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Abstract

This paper investigates the blow-up properties of positive solutions to the following
system of evolution p-Laplace equations with nonlocal sources and inner absorptions

Uy — div(quI’FZVu) = fQ vdx —ou’, x€Q, t>0,
v, — div (|Vy|T? V) = Jou'dx— B, x€Q, t>0

with homogeneous Dirichlet boundary conditions in a smooth bounded domain Q
e RYN = 1), where p,g>2mnrs>1¢a B >0 Under appropriate hypotheses,
the authors discuss the global existence and blow-up of positive weak solutions by
using a comparison principle.
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1 Introduction
In this paper, we deal with the blow-up properties of positive solutions to an evolution
p-Laplace system of the form

uy — div(|VulP2Vu) = [v"dx —ou’, x€Q,t>0,
v — div(IV|72Vv) = [qudx— B,  x€Q,t>0,
u(x,t) =v(x,t) =0, x€dQ,t>0,
u(x, 0) = up(x), v(x, 0) = vo(x), X € Q,

(1.1)

where p, g > 2, m,n,r,s 21,0, B >0, Q is a bounded domain in RN(N > 1) with a
smooth  boundary  0Q, the  initial data  uy(x) € C(Q)N WS”’(Q),
vo(x) € C(R) N W,(Q) and 3“;5” <0, a"gl()x) < 0, where v denotes the unit outer nor-
mal vector on 0Q.

System (1.1) is the classical reaction-diffusion system of Fujita-type for p = g = 2. If p
# 2, g # 2, (1.1) appears in the theory of non-Newtonian fluids [1,2] and in nonlinear
filtration theory [3]. In the non-Newtonian fluids theory, the pair (p, g) is a characteris-
tic quantity of the medium. Media with (p, q) > (2, 2) are called dilatant fluids and
those with (p, q) < (2, 2) are called pseudoplastics. If (p, g) = (2, 2), they are Newtonian
fluids.

System (1.1) has been studied by many authors. For p = g = 2, Escobedo and Herrero
[4] considered the following problem
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U= Au+1*, v =Av+u, xeEQ, t>0,
u(x,t) =v(x,t) =0, xe€ed, t>0, (1.2)
u(x,0) =up(x), v(x,0)=vo(x), x€g

where p, ¢ > 0. Their main results read as follows. (i) If pg < 1, every solution of
(1.2) is global in time. (ii) If pg > 1, some solutions are global while some others blow
up in finite time.

In the last three decades, many authors studied the following degenerate parabolic
problem

u — div(|VulP~2Vu) = f(u), xeQ,t>0,
u(x,t) =0, x€dt>0 (1.3)
u(x, 0) = up(x), x € Q.

under different conditions (see [5,6] for nonlinear boundary conditions; see [7-10] for
local nonlinear reaction terms; see [11] for nonlocal nonlinear reaction terms). In [12],
the existence, uniqueness, and regularity of solutions were obtained. When flu) = -u,
q > 0 or flu) = 0 extinction phenomenon of the solution may appear [13-15]; However,
if Au) = u?, g > 1 the solution may blow up in finite time [7-10,14].

Especially, in [11], Li and Xie dealt with the following p-Laplace equation

u, — div(|VulP2Vu) = [qui(x, t)dx, x€ Q,t>0,
u(x,t) =0, xe€edt>0 (1.4)
u(x, 0) = up(x), x € Q.

Under appropriate hypotheses, they established the local existence and uniqueness of
its solution. Furthermore, they obtained that the solution u exists globally if g <p - 1; u
blows up in finite time if g >p - 1 and ug(x) is large enough.

Recently, in [16], Li generalized (1.4) to system and studied the following problem

u, — div(|Vul?Vu) = [v"dx, x€Q,t>0,
v — div(|Vu|7?Vv) = B [ju"dx, x€Q,t>0,
u(x,t) =v(x,t) =0, x€dt>0,
u(x, 0) = up(x), v(x, 0) = vo(x), x € Q.

(1.5)

Similar to [11], he proved that whether the solution blows up in finite time depends
on the initial data, constants ¢, 5, and the relations between mn and (p - 1)(g - 1).

For other works on parabolic system like (1.1), we refer readers to [17-30] and the
references therein.

