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recall the complicated dynamics of the ODE system with saturated treatment. Based
on the dynamics of the ODE system, we firstly discuss the existence and the stability
of the semi-trivial periodic solution. Then, based on the definition of the Poincaré
map and its properties, we systematically investigate the bifurcations near the
semi-trivial periodic solution with all the key control parameters; consequently, we
prove the existence and stability of the positive periodic solutions.
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1 Introduction

The emerge and re-emergence of infectious diseases have always led to unpredictable epi-
demics and posed serious challenges to public health. In the past 200 years, at least seven
waves of cholera, four new strains of influenza virus, tuberculosis, and HIV spread across
the world and resulted in at least 100 million deaths [1]. Particularly in developed coun-
tries, infectious disease mortality disproportionately affects indigenous and disadvantaged
minorities [2]. Since the outbreak of COVID-19 at the end of 2019, it has spread to over
200 countries with 163,212,543 confirmed cases and 3,383,979 deaths globally till May 18,
2021 [3]. Therefore, it is crucial to conduct an early prediction and give warning of the
epidemics for guiding the development of control interventions [4] and to evaluate the ef-
ficacy of different strategies of control interventions in successfully controlling the spread
of the disease [5-7].

As an attractive tool, mathematical models have been widely applied to understand the
transmission mechanism of infectious diseases and to provide evidence for the effects of
interventions in different groups of populations. During this COVID-19 pandemic, vari-
ous mathematical models have been developed and further studied [8—10], which played
a key role in controlling the spread of the virus [5, 11]. We note that, in terms of con-
trol strategies, the state-dependent feedback control was frequently used aiming at pre-
venting the spread of infectious diseases [12—14]; consequently, abundant state-dependent
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impulsive models have been proposed [15-19]. Fractional calculus is a generalization of
the standard integer calculus. It has become a significant field of investigation due to
its immense opportunity and wide applications. A considerable number of articles have
been concerned with reviewing the presence of solutions to fractional systems. Several
researchers pioneered their attempts to extend the impulsive modelling methods to the
fractional models [20—-23] or the fractional integro-differential equations [24, 25], with
various new analytic techniques developed and lots of interesting results obtained [26].
Gupta et al. in [20] investigated the existence and uniqueness of impulsive dynamical frac-
tional systems with quadratic perturbation of second type subject to nonlocal boundary
conditions. Kumar et al. in [22] explored the existence of solution of non-autonomous
fractional differential equations with integral impulse condition by the measure of non-
compactness (MNC), fixed point theorems, and k-set contraction. Ravichandran in [24]
discussed the existence and uniqueness of solution to the integro-differential equations
involving Atangana—Baleanu fractional derivatives.

Recently, several studies have introduced the susceptible population guided impulsive
control into the SIR-type models and systematically investigated the dynamic behaviors
[27-30]. In this study, we extend this modelling idea to the SIS-type model and investigate
the rich dynamical behaviors and the bifurcations. The classical SIS-type model is given
by

%zA_dS—ﬂSI+VI,

o (1.1)
% =BSI - (d+v),

where S and I are the populations of susceptible and infectious, respectively. A is the re-
cruitment rate of the susceptible populations, and d is the natural death rate. 8 is the
property of transmission per contact, and the incidence rate is denoted by SSI. The re-
covery from the infected compartment is presented by vI. Furthermore, considering the
continuous interventions, including the treatment and vaccination for controlling infec-

tious diseases, system (1.1) becomes the following three-dimensional SIVS model:

B —A—dS—BSI+vI+0V + L —gs,

40 _ BSI—(d + )] - L, (1.2)
O~ gS -0V —dV.

Here, the added compartment V' denotes the vaccinated population. The recovery from
the infected compartment with hospital treatment is represented by b”—f,. Moreover, the
susceptible population is vaccinated with rate g, and the vaccine protection wanes with
rate 6. Then, we can extend model (1.2) by including the state-dependent control strategies

and replacing the continuous vaccination with impulsive vaccination, and we obtain the
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following state-dependent impulsive model:

B —A—dS—BSI+vI+0V + L,

4O~ BSI—(d + ) - 2L, S(£) < S,

WO~ v —dv, (13)
St =1 -qS(@),

I(t*) = I(t), S(t) = St.

V(') = V(t) +4S@),

Here, g € (0, 1) denotes the vaccination rate of the susceptible population.

2 Preliminaries
Subject to the restriction N(t) = S(¢) + I(t) + V(¢) for the ODE system of model (1.3), we
have

dN(t)

——=A-dN(@®),

7 )

which means that N(z) will tend to % as t approaches infinity. Without loss of generality,
the ODE system in model (1.3) can be reduced to the following system:

B —A—dS—BSI+vI+0(4 -S—D)+ L,

dl
4O~ BSI—(d +v) - L.

