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Abstract

Due to the deployment flexibility and broad coverage capabilities, High Altitude
Platform Station is an efficiency solution of communication access for underserved
areas like remote areas. However, for some special scenarios, multiple platforms may
need to collaborate to overcome the effects of terrain. But the interferences
introduced by multiple carriers and access links may hinder the process and restrict
its practicability. In order to eliminate these interferences, a proposal on multiple
carrier frequency offsets (MCFO) compensation algorithm was provided in this paper.
Furthermore, this paper analyzed the lower bound of bit error ratio (BER) for
cooperative HAPS systems. Simulation was also carried out, and the results validate
the correctness of our theoretical analysis results.

Keywords: Multiple carrier frequency offsets, Internet of Things, High Altitude
Platform Station, Inter carrier interference, Multiple access interference, Minimum
Euclidean Distance Decision Criterion

1 Introduction

Due to the lack of telecommunications infrastructure and high density of trees and
peaks, the signal coverage of rural and remote areas are restricted. However, these
areas occupy an equally important position in the development of the country espe-
cially in Internet of Things (IoT) [1]. In many countries, rural and remote areas play
an important role, such as protecting natural resources, forest fire prevention, in which
the IoT network can play a crucial part. Therefore, the network should cover a wide
range by employing huge number of base stations, and it will raise the network cost
significantly.

In this case, special telecommunication technologies are required in rural and remote
areas [2], especially because of their unique isolation environment, few population,
large terrain, and inability to make productive investments [3]. Although various tele-
communication methods have been proposed for rural areas where these services are
lacking, efforts are needed to achieve Internet and cellular access [4].
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Common rural telecommunication [5] infrastructure solutions are VSAT (Very Small
Aperture Terminal) [6, 7] and microwave radio. Common solutions such as VSAT [8]
and microwave links [9] bring high investment and operating costs, such as on-site
acquisition, on-site visits, and technology costs, and are faced with low user density and
low affordability in the return. Many operators therefore invest less in their
development.

High Altitude Platform Station (HAPS) [10, 11] is also known as stratosphere
repeaters. Traditional ground systems have problems like small coverage and
strict propagation environment. However, these problems can be eliminated by
using HAPS systems [12, 13]. It is a new approach to telecommunication
infrastructure solutions in rural and remote areas based on the stratospheric air-
borne platform. So HAPS is very suitable for Internet of Things applications in
remote areas.

However, in some special scenarios, the coverage of HAPS may be affected due
to the obstacle from topography such as mountains and forests [14] and the com-
munication between the platform and the device. Coordination between multiple
HAPS stations may be need in these scenarios. However, there are interference
challenges between multiple HAPS stations in the cooperative HAPS systems due
to inter-carrier interference (ICI) and multiple access interference (MAI).

Orthogonal frequency division multiplexing (OFDM) is a basic technology for IoT
systems, such as NB-IoT. In OFDM-based IoT systems [15], the channels are divided
into orthogonal sub channels, and the data is converted into several parallel data
streams, which are modulated to the sub channels for transmission. Multiple carrier
frequency offsets (MCFO) [16] may result in ICI [17] and MAI [18] and will hinder the
synchronization between the device and HAPS.

In this paper, we propose a new frequency offset compensation algorithm for HAPS
IoT systems employing space-frequency block code orthogonal frequency division
multiplexing (SFBC-OFDM), which can provide nearly the ideal performance under
certain conditions. Furthermore, the performance of the algorithm was analyzed, and
simulation was also carried out to verify the result.

This paper is organized as description in the follows. The system model and the pro-
posed MCFO compensation algorithm are depicted in Section II. Section III describes
the theoretical analysis on BER (bit error ratio) performance and the simulation results,
and finally the conclusion is depicted in section IV.

2 Methods
2.1 System model
The system model is defined in this sub-section. In this paper, we assumed that two
HAPS stations collaborate to provide coverage for the same terminal through SFBC-
OFDM mode. In SFBC-OFDM mode, two HAPS stations can be divided into main
station and assist station. To simplify the system model, the system model can be
abstracted as a relay system, in which the main HAPS is the source node and the assist
HAPS is the relay node, as shown in Fig. 1.