When p =g, m=mn,r=s,a =P, ugx) = vo(x), system (1.1) is then reduced to a sin-
gle p-Laplace equation

u; — div(|VulP~?Vu) = / u"dx — au’. (1.6)
Q

However, to the authors’ best knowledge, there is little literature on the study of the
global existence and blow-up properties for problems (1.1) and (1.6). Motivated by the
above works, in this paper, we investigate the blow-up properties of solutions of the
problem (1.1) and extend the results of [4,11,16,19] to more generalized cases.

In order to state our results, we introduce some useful symbols. Throughout this
paper, we let ¢(x), y(x) be the unique solution of the following elliptic problem
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—div(|[Ve"?Ve) =1, xe€Q; ¢(x)=0, xecdQ (1.7)
and

—div(|Vy¢|72Vy) =1, xeQ; Y(x)=0, xedL, (1.8)
respectively. For convenience, we denote

m; =ming(x), M;=maxe(x), m;=miny(x), M, =maxy(x).
Q Q Q Q

Before starting the main results, we introduce a pair of parameters (¢, y) solving the
following characteristic algebraic system

=)
namely,
. om+y o n+p
mn — jy mn — py
with

pw=max{p— 1,7}, y =max{q—1,s}.

It is obvious that 1/7 and 1/6 share the same signs. We claim that the critical expo-
nent of problem (1.1) should be (1/z, 1/8) = (0, 0), described by the following
theorems.

Theorem 1.1. Assume that (1/7, 1/0) < (0, 0), then there exist solutions of (1.1) being
globally bounded.

Theorem 1.2. Assume that (1/z, 1/6) > (0, 0), then the nonnegative solution of (1.1)
blows up in finite time for sufficiently large initial values and exists globally for suffi-
ciently small initial values.

Theorem 1.3. Assume that (1/z, 1/60) = (0, 0), ¢(x) and w(x) are defined in (1.7) and
(1.8), respectively.

(i) Suppose that r >p - 1 and s >q - 1. If &"B" > |Q|""", then the solutions are globally
bounded for small initial data; if [ ¥™dx > ag', [ ¢"dx > BY*, then the solutions

blow up in finite time for large data.

(ii) Suppose that p - 1 >r and q - 1 >s. If(fQ (ondx)qil (/s wmdx);! <71 then the
solutions are globally bounded for small initial data; if [, ¥™dx > 1, [, ¢"dx > lthen
the solutions blow up in finite time for large data.

(iil) Suppose that p - 1 >r and s >q - 1. Ifo ¢"dx < |Q|—,,11'3 :, then the solutions are
globally bounded for small initial data; if [, ¥y™dx > 1, [, @"dx > BY*, then the solu-
tions blow up in finite time for large data.

(iv) Suppose that r >p - 1 and q - 1 >s. Ifo Ymdx < |Q|*,lla 1, then the solutions are

globally bounded for small initial data; if [ ¢"dx > 1, [ ¥™dx > a¢’, then the solu-
tions blow up in finite time for sufficiently large data.

The rest of this paper is organized as follows. In Section 2, we shall establish the
comparison principle and local existence theorem for problem (1.1). Theorems 1.1 and
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1.2 will be proved in Section 3 and Section 4, respectively. Finally, we will give the

proof of Theorem 1.3 in Section 5.

2 Preliminaries
Since the equations in (1.1) are degenerate at points where tiu = 0 or Uv = 0, there is
no classical solution in general, and we therefore consider its weak solutions. Let Q7 =
Q x (0, T), Sy = 0Q x (0, T) and Qr = Q x [0, T). We begin with the precise definition
of a weak solution of problem (1.1).

Definition 2.1 A pair of functions (u(x, £), v(x, ) is called a weak solution of pro-
blem (1.1) in Q7 x Q if and only if

(i) (&, v) is in the space (C(0, T;L®(Q)) NI (0, T; W, *())) x (C(0, T; L*(2)) N LI(0, T; W (2)))
and (i, v,) € L*(0, T: L*(Q)) x L*(0, T: L*(Q)).

(ii) the following equalities

// ut¢1dxdt+f/ |Vu|”’2Vu~V¢1dxdt=// ¢1(/ v"dx — au”)dxdt
Qr Qr Qr Q
and
f/ vt¢2dxdt+// |Vv|‘7_2VvoV¢2dxdt=/f qbz(/ u"dx — Bv')dxde
Qr Qr Qr Q

hold for all ¢;, @,, which belong to the class of test functions
©; = {‘I' e C"(Qr); ¥(x, T) = 0; ¥(x,t) =0on ST} )

(iii) z(x, )], = 0 = uox), v(x, )| = 0 = vo(x) for all x e Q.