(2.1)

Consequently, the proposed state-dependent impulsive model (i.e. system (1.3)) is re-
duced to the following system:

%=A—d5—ﬂ51+v1+6(%_5_1)+bc_+11,
40 _ BT (d + ) - 2L,

S(t) = (1~ q)S(),

I1(t") = 1(2),

S(t) < ST1
(2.2)
S() = Sy.

We start with concluding the main dynamics of ODE system (2.1), while the detailed
proof is similar to the existing study [31]. From biological considerations, we study (2.1)

in the closed set
D={(S,D)|S,1>0,S+1=<A/d},

which is invariant set under nonnegative initial conditions.
Let the right-hand side of (2.1) be zero, we obtain that (2.1) has a disease-free equilibrium
Ey= (%, 0). Using the notation in van den Driessche and Watmough [32], the reproduction

number is given by

Abp

= dcabden) (2.3)

Ry
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Note that the characteristic equation of (2.1) at Ey reads

(n+ (d+9))(k ¥ <d+ v+ 2)(1 —Ro)) -0, (2.4)

then it follows that all the eigenvalues of (2.4) have negative real parts if and only if Ry < 1.
Thus, we obtain the following.

Proposition 1 For model (2.1), the disease-free equilibrium Ey is locally asymptotically
stable if Ry < 1 and unstable if Ry > 1.

In order to obtain the existence of endemic equilibria, we give the following quadratic
equation from model (2.1) depending on the solutions of

I2+a11+a2=0,

d+v A c+bld+v) DA
-— ay=—""—H9>——.
2 8 p

For convenience, we denote

- VA A —a1 -~ A A
e S S SO T B A S S S o)
2 d 2 d
with A = a? — 4a,.
We further denote
—~ 4A 2
A1=bd+d(d+v), R - bdp '
B 4AbdB? + (d? + dv + bdB — AB)>

Then we get the result regarding the number of endemic equilibrium.

Theorem 2 For model (2.1), with A1 and 76\0 defined as above, we have:

(1) When Ry > 1 or Ry = 1 and A > A, there is a unique endemic equilibrium E*.

(2) When Ry < 1 and A < Ay, there is no endemic equilibrium.

(3) When 1 > Rg > ’130 and A > A, there are two endemic equilibria E* and E,.

(4) When Ry = ﬁo and A > Ay, E* and E, coincide into a unique endemic equilibrium of
multiplicity 2.

(5) When Ry < '130 and A > Ay, there is no endemic equilibrium.

Remark1 When A > A;, this theorem shows that there exists 73\0 (0< Eo < 1) such that the
model has a unique endemic equilibrium for Ry = Ro, then the model has two endemic
equilibria for 1 > Ry > Ro and a unique endemic equilibrium for Ry = 1. This situation
corresponds to a backward bifurcation which occurs at Ry = 1. There is also a forward
transcritical bifurcation at Ey (where Ry =1) if A < A;.

When model (2.1) has no endemic equilibria, we get the global stability of the disease-
free equilibrium E.
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Theorem 3 I[fRy<1and A <A; or Ry < ﬁo and A > Ay hold, then the disease-free equi-
librium Ey of (2.1) is globally asymptotically stable.

Next, we study the stability of the endemic equilibria. Denote H(I) =0 +d +q+ I - ﬁ,

we get the following results.

Theorem 4 Suppose Ry >1orl >Ry > Eo and A > Ay, the endemic equilibrium E* of model
(2.1) is a stable node or focus when H(I*) > 0; E* is an unstable node or focus when H(I*) < 0;
and E* is a center of the linear system of (2.1) when H(I*) = 0.

To investigate the dynamical behaviors of system (2.2), we first briefly summarize the
basic definitions and properties of the impulsive semi-dynamical systems. We consider
the following generalized planer impulsive semi-dynamical system with state-dependent
feedback control:

% :P(x’y); % = Q(xry)) (x;y) ¢ P,
Ax = a(x,y), Ay=b(x,y), (xy)ed,

(2.5)

where (x,7) € Rf ={(xy) :2>0,y >0}, Ax =x" —x, and Ay =y* —y. Here, P, Q, a, b
are continuous functions from R? to R, ® C R? is the impulsive set. For (x,y) € @, the
impulsive function ¥ : R> — R? is defined as

Y (x,y) =2 (x +alx,y),y + b(x,9)),

with z=(x*, y*) called an impulsive point of z = («, y). Then, based on the definitions in [12],
we can define the impulsive semi-dynamical system and the order-k period solution. Par-
ticularly, the following analogue of Poincaré criterion in [33] determines the local stability
of an order-k periodic solution.

Lemma 5 Let ¢(x,y) be a sufficiently smooth function with grad ¢(x,y) # 0. The order-k
periodic solution (x,y) = (£(¢), n(t)) with period T of (2.5) is orbitally asymptotically stable
if the Floquet multiplier u, satisfies | (2| < 1. Here,

- T/op 50
= A or ’ 9Q | #
el con| [ (G @) + Scwno)
where

dy ox ax oy dy oy dy ox ay
9 9
p ox + Q ay

d ab 9 ) da 0 da 0 )
P+(8b ¢ _ db ¢+£)+Q+(0a ¢ _ da ¢+ 4’)

k=

)

and P, Q, g—z, g—;, %, %, g—i, % are calculated at the point (&(tx),n(tx)), and P, =

PE(7f) n(t)), Qr = QE(T), n(T)) with ti(k € N) is the time of the kth jump.

