1)dx < o,(l)/ (647”‘g -1)dx < (2.7)
Q

By(xo)

LS

Here we have used the Trudinger—Moser inequality (1.5).
Applying elliptic estimates to the Euler—Lagrange equation (2.4), we obtain . — 0 in
ClL.(8\ {xo}). Hence

/ h(e® % 1) dx = o(e). (2.8)
Q\By(x0)
Combining (2.6), (2.7) and (2.8), we find that if € is sufficiently small,
f h(e4™9% 1) dx < 2. (2.9)
Q 2

There is a contradiction between (2.5) and (2.9). Hence /(xg) > 0. O
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2.2 Blow-up analysis
We shall analyze the behavior of the maximizers by using a blow-up analysis. Let

o= A el

Using the Holder inequality and the classical Trudinger—Moser inequality, we have
/hu L /hu2 (=0 g < CePee,
where 0 < § < 47, C depends only on /1 and 8. Thus we get
< C[h(x)] ' c2e WD s 0

ase — 0.
Set

Qc={xeR*:ix. +rex e Q}.
We define two sequences of functions on €2.:
Ve®) = (e +7eX),  @e(x) = ce (ue (e + rex) — cc).

They satisfy the following equation:

2_.2
Wghe (4 —€)(ug—cZ) )
—A = 0”,2 ——— InQ y
we € Kbe cﬁh(xo) €
wehe(‘l”—e)(l*ﬂ/&)(ﬂe
-A = 017'202 +—————  in Q..
Ye =arc Ye (o) e

It is clear that . — R? as € — 0. Noting that || <1 and Ay — 0 uniformly in Q. as
€ — 0 and using the elliptic estimates, we get ¢ — ¥ in 1OC(R2) where v is a bounded
harmonic function in R2. Since v (0) = lim¢_, o ¥(0) = 1, we have by the Liouville theorem
ve =1 inCp (R?).
Similarly, we have by the elliptic estimates
g ¢ inCh(RY),
where ¢ satisfies
~Ap =€ inR?
and

¢(0)=0.
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We calculate

/ ¥ dx < lim sup/ em—e)1+¥e)pe g
BR(0) e—0  JBR(0)

slimsup)»j/B ( )h(xo)cge(4”_6)”g(y)dy
Rre e

e—0

<limsup )»;1/ h(y)uf(y)e(‘*”’e)"g(y) dy
BRre (we)

e—0
<1

A result of Chen and Li [19] implies that

1
ox) = i log(1 + 7]x|?)

and

f S dx = 1.
]RZ

For the convergence behavior away from xy, we have c ., — G weakly in Wol 2(Q) for any
1 <p <2, strongly in L1(Q) for any ¢ > 1 and in C},_(Q\{xo}), where G is a Green function
satisfying

-AG-aG=6, ing,
G=0 onodL,

where §,, is the Dirac measure centered at .
G can be represented by

1
G =—-—1log|x —xg| + Ag + D(x),
2w

where Ay is a constant depending on xo and o, ® € C}(2) with ®(xo) = 0.

2.3 Upper bound estimates

Let & be small such that Bs(xo) C 2. Let se = supyp, () 4e and #e = (e —sc)*. Then u €
WOLZ(B(; (x%0)).Lett, =1— é(% log % +Ap+05(1) + 0c(1)). Then, by the calculation in step 4
of Sect. 3 in [1], we get

lim supf (64”'_‘3”6 -1)dx <md’ (2.10)
Bjs(x0)

e—>0

and
(47 - e)ug < 47rb_tf/re —2logé +4mwAgy + o(1).
Hence

/ he(4ﬂ—e)u£ dxf 6—264ﬂA0+0(1)/ he4ﬂﬁ§/r( dx
BRre (x¢)

Brre (xe)
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_ 8—26471A0+a(1)/ h(e4nﬁ2/f€ _ 1) dx + 0(1)
BRVE (x¢)

< 8—26471A0+0(1)h(x0)/ (641'[12?/1:6 _ 1) dx.
Bjs(x0)

This together with (2.10) leads to

lim sup / he W= gy < wh(xg)et 4o,
>0 JBp, (xe)

The argument in the proof of Lemma 3.3 in [20] yields

lim | he = gy <y+
€e=>0 Jo R

lim limsup / he®m =9 fx
oo BRrg (x¢)

e—0

<y +mh(xo)e 7,

where y = [, hdx. This implies that

sup / he ™ dx <y + wh(xg)et+ o, (2.11)
ueWy (@), lull1a<1?

