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Abstract
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1 Introduction

In recent years, many researchers have focused on various generalizations of the known
Gronwall-Bellman inequality [1, 2], which provide explicit bounds for unknown solutions
of certain difference equations, and a lot of such generalized inequalities have been es-
tablished in the literature [3—20] including the known Ou-Iang inequality [3]. In [21], Ma
generalized the discrete version of Ou-lang’s inequality in two variables to a Volterra-
Fredholm form for the first time, which has proved to be very useful in the study of quali-
tative as well as quantitative properties of the solutions of certain Volterra-Fredholm type
difference equations. But since then, few results on Volterra-Fredholm type discrete in-
equalities have been established. Recent results in this direction include the works of
Zheng [22], Ma [23], Zheng and Feng [24] to our best knowledge. We notice that the
Volterra-Fredholm type discrete inequalities in [22—-24] are constructed by an explicit
function #” in the left-hand side (see [22, Theorems 2.5, 2.6], [23, Theorems 2.1, 2.5, 2.6,
2.7], [24, Theorems 5, 8, 10, 11]).

Motivated by the works in [22-24], in this paper, we establish some new generalized
Volterra-Fredholm type discrete inequalities involving four iterated infinite sums with the
right-hand side denoted by an arbitrary function ¢(u), which are of more general forms.
To illustrate the usefulness of the established results, we also present some applications
for them and study the boundedness of the solutions of certain Volterra-Fredholm type
infinite sum-difference equations.

Throughout this paper, R denotes the set of real numbers and R, = [0,00), and Z de-
notes the set of integers, while Ny denotes the set of nonnegative integers. In the next of
this paper, let Q := ([m9, 0] x [ng, 00]) NZ2, where mq, ny € Z, and let I}, I, € Z be two con-
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stants. If U is a lattice, then we denote the set of all R-valued functions on U by o (U) and
denote the set of all R, -valued functions on U by g, (U). Finally, for a function f € o, (U),

we have Zﬁlmo f =0 provided mq > m;.

2 Main results
Lemma 2.1 [22, Lemma 2.1] Suppose u,a,b € £.(?). If a(m, n) is nonincreasing in the first
variable, then for (m,n) € ,

oo

u(m,n) < alm,n)+ Y bls,n)ulsn)
s=m+1
implies

o0

u(m,n) < a(m, n) Z [1 + b(s,n)]. (1)

s=m+1

Lemma 2.2 Suppose u,a,H € £.(Q), b € ©,(Q?), and H, a are nonincreasing in every
variable with H(m, n) > 0, while b is nonincreasing in the third variable. ¢, € C(R,,R,)
are strictly increasing with ¢(r) > 0, ¢(r) > 0 for r > 0. If for (m, n) € Q, u(m, n) satisfies the
following inequality:

u(m,n) < H(m,n) + Z Z b(s, t,m,rz)<p(¢_1 (u(s, 0) +als, 1)), (2)
s=m+1 t=n+1
then we have

o]

u(m,n) <G |:G(H(m,n)) + Z Z b(s,t,m, n):|, (3)

s=m+1t=n+1

where

z 1
G = f oo v atmmy 0 FER>0 @

Proof Fix (my,n) € Q, and let (m, n) € ([my, 00] X [n,00]) N Q. Then we have

u(m,n) < H(my, m) + Z Z b(s, t,m,m)e[¢~" (uls, t) + als, 1)) ]. (5)

s=m+1t=n+1
Let the right-hand side of (5) be v(m, n). Then

u(m,n) <v(im,n), (m,n)e ([ml,oo] X [nl,oo]) N, (6)

and

v(im —1,n) — v(m, n)

= Z Z b(s, t,m— 1,n)g0[¢_1 (uls,t) + als, t))]

s=m t=n+1

- Z Z b(s, t,m, n)(p[qb_l(u(s, ) +als, t))]

s=m+1t=n+1
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K

§=m

b(s,t,m—1, n)go[qb_l (u(s,£) +a(s,1))]

~
I

n+l

K

b(s,t,m -1, n)<p[¢>‘] (u(s,0) + a(s, 1)) ]

s 1t

—

n+

M8 (Mo I
M2

+ b(s,t,m—1, n)<p[¢_1 (u(s,0) +als,1))]
s lt=n+1
Z b(s, t,m, n)w[d)‘l (u(s, 8) +als, t))]
s=m+1t=n+1

