Zhang et al. Journal of Inequalities and Applications (2016) 2016:156 ® Journal of Inequalities and Applications
DO| 10.11 86/51 3660-016-1100-6 a SpringerOpen Journal

RESEARCH Open Access

CrossMark
Convergence on successive over-relaxed
iterative methods for non-Hermitian positive
definite linear systems
Cheng-yi Zhang'", Guangyan Miao? and Yan Zhu?
“Correspondence:
cyzhan908@1.26.com” Abstract
Pifyhtiilwiffﬁiﬁceersi;a;‘an Some convergence conditions on successive over-relaxed (SOR) iterative method and
Shaanxi 710048, China symmetric SOR (SSOR) iterative method are proposed for non-Hermitian positive
Full list of author information is definite linear systems. Some examples are given to demonstrate the results obtained.

available at the end of the article

MSC: 15A06; 15A15; 15A48

Keywords: SOR iterative method; SSOR iterative method; non-Hermitian positive
definite linear system; convergence

1 Introduction

Many problems in scientific computing give rise to a system of # linear equations
Ax=b, A-=(a;)eC"”™" isnonsingular, and x,b € C", 6))]

where A is a large sparse non-Hermitian positive definite matrix, that is, its Hermitian part
H = (A + A*)/2 is Hermitian positive definite, where A* denotes the conjugate transpose
of a matrix A. In order to solve system (1) by iterative methods, usually, efficient splittings
of the coefficient matrix A are required. For example, the classic Jacobi and Gauss-Seidel
iterations [1-3] split the matrix A into its diagonal and off-diagonal parts. Recently, consid-
erable interest appears in the work on the Hermitian and skew-Hermitian splitting (HSS)
method for this system introduced by Bai et al. [4] and some generalized HSS methods
such as the NSS method [5], PSS method [6], PHSS method [7, 8], and LHSS method [9],
and several significant theoretical results are proposed. Meanwhile, these methods and
theoretical results are applied to this linear system directly or indirectly (as a precondi-
tioner); see [4—14]. It is shown in [3, 15, 16] that the successive over-relaxed (SOR) itera-
tive method and symmetric SOR (SSOR) iterative method for Hermitian positive definite
linear systems are convergent. But, is the same true for these iterative methods for non-
Hermitian positive definite linear systems? In this paper, we mainly study the convergence
of the SOR iterative and SSOR iterative method for non-Hermitian positive definite linear
systems and propose some convergence conditions.
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2 Main results
The main theoretical results in this paper are given to propose some convergence condi-
tions on the SOR and SSOR iterative methods. For convenience of presentation, in Sec-

tion 2.1, we give some classic iterative methods for linear systems.

2.1 SORiterative methods
In order to solve system (1) by iterative methods, we split the coefficient matrix A in (1)
into

A=D-L-U, (2)

where D = diag(Re(an),Re(ayy), . ..,Re(a,,)), L is a lower triangular matrix, and U is a

strictly upper triangular matrix. Then,
D71/2AD71/2 =]— Dfl/ZLDfl/Z _ D*l/ZUDfl/Z’ (3)

where [ is the identity matrix. Without loss of generality, in (2), we can assume that D = I.

Decomposition (2) becomes
A=I-L-U. (4)

The forward, backward, and symmetric Gauss-Seidel (FGS, BGS, and SGS) iterative meth-

ods are defined by the iteration matrices
T=-L)"U, F=(I-U7"'L, and S=FT=(-U)'LU-L)'U, (5)

respectively. The forward, backward, and symmetric successive over-relaxation (FSOR,
BSOR, and SSOR) iterative methods are defined by the iteration matrices

Ly=(-owLl) ol +1-w)], (6)

F,=(-olU) oL +1-w)]], (7)
and

Sw=Foly=U~-ol) oL +(1-o)|U-ol) ol +1-»)], (8)
respectively.

2.2 Convergence results for SOR iterative method

Throughout the paper, we denote the conjugate transpose of a vector x € C and a matrix
A € C"™, the spectrum of A, and the set of all eigenvectors of A by x* and A*, 0(A) =
{r € C:det(Al — A) =0}, and #(A) = {x € C" : Ax = Ax, 1 € 6(A)}, respectively. Let p(A) =
max,cq(4)2 be the spectral radius of A, and ¥max(A4) = {x € ¥ (A) : Ax = Ax, |A| = p(A)}. The

following lemmas will be used in this paper.
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Lemmal Let A =M —N € C™" with M nonsingular and F = M*N. Then p(F) <1 ifand
only if H — F*HF is Hermitian positive definite on ¥ (F) for any n x n Hermitian positive
definite matrix H.

