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Abstract

This paper investigates the uplink achievable rate of secondary users (SUs) in underlay orthogonal frequency division
multiplexing based cognitive radio networks, where the SUs randomly access the subcarriers of the primary network.
In practice, the primary base stations (PBSs), such as cellular base stations, may not be placed close to each other to
mitigate the interferences among them. In this regard, we model the spatial distribution of the PBSs as a β-Ginibre
point process which captures the repulsive placement of the PBSs. It is assumed that in order to alleviate the
interferences at the PBSs from the SUs, each SU controls its transmit power based on the average interference level at
the closest PBS induced by the SU. We first analytically identify the characteristics of the transmit powers at the SUs.
Then, tight approximations of the uplink achievable rate of the secondary network are provided in two different
scenarios that assume either a decentralized or centralized allocation of the SUs’ subcarriers, respectively. The
accuracy of our analytical results is validated by simulation results.

Keywords: Orthogonal frequency division multiplexing, Cognitive radio, Random access, Underlay network,
Stochastic geometry

1 Introduction
Orthogonal frequency division multiplexing (OFDM)-
based cognitive radios have been recognized as a promis-
ing solution to overcome the radio frequency spectrum
scarcity [1]. In cognitive radio networks (CRNs), sec-
ondary users (SUs) access the spectrum in general via
three different approaches, i.e., interweave, overlay, and
underlay, respectively. Among the access models, due to
their simplicity, underlay CRNs, where SUs transmit their
data without spectrum sensing as long as the interference
level at the primary network (PN) remains acceptable,
have been widely explored [1–3].
During the past decade, many researchers have stud-

ied underlay OFDM-based CRNs where the locations
of nodes in the overlapping networks are deterministic
and known [4–8]. The work [4] investigated the aver-
age SU achievable rate when random subcarrier allocation
schemes are adopted at the secondary network (SN), and
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the number of allocated subcarriers for users is fixed.
The number of subcarrier collisions between the PN and
the SN was analyzed in [5] assuming fixed and random
numbers of subcarriers at each user. The authors in [6]
proposed a joint subcarrier pairing and power alloca-
tion method to maximize the SU’s throughput in relay-
aided OFDM-based CRNs. The problem of determining
the power and subcarrier allocation levels that maxi-
mize the average achievable throughput of multi-user
OFDM-based CRNs under the constraint of an allow-
able interference threshold at the PN was examined in [9]
and [10].
Assessing the underlay CRN performance by taking into

account the spatial distributions of CRN nodes as point
processes has attracted much attention recently [11]. In
[12], the outage probability of an underlay CRNwas estab-
lished under the assumption that the locations of primary
base stations (PBSs) and secondary base stations (SBSs)
are modeled as two independent Poisson point processes
(PPPs). Also, [13, 14] studied the coverage probability of
the uplink transmission of an underlay CRN in which
the distributions of PBSs, SBSs, primary users (PUs), and
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SUs follow independent PPPs. However, to the best of
our knowledge, the performance of an underlay OFDM-
based CRN, which depends implicitly on the employed
subcarrier allocation method, has not been addressed yet.
Due to its mathematical tractability, the PPP whose

points are independent has been widely adopted to model
various types of wireless networks where nodes are placed
in an unplanned fashion [15]. However, when an opera-
tor designs a network, transmitters in the network may
not be placed in close proximity to each other. This mea-
sure is to reduce the interferences among the transmitters
and to extend the coverage region, and it incurs a repul-
sive feature in the networks [16, 17]. The β-Ginibre point
process (GPP) [18] is a repulsive point process which can
reflect the repulsive nature and presents the additional
benefit of including the PPP as a particular distribution
[19]. For this reason, the β-GPP has been applied to ana-
lyze the coverage probabilities of single-tier and multi-tier
downlink cellular networks in [20] and [21], respectively.
Despite the fact that PBSs in CRNs may exhibit a repul-
sive behavior, the performance of an underlay OFDM-
based CRN which considers the repulsion has not been
investigated yet.