In order to study the bifurcations of the Poincaré map defined by system (2.5), we intro-
duce the following lemmas [34].
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Lemma 6 (Transcritical bifurcation) Let G: U x I — R define a one-parameter family of

maps, where G is C" with r > 2, and U, I are open intervals of the real line containing 0.

Assume
0G
(1) GO,x)=0 forallc; (2) a—(0,0):l;
x
2 392G
3 0,0) > 0; 4) ——(0,0)>0.
(3) axaw( ) > (4) 8x2( ) >

Then there are a1 < 0 < oy and € > 0 such that:

(1) If o1 < a <0, then Gy has two fixed points, 0 and x1, > 0 in (—€, €). The origin is
asymptotically stable, while the other fixed point is unstable.

(2) If 0 < o < ay, then Gy has two fixed points, 0 and x1, < 0 in (—€, €). The origin is
unstable, while the other fixed point is asymptotically stable.

Note that making the change of parameter @ — —«, we can handle the case % <0.
Lemma 7 (Supercritical pitchfork bifurcation) Let G: U x I — R define a one-parameter
family of maps, where G is C" with r > 3, and U, I are open intervals of the real line con-

taining 0. Assume that

G

(1) GO0,x)=0 forallc; (2) 5(0,0) =1;
92 R

(3) fracd*Gaxda(0,0) > 0; (4) —G(o, 0)=0 and —G(o, 0) <0.
ox? ox3

Then there are a1 < 0 < oy and € > 0 such that:

(1) If ey < @ < 0, then G, has a unique fixed point, x = 0 in (¢, €), which is asymptotically
stable.

(2) If 0 < @ < g, then G, has three fixed points, 0 and x14 < 0 < %94 in (—€, €). The origin
is unstable, while the other two fixed points are asymptotically stable.

02
g aigz()) < 0 by making the change of parameter

Similarly, note that we can handle the case

o — —o.

3 Poincaré map and its properties

In this section, we first define the Poincaré map of system (2.2), and then we discuss its
main properties. Before moving to the details, we firstly provide some intuitive basis on
the Poincaré map. Poincaré used a cross section (called the Poincaré section) to transverse
the trajectory of continuous motion. Then, according to the discrete motion of the inter-
section points of the trajectory to the cross section, we can simply judge the trend of the
continuous motion. In the diagram on the Poincaré section, the succeed point where the
trajectory crosses the Poincaré section can be regarded as a mapping of the point where
the trajectory crosses the Poincaré section last time, which can be denoted by x,,,1 = f(x,),
n=1,2,3,.... This is actually the Poincaré map, and its function is to study the continu-
ous motion through a simple discrete mapping. Based on the above interpretation, we can
easily know that the fixed points of the Poincaré map actually reflect the periodic motion
of the phase space.
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We assume that Sy < 4 holds true. Denote the two isolines of the system

B —A—dS—BSI+vI+0(4 -S—D+ L =F(SD),

4O ~ BSI—(d + ) - L = F,(S, 1),

(3.1)

as follows:
Li:S=F(S1)=0, Ly:1=FS,1)=0,
and define two sections as follows:
Ly:Ss, = {(S,1)|S = S7,1>0}, Ly:Sgs, = {(S,1)|S=(1-¢q)Sr,1>0}.

According to the definitions in the last section, we have that the impulsive function H(S, I)
can be defined as

H(SD)=(1-¢q)S,  HySI)=1I

Set the section S;g. as a Poincaré section. Choosing an initial point P} = (1 — ¢)Sr,1{)
on the Poincaré section, and the orbit starting from P} reaches Ss,. We denote the inter-
section point as P, = (S7,1.1), then the trajectory will jump to P ; = (1 — g)St, Ixs1)
on the section Sy, It follows from the existence and uniqueness of solutions that I, is
identically determined by I;. Therefore, we can define a function g with g(I}) = .1, and
then the Poincaré map P; can be defined as follows:

Pridgyy = Ien =g(1k+) = Pl(q’ArST’I/:)'

Since the domain and range of the Poincaré map depends on the dynamics of system (3.1),
we conclude the dynamics of system (3.1) by considering the following cases:

(C1)Rg<land A <A; or Ry <7§0 and A > Ay;

(C3)Ry > 1 and H(I*) > 0

(C3)Ry > 1 and H(I*) < 0;

(Cy)1>Ro> 7?\0 and A > A;.