Proof Let X be any eigenvalue of the matrix F, and x € ¥ (F) be a corresponding eigenvector
with x # 0, that is, Fx = Ax. Then, for all x € ¥ (F), we have

&*(H - F*HF)x = x*Hx — x*F*HFx = (1 - |A|*)**Hx,
which indicates that this lemma is true. O

From Lemma 1 we have the following conclusion.

Lemma2 LetA =M —N € C™" with M nonsingular and F = M—'N. Then p(F) <1 ifand
only if M*M — N*N is Hermitian positive definite on U (F).

In what follows, we propose some convergence conditions on SOR and SSOR iterative
methods for non-Hermitian positive definite linear systems.

Theorem 1 Let A =1-L — U € C"™" be positive definite with H = (A* + A)/2, and L, be
defined in (6). Then the SOR iterative method converges to the unique solution of (1) for any
choice of the initial guess x, that is, p(L,) <l ifand only if 0 <w <1/nifn>0o0rl/n<wif
n<0or0<wifn=0,where

WUy - 1) - L
= 2% Hax

for any x € Vmax(Ly)-
Proof Let a =1/w —1. Then (6) is changed as
Ly = [(o + DI - LY NU + o). (9)

Let M = (o + )] — L and N = U + «l. Then (7) is changed into L, = M™'N. Assume that A
is an eigenvalue of L, with |A| = p(Ly) and x € ¥nmax(L,,) is its corresponding eigenvector.
Then, M~'Nx = Ax, Nx = AMx, and consequently x*N*Nx = |A|2x* M*Mx. Thus,

[p(Lo)]” = " N* Nox/x* M* M. (10)
For any x € Omax (L), we have
& (MM —=N*N)x = x™{[(a + DI = L]*[(@ + DI = L] - (U + a])*(U + a]) }x
= 2ax"Hx + x*[([ —-L)"(I-L)- U*U]x

=2(a + D" Hx —x*[(I - U)*(I - U) - L*L]»

_ 2x*Hx(l B x[(I-U)*I-U) —L*L]x)
w x*Hx

_ 2x*Hx(1 _ n), (1)
w
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where

WUy - ) - L
= 2x* Hx ’

It follows from Lemma 2, (8), and (9) that p(L,,) < 1 if and only if 2x*Hx(1/w — 1) > 0 for
% € Umax(Ly)- Since A is positive definite, H = (A + A*)/2 is Hermitian positive definite, that
is, x*Hx > 0 for any x # 0, x € C". As a consequence, x*Hx > 0 for any x € ¥.x(L,,). Thus,
p(Ly,) <1ifand only if 1/w > 1. Again, since 1/w > n holds ifand only if 0 < w < 1/nif n > 0
orl/n<wifn<0or0<wifn =0, this completes the proof. a

Theorem 2 Let A =1-L - U € C"™" be positive definite with H = (A* + A)/2, and L, be
defined in (6). Then the SOR iterative method converges to the unique solution of (1) for
any choice of the initial guess xy, that is, p(L,,) <1 ifand only if0 <w <1/(1 - 1) ift <1or
w>1/(1-n)ift>lorw>0ift =1, where

B x*[(I-L)y*(I-L)-U*Ulx
t= 2x*Hx

for any x € Vmax(Ly)-

Proof Since
U-L*U-L)-U*U=2H-[(I-U)*I-U)-L*L]
yields T =1 — 1, the conclusion of the theorem follows from Theorem 1. O

Theorem 3 Let A — L — U € C"™" be positive definite with H = (A* + A)/2, and L, be
defined in (6). Suppose that A satisfies one of the two conditions: (i) | Tl <1and 0 < w <
1; (i) | T2 >1 and 0 < @ < wo. Then the SOR iterative method converges to the unique
solution of (1) for any choice of the initial guess xo, that is, p(L,) <1, where

_ 2min([(I = L)(I = L)*]"H)
TNTIE + 20 (- L)(I - L)) H) -1

wo

Proof According to the proof of Theorem 1,

& (M*M—=N*N)x = x*[(al + I = L)*(al +1 - L) — (ad = U)*(al = U) ]
= 2ax"Hx + x*[(I - L)*(I - L) - U*U]x
=x*"(I-L)[2a(I ~L)"H(I - L)™* +1 - TT*](I - L)*x
> [2Amin ([ - L) - L)*]_IH) +1- || TI3]x"( — L) - L)*x.

(i) If | T|l <1and 0 < w < 1, then it is obvious that x*(M*M — N*N)x > 0 for all x #0, x €
C". Hence, M*M — N*N > 0. As aresult, ] — (MIN)(MN)* > 0 and p(L,,) < ||[MN]||5 <
1, that is, the SOR iterative method converges to the unique solution of (1) for any choice
of the initial guess x,.