2 Method
This paper examines the performance of an underlay
OFDM-based CRN that assumes multiple PBSs, SBSs,
PUs, and SUs, and a power control method in the SN
to mitigate the interferences at PBSs from the SUs. We
study the SU uplink achievable rate under two scenarios:
with and without a centralized allocation of subcarriers at
the SN, respectively, and which affect differently the col-
lisions among the SUs subcarriers. The PNs can stand for
various networks with a repulsive feature such as cellular
networks or wireless sensor networks, and hence the loca-
tions of the PBSs are modeled as a β-GPP. On the other
hand, since the SBSs in a SN can represent individual users
or devices deployed by multiple different operators/users,
the repulsion among the positions of the SBSs is negligible,
and thus the spatial distribution of the SBSs is assumed to
follow a PPP.
The contributions of this paper are summarized next:

• First, we present the expressions of the cumulative
distribution function (CDF) and probability density
function (PDF) of transmit powers at SUs when the
positions of the PBSs are modeled as a β-GPP.

• Then, we derive approximations of the average of the
SU uplink achievable rate for the cases where the SUs
subcarriers are allocated in a decentralized or
centralized manner at the SN.

• Lastly, we explore the impact of subcarrier collisions
among the SUs and repulsion among the locations of
PBSs on the SU achievable rate.

The organization of this paper is as follows: Section 3
describes the system model of an underlay OFDM-based
CRN. The characteristics of the transmit powers at SUs
and the SU uplink achievable rate are investigated in
Section 4. In Section 5, numerical simulation results are
provided to validate the tightness of the derived analytical
results. Lastly, conclusions are made in Section 6.
The following notations are used throughout the paper.

P(A) and E[X] stand for the probability of an event A and
the mean of a random variable X, respectively. The opera-
tors \ and ‖ · ‖ denote the set difference operation and the
Euclidean 2-norm, respectively. The list of symbols used
in this paper and their definitions is provided in Table 1.

3 Systemmodel
We consider an underlay OFDM-based CRN consisting of
a PN and a SN. We will focus on assessing the uplink per-
formance of the SN when each SU (or PU) is associated
with the SBS (or PBS) providing the highest average chan-
nel gain, i.e., the nearest SBS (or PBS), and transmits its
data to the associated SBS (or PBS).
To capture the repulsive behavior among the locations

of PBSs, the spatial distribution of the PBSs is modeled
as a β-GPP �P with repulsion parameter β and inten-
sity λP . Here, the parameter β ∈ (0, 1] determines the
degree of repulsion among the positions of the PBSs.More
specifically, the PBSs are more evenly distributed when β

increases and �P converges to a homogeneous PPP with
intensity λP when β → 0. The locations of SBSs are

Table 1 List of notations

Notation Definition

�P β-GPP with repulsion parameter β and intensity λP
which represents the locations of PBSs

�S PPP with intensity λS which represents the locations
of SBSs

�
(u)
P (�

(u)
S ) PPP with intensity λ

(u)
P (λ

(u)
S ) which represents the

locations of PUs (SUs)

N Number of available subcarriers

NP(NS) Number of subcarriers for each PU (SU)

τ Pre-defined interference threshold at PBSs

αP(αS) Path loss exponent for channels between users and
PBSs (SBSs)

PS,x Transmit power at the SU at x

PP Transmit power at the PUs

hx,i(gx,i) Power of small-scale fading channel between the
tagged SBS and the SU (PU) at x for the ith subcarrier

σ 2 Power of additive white Gaussian noise (AWGN)

γi Signal-to-interference-plus-noise ratio (SINR) for the
ith subcarrier

C Instantaneous SU achievable rate

Ĉ Average SU achievable rate
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assumed to follow a homogeneous PPP �S with inten-
sity λS. Also, we model the distributions of PUs and SUs
as a homogeneous PPP �

(u)
P with intensity λ

(u)
P and a

homogeneous PPP �
(u)
S with intensity λ

(u)
S , respectively.

It is presumed that �P, �S, �
(u)
P , and �

(u)
S are mutually

independent.
We assume that there are N available subcarriers, and

the number of allocated subcarriers for each PU and each
SU is NP and NS, respectively1. In the PN, to alleviate
the interferences among the PUs, each PBS allocates each
subcarrier to at most one PU which is associated to the
PBS so that the PUs communicating with the same PBS
do not collide. More specifically, if the number of PUs
in the Voronoi cell of a PBS is MP , as each PU requests
NP subcarriers, the number of subcarriers requested by
the connected PUs is equal to MPNP. When MPNP ≤ N ,
the allocations of PUs subcarriers are conducted by main-
taining orthogonality among them. On the other hand, if
MPNP > N , each of N subcarriers is assigned to a single
PU that is chosen in a random fashion.
Two types of subcarrier allocation methods for the