= Z bm,t,m -1, n)(p[qb_l (u(m, t) + a(m, t))]
t=n+1

+ Z Z [b(s, t,m-1,n)-b(s, t,m, n)]w[qb_l (u(s, 2) + als, t))]

s=m+l t=n+1

Z b(m,t,m -1, n)(p[d)‘l (u(m, t) + a(m, t))]

t=n+1

+ Z Z b(s, t,m-1,n) - b(s, t,m, n)](p[qﬁ_l (v(s,2) + als, t))]

s=m+l t=n+1

< Z b(m,t,m—-1,n) + Z Z [b(s,t,m -1,n) —b(s,t,m,n)]
t=n+1 s=m+1 t=n+1
x (¢~ (vim, n) + a(m,n))],

that is,

v(im —1,n) —v(m, n)
@(¢~1(v(m, n) + a(m, n)))

< Zb(m,t,m—l,n)+ Z Z[b(s,t,m—l,n)—b(s,t,m,n)]

t=n+1 s=m+1t=n+1
o0 [e¢]
=Zsttm 1,n) - Zst,tm 1,n)
s=m t=n+1 s=m+1t=n+1
oo o0
+ Z Z[b(stm 1,n) b(s,tmn)]
s=m+1t=n+1
o0 o0
Zsttm 1,n) - Zst,tmn 7)
s=m t=n+1 s=m+1t=n+1

On the other hand, according to the mean-value theorem for integrals, there exists & such
that v(m,n) < & <v(m-1,n), and

oy 0@zt almm) T (L +alm,n)

v(im —1,n) — v(m, n)

= 2@ ) + alm, )’ ®)

/v(m—l,n) 1 4 v(im—1,n) —v(m, n)
(
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So, combining (7) and (8), we have

v(m—1,n) 1
/ dz = G(v(m - 1,n)) — G(v(m, n))
(

v(m,n) (p((p—l (Z + d(Wl, I’l)))
<Y D blst,m-Lnm)—- > > bls,t,m,n), (9)

s=m t=n+1 s=m+1t=n+1

where G is defined in (4). Set m = 1 in (9); a summation with respect to n from m + 1 to

0o yields

G(v(m, n)) v(oo, n) Z Z b(s,t,m,n) Z Z b(s,t,m,n).

s=m+l t=n+1 s=m+1t=n+1

Noticing v(co, n) = H(mjy, n;) and G is increasing, it follows that

v(im,n) < Gt |: ml,nl) Z Z b(s,t,m, n):| (10)

s=m+l t=n+1

Combining (6) and (10), we obtain

u(m,n) < G |: H(ml,nl) Z Z b(s,t,m,n :|,

s=m+1t=n+1

(m,n) € ([my,00] x [n1,00]) N Q. (11)

Setting m = my, n = ny in (11) yields

u(my,n) < G! |: a(ml,nl Z Z b(s, t, my, m :| 12)

s=my+1lt=n1+1

Since (m1;,m) is selected from 2 arbitrarily, then substituting (1, n1) with (m, n) in (12),
we get the desired inequality (3). d

Theorem 2.3 Suppose u € 9,(Q), bi,¢; € p.(Q?), i = 1,2,....,5, di,e; € 9,(Q?), i =
1,2,...,1, with b;, ¢;, d;, e; nonincreasing in the last two variables, and there is at least
one function among d;, e;, i =1,2,...,ly not equivalent to zero, a, ¢, ¢ are defined as in
Lemma 2.2. If for (m, n) € Q, u(m, n) satisfies

L oo o0
d)(u(m, n)) <a(m,n) + Z Z Z |:b,~(s, t,m, n)(p(u(s, t))

i=1 s=m+lt=n+1

o0

+ Z Z ci(&,m,m,m)g(u(E, 77)):|
n=t

i= 1t=N+1

+
+ Zzei(gr ﬂym»”l)fi’(H@: 77)):|’ (13)
=s n=t

153 o0 o0

Z Z Z |:di(s, t,m, n)¢(u(s, t))
1 s=M+

E=s
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then

M-1 N-1
u(m,n) < ¢~ {a(m,n) + G‘l{G<T‘1[Z ZB(s,t,M,N)D

S=mo t=ng

+ i i B(s, t, m,n)” (14)