(i) If ||IT|l2 > 1 and 0 < w < wy, then by the same method we can prove that p(L,) <
|M™IN||; <1, that is, the SOR iterative method converges to the unique solution of (1) for
any choice of the initial guess xo. This completes the proof. g
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Theorem 4 Let A =1—-L — U € C"" be positive definite with H = (A* + A)/2, and L,
be defined in (6). Suppose that A satisfies one of the two conditions: (i) omin(F) <1 and
0 < w < 1; (ii) omin(F) > 1 and 0 < w < wy. Then the SOR iterative method converges to the
unique solution of (1) for any choice of the initial guess xy, that is, p(L,,) < 1, where oy (F)

denotes the minimal singular value of the matrix F, and

~ 2hmin([([ = W)U = U)*] ' H)
- 1-02 (F)

min

w1

Proof According to the proofs of Theorems 1 and 3,

& (M*M =N*N)x = «*{[(« + 1)I = L]*[( + DI = L] = (U + oD)*(U + o) }x
= 2(a + )" Hr + x*[L*L - (I - U)*(I - U) ]x
=x*([ - U)[20(I -U)"HUI - U)™ + FF* - I](I - U)*x

> [20min ([ = W)U = U)*] ' H) + 021, (F) = 1]x*(I - U)(I - U)*x.
(i) If omin(F) < 1and 0 < w < 1, then it is obvious that x*(M*M —N*N)x > 0 forallx # 0, x €
C".Hence, M*M — N*N > 0. As aresult, ] — (M"IN)(M'N)* > 0and p(L,,) < ||[M~'N]||, <
1, that is, the SOR iterative method converges to the unique solution of (1) for any choice
of the initial guess x,.
(ii) If omin(F) > 1 and 0 < w < wy, then by the same method we can prove that p(L,,) <
|M™N||; <1, that is, the SOR iterative method converges to the unique solution of (1) for

any choice of the initial guess xy. This proof is completed. O

Remark 1

(1) It follows from Theorem 3 that whether the forward Gauss-Seidel method
converges or not, there always exists a positive constant wg such that, for 0 < @ < wy,
the SOR iterative method converges to the unique solution of (1) for any choice of
the initial guess xo.

(2) Theorem 4 shows that whether the backward Gauss-Seidel method converges or
not, there always exists a positive constant w; such that, for 0 < w < w; the SOR
iterative method converges to the unique solution of (1) for any choice of the initial

guess xo.

2.3 Convergence results for SSOR iterative method
In what follows, convergence results for the SSOR iterative method are established for

non-Hermitian positive definite linear systems.

Theorem 5 Let A=1—-L-UecC”™ with Ay =1—-L—-L* and Ay =1- U - U* both
Hermitian positive semidefinite. Then for 0 < w < 2, the SSOR iterative method converges to
the unique solution of (1) for any choice of the initial guess xy, that is, p(S,) <1 for0 <w <2,
where S,, is defined in (8).

Proof 1f 0 < w < 2, then

p(Sw) = p(FuFo) = p{I — o) oL + 1 - o)I|(I - wL) [l + (1 - o)I]} < L.
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Let y be an eigenvector corresponding to the eigenvalue p of S, with || = p(S,). Then
Soy=WU- wL[)‘l[a)L +(1- w)]](] —owl)t [a)LI +(1- w)[]y = uy
and
[@L + (1 - )| - wL) U + (1 - o)y = n - wl)y.
Hence,
{,u(I— wl) - [wL +(1- a))I](I - wL)‘l[a)L[ +(1- w)]] }y =0,
which shows that
Qu = nll —ol) - [wL + (1 - )| - oL) ol + (1 - )] = R, /(I - wL)
is singular, where R, /(I — wL) denotes the Schur complement of

B I -oL ol + (1 -w)]
"TloL+ Q-0 ol -ol)

with respect to / — wL. It then follows from Lemma 3.13 in [17] that R,, is singular. Assume
that p(S,,) = || > 1.Since A;; = [ - U - U* is Hermitian positive semidefinite and 0 < w < 2,

[ - o) [1l - 0U)] - [0U + 1 - )] [oU + 1 - )]
> ([ - ol)*(I - oU) - [oU + (1 - )] [0l + 1 - w)]]

=w(2 —a))(]— u- U*)
is Hermitian positive semidefinite. Thus,

p[([wl + (1 = )|[1ll = 0lD)] ) ([0l + A = ][0I — 2lD)] )]
= || [a)U +(1- a))]] [,u(]— a)l,[)]_1 H2

S 17
which implies
|| [a)L[ +(1- w)I] [u(l - wl,l)]_1 ||2 <1 (12)

In the same way, the Hermitian positive semidefiniteness of Ay =/ - L - L*and 0 <w <2
also yield the inequality

|| [a)L +(1- a))l] [,u([ - a)L)]_1 ||2 <1 (13)

Inequalities (12) and (13) show that R, is block diagonally dominant. By Theorem 2.1 in
[18], R, is nonsingular, which contradicts the fact that R, is singular. This indicates that
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the assumption p(S,,) = |u| > 1is not correct. Thus, p(S,,) = |u| < 1, i.e., the SSOR iterative
method converges to the unique solution of (1) for any choice of the initial guess xy. The

proof is completed. 0

We know from (5) and (8) that the SSOR method changes into SGS method when w = 1.
Thus, it follows from Theorem 5 that the following conclusion is true.

