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Abstract
The paper deals with the existence and non-existence of solutions of the following
nonlinear non-autonomous boundary value problem governed by the p-Laplacian
operator:

(P)

{
(h(t, x(t))|x′(t)|p–2x′(t))′ = g(t, x(t), x′(t)) a.e. t ∈R,

x(–∞) = a, x(+∞) = b

with a < b, where a is a positive, continuous function and g is a Caratheódory
nonlinear function.
We prove an existence result, underlying the relationship between the behavior of

g(t, x, ·) as y → 0 related to that of g(·, x, y) and h(·, x) as |t| → +∞.
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1 Introduction
Differential equations involving the p-Laplacian operator and its generalization, the so-
called Φ-Laplacian, have been widely studied due to several applications in various sci-
ences. Indeed, many models in non-Newtonian fluid theory, diffusion of flows in porous
media, nonlinear elasticity, and theory of capillary surfaces can be expressed in terms of
such differential operators.

The simplest form of a differential equation involving the Φ-Laplacian operator is

(
Φ

(
x′))′ = g

(
t, x, x′), (1.1)

and it has been studied in many papers [1, 2, 7, 8, 12, 14–16, 23]. We also quote [19] for
systems of differential equations, [13] for differential inclusions, [17, 18, 24] for systems of
differential inclusions.

More recently, other types of differential operators, governed by an increasing function
Φ , possibly singular and not necessarily surjective, have been considered. The theory on
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this subject can be found in [2] for operators having a bounded domain and in [1] for
non-surjective operators.

A different type of generalization consists in dealing with mixed-type operators, that is,
equations of type

(
h(t, x)Φ

(
x′))′ = g

(
t, x, x′) or h(t, x)

(
Φ

(
x′))′ = g

(
t, x, x′)

(see, e.g., [3–6, 9–11, 22]).
In recent papers (see [20, 21]), some existence and non-existence results were proved

for the boundary value problem

⎧⎨
⎩(h(t, x(t))Φ(x′(t)))′ = g(t, x(t), x′(t)) a.e. t ∈R,

x(–∞) = a, x(+∞) = b,

where Φ is a general increasing homeomorphism in R. The generality of the differential
operator Φ required a rather strong growth assumption on the right-hand side g(t, x, x′)
with respect to x′ (see conditions 3.3 and 3.4 in [20, Theorem 3.1]). For instance, when
g(t, x, y) = a(t)b(x)c(y) and Φ has a superlinear growth at infinity, then the condition
c(x′)/|Φ(x′)| → 0 as |x′| → ∞ is needed (among others) in order to obtain the existence of
solutions (see [20, Corollary 4.13]). So, in the special case of the p-Laplacian operator, the
function g(t, x, x′) has to grow less than p – 1 as |x′| → +∞.

The aim of the present paper is to show that when dealing with the p-Laplacian operator,
that is, when one has the following equation:

(P)

⎧⎨
⎩(h(t, x(t))|x′(t)|p–2x′(t))′ = g(t, x(t), x′(t)) a.e. t ∈R,

x(–∞) = a, x(+∞) = b

the growth assumption on the right-hand side g considered in [20] can be improved and
the class of solvable problems can be widened. More in detail, when g(t, x, y) = a(t)b(x)c(y),
the assumption c(x′)/|Φ(x′)| → 0 as |x′| → ∞ can be replaced by c(y) = O(|y|p) (see con-
dition (3.26)). To our knowledge, the existence result here presented is new also for the
classical case p = 2. For instance, as an application of our results, we have that the differ-
ential equation

(|t|nβ(x)x′(t)
)′ = –tmg(x)

(
x′(t)

)2,

where β(x), g(x) are generic positive continuous functions, admits solutions satisfying
x(–∞) = a, x(+∞) = b for every a, b with a < b, provided that m is odd and m > 2n + 1
(see Example 3.7). We underline that the previous equation can not be treated by means
of the results in [20], since in this case p = 2 and the growth of f with respect to x′ is greater
than p – 1.