Note that the phase trajectories of system (3.1) for case (Cs3) or (C,) show complexity,
which leads to the complicated impulsive and phase sets of impulsive system (2.1). In what
follows we discuss the definitions of the impulsive set and the phase set of system (2.2) for
case (C;) and case (C,). Under case (C,), the DFE Ey(4,0) is globally asymptotically stable.
It follows from the properties of the vector fields of system (3.1) that there exists an orbit
I'; tangent to Sys,. at the point Qus,. = ((1 — q)S7, I;s,.) with I, satisfying

BI?

P (D +Bb +c)ls, + Db =0, (3.2)

withB=v-60-8(1-¢9)Sr,D=(d+ 9)(% — (1 -¢)S7) > 0. Note that if B > 0, there is no
positive solution of equation (3.2), while if B < 0, there is a unique positive solution of (3.2):

—(D+Bb+c)—+/(D+Bb +c)?—4BDb
2B '

Iysy =
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The intersection point of I'; to Ss, is denoted by
Q* = (Sr.I%) = (S, I(S15 (1 = q)S1, Isy)).-
Then the impulsive set is
M={(S,DIS=S7,0=<I<I},
and the phase set N can be defined as follows:
N=HWM)={(S"1")IS"=(1-¢)Sr,0 <I <I*}.
For case (C,), the endemic equilibrium E*(S*,I*) is a stable focus or node. If St < §*
holds, the impulsive set and the phase set of system (2.2) are similar to case (Cy). If St > §*,
we let

ByIZ, +(Dy +Bib+c)ls, + Db =0, (3.3)

withB=v-60 - 8S7,D=(d + 9)(% — S7) > 0. Note that if B; > 0, there is no positive
solution of equation (3.3), while if B; < 0, there is a unique positive solution of (3.3):

_ —(D1 + Blb + C) — \/(Dl + Blb + C)2 — 4-BlD1b

Isy 2B,

We assume B; < 0, then there exists an orbit I'y tangent to the set S5, at the point
Qs; = (St,Is;). And we denote the intersection point of the orbit I'; to the section Sys,. as
Qq = (1 = g)St,1,) with I(S7;(1 — q)St,1,) = Is,. Any solution of model (2.2) with initial
value (Sj, I5) with S§ = (1 - g)Sr and I € (0,1,) will reach the section Sy, at finite time.
Therefore, the impulsive set and the phase set of system can be defined as

M={(S,D)IS=S7,0<I<Is}
and

N=HWM)={(S"I")IS"=(1-q)S1,0 <1 <Is,},
respectively.

4 Semi-trivial periodic solution
4.1 Existence and stability of semi-trivial periodic solution
Let I(t) = 0 for all t € (0, +00), system (2.2) becomes the following subsystem:

B0 —d+0)(4-5), S <Sr

SE)=1-S@),  S@)=Sr.

(4.1)

Integrating the first equation of (4.1) with the initial conditions S(0) = (1 — g)S7, we have

A

S(t) = I (3 -Q —q)ST> exp(—(d +0)t).
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Let % - (% —(1—¢q)St)exp(—(d + 0)T) = St, and solving it with respect to T, we get the
period

1 A—d(l—q)ST
T= n
d+6 A—-dSt

Therefore, system (2.2) has a semi-trivial periodic solution with period T, which is given

as follows:

St) =4 (4 - (1-q)Sr)exp(~(d + 0)(t - (k- 1)T)),

- (4.2)
It)=0, (k—-1)T<t<kT,keN.

Denote (TS‘\(t),/I\(t)) = (&(2),0), then we discuss the stability of the semi-trivial periodic solu-
tion (£(£),0). There are

cl

A
PS,I)=A-dS-BSI+vI+0|=-S-1)+—,
(S, 1) BSI +vI + (d )+b+1

cl
Q(S,]) = ,BSI— (d‘l' V)I— m,
as,n=-q8@), BS,N=0, #S,D0=S-Sr,

(f(T), T](T)) = (ST)O)Y (é(T+)! U(T+)) = ((1 - q)ST’ 0)

It is easy to calculate that

aP 3Q be

o _d-0-8I, - S——",

3 p o1 = I BS -

aq 3a 3B ap 3 3
_ot:_q’ _a:(), _ﬁ:(), _ﬂ:()’ _d):l’ _¢: )
as al s ol 3S al

and

B oo 9B o . ¢ 96 0¢ 3G 0¢ , 09
A= P Gras —asar +as) + QG5 57 — 5735 + 1)
' P QM
aS ol

_P—qQ, _ PET),n(T")

P PET),n(T)
_A-d(1-q)Sr
 A-dSp

Moreover, there is

Trap P
exp </0 (g(‘%‘(t), (o) + a—(lg(s(t),n(t))) dt)

T
:exp</0 (—2d—9—v— % +,3§(t)> dt>

T
:exp</0 (_2d_9_v_ ¢, 04 ﬁ(A—d(l—q)s;)exp(—(me)t))dt)
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. -ad—e—v—g+%%nA_du—qu BasSy