SN are considered, i.e., decentralized subcarrier alloca-
tion (DSA) and centralized subcarrier allocation (CSA).
When the DSA is applied, each SU randomly selects NS
subcarriers independently with respect to other SUs and
PUs. On the other hand, when the CSA is adopted, each
SBS sequentially and randomly assigns orthogonal sets of
subcarriers to its associated SUs. More precisely, if the
number of SUs in the Voronoi cell of a SBS is equal toMS
and MSNS ≤ N , each SU connected to the SBS utilizes
NS subcarriers which are orthogonal with other subcarri-
ers allocated for other SUs in the Voronoi cell. Otherwise,
ifMSNS > N , each ofN subcarriers is allocated to a single
SU that is selected in a random fashion [4].
Since data transmissions from SUs cause interferences

at PBSs, they lead to a degradation in the PN performance.
On the other hand, the SN performance can be improved
with larger transmit powers at the SUs. In this context, it
would be reasonable to increase the transmit powers at
the SUs as long as the interferences at the PBSs do not
exceed a certain threshold. Hence, we consider the sce-
nario where each SU adjusts its transmit power based on
the average interference level at the closest PBS induced
by the SU. Under this scenario, the transmit power at the
SU situated at x ∈ R

2 is expressed as

PS,x = τ rαPP,x, (1)

where

rP,x = min
y∈�P

‖x − y‖,

where τ , αP , and rP,x represent the pre-defined interfer-
ence threshold, path loss exponent for channels between
SUs and PBSs, and distance between the SU at x and its

nearest PBS, respectively. When the maximum transmit
power constraint at SUs is considered, the transmit power
at the SU at x becomes

PS,x = min
(
τ rαPP,x,Pmax

)
, (2)

where Pmax is the maximum transmit power allowed
at SUs.
Denote now the set of indices of all subcarriers as

N = {1, . . . ,N}. We consider a typical SU and represent
the set of indices of the subcarriers selected by the typical
SU by F = {f1, . . . , fNS }, where F ⊂ N . Since the homo-
geneous PPP is stationary [22], without loss of generality,
we assume that the typical SU is located at the origin o.
We term the SBS which is associated with the typical SU
as tagged SBS.
Denoting the location of the tagged SBS by y ∈ R

2,
for the subcarrier fi ∈ F , the signal-to-interference-plus-
noise ratio (SINR) γi is expressed as

γi = PS,oho,i‖y‖−αS

IS,i + IP,i + σ 2 , (3)

where

y = argmin
z∈�S

‖z‖,

IS,i �
∑

x∈�
(u)
S,i \o

PS,xhx,i‖x − y‖−αS , (4)

IP,i �
∑

x∈�
(u)
P,i

PPgx,i‖x − y‖−αS , (5)

where σ 2 indicates the power of additive white Gaussian
noise (AWGN), PP denotes the transmit power at PUs
and αS is the path loss exponent for channels between
users and SBSs. We define �

(u)
S,i and �

(u)
P,i as the point pro-

cesses representing the distributions of the SUs and the
PUs employing the subcarrier fi, respectively. Also, hx,i
(or gx,i) stands for the power of small-scale fading chan-
nel between the tagged SBS and the SU (or PU) at x for
the subcarrier fi, which is independent with respect to �P,
�S, �(u)

P , and �
(u)
S . It is assumed that the small-scale fad-

ing channels are Rayleigh distributed, and hence {hx,i} and
{gx,i} are independent exponential random variables with
unit mean.
Remarkably, even when the CSA is adopted in the SN,

there exist interferences from other SUs which are con-
nected to other SBSs, i.e., IS,i in (4). In addition, since both
the CSA and the DSA do not consider the subcarrier allo-
cation in the PN, signals from PUs may collide with the
signal transmitted at the typical SU, and this collision is
quantified by IP,i in (5).
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For the typical SU, the total instantaneous achievable
rate is expressed as

C =
∑

i∈N s.t. fi∈F
log2 (1 + γi) . (6)

In the following section, we will derive approximations
of the average of C in (6) and confirm the tightness of the
approximations in Section 5.