Theorem 6 Let A=1-L—-UecC"™" withA; =1—-L—-L* and Ay =1- U - U* both
Hermitian positive semidefinite. Then the SGS iterative method converges to the unique
solution of (1) for any choice of the initial guess x.

3 Numerical examples
Two numerical examples are given in this section to demonstrate that the convergence
results are true and the SOR iterative and SSOR iterative methods are very effective.

Example 1 The coefficient matrix A of the linear system (1) is given as

1.0000 1.1000 1.2000 1.0000
_ [ —0.5000 1.0000 1.4000 0.6500
[ -0.2000 -0.6000 1.0000 1.5500
0.2000  0.2500 -0.4500 1.0000

It is verified that A is positive definite. By Matlab 7.0 computations we get Table 1.

Table 1 shows that for the matrix A, the SOR iterative method is convergent for 0 <
o < 0.87. By direct computations, || T'||2 = 4.0258 > 1 when wy = 0.0281. Thus, Theorem 3
shows that the SOR iterative method converges for the matrix A when 0 < w < 0.0281.
The same is shown in Theorem 4 for 0 < w < 0.2292. It follows from Table 1 that Theo-
rems 3 and 4 are both true. However, both intervals given by the theorems are very narrow.
Sometimes these intervals fail to include the optimal value such that p(L,,) reaches mini-
mization.

Example 2 The coefficient matrix A of the linear system (1) is given as

1
-1 3 2
-1 5 3
-1 7 4
A=
-1 2n-5 n-2
-1 2n-3 n-1
-1 2n-1

Table 1 The comparison results on the spectral radius of the SOR iterative matrix of A for

different @

w 0.01 0.02 0.0281 0.05 0.1 0.15 0.20 0.2292
pLw) 0.9929 0.9858 0.9801 0.9645 0.9290 0.8936 0.8585 0.8382
w 0.25 0.30 042 052 0.6 0.72 0.82 0.87
pLw) 0.8239 0.7901 0.7155 0.6679 0.6512 0.7078 0.8769 1.0007
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Table 2 The comparison results on the spectral radius of the SSOR iterative matrix of B for

different @

w 0.125 0.250 0.375 0.500 0.625 0.750 0.875 0.1
PSw) 0.76945 0.56558 0.39654 0.26311 0.16501 0.10674 0.27623 0.26139
w 1.125 1.250 1.375 1.5000 1.625 1.750 1.875 1.925

£Sw) 0.15931 0.18860 0.26281 0.36777 049742 0.64802 0.81648 0.88823

It is verified that A; and A are both Hermitian positive definite for » = 100. Matlab
computations yield some comparison results on the spectral radius of SSOR iterative ma-
trices; see Table 2.

Table 2 shows that the spectral radius p(S,,) gradually decreases to 0.10674 with w in-
creasing from 0.125 to 0.750, whereas p(S,,) gradually increases from 0.15931 to 0.88823
with w increasing from 1.125 to 1.925. However, when w increases from 0.750 to 1.125,
p(S,) gradually increases from 0.10674 to 0.27623 and gradually decreases from 0.27623
to 0.15931. Therefore, the optimal value of w should be w,, € (0.625,1.250) such that the
SSOR iterative method converges faster to the unique solution of (1) for any choice of the
initial guess xy.

4 Conclusions

In this paper, we study the convergence of the SOR and SSOR iterative methods for non-
Hermitian positive definite linear systems. we propose some necessary and sufficient con-
ditions for the convergence of the SOR iterative method. But, these conditions are only
theoretically significant and are difficult to apply to practical computations. In what fol-
lows, two conditions are presented such that there always exists a positive constant wq
(1) such that, for 0 < w < wp (0 < w < @), the SOR iterative method converges for linear
system (1) whether the forward or backward Gauss-Seidel method converges or not.

It is more important that a practical condition forboth A; = —-L—-L*and Ay =1-U -
U* to be Hermitian positive semidefinite is proposed such that both the SSOR iterative
method for any w € (0,2) and the SGS iterative method converge to the unique solution
of (1) for any choice of the initial guess xo.
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