In a natural way, the notion of a weak subsolution for (1.1) is given as follows.

Definition 2.2 A pair of functions (u(x, ), v(x, t)) is called a weak subsolution of
problem (1.1) in Qg x Qr if and only if

(i) (4, v) is in the space (C(0, T;L®()) NLP(0, T; Wo?(R))) x (C(0, T; L(R)) N LI(0, T; Wy (R)))
and (i, v,) € L*0, T; L(Q)) x L*(0, T; L*(Q)).

(ii) the following inequalities

// ut¢1dxdt+/f |Vu|p72Vu-V¢1dxdt§// ¢1(/ v"dx — au")dxdt
Qr Qr Qr Q

and
// ut¢2dxdt+// \W]"’zw.w)zdxdtg// ¢2(/ u"dx — Bv)dxdt
Qr Qr Qr Q

hold for any ¢, ¢,, which belong to the class of test functions
O, = (W e CV"(Qr); W(x,t) > 0;¥(x,T) = 0; ¥(x,t) = 0 on St}.

(iii) u(x, D¢ = 0 < uolx), v(x, )], = 0 < vo(x) for all x e Q.

Similarly, a pair of functions (u(x, t), v(x, t)) is a weak supersolution of (1.1) if the
reversed inequalities hold in Definition 2.2. A weak solution of (1.1) is both a weak
subsolution and a weak supersolution of (1.1).

We shall use the following comparison principle to prove our global and nonglobal

existence results.
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Proposition 2.3 Let (&, v) and (1, v) be a nonnegative subsolution and supersolution
of (1.1), respectively, with (u(x, 0),v(x,0)) < (u(x,0),v(x, 0)) for all x ¢ Q. Then,
(u,v) < (uw,v) ae. in Qr x Qr-

Proof. From the definitions of weak subsolution and supersolution, for any ¢y, @, €
®,, we could obtain that

/ (u, — ug)prdxdt + // (]Vu‘pqu — [VulP?Vu) - V¢ dxdt
Qr Qr

< //m 01 [/Q W" —v")dx — a(u — u')i| dxdt,

(2.1)

and

// (v, — v)podxdt + /f (|Vo|"2Vu — |V0l92V0) - Verdxdt
Qr Qr

sf/mm [/Q (u"—u”)dx—ﬁ(tf—v‘)] dxdr.

In addition, inequalities (2.1) and (2.2) remain true for any subcylinder of the form
Q,=Q x (0, 7) € Q7 and corresponding lateral boundary S, = 9Q x (0, 7) © Sz. Tak-

ing a special test function ¢1 = xjo,-](u — ), in (2.1), where y|o, . is the characteristic

(2.2)

function defined on [0, 7] and s, = max{s, 0}, we find that

/ / (u, — u)(u — u),dxdt + / / (|Vu|p72Vu — [VulP2Vu) - V(u — u),dxdt
Q. Q.

(2.3)
<m|QM"! / /Q (v—v), (u—u),dxdt + arM™! //Q (u — u)?dxdt,

where |Q| denotes the Lebesgue measure of Q and

M= max[ @y ||v||Lm(QT)] .

||u||L°°(QT)'

Next, our task is to estimate the first term on the right-side of (2.3). In view of Cau-
chy’s inequality, we see that

m|sz|m—1// (v —v), (u— u),dxde
Qr

< Y pim (// (u—u)idxd“// (u—u)fdxdt).
2 Q. Q.

Furthermore, by Lemma 1.4.4 in [12], we know that there exists 6 > 0 such that

(2.4)

(|Vu|p72Vu — |VulP2Vu) - Vo) (4 — u) > min {0, 8|V (u— u)+|p] . (2.5)

Combining now (2.3)-(2.5), we deduce that

/(u—u)zdx<C1// (u—u)zdxdt+C2// (v —v)2dxdt, (2.6)

here C; = 1m|QIM™ ! + arM'™), Cy = Jm || M™ .
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Likewise, taking test function ¢2 = xjo,r](v — V). in (2.2), we have that

L (v—v)2dx < C3 / L (u — u)?dxdt + C4 / L (v — v)2dxdt, (2.7)

where C;, C4 denote some positive constants. Moreover, there exists a large enough
constant C, such that