2 Existence and non-existence theorem
In the whole paper we will consider a positive continuous function h : R× [a, b] →R and
a Carathéodory function g : R3 →R.
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We deal with the following nonlinear differential equation:

(
h
(
t, x(t)

)∣∣x′(t)
∣∣p–2x′(t)

)′ = g
(
t, x(t), x′(t)

)
a.e. t (2.1)

and we use the following notations:

m(t) := min
x∈[a,b]

h(t, x), M(t) := max
x∈[a,b]

h(t, x),

m∗(t) := min
(s,x)∈[–t,t]×[a,b]

h(s, x), M∗(t) := max
(s,x)∈[–t,t]×[a,b]

h(s, x).
(2.2)

Of course, M∗(t) ≥ M(t) ≥ m(t) ≥ m∗(t) > 0 for every t ∈R, with inft∈R m(t) possibly zero.
Our main results are the following general existence and non-existence theorems.

Theorem 2.1 Suppose that

g(t, a, 0) ≤ 0 ≤ g(t, b, 0) for a.e. t ∈R (2.3)

and that there exist constants C1, C2 > 0, a continuous function μ : R+ → R
+, and a func-

tion λ ∈ Lq([–C1, C1]) with 1 ≤ q ≤ ∞ such that

∣∣g(t, x, y)
∣∣ ≤ λ(t)μ

(
h(t, x)|y|p–1) for a.e. |t| ≤ C1, every x ∈ [a, b], |y| ≥ C2, (2.4)

∫ +∞ τ
q–1

q(p–1)

μ(τ )
dτ = +∞ (2.5)

(with q–1
q(p–1) = 1

p–1 if q = +∞).
At last, suppose that there exists a constant γ > 1 such that, for every C > 0, there exists

a function ΛC ∈ L1
loc([0, +∞)), null in [0, C1] and positive in (C1, +∞), such that:

m(t)1–γ ·
(∫ t

0

ΛC(|s|)
M(s)γ

ds
)–1

∈ L
1

(p–1)(γ –1) (R) (2.6)

and there exists a function ηC ∈ L1(R) such that putting

NC(t) := m(t)– 1
p–1

{(
M∗(C1)Cp–1)1–γ + (γ – 1)

∫ t

0

ΛC(|s|)
M(s)γ

ds
}– 1

γ –1
1

p–1
(2.7)

for every x ∈ [a, b] and every |y| ≤ NC(t), we have

⎧⎨
⎩g(t, x, y) ≤ –ΛC(t)|y|γ (p–1)

g(–t, x, y) ≥ ΛC(t)|y|γ (p–1)
for a.e. t ≥ C1, (2.8)

∣∣g(t, x, y)
∣∣ ≤ ηC(t) for a.e. t ∈R. (2.9)



Petrini Boundary Value Problems        (2019) 2019:179 Page 4 of 13

Then there exists a function x ∈ C1(R) such that t 	→ h(t, x(t))|x′(t)|p–1x′(t)) belongs to
W 1,1(R) and

⎧⎪⎪⎨
⎪⎪⎩

(h(t, x(t))|x′(t)|p–1x′(t))′ = g(t, x(t), x′(t)), for a.e. t ∈R,

a ≤ x(t) ≤ b, for every t ∈ R,

x(–∞) = a, x(+∞) = b.

(2.10)

Proof With no restriction we may assume C2 > 1
2C1

(b – a). By (2.5) there exists a constant
C such that

C >
(

M∗(C1)
m∗(C1)

) 1
p–1

C2 ≥ C2 (2.11)

and

∫ m∗(C1)Cp–1

M∗(C1)Cp–1
2

τ
q–1

q(p–1)

μ(τ )
dτ > ‖λ‖q

[
M∗(C1)

1
p–1 (b – a)

]1– 1
q . (2.12)

Fix n ∈N, n > C1, and put In := [–n, n]. Consider the truncation operator U : W 1,1(In) →
W 1,1(In) defined by

U(x) := Ux, where Ux(t) := max
{

a, min
{

b, x(t)
}}

,

and for every x ∈ W 1,1
loc (R), put

Vx(t) := max
{

–NC(t), min
{

U ′
x(t), NC(t)

}}
.