=eX —

P d+0 A—-dSy  d+6
-2d-9-v-§ + B4

A-d1-q@Sr\~— & BaSr

=\ ———— exp| — .
A-dSr d+0
Thus, the Floquet multiplier ¢y can be calculated as

T
W= Ay eXP(/O (gls)(é(t) (o) + —Q(s(t) n(t))> )

—d—v—EJrﬁ;
(A-dO-@s\T @ pas)
A—dSy Paz0)7™

Because 0 <1 -¢g <1, exp(- 59 )>0, and 2=9DST 1 we have that if Ry < 1, then there

A-dSt
BA
—d-v-¢ B4 M . —-d— V——+ﬂA
are d—f’e <0and0<(’4dl7qST) @~ <1;if Rg > 1, then there are ——2—% >0
L BA
A-d(-q)Sp\ b d
and (-t ) —ar L1

It follows from the definition of Poincaré map and the property of system (3.1) that the
Poincaré map P; is monotonically decreasing under case (C;) on the whole domain of
definition. Therefore, the semi-trivial periodic solution (£ (¢), 0) is globally attractive. Based

on the above discussion, we have the following conclusion.

Theorem 8 If Ry < 1, then the semi-trivial periodic solution is orbitally asymptotically
stable. Particularly, for case (Cy), the semi-trivial periodic solution of system (2.2) is globally
stable.

4.2 Bifurcation of the semi-trivial periodic solution

Consider system (3.1) in the phase space, we have

dl _ F(S,1)
dS  Fi(S,1)

= h(S,I).
Given an initial point (S, o) on the Poincaré section with Sy = (1 — ¢)S7, Ip € (0,1,), we
can solve I with respect to S as follows:
s
1(8; S0, Io) = Io + f h(s, 1(s; (1 - q)St, 1)) ds = I(S, Io).

(1-g)St

‘P1 can be also represented as
PI(IO’ 05) = g(IO;a) = I(Sv; (1 - q)SwIO)y

with Iy € (0,1,) as the variable, o € © being the bifurcation parameter. For example, if we

consider the bifurcation with respect to g, then « means g. For convenience, we denote

3[(5‘,,(1 _q)SvrIO) ag(]O)a)

I ;Q
3l FYA g lo; ).

Page 10 of 19
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Through easy calculation, there are

aI(S, I) /5 Ah(s, I(s,1o))
———— =exp ——=ds,
810 (1—q)ST 8[
921(S,I,)  3I(S, 1) /5 82h(s, (s, 1y)) 1(s,Io) 4
= S,
aI2 ol Ja—gs oI oIy
931(S,I)  92I(S, 1) /5 82h(s, (s, 1y)) 1(s, 1) 4
= S
a3 oy Jags oI ol
X AI(S,Ip) [ 33h(s, I(s, 1)) { 91(s, 1) \ >
o Jugs FYE al,
3%h(s, I(s, o)) 321(5,10)]d
aI2 12
Therefore, we have
0Py
(0 a) =g 0;a) = >0,
2,Pl "
8—13(0’0[) =g"(0;),
837)1 /"
8—18(0,0!)=g 0, ),
92 9
—P;(O,a) = ﬂ1
aly Jo
with
815, I(s, St s—d-v-%
g 0a) = ( a / s, (S ) ds=exp/ ﬁAibds
(1-g)sy (5 —35)(d +0)
—d v——+—
A-dQ1-g)Sr _BaSe\ o,
T A-dS; d+o) 177
. 9%1(St,0) ST 92h(s,I(s,0)) I(s,0)
g(0;0) = — = =¢(00) ; ds
I3 (1_q)Sy I al,
St 3l(s,0
- d(0;) m(s) 2289 4
(1-9)ST dlo
331(St,0)
i 0’ -
g"(0,a) OB
St 31(s,0) 921(s,0)
=g (0;) |:n(s)< > + m(s) 5 :| ds
(1-9)St o1y
St 81(s,0
+g”(0;oz)/ m(s) (s )ds
(1-q)St dlo
St 8I(s,0)\> 3I(s,0) [ [T 31(s,0)
=4g'(0;a) |:n(s)< + m(s) (/ m(s) )j| ds
(1-q)St dlo 3o \Ja-gsr dl

St 3l(s,0
+"(0;) / m(s) ;sl ) us,
(1-q)ST 0



Wang Advances in Difference Equations (2021) 2021:287 Page 12 of 19

where
() < 0%h(s 1(5,0) _ 35(g=9)d+6)-2Bs—d—v—§)-ps+v-0+ ,,)
-or 4 _5)2(d +0)
n(s) = 83h(s,1(s,0))
- I3
2—5(3—s)(d+9)(2,35—2v—d+9—%)—Z—g(f—s) (d+0)2+6(8s—d— v——) (Bs—d - v——)
B (4 -sP3d+6)3
—d—v—E+ﬂ;‘
d1(s,0)  9I(St,0) (A-d(1-¢q)St +0 o Bls—(1-¢9)St)
oy oy \ A-ds P d+0 ’
9%I(s,0) 3I(s,0) [ 91(s,0)
= m(s) d.
oI My Ja-gsy al,