All stations and device work in half duplex mode. The cooperative HAPS systems
will listen and then transmit to the device. When listening, the source HAPS
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Fig. 1 System model. Figure 1 shows the communication links among main HAPS, assist HAPS, and devices
in two phases

r-d link

broadcasts the information to the assist HAPS and the device. And we assume that
the transmitted data can be ideally detected by the assist HAPS. When transmit-
ting, the two HAPS can transmit the data to the device cooperatively. In this
paper, we assume that SFBC is employed. According to the SFBC scheme [19] that
employs Altamonte strategy [20], the encoded vectors corresponding to the two
nodes can be expressed as:

* * * r
Xsa = [Xoa _X17 oy Xk _Xk+l7 XN -, _XNfl}

* * % T
er: [X17X0,“‘7Xk+l,Xk7”',XN_17XN_2} (1)

Then, the coded data are both OFDM modulated as x, = Fy, X, (« € {sd, rd}), where
F]\‘,1 is the inverse Fourier matrix. Finally, a cyclic prefix (CP) is added to the top of x,,
which is utilized to eliminate the inter-symbol interference (ISI). And N, is the length
of the CP.

The discrete time model of the received signal after removing the CP is as described
in formula (2)

Ya = Z Eo Xg-hg +wy (2)
a=sd,rd

where L is the length of the frequency selective channel
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Wa = [Wa(0), wa(1), -, we (N = 1)]”.

In consequence, the frequency domain received signals can be expressed as

Y,
T
_ Asq . dlﬂg {Hsd} 0 . Xsa
B [Ard] [ 0 diag{H,d} er +Wd
_ A85d10 nsd ’ . dlﬂg{Hsd} 0 ) Xsd
- ({Aw-o} " {Hrd} ) [ 0 diag{H,q} | " | Xa) TN ()

where H, (a € {sd, rd}) is the diagonal channel transform function (CTF) matrix given
by H, = diag {H,(0), H,(1), -, H,(N - 1)}, which is assumed to be unchanged during at
least 2 sub-carriers. It is assumed that the CTF on every sub-carriers are independent,
and they are Rayleigh random variables. A, denotes the ICI coefficient matrix caused
by MCFO, in which A[k, [] is defined as

sq k l Z e,z:m(sa k+1)
B sm(ﬂ(l k +&4)) ) 1
“ N sk eN) CPUT\ Iy )k te)

In which, ¢, is the normalized frequency offset. And it is obvious that when k=1, A [k, ]
is a constant value for fixed ¢,, which is denoted as A, o and A, o = diag{A¢, 0, ", Ae,0 }-
—_————

(4)

N
It is known that the diagonal elements of A, are the power weighting coefficients

of sub-carrier k, which can be depicted as A, o and the other elements are power
leakage weighting coefficients caused by the MCFO, which is expressed as II, with
elements of:

e = { M0 K (5)

From formula (3), it can be observed that due to the existence of MCFO, not
only ICI, but also MAI emerges, and the orthogonality of SFBC is destroyed.
Consequently, the SFBC decode is much more complicated than conventional
methods, which should be processed with an efficient MCFO compensation
filter.

2.2 Proposed MCFO compensation algorithm

It is assumed that the multiple carrier frequency offsets and channel transfer func-
tions of two links are ideally estimated by using the properties transmitted known
pilots (see [21] and references therein). In the scenario in which HAPS stations
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Fig. 2 Receiver architecture of cooperative HAPS systems. Figure 2 shows coordination mechanism for the
receiver of cooperative HAPS systems

collaborate, the measurement of simple mixing procedure has no effect on multiple
frequency offsets compensation, as performed in a single out system [22] (Fig. 2).

2.2.1 MCFO mixing and modified SFBC decoding

As shown in formula (3), the received signal is interfered by the interference signal
from both source-device link and assist-device link. In order guarantee the per-
formance of SFBC, the received signals should be mixed with the two link’s CFO
independently as:

- -1 —_—1 = !