s=m+1t=n+1

provided that T is increasing, where G is defined in (4), and

T(x) = G<x — Ml) -G®), x>0, (15)
H2

h [
B(s, t,m,n) = Z[bi(s, t,m,n) + Z Zci(f, n, m, n):|, (16)

i=1 £=s =t

mn)-Zi Z|: (s, t,m,n)a(s,t) +iie,§n,mn %’77)j| (17)

i=1 s=M+1t=N+1 E=s n=t
w1 =J(M,N),
Iy M-1 N-1 0o 00 (18)
m_zzz[ N+ 3 el n,MN)}
i=1 s=mg t=ng E=s n=t
Proof Denote
I oo oo [eSlNe)
Z Z|:blstmn +ZZC,§n,mn (&, n)):|
i=1 s=m+lt=n+l E=s n=t
Iy 00 %) 00 00
I |:d (s,6,m,m)p(u(s, ) + > Y e, n,m,n u(é,n))]-
i=1 s=M+1t=N+1 E=s n=t
Then we have
u(m,n) < ¢! (a(m, n) + v(m, n)). (19)

So,

v(im,n) < Z Z Z { (s,t,m, e[~ (als, £) + v(s, 1)) ]

i=1 s=m+lt=n+l

) i, nmn)e[¢7 (aE,n) + v(En)] }

£=s 1=t

Iy o0 oo
I |:d,~(s, t,m,n)(a(s,t) +v(s, 1))

i=1 s=M+1¢t=N+1

+Zzel$ n,m,n)(a(&,n) + v(&, n))}

§=s n=t
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I oo o0
= H(m,n) + Z Z Z [bi(s, t,m, n)ga[d)_l(a(s, £) + v(s, t))]

i=1 s=m+1lt=n+1

£ cile,mmmp[¢7 (al&,n) +V(E,n))]}, (20)

£=s n=t

where H(m,n) = J(m,n) + Y2, 3200 % [di(s, t, m, m)v(s, ) + Do Y€ mm,
n)v(&,n)], and J(m, n) is defined in (17). Then using H(m, n) is nonincreasing in every vari-

able, we obtain

I o0 oo
vim,m) < HMN)+ > Y Y " {bi(s,t, mn)p[¢~ (als, 1) + v(s,1)) ]}

i=1 s=m+lt=n+l

+ZZC,(§ n,m,n)p[¢™ (a(&,n) +v(E,n))]

E=s n=t

h oo 0o o0
<SHMN)+Y Y |:b,»(s, t,m, n) + ZZci(S,n,m,n)]

i=1 s=m+1lt=n+1 E=s n=t

x p[¢7 (als, t) +v(s,1))]

= H(M,N) + Z Z B(s,t,m,n)g[¢~" (als,t) + v(s,2))], (21)

s=m+1 t=n+1

where B(s, t, m, n) is defined in (16).

Since there is at least one function among d;, e;,i = 1,2, ..., [, not equivalent to zero, then
H(M,N) > 0. On the other hand, as b;(s, t, m, n), ¢;(s, t, m, n) are both nonincreasing in the
last two variables, then B(s, ¢, m, n) is also nonincreasing in the last two variables, and by

a suitable application of Lemma 2.2, we obtain

v(m,n) < G [ H(M,N)) + Z Z B(s,t,m, n)] (22)

s=m+1t=n+1
Furthermore, by the definitions of H(m, n), 41, 112 and (22), we have

oo o0

3
HM,N) =JMN)+> " > > {di(s,t,M,N)V(s, )

i=1 s=M+1t=N+1

+ Zzei(s, n,M,N)V(é"?)}

£=s n=t

<J(M,N) +V(MN)Z i Z{ s,tMN)+i§:ei(.§,n,M,N)}

i=1 s=M+1t=N+1 §=s n=t

= w1 + Uav(M,N)

< py + Gt |:G(H(M,N)) + Z Z B(s, t,M,N):|,

s=M+1t=N+1
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and
H(M,N) -
G<u) G(H(M,N)) + Z Z B(s,t, M,N),
2 s=M+1t=N+1
which is rewritten as
T(HM,N)) < Y Y B(s,t, M,N),
s=M+1t=N+1
where T is defined in (15). By T is increasing, we have
H(M,N)< T~ {Z > B stMN)i| (23)
s=M+1t=N+1