4 Performance analysis
4.1 Characteristics of transmit powers at SUs
From [20, Prop. 1], for the β-GPP �P = {yk}k∈N, the
set
{‖yk‖2

}
k∈N follows the same distribution as the set

	P constructed from a sequence BP,i ∼ G (i,β/(πλP))
of independent random variables by deleting each BP,i
independently and with probability 1 − β , where G(a, b)
denotes a gamma random variable with shape parameter
a and scale parameter b. As the β-GPP is stationary [18],
the characteristics of PS,x are invariant to the location x.
Thus, for brevity of presentation, we omit the subscript
x. We introduce the CDF and PDF of transmit power PS
in (1) in the following lemma.

Lemma 1 The CDF of PS in (1) is expressed as

FPS (x) = 1 −
∞∏

k=1

(
1− β

�(k)
γ

(
k,

πλPx2/αP
βτ 2/αP

))
, (7)

where γ (a, b) = ∫ b
0 ta−1e−tdt and �(a) = ∫∞

0 ta−1e−tdt
denote the lower incomplete gamma function and gamma
function, respectively. The PDF of PS is given by

fPS(x) =2β
αP

exp
(

−πλP
β

(x/τ)2/αP
) ∞∏

k=1
ak(x)

×
∞∑

k=1

1
ak(x)�(k)

(
πλP

βτ 2/αP

)k
x2k/αP−1, (8)

where ak(x) � 1 − β
�(k) γ

(
k,πλPx2/αP/

(
βτ 2/αP

))
.

Proof See Appendix A.

From the expression (7), we can see that the CDF of PS
is an increasing (or a decreasing) function of λP (or τ ), and
this indicates that the transmit power PS gets smaller as λP
grows and τ decays. When the maximum available trans-
mit power is considered for SUs, the CDF of PS in (2) is
represented as

FPS (x) (9)

=
⎧
⎨

⎩

1−∏∞
k=1

(
1− β

�(k) γ
(
k, πλPx2/αP

βτ 2/αP

))
if x<Pmax,

1 otherwise,

and the corresponding PDF is given by

fPS(x) =2β
αP

exp
(
−πλP

β
(x/τ)2/αP

) ∞∏

k=1
ak(x) (10)

×
∞∑

k=1

1
ak(x)�(k)

(
πλP

βτ 2/αP

)k
x2k/αP−11 (x<Pmax)

+ 1 (x = Pmax) ϕ,

where ϕ =∏∞
k=1

(
1− β

�(k) γ

(
k, πλPP

2/αPmax
βτ 2/αP

))
and 1(·) is the

indicator function.
Now, let us look at the case where the spatial dis-

tribution of the PBSs follows a homogeneous PPP with
intensity λP , i.e., β → 0. Note that for a sufficiently
small positive value ω and for δ > 0, −(1 + δ)ω ≤
ln(1 − ω) ≤ −ω. Let us define āk(x) � 1 − ak(x) =

β
�(k) γ

(
k,πλPx2/αP/

(
βτ 2/αP

))
. Then, since āk(x) → 0 as

β → 0 for all k ∈ N, when β → 0, we get

− (1 + δ)āk(x) ≤ ln(1 − āk(x)) ≤ −āk(x)

⇔ exp
(

−(1 + δ)

∞∑

k=1
āk(x)

)

≤
∞∏

k=1
(1 − āk(x))

≤ exp
(

−
∞∑

k=1
āk(x)

)

.

By letting δ → 0, we have

FPS (x) = 1 −
∞∏

k=1
(1 − āk(x))

−−−→
β→0

1 − exp
(

−
∞∑

k=1
āk(x)

)

= 1−exp

⎛

⎝−β

∫ πλPx2/αP
βτ2/αP

0

∞∑

k=1

tk−1

�(k)
e−tdt

⎞

⎠

=1 − exp
(

−πλPx2/αP
τ 2/αP

)
,

which is the same with the result for the homoge-
neous PPP [22]. In addition, by differentiating FPS (x) with
respect to x, the PDF of PS is given by

fPS(x) = 2πλPx2/αP−1

αPτ 2/αP
exp

(
−πλPx2/αP

τ 2/αP

)
.