Yoi =B Ya=%a -hyg +E ;" B -Xeg -hyg +wy, (6)
-1 _—-1 = "

Ya = ‘=rd Yo = ':yd *Ssd - Xod 'hsd+xrd 'hrd+wrd

where a=sd, rd. If we transform the above formula to frequency domain, the

expression can be:
Y, = FNYm (7)

in which the signals on the successive two sub-carriers k and k + 1 are repressed as:
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Yac,k
= (XkHsd,kAssd - £,0 + Xk+1Hrd,kAsrd - sa,O)

N-1 N-1
+ DD XiHaibey es -k + Y XeaHraiNey etk | + Wiak

=0 =0
I=zk lzk
Ya,k+1 (8)

= ( - X]t+1Hsd.,kAssd — &4,0 + X/iHrd.,kAsrd - sa,O)

N-1 N-1
+ Z - Xy HeaiNey —epi -k + Z XiHragiNey - eei -k | + Wrakm
Izk +1 Izk +1

Because of the existing of ICI coefficients, the conventional SFBC decoder is ill-fitted
and designed. In the algorithm, the decoded signals on successive two sub-carriers are
defined as follows:

ok .
A YoiH gy i + Yo k1 HraxNey - .0

P = Esd — €q,0
ak = L 2 2 5 2 2
(|Hsd,k| . |Assd — &4,0 + Hrd,k| : |A£,d — &,0 ) (9)
S Ya,k]:ljd,kA* - Y;k_;_l]:[sd‘kAsgd — &4,0
)

€d — €a,0

2 + |]:[rd.k|2 : |Asrd - &4,0

Xot,k+1 - N 2
( Hsd,k| : |Aesd — &4,0

2.2.2 Minimum Euclidean Distance Decision Criterion

As is shown in formula (9), two signals, ie., X,s and X,4, are obtained. But they are
both not accurate enough. As a result, there should be a suitable criterion to decide the
reliability. In this paper, the criterion is chosen as Minimum Euclidean Distance Deci-
sion Criterion (MEDDC). With this criterion, we can compare the Euclidean distances
from the two signals to their respectively nearest constellation point to select the out-
put, which can be written as:

XMEDDC,k = arggmin(”j(a_k - 19,”) (10)

i

in which, 9; is the coordinate of the i-th constellation point for M-ary modulation, for
instance, as shown in Fig. 4. Because the Euclidean distances from )A(SdJ( to 9, is less than

that from X rdk to 9;. Therefore, J, is selected to be the demodulated result (Fig. 3).

2.2.3 Interference reconstructing eliminator
After MEDDC, the ICI and MAI are proposed to be reconstructed and then eliminated.
T
]

The quasi-transmitted SFBC signals XQ = [Xg,X’Qd can be re-constructed with

XuEDDC through utilizing formula (1). Then, the ICI and MAI components in (8) can
be calculated with X, the estimated ICI and CTF matrixes as:
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Fig. 3 Euclidean distance comparison. Figure 3 illustrates the Euclidean distance of )A(m‘k and )A(,d,k to its
corresponding nearest constellation point

Y _icre

. T d
_y, | Meu-e, diag{Ha}]" | Xg
Hsrd — & dmg {Hsd } Xgl

~ Aesd - £,,0 diﬂg{Hsd}Xsd + Ae,d - £,,0 diag{Hrd}Xm' + W,

Finally, the transmitted signal can be decoded again through re-employing formula
(9) as:

A~k . . N
5 Y. ICIYkHsd kAed — & +Y ICIJ(+1H’”d kASrd - &0
&d — €a;0

k=—"% 2 2
|Hsdk| |1\ )
£3
5 N Y _a, kHrd kAe i — €00 -Y - ICLk+1 Hiqj e, - 6,0
Xk+1 - (

2 o)