Moreover, for every x ∈R, put w(x) := max{x – b, 0} + min{x – a, 0}.
Let us consider the following auxiliary boundary value problem on the compact inter-

val In:

(
P∗

n
) ⎧⎨

⎩(h(t, Ux(t))|x′(t)|p–2x′(t))′ = g(t, Ux(t), Vx(t)) + w(x(t))
|w(x(t))|+1 , a.e. in In,

x(–n) = a, x(n) = b.

(2.13)

By the same argument developed in the proof of [20, Theorem 3.1], it is possible to prove
that problem (2.13) admits a solution un for every n > C1 such that a ≤ un(t) ≤ b for all
t ∈ In, so that Uun (t) = un(t) for every t ∈ In. Moreover, un is increasing in [–n, –C1] and in
[C1, n] and if u′

n(t0) = 0 for some C1 < |t0| < n, then u′
n(t) = 0 whenever |t| > |t0| (see Steps

1–2 in the proof of [20, Theorem 3.1]).
Now our goal is to prove that |u′

n(t)| ≤ NC(t) for every t ∈ In, so that also Vun (t) = u′
n(t)

in In and consequently un is a solution of equation (2.1) too.
To this aim, put

f (t) := h
(
t, un(t)

)
u′

n(t)
∣∣u′

n(t)
∣∣p–2 in In,
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we claim that

∣∣f (t)
∣∣ ≤ m∗(C1)Cp–1 for every t ∈ [–C1, C1] (2.14)

implying that |u′
n(t)| ≤ C for every t ∈ [–C1, C1].

Indeed, notice that by the Lagrange theorem there exists a point τ0 ∈ In such that

∣∣u′
n(τ0)

∣∣ =
1

2C1

∣∣un(C1) – un(–C1)
∣∣ ≤ b – a

2C1
< C2 < C,

so, by (2.11), we have

∣∣f (τ0)
∣∣ ≤ M∗(C1)Cp–1

2 < m∗(C1)Cp–1.

Assume, by contradiction, the existence of an interval (τ1, τ2) ⊂ (–C1, C1) such that |f (t)| <
m∗(C1)Cp–1 in (τ1, τ2) and |f (τ1)| = M∗(C1)Cp–1

2 , |f (τ2)| = m∗(C1)Cp–1 or vice versa.
Then we have C2 ≤ u′

n(t) ≤ C in (τ1, τ2) and since NC(t) = C( M∗(C1)
m(t) )

1
p–1 ≥ C for every

t ∈ (–C1, C1), we have |u′
n(t)| < NC(t) for every t ∈ (τ1, τ2). Then, by Step 1, the definition

of (P∗
n), and assumption (2.4), for a.e. t ∈ (τ1, τ2), we have

∣∣f ′(t)
∣∣ =

∣∣g(
t, Uun (t), Vun (t)

)∣∣ ≤ λ(t)μ
(∣∣f (t)

∣∣).

Therefore, by the Hölder inequality we get

∫ m∗(C1)Cp–1

M∗(C1)Cp–1
2

τ
q–1

q(p–1)

μ(τ )
dτ ≤

∫ τ2

τ1

|f (t)| q–1
q(p–1)

μ(|f (t)|)
∣∣f ′(t)

∣∣dt

≤
∫ τ2

τ1

λ(t)h
(
t, un(t)

) q–1
q(p–1)

∣∣un(t)
∣∣1– 1

q dt

≤ ‖λ‖qM∗(C1)
q–1

q(p–1)

(∫ τ2

τ1

∣∣u′
n(t)

∣∣dt
)1– 1

q

≤ ‖λ‖q

(
M∗(C1)