Each PU may adjust its transmit power based on the
distance between the PU and its associated PBS. In this
case, the CDF and PDF of transmit powers at PUs can be
derived in the samemanner as in Lemma 1. Then, the cor-
responding SU uplink achievable rate can be identified by
utilizing the obtained PDF of the transmit powers at the
PUs. The goal of this paper is to investigate the impacts
of the power control scheme at SUs and the subcarrier
allocation methods at the SN on the SU uplink achievable
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rate. Therefore, we have not considered the power control
at the PUs in this paper, and more sophisticated perfor-
mance analysis for the networks with power controls at
both SUs and PUs is left for future work.

4.2 Analysis
Denote the total average achievable rate by Ĉ � E[C].
Then, from the fact E

[
q(X)

] = q(0) + ∫∞
0

∂q(u)
∂u

P (X ≥ u) du for a non-negative and monotonically
increasing function q(·), we have

Ĉ =
∑

i∈N s.t. fi∈F

1
log 2

∫ ∞

0

1
1+u

P (γi ≥ u) du. (11)

Note that as each SU adjusts its transmit power based
on the distance to its closest PBS, transmit powers at all
SUs {PS,x} are dependent on the locations of PBSs �P, and
this introduces correlation among the powers {PS,x} and
correlation between IS,i and IP,i. For analytical tractability,
we assume that the transmit powers at SUs {PS,x} are inde-
pendent with each other, and IS,i and IP,i are independent.
Thus, we obtain

P (γi ≥ u) (12)

= P

(

ho,i ≥ u
(
IS,i + IP,i + σ 2) ‖y‖αS

PS,o

)

(a)= E

[
exp
(
−uσ 2‖y‖αS

PS,o

)

× exp
(
−u(IS,i+IP,i)‖y‖αS

PS,o

)]

=
∫ ∞

0
E

[
exp
(
−uσ 2rαS

PS,o

)
exp
(
−u(IS,i+IP,i)rαS

PS,o

)]

× fr(r)dr

≈
∫ ∞

0

∫ ∞

0
exp

(
−uσ 2rαS

p

)
LIS,i

(
urαS
p

)

× LIP,i

(
urαS
p

)
fPS (p)fr(r)dpdr,

where (a) follows from the fact that the CDF of an expo-
nential random variable X with mean ρ is P(X < x) =
1 − exp(−x/ρ), fr(r) = 2πλSr exp

(−πλSr2
)
is the PDF

of the distance from the typical SU and the tagged SBS
[22], fPS (p) is the PDF of the transmit powers at SUs in (8)
or (10), and LX(t) � E

[
exp(−tX)

]
denotes the Laplace

transform of a random variable X.
Before deriving analytical expressions for the Laplace

transforms LIS,i and LIP,i , we examine the point processes
�

(u)
S,i in (4) and �

(u)
P,i in (5). For a PBS, the average num-

ber of associated PUs is λ
(u)
P /λP. Since each PU utilizesNP

subcarriers and each subcarrier is allocated to at most one
PU, the intensity of �(u)

P,i is

λ̃
(u)
P � min

(
NPλ

(u)
P

N
, λP

)

. (13)

For the same reason, when the CSA method is adopted
at the SN, the intensity of �(u)

S,i can be expressed as

λ̃
(u)
S,CSA � min

(
NSλ

(u)
S

N
, λS

)

.

On the other hand, when the DSA method is employed
at the SN, the intensity of �(u)

S,i is equal to

λ̃
(u)
S,CSA �

NSλ
(u)
S

N
.

However, since the points in �
(u)
P,i (or �

(u)
S,i ) are relevant

to the Voronoi tessellation induced by �P (or �S), the
points are correlated, and hence it is intractable to identify
the exact distributions of �

(u)
S,i and �

(u)
P,i . To circumvent

this difficulty, we approximate �
(u)
P,i and �

(u)
S,i as homoge-

neous PPPs with intensities λ̃
(u)
P and λ̃

(u)
S,CSA

(
or λ̃

(u)
S,CSA

)
,

respectively.
Due to the stationarity of the homogeneous PPP, the

Laplace transform LIP,i can be approximated as

LIP,i(t) (14)

= E

⎡

⎢
⎣exp

⎛

⎜
⎝−t

∑

x∈�
(u)
P,i

PPgx,i‖x‖−αS

⎞

⎟
⎠

⎤

⎥
⎦

(b)= E�P,i

⎡

⎢
⎣
∏

x∈�
(u)
P,i

Egx,i
[
exp

(−tPPgx,i‖x‖−αS
)]