Hrd,k| |As,d — &,0

sd,k| ’Assd - &0 rd k| ‘As,d - &,,0

2.3 Proposed MCFO compensation algorithm with iterative MEDDC

The proposed algorithm in this paper can be iteratively utilized to further in-
crease the BER performance. Figure 4 gives the illustration of proposed algorithm
with two iterations, in which the ICI eliminating and modified SFBC decoder
would be independently implemented after quasi-transmitted SFBC signals re-
constructing. At last, the MEDDC is proposed to be utilized again for decreasing
the BER of the systems.
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Fig. 4 Proposed receiver architecture in SFBC cooperative HAPS systems with multiple CFO. Figure 4 shows
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\

3 Results and discussion

3.1 BER analysis results

3.1.1 BER derivation of cooperative communication systems

It is assumed that each sub-carrier is modulated by M-ary phase shift keying (PSK) with
Gray bit mapping. The received signals, which are interfered by MCFO, can be rewrit-
ten the Eq. (3) in element expression as:

Yak
(Xsd cHsaxNey0 + XraxHrd, kAs,d, )

Z XeaiHsaiNe,1 -k + Z XyaiHraiDNe,g i - ) + Wak (13)

| =
l::k

Take )A(S,Lk, for example, its decoded result can be depicted as:

| =
l::k

Page 8 of 17
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Xak

y

~ % % " N
Yd,kHsdkAsd 0 + Yd k+1 rdkAs,dO

Hsd.,k‘ |Ac,. rdk’ ’As,do‘

w dk+1Hrd Ney0 + deH dkAed 0
= Xgax +

Hsd,k| : |A£Sd,0| + |Hrd.k| : |As,d,0|

Z Xear | Hsa il g, H :d7kA:Sd70 + H gy N Eu H,y5Me 0
= -k I+1-k
I=k
+ "
Hsd,k’ |Ae,,, rdk‘ | A0
> Xpas| Huau . Hoy N, o= H A e Hygile,i0
= -k I+1-k
12k
J’_

]:Isd,k|2' A, : Hrd,k|2 | Ae0]

Then, the instantaneous signal to interference plus noise ratio (SINR) of the k-th

sub-carrier can be written as:

g (’Hsd,kAesd,0|2 + |H,d7kA8rd_0|2)

SINR; =
§(k) + a3y

(14)

where £(k) denotes the ICI/MAI power components. Because the CTF on every sub-
carriers are assumed to be independent, it can be concluded that (k) is independent
with |Hg A, 4,0|2 + [Hyax A, dﬁ0\2. Furthermore, it is easy to know that {(k) is nonnega-
tive. Average power allocation is assumed so that 02 = 02 /M with M transmitter nodes.
Therefore, according to [20], the instantaneous BER of the k- th sub-carrier can be ap-

proximately written as

PCOVI (k)
= —\/2 SINR

log,M Q( SlnM k)

2 2 (15)
2 T 20'?26(’Hsd7kA584,0| + ’Hrd7kA£yd«,0’ )

= Q| sin— 5

log,M | "M &) + %

In consequence, the average BER for the k- th sub-carrier can be expressed:
PAER)Y) = [ plePan(b)d (16)
0

where z; = |Hq i\, d~0|2 + |Hra i, d70|2, p(zi) denotes the probability density function
(PDF) of z;. Py(&(k), y) can be obtained as formula (17)

Pb‘pmposed(é‘(k)a )’) (17)

where ¢ = sin®(m/M), y = 02 /0%, B = 02/(0% + E(k)), and 9 = 1/4B¢a7. The proof is
as Appendix 1.

Page 9 of 17
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Finally, we average P,({(k), y) over all sub-carriers with index k as follows to get the
BER:

Praly) =5 3 Pu(ER).y) (18)
k=0

3.1.2 BER analysis
Theorem 1: The function Py(&(k), y) in formula (17) is a monotonically increasing func-
tion with respect to (k).

Proof See Appendix 2.