1
p–1

∫ τ2

τ1

∣∣u′
n(t)

∣∣dt
)1– 1

q

≤ ‖λ‖q
[
M∗(C1)

1
p–1 (b – a)

]1– 1
q

in contradiction with (2.12). Thus, claim (2.14) is proved, and consequently we have
|u′

n(t)| < C ≤ NC(t) for every t ∈ [–C1, C1].
We now prove that u′

n(t) ≤ NC(t) for every t ∈ In \ [–C1, C1].
To this aim, let t̂ := sup{t > C1 : u′

n(τ ) < NC(τ ) in [C1, t]}. Assume, by contradiction, t̂ < n.
By the definition of Vun , we have

(
h
(
t, un(t)

)
u′

n(t)p–1)′ = g
(
t, Uun (t), Vun (t)

)
= g

(
t, un(t), u′

n(t)
)

a.e. in [C1, t̂].

Recalling that u′
n(t) ≥ 0 in [C1, n), by (2.8) we have

(
h
(
t, un(t)

)
u′

n(t)p–1)′ ≤ –ΛC(t)un(t)γ (p–1) ≤ –
ΛC(t)
M(t)γ

[
h
(
t, un(t)

)
u′

n(t)p–1]γ
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for a.e. t ∈ [C1, t̂]. Then

1
1 – γ

{[
h
(
t, un(t)

)
u′

n(t)p–1]1–γ –
[
h
(
C1, un(C1)

)
u′

n(C1)p–1]1–γ }

=
∫ t

C1

(h(un(s))u′
n(s)p–1)′

(h(un(s))u′
n(s)p–1)γ

ds ≤ –
∫ t

C1

ΛC(s)
M(s)γ

ds = –
∫ t

0

ΛC(s)
M(s)γ

ds

for every t ∈ [C1, t̄]. Therefore,

(
h
(
t, un(t)

)
u′

n(t)p–1)1–γ ≥ (
h
(
C1, un(C1)

)
u′

n(C1)p–1)1–γ + (γ – 1)
∫ t

0

ΛC(s)
M(s)γ

ds

>
(
M∗(C1)Cp–1)1–γ + (γ – 1)

∫ t

0

ΛC(s)
M(s)γ

ds

implying that

u′
n(t) <

(
1

m(t)

{(
M∗(C1)Cp–1)1–γ + (γ – 1)

∫ t

0

ΛC(s)
M(s)γ

ds
} 1

1–γ
) 1

p–1
= NC(t)

for every t ∈ [C1, t̂], a contradiction when t̂ < n. So, t̂ = n and the claim is proved. The same
argument works in the interval [–n, –C1] too.

Therefore, we have |u′
n(t)| ≤ NC(t) for every t ∈ [–n, n] implying that

h
(
t, un(t)

)∣∣u′
n(t)

∣∣p–2u′
n(t) = g

(
t, un(t), u′

n(t)
)

a.e. in In.

Now, following the same argument as in [20, Theorem 3.1], one can show that the sequence
(ũn)n of the functions un continued in a constant way in the wholeR converges to a solution
x of problem (2.10), satisfying all the properties stated in the assertion. �

The main tool in the previous existence theorem is the summability of function NC(t)
(condition (2.6)) combined with assumption (2.8). Such conditions are not improvable in
the sense that if (2.8) is satisfied with the reversed inequality and NC is not summable,
then problem (P) does not admit solutions, as stated in the following result.

