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The purpose of this paper is to give various identities of the poly-Cauchy polynomials
of the second kind which are derived from umbral calculus.

1 Introduction
As is well known, the Bernoulli polynomials of the second kind are defined by the gener-
ating function to be

log(Tt)( +1) = Zb (x)— (see [1, p.130]). @)

Whenx =0, b, = b,(0) are called the Bernoulli numbers of the second kind (see [1, p.131]).
Let Lifi(x) be the polylogarithm factorial function, which is defined by

Lify@) = Y m (see [2-7]). @)
n=0

The poly-Cauchy polynomials of the second kind ) (keZne Z-,) are defined by
the generating function to be

Lify (- log(1+t))(1+t)x—ZA(k x)— (see [2, 3]). 3)
n=0

When x = 0,2 =2%(0) are called the poly-Cauchy numbers of the second kind, defined
by

Z’*k — = Llfk —log(1 + t)). (4)

In particular, if we take k = 1, then we have

t t(1+t)*!

1+t)f= ————. (5)

Lify (~log (1+ ) (1 + 1) = (- log (1 +1)
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Thus, we note that

TW(x) = by(x—1) = B (x), (6)
where Bi,“)(x) are the Bernoulli polynomials of order o (see [8]) as their numbers [9, p.257
and p.259].
Whenx =0, cnl) :'E(,,l)(O) =b,(-1) = qu") ,where Bff) are the Bernoulli numbers of order «.
The falling factorial is defined by

n

@Wn=xx—1) (x—n+1) =Y Si(m D, 7)

1=0

where S;(n, /) is the signed Stirling number of the first kind.
For m € Z, it is well known that

00 !
(log(1+0)" = m Y5,

l=m

m!
(I +m)!

= Sl +m,m) 7 (see [10, p.62]). 8)
1=0

For A € C with A #1, the Frobenius-Euler polynomials of order r are defined by the gen-

erating function to be

1 - )\. r ° tt’l
(et B A) e = ZHL’)(xM)— (see [11-13]).
n=0

n!

In this paper, we investigate the properties of the poly-Cauchy numbers and polynomials
of the second kind with umbral calculus viewpoint. The purpose of this paper is to give
various identities of the poly-Cauchy polynomials of the second kind which are derived
from umbral calculus.

2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the

variable ¢:

F-= If(t) DI
k=0 '

dkEC}. (9)

Let P = C[x] and let P* be the vector space of all linear functionals on P. (L|p(x)) is the
action of the linear functional L on the polynomial p(x), and we recall that the vector space
operations on P* are defined by (L + M|p(x)) = (L|p(x)) + (M|p(x)), {cL|p(x)) = c(L|p(x)),
where ¢ is a complex constant in C. For f(t) € F, let us define the linear functional on P

by setting

fOI")=a, (n=0). (10)
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Then, by (9) and (10), we get
(tk|x”> =nld, . (n,k>0), (11)
where §,,x is Kronecker’s symbol.

Forfi(t) = 355 L‘x t*, we have (f; (£)|x") = (L|x"). That s, L = f; (£). The map L —> f£; (¢)
is a vector space 1som0rphlsm from P* onto F. Henceforth, F denotes both the algebra

of formal power series in ¢t and the vector space of all linear functionals on P, and so an
element f(¢) of F will be thought of as both a formal power series and a linear functional.
We call F the umbral algebra and the umbral calculus is the study of umbral algebra. The
order O(f(¢)) of a power series f(t) (#0) is the smallest integer k for which the coefficient
of t* does not vanish. If O(f(£)) = 1, then f(¢) is called a delta series; if O(f(£)) = 0, then
f(¢) is called an invertible series (see [10, 14, 15]). For f(t),g(t) € F with O(f(¢)) = 1 and
O(g(t)) = 0, there exists a unique sequence s, (x) (degs,(x) = n) such that (g(£)f (£)¥|s,(x)) =
n8,k for n,k > 0. The sequence s, (x) is called the Sheffer sequence for (g(¢),f(¢)) which is
denoted by s, (x) ~ (g(2),f(2)) (see [10, 15]).
For f(t),g(t) € F and p(x) € P, we have

(f(0g@®)p)) = (f(D)Ig(Opx)) = (g@)If (Dp(x)), (12)

and

f® =Y (fe) x) =Y (tIpw) k,. (13)
k=0 k=0

Thus, by (13), we get

Fpl) = pOw) = L ba @ and @p() = plx+9). (14)

Let us assume that s, (x) ~ (g(¢),f(¢)). Then the generating function of s,(x) is given by

g(fl(t IO gsn(x);—n!, forallx € C, (15)
wherej_”(t) is the compositional inverse of f(t) with]_‘(f (2)) = ¢ (see [10, 15]).
For s,(x) ~ (g(¢),f(¢)), we have the following equation:
f(t)sn(x) =ns,-1(x) (m=>0), (16)
Su(x) = Z (g(f 1) " F ey %"\, 17)
/:0
and
Sn(x +y) = Z (;l)sj(x)pni()/)’ (18)
j=0

where p,(x) = g(¢)s,(x) (see [10, p.21]).
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Let us assume that p,(x) ~ (1,£(£)), gu(x) ~ (1,g(¢)). Then the transfer formula is given
by

qn(x) = x(i%)nx'lpn(x) (n > 0) (see [10, p.51]).