‘/Q [(u—u)?+@—v)i]dx < Cf /;2 [(u—u)?+ (v—v)7]dxdt. (2.8)
Now, we write

y(1) = (@—u+ -y

then, (2.8) implies that

T

y(r) < C/ y(t)dt forae. 0<t<T. (2.9)
0

By Gronwall’s inequality, we know that y(z) = 0, for any 7 € [0, T]. Thus,
(u—u), = (v—r), =0, this means that u <u, v <v in Q as desired. The proof of
Proposition 2.3 is complete. O

With the above established comparison principle in hand, we are able to show the
basic existence theorem of weak solutions. Here, we only state the local existence theo-
rem, and its proof is standard [12, 16, for more details].

Theorem 2.1 Given (0,0) < (o, vo) € (C(R) N Wy") x (C(R) N Wy'), there is some
To > 0 such that the problem (1.1) admits a nonnegative unique weak solution (u, v)
Sor each t <Ty, and (u,v) € (C(0, To; L®(2))NLP(0, T; W ())) x (C(0, T; L* (2))NLI(0, To; W (K2)))-
Furthermore, either Ty = o or

tlir;l_ sup( [l u(x, oo+ Il v(x, 1)llo0) = 00.

3 Proof of Theorem 1.1
Proof of Theorem 1.1. Notice that (1/z, 1/6) < (0, 0) implies

mn < uy = max{p — 1, r} max{q — 1, s}.

We will prove Theorem 1.1 in four subcases.

(a) For 4 = 1, 7 = s, we then have mn <rs. Let (4, v) = (A, B), where A = Te?zxuo(x),

B> ri?zx v0(%) will be determined later. After a simple computation, we have
u; — div(|VulP~2Vu) — /vadx +ou’ =aA” — |QB™,
and
v, — div(|Vv|" 2 V) — A u'dx + BV = BB° — |QA™.

So, (u,v) is a time-independent supersolution of problem (1.1) if

aA” > |Q|B™ and BB° > || A",
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Br (1% <a<ma(, (3.1)
o 8

(b) Fory=p-1,y=gq -1, we then have mn < (p - 1)(q - 1). Let
(u,v) = (Al + 1), B(y + 1)),

where ¢, y satisfying (1.7) and (1.8), respectively. Taking
mn m+qfl qfl
A > max { maxug(x), ((my + 1)~ (M, + 1)™|Q| -1 )=1D(g-1)-mn 3
Q

and

mn n+p—1 p—1
B > max { maxvy(x), (m1 + 1)"(Ma + 1)P~1|Q] -1 )(p=1)(q-1)-mn
Q

then it is easy to verify that (u, v) is a global supersolution for system (1.1).

(c) For u =r, y=¢q - 1, we then have mn <r(q - 1). Choose 4 = IQ%X“O(’C) and
B > maxy(x) satisfy
xeQ
1 o 1
(IRIADTT < B < (g4 (Mo + 1))
Let (u,v) = (A, B(¢ + 1)) with y defined by (1.8). By direct Computation, we arrive at
u, — div(|VulP 2 Vu) — / v™dx + au” > 0, (3.2)
Q
and
v, — div(|Vv|" 2 V) — / u'dx + v’ > 0. (3.3)
Q

(d) For 4 = p - 1, y = s, we then have mn <r(q - 1). Let (u,v) = (A(¢ + 1), B) with ¢
defined by (1.7), where A = max uo(x) and B = maxo (%), Then, (3.2) and (3.3) hold if

1 ﬂ 1
(IQIB")1 <A< (|Q|BS(M1 +1)")n.

The proof of Theorem 1.1 is complete. O

4 Proof of Theorem 1.2
Proof of Theorem 1.2. Observe that 1/7, 1/6 > 0 implies

pqg > ny = max{p — 1,r} max{q — 1, s}.