Combining (19), (22) and (23), we get the desired result. O

Corollary 2.4 Suppose gi;, g2, b, c1i € 9+(2), i =1,2,..., 1 with g, go; nonincreasing in
every variable, dy;,e1; € 9.(2),i=1,2,...,1», u, a, ¢, ¢ are defined as in Theorem 2.3. If for
(m, n) € Q, u(m, n) satisfies

¢ (ulm,m) < alm,n) + Zghmn 3> Z[bl, 5 00 (u(s, )

s=m+1t=n+1

+Zchl(E e (u(, n))}

E=s n=t

PYenn 3 3 aeilutnn) 133 e il |

=M+1t=N+1 E=s n=t

then

ulm,n) < ¢~ {a(m,n)+G‘1{G<T‘]|:i iB(s,t,M,N)D
+ i iB(s,t,m,n)}}

s=m+l t=n+1

provided that T is increasing, where G, T are defined in Theorem 2.3, and

h 0o 00
Bls,t,m,n) =) _ gii(m, n) [bi(s, D+Y Yl n)},

i=1 E=s n=t

Iy 00 00 oo 00
Jimm) =Y @ilmn) Y [dxs, Dals,t)+ ) Y el&, malE, n)],

i=1 s=M+1¢t=N+1 E=s n=t

[ee] oo

Iy oo 0
i =JMN),  pa=) glmm) Y Y [dxs, D+ Y el n)}.
i=1 E=s n=t

s=M+1t=N+1 N
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The proof for Corollary 2.4 can be completed by setting b;(s, t, m, n) = g1;,(m, n)byi(s, t),

ci(s,t,m,n) = gi;(m, n)cy(s, t), di(s,t,m,n)

in Theorem 2.3.

= gi(m, n)dyi(s,t), ei(s,t,m,n) = goi(m, n)ey(s, t)

Theorem 2.5 Suppose w € ©,(R), u, a, b;, c¢;, d;, e;, ¢, ¢ are defined as in Theorem 2.3.

Furthermore, assume @ o ¢~

Yo, B € R,. If for (m,n) € Q, u(m, n) satisfies

oo

¢ (u(m, n)) < a(m,n) + Z w(s, n)¢ (u(s, n))

s=m+1

is submultiplicative, that is, p(¢ ™ (aB)) < p(¢ () (0 71(B))

+Z > Z [b (s, m,mp(us,0) + Y Y cilm,mme(ulE, n))}

i=1 s=m+lt=n+l

23 a

i=1 s=M+1t=N+1

£=s y=t

|: s, t,m, n)¢ (u(s,t))

£ Y elEnmm)(ulE, n))],

£=s n=t

then

u(m,n) < ¢_1{ {a(m,n) + G_I{G(T_l|: Z Z E(s,t,M,N):|)

it 00 oo
+ Z Z Z B(s, t, m,n)

i=1 s=m+lt=n+1

=M+1t=N+1

oo

provided that T is increasing, where G is defined in (4), and

T(x) = G(x —
2%

h

B(s,t,m, n) = Z

i=1

) -Gx), x>0,

[z

t

i(s,t,m,m) + i i&(& 1,11, n)},

E=s 1=

J(m, n) = ZZ Z|: (s, t,m,n)a(s,t) +ZZ,§n,mn Sn):|
E=s n=t

i=1 s=M+1t=N+1

bi(s, t,m, n) = bi(s, t,m, n)g [qb_l (w(s, t))],

ci(s, t,m,n) = ci(s, t, m,n)g [qﬁ_l (w(s, t))],

Ei(sr t,m, I’l) = di(sr t,m, n)w(s’ t);

Ei(sx t,m, Vl) = ei(sr t,m, VI)W(S, t)’

o]

w(m,n) = H [1 +w(s, n)],

s=m+1

ﬁl =7(M,N),

oo o0

D303

i=1 s=M+1t=N+1

i=12,...,0h,

[a

,'(s,t,M,N)+ii e;(&,n,M,N)

£=s 1=t

|

(24)

(25)
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Proof Denote

z(m, Zi Z|: i(s,t,m,n)p (s,t))

i=1 s=m+lt=n+l

+ Z Zcz’@, 0, m, ) (ul&, 77)):|

£=s n=t

+Z Z Z|: (s,t,m,n)¢p s,t) +ZZ€,E n, m, n)d 57))):|

i=1 s=M+1t=N+1 E=s n=t

Then we have
o0
¢ (u(m,m)) < z(m,m) + Y wls,n)p(us,n)). (33)
s=m+1
Obviously, z(m, n) is nonincreasing in the first variable. So, by Lemma 2.1, we obtain
oo
¢ (u(m,m)) < z(m,n) [ [1+wls,n)] = z(m, n)iw(m, n),

s=m+1

where w(m, n) is defined in (31). Define

v(m,n) = Z Z |:bi(s,t,m n)e +ZZC, & n,mn)p(u, r])):|

£=s 1=t

+ Z{d(s,m,nw (5,0))+ DD eil&,n,mm) u(s,n))].