For s,(x) ~ (g(t),f(¢)), ru(x) ~ (h(2),[(t)), let us assume that

Sn(x) = Z Cn,mrn(x) (Vl > 0) (19)
m=0

Then we have

1 [h(f®), = m
Coom = — | ———1(F (¢
m!<g(f(t)) (@)

x”> (see [10, p.132]). (20)

3 Poly-Cauchy numbers and polynomials of the second kind
From (3), we note thata,k) (%) is the Sheffer sequence for the pair

1 2
(60 (0= 1),

that is,

W () ~ (ﬁ(_ﬂ,ef - 1). (21)

Because forj_”(t) =log(1 + t), using the formula (15), we get

n

Lify (— log(1 + t))(l +1)* = an(x)

t
n!
n=0

which is the generating function of?(y,k) (x) in (3).
From (21), we have

1

(k) ~ t_
Lifk(—t)c" () ~ (L e -1), (22)
and
@n=Y_SimDx' ~ (L€ -1). (23)
=0

By (22) and (23), we get

() = Lifi(~£)()n = _ Si(n, m) Lifi (~£)a™"

n
m=0

B n m (_1)a o
—%Sl(n,m);mt X
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n

5 snm ) e
=0

pri (a + 1)k
" D7)
= Si(n 4’ «
=o,=20 1l (m—j+1)k
n n (_l)m—j(V;t) ‘
= A Z:Sl(}’l,m)m x. (24')
j=0 Ums=j
By (17) and (21), we get
BROE Z%(Lifk(—log (1+ 1) (log (1 + )Y | ). (25)

j=0
Now, we observe that
(Lifk(— log (1 + t)) (log 1+ t))j|x”)
> (_l)m m+j, p
= ; m((]og 1+ t)) /1% )

- (=™ n}mSl(l+m+1,m+1) T
m'm+1k ({+m+))! O+ e

ni Sil+m+j,m+))

Crmajy i

51(n m+ ). (26)

From (25) and (26), we have

n _ (m+]

n 1)™ U
CAC) Z Z(m,)(w(lr_}:;{() V(i m + ) = Z{Z l)k)Sl(n,m+])

n n (_l)m /(1) ‘

j=0 Um=j

which is the same as the expression in (24). From (1), we note that

1 (k) ~ t_ n._
AR @®) ~(1,e-1), «"~(1,0). (28)

For n > 1, by (19) and (28), we get

1 t \” t \”
~(k) _ 1,1 _ n-1
Lt n " ™) x(ef—l) wE x(ef—l) *
(n) o (7=1\ o)
=xB)) ()= ) ;)R (29)

=0

Page 5 of 14
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Thus, by (29), we see that

n

n-1
1
W) = (” )BL”)“Lifk(—t)xl*l

sy -1y (1+1 qun)u j
S (" st ;)k}’“l‘ G0

. Z{
= lioa
Therefore, by (27) and (30), we obtain the following theorem.
Theorem 1 Forn>1,1<j<mn, we have
0"7(7) 1+1\ B”
S 1 l+1-j n-1-1 )
mzzj(m FepEin = > () s

I=j-1

In addition, for n > 1, we have

- Esim S ()

From (18), we note that

n

Wy =) (? )é,“ ®)Pns ), (31)

j=0

where p,(y) = ﬁak)(y) ~(1,ée -1).
By (22) and (23), we get

O)n =pn(y) ~ (Let - 1)- (32)

Thus, from (31) and (32), we have

Wy =) (’; )ﬁf’ @) - (33)
j=0

By (14), (16), and (21), we get

W +1)-eW () = (¢ - 1)’5(nk)(x) ncn 1(x)

n

Page 6 of 14
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For s,(x) ~ (g(¢),f (), the recurrence formula for s,(x) is given by

Sret () = (x— ‘j ((;) ) f,tt) su(x)  (see [10)). (34)

By (21) and (34), we get
~(k) Llf;((—t) —t~(k)
) = (x } Lifk(—t)>e o)

Llfk( t)
< hn (x). (35)

= xc K -1) -
We observe that

Lif, (-t) Lify (- t)A(k o 1 o
LR ( )_Llf;((_t)Lifk(_t)Cn (%) = Lif,(~£)(x),

=Y Si(m D Lif (-£)'

1=0

1)”‘
—ZSI n, Z)Z +2)k
[ )
= Z Z 0 2 =S1(n, 1) o (36)
i WA
Therefore, by (35) and (36), we obtain the following theorem.