For 4 = r, v = 5. Choosing

1 1 1
neAQr _
Be (P Y™ anda= [ (" BY o 2 )'Bn |,
|2+ 2 a 194

-
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then (u,v) = (A, B) is a global supersolution for problem (1.1) provided that
A > maxug(x) ypnd B > maxwp(x)
xeQ xeQ

Foruy=p-1,y=¢q- 1. Let (u,v) = (A(p + 1), B(yy + 1)), where ¢ and y satisfying
(1.7) and (1.8), respectively. Choosing

1 11 m1 m1 1 1 g-1
A= (|2~ (M;y +1)P~-1BP— Q| nB )
L (1821771 (M2 + 1) S RN
and
1
B = (12?7 (my + 1)"P~D (M, + 1)™")” mn=(p-1D(a-1),

therefore, (u,v) is a global supersolution for system (1.1) if Az I;EZX“O(’C) and

B > maxuwy(x)
xeQ ’

For other cases, the solutions of (1.1) should be global due to the above discussion.

Next, we begin to prove our blow-up conclusion under large enough initial data. Due
to the requirement of the comparison principle, we will construct blow-up subsolu-
tions in some subdomain of Q in which u, v > 0. We use an idea from Souplet [31]
and apply it to degenerate equations. Since problem (1.1) does not make sense for
negative values of (#, v), we actually consider the following problem

Pu(x, t) = u; — div(|VulP~2Vu) — [ v"dx+ou, =0, x€Q,t>0,
Qu(x, t) = v, — div(|Vu|72Vy) — [quldx+ B, =0, x€Q,t>0,
u(x,t) =v(xt) =0, x€d,t>0,
u(x, 0) = up(x), v(x, 0) = vo(x), X e,

(4.1)

where u, = max{0, u}, v, = max{0, v}. Let @(x) be a nontrivial nonnegative continu-
ous function and vanish on 0Q. Without loss of generality, we may assume that 0 € Q
and @(0) > 0. We shall construct a self-similar blow-up subsolution to complete our

proof.
Set
w w
u(x 1) = (Vl)l v i) = (Vz)l , (4.2)
(T—-o)" (T-0"
here
M Vo1—p2 =
Vi= (T — 1" >0, Wy)=1—y", i=12,
and [, 0; > 0(i = 1, 2), 0 <T < 1 are to be determined later. Notice the fact that
suppu(x, t), = B(0, (T —t)°1) C B(0,T) C @, 4.3)

suppv(x,t), = B(0, (T —t)2) C B(0,T°2) C @

for sufficiently small 7" > 0.
Calculating directly, we obtain

u = 11W()/1) + olylw’(yl) —Au- 2N
t- (T _ t 11+1 4 - (T _ t)ll+2dl !
_ le(yz) + Ozyzw/(yz) —Av= 2N

13 (T _ t)12+1 / - (T _ t)12+2(72 /
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and

1 S
/ vydy = ! / wWH( i o ) 2 1l No, '
Q (T _ t)m 2 B(O,(T—t)“z) (T — t) (T _ t)m 2—INop

1 S
/ updx = I / Wi N o )dx = Ny
Q (T _ t)n 1 B(O,(T—t)“l) (T — t) (T _ t)?’l 1—Nop

where
51:/ W (1)) de, sz=/ W (jg])de.
B(0,1) B(0,1)

On the other hand, we know
div(|Vul 2 Vu) = |[Vul 2 Au+ (p — 2)|Vul T (Vu) (Heo(u)) Vu

N N
o p2 B p—a du d*u du (4.4)
- |VU} Al (p 2)|V“| Z y Bx,- Bxiaxj Bx]-'

j=1 i=1
div(|Ve|""? Vo) = |V "2 Av + (g — 2)[Vu|TH (V) (He(v) Vo

N oo a2v av (4.5)

N
= [V Av+ (g - 2)[Vy| ,21: — 9x; 9x;0%; 0x;

here H,(u), H.(v) denotes the Hessian matrix of u(x, t), v(x, £) respect to x, respec-
tively. Use the notation d(Q) = diam(Q), then from (4.4) and (4.5), it follows that

. p-2 2N d(2) -2
‘le(’V”’ V“)‘ = (T — )12 (T — )i 2o ’
2N(p - 2) ( d(2) P9 d(2) )
(T - t)11+2a1 (T — t)11+2al (T — t)11+2al
_2N(p—1)d(Q)?
- (T — t)(11+201)(p—1) !
. q-2 2N d(2) -2
(V| = (D
2N(q —-2) ( d(2) Y4 d(£2) )2

(T _ t)12+20‘2 (T _ t)12+202
_2N(g - 1)d(@)*?
- (T _ t)lz+201(q—1) :