2.4 Existence of extremal functions

Let r(x) = |x — xo|. Define
c+ %(—ﬁ log(1 + n:—i) +B) forx <Re,

Pe(x) = G_C"CP for Re < r < 2R, (2.12)

G
c

for r > 2Re,

as in [1], where ¢ and B are constants, R = —loge, n € C§°(Bage(%9)) with 1 = 1 on Bg (%)
and || Vn ||z~ = O(z). Choose

<—10ge —27B +2mAg + 3 logm + O(R—lz)>1/2
C = ’
21

1 1
B= o O(ﬁ) + O(Re log(Re)),

as in [1] such that ¢, € W&’Z(Q) and ||@¢|l1,« = 1. Then we get

1
/ he 92 dx > mh(xg)e' 4740 4 O<_2)
Bpe(x0) R

and

f he" 9 dy > /
Q\BRe (%0)

Q\2BRe (x0)

c2

hGli3 1
h(l+4ﬂ¢f)dxzy+4nw——2”2+o< )
c

Finally, we obtain

/ hev 9 dx > ¥y + wh(xg)el ¥ 4o,
Q
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This contradicts (2.11). Hence ¢, must be bounded and the elliptic estimates imply the
existence of extremal functions. This completes the proof of Theorem 1.

3 Proof of Theorem 1

Let [ be a positive integer and 0 < « < 1;,1(2). Following the same steps as in the proof
of Theorem 1, we see that, for any ¢, 0 < € < 47, there exists some u, € ElL N CY(Q) with
lltte]l1,e = 1 such that

f he®m e gy = sup f he® 9 gy,
Q Q

ueEf,|ull1,4 <1

where || - |1, is defined as in (1.4). Moreover, the Euler—Lagrange equation for u, is

Ay, —ou, = ilftuee(‘”"s)”g in Q,
Ue € EZJ‘ N CYR),

he = [ e dy,

Let ¢, = |ue(xc)| = maxg |ue|. We assume that ¢, — 0o and x, — x € Q. Similar to (2.11),
we obtain

sup / he™ dx <y + h(xg)e! 40, (3.1)
<1JQ

L
ueE[ Sull1,e

where y = [, hdx.
Let r(x) = |x — xo|. Define the same function

c+%(—ﬁlog(1+n:—§)+3) for x < Re,
de(x) = % for Re <r < 2Re,

% for r > 2Re,

as in (2.12). Set

I on
;56 = e - Z Z(¢e» eij)eij;

i=1 j=1

where (e;) (1 <i </,1 <j < n;) is the basis of E;. Then, by (75) and (76) of [1], we have

- 1
=¢e +o0
¢€ ¢E (10g26>
112 —1+o< ! )
Mo log’e )

Thus

and

72

/he‘m Il dx:/ he4ﬂ¢z+o(¢)dx
Q Q
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> <1 + 0(L>> (y + h(xg)et ™ ™40 + 47 ”\/—an 0( ! ))
loge c?

2
1+4m Ao + 47 “\/EZG'HZ + 0<i>
C

>y +wh(xo)e 5
C

Set ¢, = Hd>H . Then [, he* % dyx > ¥ + mwhixg)el**™40, This contradicts (3.1). Hence c,
must be bounded and the extremal function exists. We finish the proof of Theorem 2.

4 Proof of Theorem 3

First, we prove that, for any 0 < € < 47, there exists some . € C}(X) such that

fhe(4n—e)u§ dVg — sup /he(4n—€)u2 dVg (4-1)
b ueWl2(%), [, udvg=0,||ully o<1V =

)

with ||ucll1e =1 and [5 uc dvy = 0.
The main procedure of the proof is as follows. Since 0 < o < A;(X), we may choose a
bounded sequence ; in W*(Z) such that

/ e zdvg sup / Bl dv,
z ueWl2(%), [5 udvg=0,|ulo<1vZ

z

There exists some u, € W2(X) such that up to a subsequence,

u; — u. weakly in w2 (%),
uj — u strongly in L*(X),

uj— U a.e. in X.
2
Using the same argument as in the proof of Theorem 3 in [1], we get he™™ " is bounded
2
in L7 for some g > 1. Hence he ™ s pelim-euz strongly in L}(X). Hence (4.1) holds.
The fact that [ u;dv, = 0 implies [ u. dvy = 0. We also have ||uc |1« = 1 by contradiction
as in the proof of Lemma 6.

Moreover, i, satisfies the Euler—Lagrange equation

_1 dr-e)u? _ 1
Ague — ottt = i huem=eue _ A:,
_ 2 (4 —€)u?
he = [ hule < dv,,

1 4 —€)u?
We = Vol (5) fz huge( T —€)U dVg,

where A, denotes the Laplace—Beltrami operator.