Theorem 2.2 Suppose that there exist three constants C1 ≥ 0, ρ > 0, γ > 1 and a positive
function Λ ∈ L1

loc([C1, +∞)) such that one of the following pairs of conditions holds:

g(t, x, y) ≥ –Λ(t)yγ (p–1) for a.e. t ≥ C1, every x ∈ [a, b], y ∈ (0,ρ) (2.15)

or

g(t, x, y) ≤ Λ(–t)yγ (p–1) for a.e. t ≤ –C1, every x ∈ [a, b], y ∈ (0,ρ) (2.16)

and for every constant C, the function

NC(t) :=
(

1
M(t)

{
C + (γ – 1)

∫ t

C1

Λ(s)
m(s)γ

ds
} 1

1–γ
) 1

p–1
(2.17)

does not belong to L1([1, +∞)).
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Moreover, assume that

tg(t, x, y) ≤ 0 for a.e. |t| ≥ C1, every (x, y) ∈ [a, b] ×R, (2.18)

and there exist two constants k, C2 > 0 such that

h(t, x1) ≤ C2h(t + δ, x2) for every t > C1, x1, x2 ∈ [a, b] and δ < k, (2.19)

h(t + δ, x1) ≤ C2h(t, x2) for every t < –C1, x1, x2 ∈ [a, b] and δ < k. (2.20)

Then each possible solution x of problem (P) is constant in [C1, +∞) (when (2.15) holds)
or constant in (–∞, –C1] (when (2.16) holds).

Therefore, if both (2.15) and (2.16) hold and C1 = 0, then problem (P) does not admit
solutions, that is, there exists no function x ∈ C1(R) such that t 	→ h(t, x(t))|x′(t)|p–2x′(t) is
almost everywhere differentiable, satisfying the conditions of problem (P).

Remark 2.1 Of course, (2.19), (2.20) are satisfied (for C1 = 0) when h(t, x) = h1(t)h2(x),
provided that h1(t) is decreasing in (–∞, 0) and increasing in (0, +∞), or h1 is uniformly
continuous in R and inft∈R h1(t) > 0, or h1(t) ∼ |t|–k as |t| → +∞ for some k > 0, since
h2(x) > 0 on [a, b].

3 Asymptotic criteria
We now provide some applications for operators and right-hand side having the product
structure

h(t, x) = h1(t)h2(x) and g(t, x, y) = g1(t, x)g2(x, y).

We emphasize the link between the local behavior of g2(x, ·) at y = 0 and of g1(·, x), h1(·)
at infinity, which is crucial for the existence or non-existence of solutions.

In what follows we assume that h1, h2 are continuous positive functions, g1 is a
Carathéodory function, and g2 is a continuous function satisfying

g2(x, y) > 0 for every y = 0 and x ∈ [a, b]; g2(a, 0) = g2(b, 0) = 0.

Put m̃ := minx∈[a,b] h2(x) and M̃ := maxx∈[a,b] h2(x), we have

m(t) = m̃h1(t) and M(t) = M̃h1(t) for every t ∈R,

where recall that m(t) := minx∈[a,b] h(t, x) and M(t) := maxx∈[a,b] h(t, x).
Moreover, from now on we put

m∞ := inf
t∈R

h1(t) ≥ 0. (3.1)

The following existence theorems are application of Theorem 2.1.

Proposition 3.1 Suppose that, for some C1 > 0, we have

t · g1(t, x) < 0 for a.e. t such that |t| ≥ C1, every x ∈ [a, b], (3.2)
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and there exists a function λ ∈ Lq
loc(R), 1 ≤ q ≤ +∞, such that

∣∣g1(t, x)
∣∣ ≤ λ(t) for a.e. t ∈ R, every x ∈ [a, b]. (3.3)

Moreover, assume that there exist real constants σ , δ, and γ > 1 satisfying one of the fol-
lowing pairs of conditions:

δ + 1 > σγ , (p – 1)(γ – 1) < δ + 1 – σ , (3.4)

δ + 1 < σγ , σ > p – 1, (3.5)

such that, for every x ∈ [a, b], we have

h1|t|σ ≤ h1(t) ≤ h2|t|σ , a.e. |t| > C1, (3.6)

h1|t|δ ≤ ∣∣g1(t, x)
∣∣ ≤ h2|t|δ , a.e. |t| > C1, (3.7)

g2(x, y) ≤ k2|y|γ (p–1) whenever |y| < ρ, (3.8)

g2(x, y) ≤ k2|y|p– 1
q whenever |y| > C2, (3.9)

g2(x, y) ≥ k1|y|γ (p–1) for every y ∈R. (3.10)

for certain positive constants h1, h2, k1, k2, ρ , C2.
Then problem (P) admits solutions.