Theorem 2 For n > 0, we have

I-j Ji )
2,0 1) - Z[ZSM = 2>k0}("‘”‘

From (11), we note that

500) = <Z
= <Lifk (— log (1 + t))(l + t)y|xx”_1>
= (9 (Lifi (- log 1 +2)) A + £)?) |2 )
= (9, (Lifx (- log (1 +£))) A + £/ |2"~")

+ (Lifi (~log (1 + £)) (1 + £ |2")

> (Lif (—log (1 + ) (1 + £) ")

= (3, (Lify (< log (1 + ) (1 + )7 |x" 1) + 52, (y - 1), 37)

where 9,f(t) = it t).
Since ¢ Lif () = Lify_1 (¢) — Lif (¢), we get

Lify1(¢) — Lifi (¢)

Lif} (¢) = . : (38)

Page 7 of 14
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By (37) and (38), we see that

W) =52y -1)

. <Lifk1(—10g(1 +t)) — Lifi (- log(1 + £)) (14127 x”_1>
(1+¢)log(l+1%)
—nd l(y 1
Lifx_;(—log(1 + £)) — Lifi (- 10g(1+t) el
< t(1+1) ‘ log(1 + t)x > (39)
From (1), (6), and (38), we note that
n-1
0 =520,0-0+ 5 00y,
=0 ’
y <Lifk_1(— log (1 + t))t— Lifi(-log 1+ 1) ) xn_z_1>
n-1 B
==+ l(l) (n-1)
1=0
8 <Lifk_1(— log (1 +£)) — Lif(—=log (1 + 2)) 1+ t)y‘l‘tﬂ>
t n-1
nl o, B(l) 1
o=+ 2 (") L -0 -2 0- )
1=0
1 n-1
-0+ 0 X ()0 6 -0-20- ) (40)

1=0

It is not difficult to show that Niy-1) —’cf)k Y(y-1). Since Gf)k)(y -1) —’c*ok Y(y-1), by (40),

we obtain the following theorem.

Theorem 3 For n > 1, we have
1 n
g;k>(x):xa;“1(x—1)+2120:<l) ‘P w-1 - -l

For n > m > 1, we compute
((log (1 +8))" Lify (- log (1 + 1)) +")

in two different ways.
On the one hand,

((log (1 +£))" Lify (- log (1 + 8))1+")

oo

m! l+m ,n
ZmSl(l+m,m)t X >

=0

= <Lifk(— log (1 + t))
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n-m 1

= Z (l :nm)‘sl(l +m, m)(”l)[+m(Llfk( log (1 + t)) |xn—l—m>
=0

I
3

z( " )sl(um,m)aff),m. (41)
l+m

On the other hand, we get

((log (1 +£))" Lify (- log (1 + 1)) +")
= ((log (@ +2)) " Lifx (- log (1 + £)) [ax""")
= (3,((log (1 +8))" Life (= log (1 + £))) [x"). (42)

Now, we observe that

3((log (1 +8))" Lifx(~log (1 + 1))

= m(log 1+ t))WH% Lify (— log(1+ t))

m Lifg_1(=log (1 + £)) — Lifg(—log (1 + £))
i (log @+ t)) 1+¢t)log1+1¢)

= (log (1 + t))m_l(l +1)" {mLif (- log (1 + 1))
+ Lify_1 (—log (1+¢)) — Lify (—log (1 + 1)) }. (43)
By (42) and (43), we get

((log (1 +£))" Lify (- log (1 + £))1+")

n-m _ 1 !
_m=D e tm—1)
S 1)!

x {(m - D)(Life(~log 1 + ) (1 + &) |£"+a")
+(Lifig (- log (1 +8)) (1 + £) 2 1))

(m-1) Z (l(:nm 1)1 W(l+m-1,m—-1)n-1)1,,1
x (Lifi(~log (1 +8)) (1 + &) o)

Sy f’ly&(“m—Lm—nm-nM_l

X (Llfk 1( log (1 + t))(l +8)7 " mfl)

— n-1
( 1>51(1+m—1,m—1)

I+m—
=0

x {m =120, (-1 +eP (1) (44)

Therefore, by (41) and (44), we obtain the following theorem.
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Theorem 4 For n > m > 1, we have
n—m n
(k)
; m!(l . m)Sl(l +m,mc, .

n-m 1
- ;(m—l)!(l+m_l>51(l+m_l’m_l)
s fm - D2, () + 20, (D).