It can be seen from Theorem 1 and in equation (k) = 0 that when (k) = 0, the system
can achieve the optimal BER performance with specified signal to noise ratio (SNR) y.
Therefore, the lower bound to the BER performance of the SFBC collaborative commu-
nication systems with errors caused by Gaussian noise and multiple CFO can be
depicted as formula (19):

IN-1
Pyl = N > Py(0,y) (19)
k=0

where ¢ = sin’(7/M), y = 02/0%,, 0 = |Ae,0/’0%, and 0% = | A, 0> 0%

Theorem 2: The function P,({(k), y) in formula (17) is a monotonically decreasing
function with respect to y.

Proof See Appendix 3.

Through employing Theorem 2, it can be concluded that the BER performance of co-
operative systems goes better along with the increase of SNR.

3.1.3 BER analysis of proposed MCFO compensation algorithm

When the proposed MCFO compensation algorithm is employed, the received signals
are mixed with the one link’s CFO before decoding. Therefore, take being mixed with
the source-destination link for instance, the MCFO of the two links would be adjusted

to be 0 and &,4 - & Thus, 07 and 03 in formula (17) would be changed to o7 and o7,

= |Ae,, - e,0/°0%. Consequently, formula (17) can be rewritten as formula (20):
Py(E(k),y) (20)

where ¢ =sin*(/M), y = 02/0%,. As shown in the above formula, the BER per-
formance of the algorithm is not depending on the value of &;; and ¢,; but the
difference of them. Therefore, it can be concluded that the proposed equalizer
not only can compensate the fractional parts of the MCFO but also can compen-
sate the integral parts.

L () (sot 430y + £0)/02)) (4001) [Aco] = [Aao]

PAE(6).y) = tog, M (4002 +2(1/y + E4)/02))"
) 1 0 2 . £k 1

log,M {1 i (aﬁ%) [Z (-1)"'o ¢ 0?/ (2:0% + % + ;> Asol 2| Aol

(21)
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1/2
- 1- (4¢0% +3/y) (4507) / Aol = [Aeso
B 1 N=l log2 (460% + 2/}/)3/2 00| = [Aeu0
Py = N Z Py(0,y) = . . :
k=0 2 , ,
o\ 2 Acyo|#|Ae
log,M (g‘z_g'l {; 0; 0,/( GO +y> } u1,0|¢| mo‘
(22)
1 <1 (4«7?1+3(1/)/+€(k)/of))(4¢a;)‘/2> N
log,M \ 2 2))3/2 0.0 = Neg0
P prapasca(€(K). ) - (490 +2(1/y +€(K)/02))
b proposed Y) =
2 |1, Vx| o 1\, 01
log,M [2+2 (Jf,faf_[) {«m\/wﬁ/ (2(0121+ o2 +y> ap\/zr,%/ <2cag+ g +y> } Acy0#De0

(23)

3.2 Simulation results
For simulating the wireless channel and mobile environment, the channel B of M.1225
Pedestrian (PB), in which the terminal velocity is 30 km/h, is utilized. Both fixed and
random MCFO are taken into consideration in the simulation. The utilization of fixed
MCFO is aimed at verifying the correctness of theoretical analysis, and the random
MCEFO is for more realistic scenario.

The comparison between the theoretical worst BER performance and that from simu-
lation is depicted in Fig. 5, which shows that the BER curve obtained from the theoret-
ical analysis can gracefully match those in the simulation. We can also see that the BER

10°

107!

102

BER

107

e .= 0,54 = 0, theoretical Q\
10‘4 0 £ = 0.2,2,4 = 0.2, theoretical .
- =g =0.2,2,4 = 0.2, simulated
® £, =0.1,,4= 0.4, theoretical
=gy = 0.1,£,4 = 0.4, simulated
107 ‘ : : ' : ' '
-10 -5 0 5 10 15 20 25 30

SNR (dB)

Fig. 5 Comparison of theoretical BER lower bound and the BER performance obtained from the simulation.
Figure 5 shows the comparison between the theoretical worst BER performance and that from simulation
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lower bound degrades along with the increasing of ¢,, (a =sd, rd). The degradation is
with the reason that the SINR shown in (14) is reduced due to power leakage caused
by MCFO.