Proof It is not restrictive to assume C2 > max{C1, b–a
2C1

}. Put μ(r) := k2( r
m∗(C1) )

qp–1
q(p–1) for r > 0

(see (2.2)), from (3.3) and (3.9) the validity of conditions (2.4) and (2.5) follows.
Put Λ(t) := 0 for 0 ≤ t ≤ C1, and

Λ(t) := k1 min
{

min
x∈[a,b]

g1(–t, x), min
x∈[a,b]

–g1(t, x)
}

for t ≥ C1.

By condition (3.3) we have Λ ∈ L1
loc([0, +∞)), and by (3.2) we have that Λ is positive.

Observe that by (3.10) it follows that

g(t, x, y) = g1(t, x)g2(x, y) ≤ k1 g1(t, x)|y|γ (p–1) ≤ –Λ(t)|y|γ (p–1)

and

g(–t, x, y) = g1(–t, x)g2(x, y) ≥ k1 g1(–t, x)|y|γ (p–1) ≥ Λ(t)|y|γ (p–1)

for a.e. t ≥ C1, every x ∈ [a, b], and every y ∈R. Then condition (2.8) of Theorem 2.1 holds,
with ΛC(·) := Λ(·) for every C > 0.

Now, from (3.7) it follows that h1k1tδ ≤ Λ(t) for a.e. t ≥ C1 and by (3.6) we deduce that,
for some positive constant c1, we have

∫ t

0

Λ(|s|)
h1(s)γ

ds =
∫ t

C1

Λ(|s|)
h1(s)γ

ds ≥ c1|t|δ–γ σ+1 for every t large enough. (3.11)
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Hence, by condition (3.6) we obtain

m(t)1–γ

(∫ t

0

Λ(|s|)
h1(s)γ

ds
)–1

≤ c2|t|–(δ+1–σ )

for some positive constant c2, implying by the second inequality in (3.4) the validity of
assumption (2.6). Moreover, the function NC(t) defined in (2.7) satisfies

NC(t)p–1 ≤ c3|t|
δ+1–σγ

1–γ –σ = c3|t|
δ+1–σ

1–γ for t large enough (3.12)

for some constant c3. So, by the first inequality in (3.4) we have lim|t|→+∞ NC(t) = 0, and
then a constant L∗

C > C1 exists such that NC(t) ≤ ρ for every |t| ≥ L∗
C . Let us define Ĉ :=

max|t|≤L∗
C

NC(t) and

ηC(t) :=

⎧⎨
⎩maxx∈[a,b] |g1(t, x)| · max(x,y)∈[a,b]×[–Ĉ,Ĉ]g2(x, y) if |t| ≤ L∗

C ,

h2k2|t|δNC(t)γ (p–1) if |t| > L∗
C .

By (3.7) and (3.8), for a.e. t ∈ R, for every x ∈ [a, b] and every y ∈ R such that |y| ≤ NC(t),
we have

∣∣g(t, x, y)
∣∣ =

∣∣g1(t, x)
∣∣g2(x, y) ≤ ηC(t),

so it remains to prove that ηC ∈ L1(R).
By (3.3) and the continuity of the function g2(·, ·), we have ηC ∈ L1([–L∗

C , L∗
C]). Moreover,

when |t| > L∗
C , by (3.12) we have

ηC(t) ≤ Const. |t|δ+γ δ+1–σ
1–γ = Const. |t| δ+γ –σγ

1–γ

implying that ηC(t) ∈ L1(R \ [–L∗
C , L∗

C]) by the first condition in (3.4).
Therefore, we can apply Theorem 2.1 and obtain the assertion of the present result.
The case of (3.5) is similar.
If Λ is the function defined above, by the first inequality in (3.5) we get that the integral

function t 	→ ∫ t
0

Λ(|s|)
M(s)γ ds is bounded. So, the second condition in (3.5) implies the validity

of assumption (2.6). Moreover, if ηC is defined as above, then

ηC(t) ∼ Const. |t|δ 1
h1(t)γ

≤ Const. tδ–σγ as t → +∞

so ηC is summable by condition (3.5) and the proof proceeds as in the first part. �

Remark 3.1 We underline that conditions (3.9) and (3.10) are compatible with each other

for large |y| only if q > 1 and γ ≤ p– 1
q

p–1 . However, if m∞ > 0 (see (3.1)), condition (3.10) can
be improved requiring that it holds only for |y| small enough, as the following result states.

Proposition 3.2 Let all the assumption of Proposition 3.1 be satisfied, with the exception
of (3.10), replaced by

g2(x, y) ≥ k1|y|γ (p–1) for every x ∈ [a, b], |y| < ρ. (3.13)

Moreover, assume that m∞ > 0. Then problem (P) admits solutions.
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Proof For every fixed C > 0, let

ΓC := max

{
ρ, C

(
M∗(C1)

m∞

) 1
p–1

}
, m̂C := min

(x,y)∈[a,b]×[ρ,ΓC ]
g2(x, y),

and finally

hC := min

{
k1,

m̂C

Γ
γ (p–1)

C

}
.

Let us define the function Λ(t) as in the proof of Proposition (3.1), with k1 replaced by hC .
Notice that NC(t) ≤ ΓC for every t ≥ C1; moreover g2(x, y) ≥ hC|y|γ (p–1) whenever |y| ≤

ΓC . So, condition (2.8) holds whenever |y| < ΓC and the proof proceeds as that of Propo-
sition 3.1, replacing everywhere k1 with hC . �

We state now two non-existence results, obtained applying Theorem 2.2.

Proposition 3.3 Suppose that

t · g1(t, x) ≤ 0 for a.e. t ∈R and every x ∈ [a, b], (3.14)

and let there exist real constants δ, γ > 1, Λ > 0 and a positive function (t) ∈ L1([0,Λ])
such that

∣∣g1(t, x)
∣∣ ≤ λ1|t|δ for every x ∈ [a, b], a.e. |t| > Λ, (3.15)∣∣g1(t, x)
∣∣ ≤ 

(|t|) for a.e. |t| ≤ Λ, x ∈ [a, b], (3.16)

g2(x, y) ≤ λ2yγ (p–1) for every x ∈ [a, b], 0 < y < ρ (3.17)

for some positive constants λ1, λ2, ρ . Moreover, assume that (3.6) holds for some constants
h1, h2, σ such that one of the following pairs of conditions is satisfied:

δ + 1 > σγ , (p – 1)(γ – 1) ≥ δ + 1 – σ , (3.18)

δ + 1 ≤ σγ , σ ≤ p – 1. (3.19)

At last, suppose that there exist two constants ε, C2 > 0 such that

h1(t) ≤ C2h1(t + r) for every t > 0 and r < ε (3.20)

h1(t + r) ≤ C2h1(t) for every t < 0 and r < ε. (3.21)

Then problem (P) does not admit solutions.

Proof Put

Λ(t) :=

⎧⎨
⎩λ2(t) for t ∈ [0,Λ],

λ1λ2tδ for t > Λ
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we have that Λ is a positive function belonging to L1
loc([0, +∞)) and one can easily verify

that conditions (3.15), (3.16), and (3.17) ensure the validity of (2.15) and (2.16) with C1 = 0.
Moreover, by (3.6) and the very definition of Λ, one has

ρ(t) :=
∫ t

0

Λ(τ )
m(τ )γ

dτ ≥
∫ t

Λ

Λ(τ )
m(τ )γ

dτ =
λ1λ2

m̃γ

∫ t

Λ

τ δ

h1(τ )γ
dτ

≥ λ1λ2

m̃γ hγ
1

∫ t

Λ

τ δ–γ δ dτ = Const. tδ–σγ +1 (provided t is sufficiently large).