4.2.1 Bifurcations with respect to q
Firstly, we consider the existence of g* such that ps|;-4+ = 1. Taking the derivative of ji,
with respect to g yields

Iy padST(B(L—q)Sr—d-v-7)

9q  (d+0)A-d1-gSr)
Deﬁnitely, there is W > 0, thus the sign of "2 is determined by B(l-q)St -

d—v-— If b*” <ST<d,therelsq l—b(f;;”

Z—‘; <0 for q> q, and a_q > 0 for g < 4. This means that u5(qg) is decreasmg in the interval

€ (0 1) thus we have £ =0forg=7q,

(¢,1) and increasing in the interval (0,q). Furthermore, we have

c BA
—dv—+d

| 1 | A d+0 BS’T
o0=1, 1 = ex — > “’
12%) q=0 = 125%) q=1~= 7 P , 9

with

—d-v— 765 + %

A —z -
1.
<A - dST> g

Therefore, we have that

(1) If pal4=1 > 1, then there is no g* € (0, 1) satisfying o|4-g« = 1.

(2) If ol 4=1 < 1, then there is ¢* = g7 € (g, 1) such that Malg=qt = 1. And, itis easy to verify
that 217;1 (0,47) < 0 holds true.

On the other hand, if 0 < S7 < Z222< h*" )*¢ then 12(q) is decreasing in the interval (0, 1). Thus,

there is no g* € (0, 1) satisfying M2|q7q* = 1. Therefore, we have the following proposition.

Proposition 9 If R, > 1, W’*V <« Sr< d, and palg-1 > 1 hold true, then the semi-trivial

periodic solution (£(t),0) is unsmbleforq €(0,1);IfRy > 1, b“/ ¥ < Sp < d, and palg-1 < 1
hold true, then the semi-trivial periodic solution (&(t),0) is orbzmlly asymptotically stable
for q € (q7,1) and unstable for g € (0,47); If Ro > 1 and 0 < St < b(b;'—;)” hold true, then the
semi-trivial periodic solution (£(t),0) is orbitally asymptotically stable for q € (0,1).
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In what follows, we consider the bifurcations with respect to g under the conditions of

the existence of g*. It is easy to see that there is P;(0,¢) = 0 for all g € (0,1), and

P o %P, .
o, 0a) =1 g (0.47) <O
Moreover, we have
St I(s,0
f&ﬂ%@@mﬂ/ )LD g 43)
(1-q1)ST 0

As a result of the indeterminacy of the sign of m(s) in the interval s € ((1 — ¢7)ST, S7), the

sign of g”(0; ¢7) is undetermined. If we assume g”(0; g7) > 0, then we have

ZPI " *
812 (0 ql) =g (0; ql) > 0.
Based on the above discussion, we have the following conclusion.

Theorem 10 If Ry > 1, b” ¥ S < d, and y|g-1 < 1 hold true, then the Poincaré map
P1(lo,q) undergoes a tmnscrztzcul bifurcation at pi. Further, an unstable positive fixed
point appears when q goes through q = q; from left to right. Correspondingly, system (2.2)
has an unstable positive periodic solution if p € (p},p} + 8) with § > 0.

Theorem 11 If Ry > 1, bb“’ ¢ < Sr< d, talg=1 < 1, g(0;q7) = 0, and g"(0;q7) > 0 hold
true, then the Poincaré map 731 (lo, q) undergoes a supercritical pitchfork bifurcation at p3.
Therefore, an unstable positive fixed point appears when q goes through q = g5 from left to
right. Correspondingly, system (2.2) has an unstable positive periodic solution if p € (p}, p +
§) with § > 0.

4.2.2 Bifurcation with respect to St
Similar to the case for g, we first analyze the existence of S7. such that u|s, sz = 1. Taking

the derivative of uy with respect to St yields

s g
e S
3Ss FRYARE
with
dA(-d—v—7 + ﬂA)
f(S7) =

(A—dSr)(A - d(l -q)Sr)

The roots of the equation f(S7) = 0, denoted by St, satisfy the following equation:

ﬁdu—qﬁ§+ﬁA@—2ﬁT+A(d+v+%):o. (4.4)
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Let

A = B2A%(q-2)* + 4BAd(1 - q) (d +V+ E)

b
x p2A? ((q—2)2 - “R—‘O"))

Thus, A > 0 is equivalent to Ry > ?;:;72) Denote K(gq) = ?‘;:;12) There are K(0) = 1 and

K'(q) = (;g)g < 0. Therefore, we have that K(g) < 1 holds for all g € (0,1). This means

that A > 0 when R > 1, hence equation (4.4) has two roots, denoted by

~4q-2 -5 /(q-27 - 12

St = )
h 2(1-¢)

. _—%(4—2)+§\/(q—2)2—‘“}e—;‘”
E 2(1-¢q) ‘

We can verify that 0 < §T1 < % < §T2. Thus, p, is decreasing when St € (0, §T1) and in-
creasing when St € (S7,, %).