(T _ t)12+20‘2

Further, we have

h 2N(p - 1)d(Q) o
(T _ t)ll+1 + (T _ t)(11+201)(p—1) + (T _ t)Tll
S
- (T _ t)mlz—Naz /

Pu(x, t) <
(4.6)
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and

I 2N(g — 1)d(Q)772 B
+ +
(T _ t)lz+1 (T _ t)(12+202)(q71) (T _ t)Slz
S2
(T _ t)nll*NUl :

Qu(x, t) <
(4.7)

Since 1/7, 1/0 < 0, we see that uy <mn. In addition, it is clear that

n+1 y m+1
<

H < or . (4.8)
m m+ 1 n n+1

" n+1
m

< 1, we choose /5 and [, such that

For

l 1 1+1 l
M<2<min e ,n and u < +1<m2. (4.9)
m N m+1 y I I

Recall that 4 = max{p - 1, r} and ¥ = max{q - 1, s}, then (4.9) implies
mly >rly, mlh>L(p—1), mh>I+1,

and
nly >sly, nlp >h(g—1), nlp>hL+1.

Next, we can choose positive constants 0y, 0, sufficiently small such that

mly — (I +1) mly —rly mly—1Li(p—1) nly — (I +1)
N "N T N+2(pp-1)" N '
nly —sl, nly —L(g—1)
N " N+2@g-1) }

01=02<min{

consequently, we have

m12 — Nojp > max{h +1, (11 + 20’1)(1)— 1),T11},

nly — Noy > max {l, + 1, (I, + 202)(q — 1), sl } . (4.10)

y<m+1

For n n+1’

we fix /; and [, to satisfy

m+1 m 1+, nl

} and y < < , (4.11)

14 L
n I I

< < min[

I, n+1l’ pu

then we can also select 07, 0, small enough such that (4.10) holds.
From (4.6), (4.7) and (4.10), for sufficiently small 7' > 0, it follows that

Pu(x,t) <0, Qu(x,t) <0in Qr. (4.12)

Since ™(0) > 0 and W(x) are continuous, there exist two positive constants p and ¢
such that @(x) > ¢ for all x € B(0, p) € Q. Choose T small enough to insure
B(0,T°") C B(0, p), hence u< 0, y< 0 on S7. From (4.1) and (4.2), it follows that
v(x, 0) < Mw (x), v(x,0) < Mw (x) for sufficiently large p1. By comparison principle,
we have (&, v) < (u, v) provided that uy(x) > Mw (x) and vy(x) > Mo (x). It shows that
(u, v) blows up in finite time. The proof of Theorem 1.2 is complete. O

5 Proof of Theorem 1.3
Proof of Theorem 1.3. In the critical case of (1/z, 1/6) = (0, 0), we have mn = puy.
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(i) For r >p - 1, s >q - 1, we know mn = rs. Thanks to o’ > |Q|""", we can choose

A and B sufficiently large such that 4 = maxuo (x) B= max o (*) and
m Q] 1 s Q.1
Br(| |)r§A§Bn(| |)n.
o B

Clearly, (u,v) = (A, B) is a supersolution of problem (1.1), then by comparison princi-
ple, the solution of (1.1) should be global.

Next, we begin to prove our blow-up conclusion. Since mn = rs, we can choose con-
stants [, [, > 1 such that

g—2 s L m s—1
<

_h_ . 5.1
r—1 n L r = p—2 (6.1)

According to Proposition 2.3, we only need to construct a suitable blow-up subsolu-
tion of problem (1.1) on Qr x Q. Let y(¢) be the solution of the following ordinary

differential equation

{y’(t) =) — ey, t>0,
}/(0) =Yo > 0,

where

fgz//’"dx—awrlfg(p”dx—ﬂwsll Cz=rnax: ! , ! ],
ll(p lzl// ll(P ZZW
Si=min{(r—Dh+1,(s—1hb+1}, & =max{(p—2)+1,(q—2),+1}.