As a consequence, for every constant C, we have

NC(t) =
(

1

M(t)[C + (γ – 1)ρ(t)]
1

γ –1

) 1
p–1

≥ Const.
(

1

tσ+ δ–σγ +1
γ –1

) 1
p–1

= Const. t– δ+1–σ
(p–1)(γ –1) ,

provided t ∈ (0, +∞) is sufficiently large. At last, the second assumption in (3.18) implies
that NC(t) is not summable in [1, +∞) and the assertion follows as an application of The-
orem 2.2 in the case C1 = 0.

The case of (3.19) is similar.
By using the same notations, notice that under the first condition in (3.19) the inte-

gral function ρ(t) =
∫ t

0
Λ(τ )

m(τ )γ dτ is bounded, hence NC(t)p–1 ≥ Const. t–σ , implying that
NC(t) ≥ Const. t–σ /(p–1). Therefore NC is not summable at infinity owing to the second
condition in assumption (3.19), and the assertion follows from Theorem 2.2, applied for
C1 = 0. �

As an immediate application of the previous theorems, the following criteria hold.

Corollary 3.4 Let g(t, x, y) = g1(t)g2(x)g3(y), where g1 ∈ Lq
loc(R) for some 1 ≤ q ≤ +∞, g3 is

continuous in R, and g2 is continuous and positive in [a, b].
Assume that g3(y) > 0 for y = 0; t · g1(t) ≤ 0 for every t and suppose that there exist con-

stants c1, . . . , c3 > 0 such that

h1(t) ∼ c1|t|σ as |t| → +∞ for some σ ∈R, (3.22)∣∣g1(t)
∣∣ ∼ c2|t|δ as |t| → +∞ for some δ ∈R, (3.23)

g3(y) ∼ c3|y|β as y → 0 for some β > 0, (3.24)

with

δ + 1 >
σβ

p – 1
and β > p – 1. (3.25)

Then, if conditions (3.20), (3.21) hold and p ≤ β + σ – δ, (P) has no solution.
Vice versa, if p > β + σ – δ and

lim sup
|y|→+∞

g3(y)/yp– 1
q ∈ [0, +∞) (3.26)
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g3(y) ≥ k1|y|β ∀y ∈R, (3.27)

then (P) admits solutions.

Proof The assertion is an immediate consequence of Propositions 3.1 and 3.3 taking γ =
β/(p – 1). �

Taking into account what we have observed in Remark 3.1, the following result holds in
the particular case m∞ > 0.

Corollary 3.5 Let all the assumption of Corollary 3.4 hold, with the exception of (3.27).
Then, if m∞ > 0, problem (P) admits solutions.

When assumption (3.25) is not satisfied, we can use the following result, the conse-
quence of Propositions 3.1 and 3.3.

Corollary 3.6 Let all the assumptions of Corollary 3.4 be satisfied, with the exception of
(3.25), that is, assume that

δ + 1 <
σβ

p – 1
. (3.28)

Then, if conditions (3.20), (3.21) hold and σ + 1 ≤ p < β + 1, (P) has no solution.
Vice versa, if p < σ + 1, p < β + 1, and we further assume (3.26) and (3.27), then (P) admits

solutions.

At last, a result analogous to Corollary 3.6 holds when condition (3.27) is removed, pro-
vided that m∞ > 0, as in Corollary 3.5.

Example 3.7 Let us consider the following differential equation:

((
1 + |t|n)β(x)

∣∣x′(t)
∣∣p–2x′(t)

)′ = –tmg(x)
(
x′(t)

)2,

where β , g are generic positive continuous functions. By virtue of Corollary 3.4 taking
q = ∞, σ = n, δ = m, s = 2, with m > 2n – 1, we deduce that the differential equations admit
solutions satisfying x(–∞) = a, x(+∞) = b, for any pair of ordered data a, b.
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