Figure 6 shows the BER of systems without SFBC versus SNR for the proposed
MCFO compensation algorithm, where the MCFO are assumed to be random. The re-
sults of proposed algorithm with 1 MEDDC and proposed algorithm with 2 MEDDC
are presented. The result shows that the proposed algorithm can eliminate the MCFO
effectively even when the MCFO is distributed in a relatively large range. It can also be
found that when the MCFO range increases, the performance of proposed algorithm
with 2 MEDDC is better than that with 1 MEDDC. Therefore, if the MCFO ranges
continuously increase, the algorithm is proposed to be employed with more MEDDC it-
erations (Fig. 7).

When the SNR is fixed at 10dB, 15dB, and 20 dB respectively, the relationship be-
tween the normalized MCFO difference range and the BER obtained by using the pro-
posed MCFO equalizer is depicted in Fig. 8. It can be observed that the proposed
algorithm can reduce the error floor. From the illustration, it is concluded that through
using the proposed equalizer, the ICI and ISI introduced by MCFO can be almost
eliminated.

In this paper, we propose a new frequency offset compensation algorithm for HAPS
IoT systems employing space-frequency block code orthogonal frequency division mul-
tiplexing (SFBC-OFDM), which can provide nearly the ideal performance under the
condition that the multiple carrier frequency offsets and channel transfer functions of

10° : . . : :

107

1072

o

BER
!
2
1
¢
1
>
1
b
i

1073

@ £.4=¢&.9 =0, Ideal
-—Proposed algorithm, 2 MEDDC
-#-- Proposed algorithm, 1 MEDDC
=& Traditional SFBC Decoder

! 1 1

0 5 10 15 20 25 30
SNR(dB)
Fig. 6 BER performance of systems without code versus SNR with |€,; — &4|max = 0.2. Figure 6 shows the BER

performance of systems without code versus SNR for the proposed MCFO compensation algorithm, and
the simulation setup is no frequency offset no compensation. |&,y — &sglmax = 0.2, and PB channel was used
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Fig. 7 BER performance of systems without coding versus SNR for the proposed MCFO compensation
algorithm. Figure 7 depicts the BER performance of systems without coding versus SNR for the proposed
MCFO compensation algorithm, and the simulation setup is no frequency offset no compensation. &,
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Fig. 8 Effect of |e,y — &4lmax ON the BER performance. Figure 8 shows the effect of |e.y — 4| max ON the BER
performance of proposed algorithm in collaborative communication systems when PB channel was used
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two links can be ideally estimated by using the properties transmitted known pilots.
However, all proposed methods and algorithms are based on the usage of HAPS IoT
systems. And much work remains to be done on the usage of HAPS IoT systems.

4 Conclusion

In the cooperative HAPS IoT systems, MCFO caused by the multiple carriers may
introduce ICI and MAI, which may be impediment in the usage of the systems. To
solve the problem caused by ICI and MAIL, a MCFO compensation algorithm is pro-
posed in this paper. The proposed algorithm eliminates the interference through utiliz-
ing modified SFBC decoder and MEDDC. Furthermore, the BER performance of
cooperative communication systems utilizing MCFO is analyzed. Simulation is also car-
ried out to verify the performance of the algorithm. The BER performance loss de-
graded to around 1dB when |g,; - &4 <0.5 in multi-path Rayleigh channel. Therefore,
it is concluded that the proposed compensation algorithm can effectively solve the
problem of frequency offset in cooperative HAPS systems. Thus, the coordination be-
tween HAPS stations can provide better communication service in the special scenarios
described in the introduction section through coordination by employing the
algorithm.