Furthermore, when R; > 1, there are
Kalsp=0 =1, Hals,5, <L, Halg, 4= = +00.

Therefore, there is a unique S € (ETI, %) such that | Sr=5r, = 1 with S%. satisfying

c, BA
—d-v—-%+ 4

A—d(l-q)St\ @ B4S:
A7 4o exp( - Pr) _q,
A—dS; d+6

Based on the above discussion, we can conclude the following.

Proposition 12 If R, > 1, there exists unique S’ € (§T1, %) such that Malsp=ss = 1. Then
the semi-trivial periodic solution (&(t),0) is orbitally asymptotically stable for St € (0,S%)
and unstable for St € (S, %).

In what follows, we investigate the bifurcations of the semi-trivial periodic solution at
S%. We can easily verify that 7;(0,S7) = 0 holds true for all S7 € (0, %), and

0P 32P1

oA (0,87) =1, 3103S: (0,8%) >0.

Moreover, we have

5
g'(0:57) =g (057) [ 9P

(1-9)S% 0

ds. (4.5)
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As a result of the indeterminacy of the sign of m(s) in the interval s € ((1 — g)S¥, S%), the
sign of g”(0; S%.) is undetermined. If we assume g”(0; S.) > 0, then we have
02P,

o (0,S3) =¢"(0;57) > 0.

Based on the above discussion, we have the following conclusion.

Theorem 13 IfR, > 1 and g"(0; S%) > 0 hold true, then the Poincaré map P1 (L, St) under-
goes a transcritical bifurcation at St = S%.. Further, an unstable positive fixed point appears
when St goes through St = Sk from right to left. Correspondingly, system (2.2) has an un-
stable positive periodic solution if St € (S5 — 8, S%) with § > 0.

Theorem 14 If Ry > 1, g"(0;S5) = 0 and g""(0; S}) > 0 hold true, then the Poincaré map
P1(o, St) undergoes a supercritical pitchfork bifurcation at St = S%.. Therefore, an unsta-
ble positive fixed point appears when St goes through St = S} from right to left. Corre-
spondingly, system (2.2) has an unstable positive periodic solution if St € (S} — 8, S}) with
§>0.

4.3 Bifurcation with respect to A
Taking 1, as a function of A, we have

dy_ € BA

b d
A-d(1-q)St 416 -BqSt
A= (228D .
nad) ( A—dSy ) eXp<d+e

It is continuously differentiable when A € (dSt, +00), and there are

S
lim uy(A) = +o0, lim py(A) =exp (— Fa T) <1. (4.6)
A dS% A—+00 d+6

Taking the derivative of 11, with respect to A yields

Uz Pua
et Bi(A
oA ~d+0 B
with
—d-v-% 4
A-d1-¢q)S (—5L +%5)dqS
Bi(A)=In (1-q)Sr 4 d r

A-dSy  (A-d(1-q)Sr)(A-dSr)’
Then, taking the derivative of B; with respect to A, we have

9B(4) 450
dA  (A-dSr)*(A-d(1-q)Sr)> * By(A),

with
Ba(A) = (1-d)A? + (d%z _g)Sr+ 2d<d+ v %))A

+d25T((2—61)(6;+V+ 3)

_(1+d)- q)sT).
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(2—9)( d+v+ (2- q)(d+v+

If -1+d)(1-¢gSr>0ie Sr < W Under this case, By(4) > 0
holds for A € (dSt,+00). Furthermore, there is limy_, ,o, B1(A) = 0, hence B;(A4) < 0 for
A € (dSt, +00), which means that aa;% < 0 for A € (dSt, +00). Combining with (4.6), we
have that there exists unique A* € (dSrt, +00) satisfying u,(A*) = 1 with "“2 ) <0.

It ¢ -(1+d)(1-¢q)Sr<0ie. Sy > %

one and only one positive Aj such that By(A1) = 0.If A; < dSr, then the situation is similar

to St < ;(ﬁ(;w discussed above. If A; > dS7, when A € (dSt,A1), B2(A) < 0, hence
B;(A) is decreasing. Similarly, we get that B; (A) is increasing when A € (A1, +00). Further,
limy_ 400 B1(A) = 0, thus B1(A) < 0 holds for A € (A1, +00). If we also assume that B;(A4) <
0 for A € (dSt,A4), then there is % <0 for A e (dSt, +00). Therefore, there is unique

* € (dSt,+00) satisfying u,(A*) = 1 with 8“2 < 0. On the other hand, if we assume
that there is A € (dSt,A1) such that B; (A) = 0, then W2 is increasing for A € (dSt,A ), and

1 is decreasing for A € (;1, +00). Therefore, there is also unique A* € (Z, +00) satisfying

(2— q) d+v+
= b Under this scenario, there exists

2 (A*) = 1 with a“g—ﬁm < 0. Therefore, we have the following conclusion.