In particular, if we take m = 1, then we get

n-1

n
WD) =) (-1 ( . 1)’61“11-
=0

Remark For s, (x) ~ (g(¢),f (), it is known that

n-1

diisn(x) => (’;) (f@)1")si(x)  (see [10, p.108]).

I=0
By (21) and (45), we easily show that

n-1

i"(k) _ "oy (—1)1_1 ~(k)
P (%) = (-1) HIZO: e l)l!C’ (),

which is a special case of Proposition 2 in [4].

Let us consider the following two Sheffer sequences:

Suppose that
n
a,k) (x) = Z Cn,mBg,) (x)
m=0

By (20), we see that

m! L

1 (%)r
Com = —<70g(1+t) (log(1+2)" x”>
Lify (- log (1+¢))

= %(Lifk(—log 1 +1) (k)g(%t)) (log (1 +2)"

(45)

(46)

Page 10 of 14
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1 n-m

m!
= % lgo: m51(l + m, m) (1) 1m

X<Lifk(-10g<1+f>>(1og<ﬁ) >

n-m n-l-m
1

m! 1
= 81+ m,m) () Y B '"”)
m! pn (I +m)! s

R

X <Lifk( log(1 + t))|t“ nl- ”‘)

n—

3

n—l-m

_ n (a—r+1) (n—1l-m)q
= (l . m)Sl(l + m, m) Z B, —
=0 a=0
X <Lifk (— log(1 + t)) Ix"’l’””“>
n-mn—Il-m
( ) (” —me )51(1 +m,m)Be DR, (48)
l+m a

=0 a=0
Therefore, by (47) and (48), we obtain the following theorem.

Theorem 5 Forn > 0, we have

n n—m n—-m-I|
G0 Z{ZZ(Hm)(nZ )Sl<l+mm>3“'“mkm,a o (-

m=0\1[=0 a

Remark The Narumi polynomials of order a are defined by the generating function to be

= N]Ea)(x) k_ t 4 .
" h t= <10g 1+ t)) (1+6)* (see [10, p.127]). (49)

Indeed, NV (x) = BE P (x + 1), N (x) ~ ((£2)%, ¢ - 1).

By (48) and (49), we get

n—m n—m-l

:Z Z (l+m)<n fl m>51(l+m, N, ar)Aﬁ'klm“' (50)

=0 a=0

From (47) and (50), we have

oS ()

a
[ a=

Cnl-m-a

x Sy (I + m, m)NSeo } BY)(x). (51)
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By (1), we easily show that

x Syl + mym)bg, -+ by e . (52)

ar~n-m-l-a

From (47) and (52), we can derive the following equation:

oS8 2 ()0 )

=0 a=0 aj+--+ar=a

xSl(l+m,m)(Hbal> e L } B (). (53)

i=1

For (20) and (24), let

@) =Y CrmH) (x11), (54)

n
m=0

where, by (20), we get

1 m
Cum = m(Lifk (— log (1 + t))(l +t-A) (log 1+ t)) x”)

n-m

m!
= s A>’IZ< S+ 1, ) 1011

X <Lifk (— log (1 + t))(l +t- )»)’|x”_l_”‘). (55)
We observe that

(Lifk(— log (1 + t))(l +i— )\)r|xn—lfm>

r

= Z <;> (1 - )\-)’—a(Lifk( IOg (1 + t))'ta n—Il- m)

a=0

= Z <’"> A-A)"*n-m- l)a<Lifk (— log (1 + t)) |xn—l—m_u>

r

=Z<a>(1 A n—m=Del, . (56)

a=0

Thus, by (55) and (56), we get

Z 3 ( . m) (;) (n—m = D1 = 28,1+ m,m)e® (57)
=0 a=0

Therefore, by (54) and (57), we obtain the following theorem.

Page 12 of 14
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Theorem 6 For n > 0, we have
n n

D=1y <z +”m) (;) (1= 1 = D1 = A4Sy (1 + rm, 1)

m=0 U [=0 a=0

x ¢® HO (x|A).

n-m—l-a

For e (x) ~ (=2—, et — 1), and (%), ~ (1,e' = 1), let us assume that

Lifg(—2)’
W) =Y Com@m- (58)
m=0

From (20), we note that
1 : m v
%<Llfk(— log (1 + t))t | )

= %(Lifk (— log (1 + t)) |t”‘x”)

- ( :q ) (Lif (~log (1 + 2)) ")

_ <”)z<k>m (59)
m

Therefore, by (58) and (59), we obtain the following theorem.

Theorem 7 For n > 0, we have

W= (Z)E;k_)m(x)m.

m=0
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