5 Appendix 1
Proof of formula (17)
Rewrite the average BER of sub-carrier k as:

Py(E(K). y) = / " ()P (k)2

2 2
where Zk = |H5d.kAssd,()| + |Hrd,kAs,d,0‘ .
When |A,,, o is equal to |A,, 0|, zx can be thought as independent chi-square random
. Y 2 2 2 2 __ 2 2
variable of 4° with mean value of 207, where o7 = 07,|Ae,0|” = 0%|A¢,0/ - In conse-

quence, p(zx) can be expressed as:

plzi) = 0 Zk - e"zk/z"%, 2z 20 (24)
1

Therefore, the theoretical expression for BER is as follows:
PR

1 2

— -y*/2
= p(zk / e Y dydz,
log,M Jo (24) /2B V27T i

Fal
B

2 /w 1 *3’2/2(,1 /2 (Z )dz
=— —t¢
log,M Jo 21 Y 0 Plaazk

Nt

2 © 1 2 » _ LZ _ LZ
- —_ —__p~ 1 _ . 4fgoy 4o d
log,M /0 V2 ¢ ( 4,8;0% ¢ e )W

2 <1 2 2 2
= . e T(1-92 e ¥ e ¥ )d
log,M /0 21 ( 4 ) Y
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e (o )3“ !
T log,M \2 2 \1+29 2V1+429

1 1+39
= . 1 —_ —3/2
log,M (1+29)

1 .<1_ 4¢a§+3(1/y+5(k)/0§)>
log,M (4602 +2(1/y + £(k) /02))*?

where ¢ = sin®(7/M), y = 02/0%,, B = 02/(0% + &(k)), and 9 = 1/4fc07.
When |Ae,, o] is equal to |A,, 0|, 2z« can be rewritten as:

Zk 2 2

= |Hyx|” + |Hrax]

= [Acyo|” R (Haax) + |Acyo| 9% (Hsa)
X,

+ | Ao 982 (Hras) + |Aeol” 5 (o)

Y,

in which X, and Y, can be thought as independent chi-square random variables of 2°

. 2 2
with mean value of 07 = |A,, 0| 0% and 03 = |A,,, 0| 0%. Therefore, p(z;) can be calcu-
lated as:

Zk Zk 1 —ZULZ 1 _zkz(;zx (26)
— [ a-ads = [ T e
0 0

Therefore, the BER can be obtained as:

€. .
= e " gyd
logzM/o p(Zk)/ Zﬂg-z;\/z—”e Y Zk

}2
2 <1 2B
e Y2y / d
logzM/O \/2716 y( 0 pla)dz

_7 _P 2 .
(st 51 1) 3 (-1 a2 2 st 1)
1 -

2 /°c 1 2
= e 7|1+ dy = 1+
log,M Jo 27 (03 - 01) log,M (03 -01)

Py

ﬁi(—l)i’l\/aﬁ/(260?+£(§) +1>

14 =1 oy Y
(03-01)

- log,M

(27)

where ¢ = sin’*(n/M), B = 0%/(0%, + €(k)), and y = 02 /0%,.
Therefore, formula (17) can be proved by combining (25) and (27).
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6 Appendix 2
Proof of Theorem 1
As shown in formula (17), when |A, 0| is equal to |A,, 0|, we firstly consider the

equation
1 1+39
Pk, 9(y) = — [1- — 7 28
80 = r (17 57 (28)
where 9(€(k)) = 71, (1 +£4); then,
d(Py(9 39
(Py(9) _ o
dad 2(1 +29)

Furthermore, 9(£(k)) :FIU%(%JF%?) is also a monotonically increasing function
to&(k). Therefore, it can be concluded that Py(k, 9(y)) increases along with the increase
of &(k).

When |Ae,, 0] is unequal to |Ag,, ol

d{Py({(k), y)}/d(§(k)

3 . 3
2 o d] - (200450 1) Ty 2 . _3
_um R Ay A NS i €R) 1y
= Togtai oy 2 (~1) ) L(-D@s+za+a) >0

202 log,M(03 - 07) 2oz T o?y

Therefore, it can be concluded that the function P,(¢(k), y) in formula (17) increases

along with the increase of &(k).

7 Appendix 3
Proof of Theorem 2

From formula (17), it is easy to know that the monotonicity of P,({(k), y) with respect
to 1/y is the same with respect to £(k). Thus, it can be similarly proved that P,({(k), y)
decreases along with the increase of y.
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