Proposition 15 If Ry > 1 holds, then there exists unique A* > dSt satisfying 2(A*) = 1
with 2@ -~ ) < 0. And the semi-trivial periodic solution (&(t),0) is orbitally asymptotically
stable when A € (A*, +00) and unstable when A € (dSt,A*).

In what follows, we consider the bifurcations of the semi-trivial periodic solution at A*.

Similarly, we can easily verify that P;(0,4) = 0 holds for all A € (dSt, +00),and = ‘)7)1 (0 A*) =

2
1, 310%(0”4*) < 0. Moreover, we have

27)1

o (0A) =g/ (A7), 47)

Similarly, the sign of g”(0;A*) is undetermined. If we assume g"(0;A*) > 0, we have
2P

0121
A passes through A* from left to right.

(0,A*) > 0, then there appears an unstable fixed point of the Poincaré map P; when

Based on the above discussion, we have the following conclusion.

Theorem 16 IfRy > 1 and g"(0; A*) > 0 hold, then the Poincaré map P (ly, A) undergoes a
transcritical bifurcation at A = A*. Further, an unstable positive fixed point appears when
A passes through A = A* from left to right. Correspondingly, system (2.2) has an unstable
positive periodic solution if A € (A*,A* + §) with § > 0.

Theorem 17 If Ry > 1, g"(0;A*) = 0, and g""(0; A*) > 0 hold true, then the Poincaré map
P1(y,A) undergoes a supercritical pitchfork bifurcation at A = A*. Therefore, an unstable
positive fixed point appears when A goes through A = A* from left to right. Correspondingly,
system (2.2) has an unstable positive periodic solution if A € (A*,A* + §) with § > 0.

By choosing S, ¢, A as the bifurcation parameters and fixing all the other parameters,
we numerically verified the existence of the critical bifurcation point with respect to these
three parameters in Fig. 1. In Fig. 2(A), we showed that the semi-trivial periodic solution
is globally stable when we choose St = 6.3. As St increases to 8, then an unstable periodic
solution appears, the semi-trivial periodic solution and the positive equilibrium E* are
bistable, as shown in Fig. 2(B).
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Figure 1 (A)-(C) One parameter bifurcation with respect to St, g, and A, respectively. (E)-(G) Counter plots of
2. The baseline values of all the parameters are fixed as follows: B =1,A=7,d=0.7,v=4,c=2560 =01,
b=1,9=0225 =8

5 Conclusion and discussion

Recently, several studies pioneered the attempt to include the susceptible population-
guided interventions for controlling infectious diseases into the SIR systems [27-30]. As
highlighted in these studies, with this kind of control strategies, it is possible to define
the control reproduction number for the impulsive system compared with the infected-
population induced control interventions. In this study, we extended the SIS model by
including the control strategy i.e. susceptible population-guided impulsive control, and
systematically studied its dynamics and bifurcations.

We started with recalling the dynamic behavior of the ODE system. By defining the
Poincaré map of the proposed model and presenting the proof of its properties, we ex-
plored the existence and stability of the semi-trivial periodic solution. We found a thresh-
old parameter, which can be defined as the control reproduction number, determining the
stability of the semi-trivial periodic solution. In detail, it is locally stable when the control
reproduction number is less than 1 and unstable when the reproduction number exceeds
the threshold value 1.

Furthermore, we investigated the bifurcations near the semi-trivial periodic solution
considering the key parameters, including the constant recruitment rate A, the threshold
level of the susceptible population Sz, and the pulse vaccination rate g. We proved that
as the bifurcation parameters vary, the system can undergo the transcritical or pitchfork
bifurcation near the semi-trivial periodic solution; consequently, the semi-trivial periodic
solution loses its stability, while an unstable positive periodic solution appears. It is also
interesting to summarize the biological implications by this impulsive SIS model and its
dynamic behaviors and bifurcations. Through the bifurcation analysis with respect to Sz,
we obtained a critical value of the threshold to guarantee the disease-free periodic solution
to be stable. This means that by choosing a proper threshold of the susceptible population

Page 17 of 19
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35

05

Figure 2 (A) The semi-trivial periodic solution is globally stable. (B) There exists an unstable positive order-1
periodic solution, and the semi-trivial periodic solution and the positive equilibrium £* are bistable. The other
parameters are fixed as follows: § =0.8,A=7,d=0.7,v=4,c=2560=0.1,b=1,9g=,022

size, this kind of control strategy can indeed help to eliminate the disease. The bifurcations
with respect to other parameters can actually reflect similar implications, like choosing a
proper vaccination rate. On the other hand, the bistability of the positive equilibrium and
the semi-trivial periodic solution indicate that the outcomes under this state-dependent
control strategy depend on the initial conditions of the susceptible population and the
infected population, hence a personalized strategy is recommended. Our model does not
cover spatio-temporal delay, thus considering the effect of spatio-temporal delay [7] could

be a valuable issue for future research.
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