£=s n=t

Then we obtain
u(m,n) < [ (a(m, n) + v(m, n))w(m,n)), (34)

and furthermore, using ¢ o ¢! is submultiplicative, (34) and Lemma 2.2, we have

Z i Z { (s,t,m,m)p 1((a(s, )+ v(s, t))W(s, t))]

i=1 s=m+1t=n+1

E=s n=t

Y >l nmmp[¢7 ((a,n) +v(E, n)wE, n))]]

+Z i Z{ (s, t,m, n)[als, t) + v(s, t) |[w(s, t)

i=1 s=M+1t=N+1

E=s n=t

+Zzez(§ n,m,n 61(5 n) +v(E, U)]W(E 77)]
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+ Z Z ci(§,n,m, ”)‘P[Q”_l (ﬂ(é» n) +v(, 77))]<ﬂ[¢_1 (W(S’ 77))]}

§=s 1=t

+Z Z Z{ (s, t,m, n) (s,t)+v(s,t)]W(s,t)

i=1 s=M+1¢t=N+1

+Zzel(§ n,m,m)[a(&, n) +v(&,n) W, n)}

E=s n=t

+
&

Z ci(&,n,m, ”)¢_1 [“(S» n) +v(§, 77)] }

I
@

lz o0

n
*2 22 {Ei(s, t,m,m)[als, £) + v(s,1)]

=t

0
=1 s=M+1t=N+1
00

=t

+ZZ (f»ﬂrm,”)[ﬂ(&n)+V(§,77)]}

= n

= Him,n) + ZZ Z{ (s,t,m,m)p[¢7 (als, £) + v(s,1))]

i=1 s=m+1lt=n+1

+ Y alEnmme[¢™ (aE, ) +v(E )] } (35)

§=s 1=t

where H(m,n) = J(m,n) + Y2, 30 S0 {di(s, t,m, m)v(s, t) + does Yo €, m,
n)v(£,n)}, and J(m, n) is defined in (28). Then similar to the process of (21)-(23), we obtain

v(m,n) < G {G(H(M,N)) + > > Blst, m,n)], (36)
s=m+1t=n+1
and
H(M,N) < T‘1|: > > BGs, t,M,N):|. (37)
s=M+1t=N+1
Combining (34), (36) and (37), we get the desired result. O

Theorem 2.6 Suppose u, a, b;, c;, d;, e;, ¢, ¢ are defined as in Theorem 2.3. Ly;, Ly;, Th;, To; :
QxR, = R,,i=1,2,...,5 satisfies 0 < Ljj(m,n,u)— Ljj(m, n,v) < T;j(m, n,v)(u—v),j =1,2
foru>v=>0.If for (m,n) € Q, u(m,n) satisfies

L oo o0
d)(u(m, n)) <a(m,n) + Z Z Z |:b,~(s, t,m, n)(p(u(s, t))

i=l s=m+lt=n+1

[ee]

+ Z Z ci(&,n,m, m)e(uE, 77)):|
n=t

E=s
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153 oo o0
+Z Z Z |:di(s, t,m,n)Lyi(s,t, (uls, 1))

i=l s=M+1t=N+1

+ZZei(f,ﬂ»m:n)in(s,Tb¢(”(§,77))):|, (38)

£=s 1=t

then

u(m,n) < ¢~ {a(m n) G_I{G<T‘1|: Z Z §(s,t,M,N):|>

=M+1t=N+1

+ Z Z E(s, t, m,n)” (39)

s=m+l t=n+1

provided that T is increasing, where G is defined in (4), and

T(x) = G(" :ﬁl) _Glx), x>0, (40)