= min[

Since [, ¥™dx > a¢” and [, ¢"dx > By, we have ¢; > 0. On the other hand, by vir-
tue of (5.1), it is easy to see that d; >d,. Then, it is obvious that there exists a constant
0 <T" < +oo such that

lim y(t) = +o0.
t—T

Construct

(u(x ), v(x 1)) = (' (D), Y2 ()Y (%)),

where ¢, y satisfying (1.7) and (1.8), respectively. Moreover, by the assumptions on
initial data, we can take small enough constant y, such that

up(x) > yQMl and vy (x) > yézMz for all x € Q. (5.2)

Now, we begin to verify that (u(x, t), v(x, £)) is a blow-up subsolution of the problem
(1.1) on Qp x Qp T <T. In fact, Y(x, ) € Q7 x (0, T), a series of computations show

Pu(x, £) = u, — div(|Vul[’*Vu) - / v"dx + au’
Q

— Zl(pyllfly/(t) +yll(p71) _ ymIZ/ wmdx+ O[)/rll §0r
Q (5.3)

p-2)h+1 Jov"dx —ag” Yho=D+1

he )

1
=1 I—1 /(¢ (

19y (Y()+ll(p)’
<0.

Page 11 of 14
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Similarly, we also have
Qu(x, t) =v, — d(iv |Vy|q*2Vv) — / u'dx + Bv°
Q

= LYy Y (0 + R -y /ﬂw"dm Byy

(5.4)
= Ly () + lzllljy(q—z)lzn _ Jo ‘/’n‘ljjw_ By’ phl=1y
<0.
On the other hand, V¢ e [0, T], we have
u(x, lsese = V" (@) lresa = 0, (5.5)
and
v(x, ke = V2 (¥ () lsean = 0. (5.6)

Combining now (5.2)-(5.6), we see that (u, v) is a subsolution of (1.1) and (i, v) < (4,
v) on Qp x Qp by comparison principle, thus (#, v) must blow up in finite time since
(#, v) does.

(i) For p - 1 >r, g - 1 >s, we know mn = (p - 1)(q - 1). Under the assumption

(J ¢"dx) qi1 (/s wmdx);! < 1 we can choose A, B such that

n qil p—1 7rln
Ad-1 (/ <p"dx> <B<Am (/ wmdx)
Q Q

Then, (u,v) = (Ap, By) is a global supersolution of (1.1).
Since mn = (p - 1)(q - 1), we can choose constants /;, /; > 1 such that

s—1 ¢g-—1 L m q—2
= = _1<

p—2< n L p r—1’

Next, we consider the following ordinary differential equation

{y’(t) =)’ — ey, t>0,
y(0) =yo >0,

where
r—1 s—1
cl=minI/ 1//”’d3€—1,/<p”dx—1], cz:maxlow ,ﬂlﬁ ],
Q Q L )
81=min{(p—2)ll+1,(q—2)lz+1}, 62=1’1’18_X{(T—1)11+1,(S—1)12+1}.

Since fQ Yy"dx > 1, fQ ¢"dx > 1, we have ¢; > 0. On the other hand, in light of (5.7),
it is easy to show that d; >d,. Then, it is clear that y(¢) will become infinite in a finite
time T° < +oo,

Let

(u(x 1), v(x £)) = ("' (De(x), V2 (¥ (),

where ¢(x), w(x) satisfies (1.7) and (1.8), respectively. Similar to the arguments for
the case r >p - 1, s >q - 1, we can prove that (u(x, ), v(, t)) is a blow-up subsolution

Page 12 of 14
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of the problem (1.1) on Q¢ x Qp, T <T". Then, the solution (i, v) of (1.1) blows up in

finite time.
(iii) For p - 1>r, s >q - 1, we know mn = s(p - 1). Since [ @"dx < |Q|—,1,/3§, we can
choose A, B such that

1 n 1 p-1
s sAs/go"dstsm mA'm .
Q

We can check (u,v) = (Ap, B) is a global supersolution of (1.1).
Thanks to mn = s(p - 1), we can choose constants /;, [, > 1 such that
g—1 s L m m

n <n=12=p—1<r' 5.8)

Let

((x 1), v(x 1) = (" (D), V2 (¥ (%)),

where ¢(x), p(x) are defined in (1.7) and (1.8), respectively, and y(t) satisfies the fol-
lowing Cauchy problem

{y’(t) =y —ey”, t>0,
y(0) =yo > 0,

where

) Jo@"dx — By* a1
- m — =
cl_mln{/gl// dx —1, Ly }, c max{ I ’121//}'

S1=min{(p—2)1+1,(s— 1)L +1}, & =max{(r— 1) +1,(q—2),+1}.

Then, the left arguments are the same as those for the case r >p - 1, s >¢ - 1, so we
omit them.
(iv) The proof of this case is parallel to (iii). The proof of Theorem 1.3 is complete. O
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