Denote ¢, = |uc(x.)| = maxy |uc|. If c. is bounded, the existence of the extremal function
follows from the elliptic estimates. We assume that ¢ — +00 and xc — p € X. Similar to
Lemma 7, we have /(p) > 0. Choosing an isothermal coordinate system (U/, ¢) near p such
that the metric g can be written as g = ef(dx% +dx3), where f € C'(¢(U),R) and £(0) = 0
Denote Q = ¢(U), U = ue 0 ¢! and % = ¢(x.). Let

r. =\/7[h(p] -1/2 —1 e 2~ €/2)c?
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Define

Velx) = C;P’Ze (355 +7eX)

and

Pe(x) = ce (U(Ee +rex) — cc)

forx € Q. = {x e R?: X + rex € Q}. Then we get

s el —e)@—c?)
—Ap2re = ef(%eﬁ-rex) (argwe + Ve . _ Me . ),
cth(p) c3eldm=e)cE y(p)
- hyr eldm—€)(1+¥re)pe m
-A = fCH A 22y —F - < ,
R2 e eceve h(p) cee® 92 ()

where —Apg is the usual Laplace operator in R2. By the same argument as in Sect. 2.2, we
obtain

Ye—>1 in ClloC (Rz)
and
@ — ¢ inCL, (RZ),
where
ox) = 1 log(1 + 7]x|?)
%4

and

f S dx = 1.
RZ

We also have c.u. — G weakly in W4(X) forall 1 < g <2, and ccue — Gin CL (Z\{p}) N
L2(%), where G is Green function satisfying

1

AgG—OlGZ(Sp—m
4

and f): Gdv, = 0. As before, G can be represented by
1
G-= - logr+ A, + @,

where r is the geodesic distance from p, A, is a constant and ®, € C*(X) with ®,(p) = 0.
Similar to (2.11), we can get

2
sup / he*™ dy, < y1 + wh(p)et+ i, (4.2)
ueWl2(%), [s udvg=0,|lull1,o <1 =

where y; =[5 hdv,.
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For the extremal function, define

c+ %(_ﬁl‘)g(l + ﬂ:—i) +B) forx <Re,

e(x) = | 12 for Re < r < 2Re, (4.3)

c
G
c

for r > 2Re,

as in [1], where ¢ and B are constants, R = —loge, n € C3°(Bare(p)) with n = 1 on Bg.(p)
and [|Vgnllze = O(ﬁ) Choose

. (—loge —27B+2mA, + 3 logT + O(R1—2)>”2
2 ’
B L, o(i) + O(Re log(Re)),
4 R?

as in [1] such that ¢, € W'(X) and |¢c — @ |1« = 1, where

1
- dv,.
<~ Voly(z) f2¢ i

Then we have on Bg,(p)

<

2
4 (pe — p.)* > 4nc? - 210g(1 + nr—2> + 8B+ O(Re log(Re)).
€

It follows that

= 1
/ hetm @e=9e)” dvy > mh(p)e! ™4 + O( 2) (4.4)
Bre(r) (loge)

and

/ JeT (9= dvg > / (1+4m¢?) dvg + O(Re log(Re))
Z\Bge (p) Z\Bage (p)

3 1
>y +4n—||ﬂf||2 + 0(—). (4.5)
c

c2

Combining (4.4) and (4.5), we find a contradiction with (4.2). Hence ¢, must be bounded.

Using the elliptic estimates, we have the existence of the extremal function.

5 Proof of Theorem 5
Let [ be a positive integer and 0 < « < A,1(X). First, by the same arguments, we obtain for

any €, 0 < € < 4, there exists some u, € Ef N CY(X) satisfying |luc|1o = 1 and

/ hem—eu dvg = sup / e’ dv,. (5.1)
P p

ueE ull, <1
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Moreover, i, satisfies the Euler—Lagrange equation

Aglhe — Qthe = ihuge(‘”"d”g - 4,
uc € EFNCYE),
re = [y huﬁe(‘*”’e)“Z dvy,

2
e = Vo) Jx e v,

Let ¢ = maxy |u.|. We assume that ¢, = |u.(xc)| - +00 and xc — p € X. We also get the
upper bound estimate

sup / he™ dvy <y, + Th(p)e ™, (5.2)
x

ueEll,f): udvg=0,||lull1,¢ <1

where y; = fz hdvg.
For the existence of the extremal function, we define ¢, as in (4.3). Then we have

c2

= hG||2 1
/ et (#e=0c) dvg > y1 + wh(p)et 4 + 4nw—72H2 + o<—>.
z c

Set

1 n
(Ze = ¢€ - ae - Z Z(¢E _ae’eij)eij;

i=1 j=1

where

— 1 d
@—W/E‘f’e Vg

and (e;) (1 <i </, 1 <j<mn;)is the basis of E;.
Then, by (102) and (103) in [1], we have

~ — 1
d’e =¢E _¢e +0<10g2€)

~ 1
||¢g||%a=1+o( > )
’ log”e

Thus

and

2

/ he47T e H%,a dVg :/ he4ﬂ(¢s—$e)2+o(@)dvg
X z

1 2 1
>(1+0l — y1 + wh(p)et ™™ 4r 4 4 @ +o| =
loge c? c?

hG|3 1
>y + wh(p)e! ™ 4 4nw_72”2 + o(—).
c

c2
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Set ;ﬁ; = % We have
llpell1,e

/}: het dvg > y1 + wh(p)et+ 4,

This contradicts (5.2). Hence c. must be bounded and the extremal function exists. We

finish the proof.
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