125

h s t
B(s,t,m,n) = Z[Ei(s, t,m,n) + Z ZE(S, n,m, n):|, (41)

i=1 §=mq n=no

Am n) = Z i Z |: (s,t,m, n)Lh(s,t a(s,t))

i=1 s=M+1t=N+1

o0 o0
+ ZZ%’(S: n, m, n)LZi(‘i:’ ﬂ,ﬂ(‘f, 77)):|, (4'2)
E=s n=t
/b\i(s) t,m, I’l) = bi(s1 t, m, I’I), a(S: t,m, }’1) = Ci(S; t,m, n)r i= 1; 21"'111; (43)

di(s,t,m,n) = di(s, t, m, n)Tyi(s,t, a(s, 1)),
(44)
/éi(S) t,m, n) = ei(sr t,m, n)TZi(S; t, LZ(S, t))x i= 1, ey 12»
=J(M,N),

%0 oo (45)
“2—2 Z Z[ (s,t,M,N) +ZZ’€7(§,U,M,N):|.

i=1 s=M+1t=N+1 E=s n=t

Proof Denote

-
7

Z |: (s,t,m, I’I)Lu(S:t ¢(”(S’ t)))

+1t=N+1

=

i=1 s=

+ ei(ér n,m, n)LZi(E! 77:¢(”($» ﬂ)))j|

E=s n=t
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Then we have
u(m,n) < ¢~ (a(m, n) + v(m, n)) (46)

So,

v(m,n) < Z Z Z{ (s,t, m,n)go ¢ 1(a(s,t)+v(s,t))]

i=1 s=m+lt=n+l

£ cile,mmmp[¢7 (a ) + viE, )] }

£=s =t

153 oo oo
+ Z Z Z [di(s, t,m,n)Ly(s,t, a(s,t) + v(s, 1))

i=l s=M+1t=N+1

+ Z Zei(st fl,m;”l)in(é: 77:61(5, 77) + V(S, ﬂ))}

£=s =t

= Z Z Z{ (s, ¢, m,n)go (a(s, t) +v(s,t))]

i=1 s=m+lt=n+l

£ cile,mmmp[¢7 (aE,n) + viE, )] }

£=s 7=t

153 oo oo
+ Z Z Z [di(s, t,m, n)[Lu(s, ta(s, t) +v(s, 1))

i=l s=M+1t=N+1

- Li(s,t,a(s, 1)) + Lii(s, t,als, 1)) |

+ Z Zei(g’ ﬂrm:”l)[Lm(S» 7’],61(5, 77) + V(%’, 77))

£=s 1=t

—LZi(%_’ n,a§, 77)) +L2i(€’ n,a§, 77))]}
I 00 0
< Z Z Z{ (s,t,m, e[~ (als, £) + v(s, 1)) ]
i=1 s=m+
+ZZ (&, m,m,n)gp (a(é,n)W(E,n))]}

Z > {d,»(s, t,m,m)[ Tui(s, t, als, 0))v(s, ©) + Lu(s, ¢, als, 1)) ]

t=N+1

M8 "M~

Z g n,m, }’l T2i(§rnra(‘§7 T)))V(.‘;:, 77) +L2i(§! 77,61@: 77))]}

m

=S

= H(m,n)+z Z Z{ (s,t,m, M)~ (als, £) + v(s, 1)) ]

i=1 s=m+1lt=n+1

30 i, nmn)p[¢7 (aE,n) +v(En)] } (47)

£=s 1=t
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where H(m,n) = Jm,n) + Y2, 320 %0 {di(s, t, m, m)v(s, t) + D Y€, m,
mv(&,n)}, and ](m, n) is defined in (42). Then similar to the process of (21)-(23), we obtain

o0 o0
v(m,n) < G |:G(ﬁ(M,N)) + Y Y Bt m,n)], (48)
s=m+1t=n+1
and
oo o0
H(M,N) < T1|: > > B, t,M,N):|. (49)
s=M+1t=N+1

Combining (46), (48) and (49), we get the desired result. O

Theorem 2.7 Suppose w € ©,(RQ), u, a, b;, c;, d;, e;, ¢, ¢ are defined as in Theorem 2.3,
and L, Tj;, j=1,2,i=1,2,...,1, are defined as in Theorem 2.6. If for (m,n) € Q, u(m, n)

satisfies
¢ (u(m, n)) < a(m,n) + Z w(s, n)¢ (u(m, n))
s=m+1
+Z Z Z [b (s, &, m, n)e(u(s, t)) +ZZC($ n,m, n)p (u(g, n))}
i=1 s=m+1t=n+1 E=s n=t
153 oo oo
+Z Z Z |:d,-(s, t,m,n)Lyi(s,t, (uls, 1))
i=1 s=M+1£=N+1
+ Zzei(é) U’M,H)in(él Tl,¢(u(5,77))):|,
E=s n=t
then

u(m,n) < ¢~ {a(m,n) + G‘l{G<T‘1[ i i E(s,t,M,N)D
s=M+1t=N+1
+ i iﬁ(s,t,m,n)}}

s=m+l t=n+1

provided that T is increasing, where G is defined in (4), and

T(x) = ( “1) Gl), x>0,
e

hL oo 00
B(s, t,m,n) = [ (s,t,m,n) + Z ZE(’;’, n, m, n):|,
1

i= £=s n=t

i=1 s=M+1t=N+1

T(m, n) = Z Z Z |: (s,t,m, m)Lyi(s,t, a(s, )@ (s, £))

+ Z Zei(s’ 77»”1;”1)1425(51 77;61(& 77)67)(5; T))):|,

£=s 1=t
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bis,t,m,n) = bi(s, t,m, n)p[¢~ (W(s, 1)) ],
Tils,t,mn) = ci(s, t,mm)p[¢~ (W(s, 1)), i=12,....4,
di(s,t,m,n) = di(s, t, m, n)w(s, t) Ti(s, tals, )w(s,0)), i=1,2,...,0,

zi(s’ t,m, Vl) = ei(s) t,m, I’I)ﬁ‘/(s, t) T2i (Sr t, 61(5, t)ﬁ/(s, t))’ i= 1) 21 ceey 12;

o0

w(m, n) = 1_[ [1 + w(s, n)],

s=m+1

Jen, -3y z[ s,tManzelsn,Mm}

i=1 s=M+1t=N+1 E=s n=t

The proof for Theorem 2.7 is similar to the combination of Theorem 2.5 and Theo-

rem 2.6, and we omit the details here.

Remark 2.8 We note that the inequalities established in Theorems 2.3, 2.5-2.7 are essen-
tially different from the results in [22-24] as the left-hand side of the inequalities estab-
lished here is an arbitrary function ¢(u). Furthermore, if we set ¢(«) = u”, a(m, n) = 0, then
Theorem 2.5 reduces to [22, Theorem 2.5].

3 Applications
In this section, we present some applications for the results established above. Similar
to the applications in [22—-24], we research a certain Volterra-Fredholm sum-difference

equation and derive some new bounds for its solutions.

Example Consider the following Volterra-Fredholm type infinite sum-difference equa-

tion:

u(m,n) = Z |:F1(s,t,m,n, u(s, 1)) + ZZFZ g, n,m,n,u(é,n)):|

s=m+1 t=n+1 E=s n=t
00 00
+ E E Gy (s, t,m, n, u(s, t))
s=M+1t=N+1

+ZZG2(S»7I»W1,”,M(-’3, 77)):|» (50)

where u € p(2), p > 1 is an odd number, F;, G; : PZxR>R,i=1,2.

Theorem 3.1 Suppose u(m, n) is a solution of (50), and |Fi(s,t, m, n,u)| < fi(s,t, m, n)lullfj,
|Fa(s, t,m,mu)| < fo(st, m,n)|u|§, |Gi(s, t,m,m,u)| < gi(s, t, m,n)|ul?, |Ga(s, t,m, n,u)| <
o(s,t,mn)|ul?, f,,g € P (Q2),i=1, 2, fi» g are nondecreasing in the last two variables,

and there is at least one function among g, & not equivalent to zero, then we have

oo oo P

u(m, n) 54_1% Z Z (s,t, M,N) + Z Z B(s, t,m, n) (51)

s M+1t=N+1 s=m+1t=n+1
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provided that . < 1, where

Bls,t,m,n) =fi(s,t,m,n) + Y Y fol€,m,m,m),

E=s n=t
00 00 0o 00
n= Z |:g1(5’t¢M’N)+Zzg2(grn¢M>N)i|~
s=M+1t=N+1 E=s n=t

Proof From (50) we have

|u(m,n)|p§ Z Z|:|F1(s,t,m,n,u(s,t))|+ZZ|FZ(E,r),m,n,u(‘§,n))|:|

s=m+1 t=n+1 E=s n=t
M-1 M-1

£y Z[ Gi(s,2,m,m,u(s, 1)) | ZZIGz &,n,m,m,u(§, n))|]
s=myq t=ng E=s n=t

< ’a(m,n)| + Z Z |:ﬁ(s,t,m,n)|u(s,t)’§

s=m+1 t=n+1

+ZZﬁ(é,n,m,n)|u(S,n)f§}

E=s n=t

o0 oo

DI [gﬂsm,m,n)lu(s,t)l"

s=M+1t=N+1

+ZZgz(S’ﬂ’m;")|u(5»n)|p:|~ (52)

Define ¢ (1) = u?, ¢(u) = u”, and

G(z) = / sz 2z -2z0, z>120>0, (53)

T(x):GG) Gx) = 2[ 2% x> 0. (54)

Then by u <1, we have T is strictly increasing, and a suitable application of Theorem 2.3
(with a(m,n) =0and }; =1, =1) to (52) yields

u(m,n) < ¢‘1{G‘1{G(T‘l|: > > BGs t,M,N)j|>
s=M+1t=N+1
+ Z Z B(s,t,m,n)”. (55)

s=m+l t=n+1

Combining (53)-(55), we can deduce the desired result. O

Theorem 3.2 Suppose u(m, n) is a solution of (50), and |Fi(s,t, m, n,u)| < fi(s,t, m, n)|u|§,
|F2(S) t,m,n, l/l)| S_fZ(s; t, m, V[)ll/l|%7, |G1(S) t,m,n, M)| =< gl(Sr t,m, n)Ll(S) t, |u|p)’ |G2(S’ t,m,n,
u)| < g(s,t,mn)Ly(s,t, \ul?), where f;, gi, i = 1,2 are defined as in Theorem 3.1, L1, Ly, T1,
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Ty :Q xR, = R, satisfies 0 < L;(m,n,u) — Li(m,n,v) < T;(m,n,v)(u—v) foru>v=>0and

Li(m,n,0)=0,i=1,2, then we have

u(m,n) < {%[ w i i E(s,t,M,N)+ i iﬁ(s,t,m,n)}} ’ (56)

provided that [t <1, where

E(Sy t; mr n) :fi(S; t: m’ n) + Z Zfé(g):? 77: m’ n)’
E=s n=t
a=> > [gl(s, t,M,N)Ti(s, t,0) + ZZgz(é,n,M,N)Tz(E,n,O):|.
s=M+1t=N+1 E=s n=t

Proof From (50) we have

|u(m,n)|p§ Z Z |:|F1(s,t,m,n,u(s,t))| +ZZ|F2(5,n,m,n,u(“§,n))|:|
=m+1 t=n+1

£=s n=t

+ Z Z |:|G1(s,t,m,n,u(s,t))’+ZZ‘G2($,n,m,n,u($,n))’:|

E=s n=t

< Z Z |:ﬁ(s,t,m,n)|u(s,t)|§ +ZZf2(E,n,m,n)|u(§,n)|§i|

s=m+1t=n+1 E=s n=t
+ Z Z |:g1(s, t,m,n)Ly(s,t, |u(s,t)|)
s=M+1t=N+1
+ Z ZgZ(E’ n, m, I/I)Lz(-‘;:, m \u(-f, 77)|p):|
E=s n=t
=y [fl(s,t, mom)|u(s,0)]° + ZZfz(s,n,m,nnu(s,n)!ﬂ
s=m+1 t=n+1 E=s n=t
+ Z Z |:g1(s, t,m,m)Ti(s,t,0)|u(s, t)|°
s=M+1t=N+1
+ZZgz(S,ﬂ»m;"l)Tz(Sﬂ%O)W(S’77)|p:|' (57)
E=s n=t
Define ¢(u) = u?, ¢(u) = u%], and
Z1 3r 2 2
G(z):/ —ldz:i[z?»—zg], z2>120>0, (58)
z0 23
T(x):G<,£\>—G(x):§<1_2ﬁ§)x%, %2 0. (59)
n 2\ ;s
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Then by & < 1, we have T is strictly increasing, and a suitable application of Theorem 2.6
(with ¢(u) = i, p(u) = ul’;, a(m,n)=0and ;; =1, =1) to (57) yields

uimn) <¢ GG T Y > Bls,t, M,N)

s=M+1t=N+1

+ i iﬁ(s,t,m,n) . (60)

s=m+l t=n+1

Combining (58)-(60), we can deduce the desired result. O
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