⎤

⎥
⎦

(c)= E�P,i

⎡

⎢
⎣
∏

x∈�
(u)
P,i

(
1 + tPP‖x‖−αS

)−1

⎤

⎥
⎦

(d)≈ exp
(

−2πλ̃
(u)
P

∫ ∞

0

x
1 + xαS/(tPP)

dx
)

= exp
(

− 2π2λ̃(u)
P

αS sin (2π/αS)
t2/αSP2/αSP

)

,

where (b) follows from the independence between �P,i
and gx,i, (c) comes from the fact that the Laplace trans-
form of an exponential random variable X with mean ρ is
LX(t) = 1/(1 + ρt), and (d) is due to the PPP probability
generating functional (PGFL) [22].
Before examining the Laplace transform LIS,i(t), let us

compare IS,i in the cases with the DSA and the CSA.
When the DSA is applied, each SU chooses subcarriers
independently with respect to other SUs. Thus, as illus-
trated in Fig. 1, the desired signal may collide not only
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Fig. 1 When the DSA is adopted, there exist interferences from not only other cell SUs but also from intra-cell SUs

with the signals from SUs associated with other SBSs but
also with the signals from SUs connected to the tagged
SBS. On the other hand, when the CSA is adopted, each
SBS assigns orthogonal sets of subcarriers to its associated
SUs. Hence, the desired signal does not collide with the
signals from other SUs communicating with the tagged
SBS as illustrated in Fig. 2.
We would like to mention that, in the previous works

in [23–25], each transmitter adjusts its transmit power
based on the distance between the transmitter and its
intended receiver. Since both transmit power and desired
signal term are determined by the distance between
a transmitter and its receiver, it is tractable to char-
acterize the performance of the networks in [23–25].
On the other hand, in underlay cognitive radio net-
works, transmit power at a SU is computed based
on the distance between the SU and its nearest PBS,
and the desired signal term is relevant to the distance
between the SU and its closest SBS. Therefore, analyz-
ing the performance of underlay cognitive radio net-
works is more challenging than those of the networks
in [23–25].
In the following lemma, we derive an approximation of

LIS,i(t) in the case with the CSA where the interfering SUs
are located outside of the Voronoi cell of the tagged SBS.

Lemma 2 When the CSA is adopted, the Laplace
transform of the interference from other SUs LIS,i(t) is
approximated by
LIS,i(t) (15)

≈ exp
(

−2πλ̃
(u)
S,CSAt

2/αSη

∫ ∞

r
(

1
tp

)1/αS

y
1 + yαS

dy
)

,

where η �
∫∞
0 q2/αS fPS (q)dq and fPS (q) is the PDF of

transmit power PS in (8) or (10).

Proof See Appendix B.

When the DSA is employed, unlike the case with the
CSA, the interfering SUs can be located in the Voronoi
cell of the tagged SBS. Hence, by changing the lower limit
of the integral in (15) to zero and replacing λ̃

(u)
S,CSA with

λ̃
(u)
S,CSA, an approximation of the Laplace transform LIS,i(t)

can be derived as

LIS,i(t) ≈ exp
(

−2πλ̃
(u)
S,CSAt

2/αSη

∫ ∞

0

y
1+yαS

dy
)

= exp
(

− 2π2ηλ̃
(u)
S,DSA

αS sin (2π/αS)
t2/αS

)

. (16)

Fig. 2 When the CSA is employed, there are no interferences from intra-cell SUs
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Finally, when the CSA (or DSA) is adopted, we can eval-
uate Ĉ in (11) by plugging (12), (14), (15) (or (16)) into (11).
From the derived analytical expressions, we can expect
that Ĉ is an increasing function of the number of available
subcarriers N since an increase in N leads to decreases
in the intensities of interfering users, i.e., λ̃

(u)
S,CSA, λ̃

(u)
S,CSA

and λ̃
(u)
P . When N → ∞, the Laplace transforms LIP,i and

LIS,i in (12) become one since λ̃
(u)
P , λ̃(u)

S,CSA, and λ̃
(u)
S,CSA con-

verge to zero. In this case, if NS/N → 0, an increase of
NS leads to an enhanced total average achievable rate Ĉ as
the number of summations in (11) gets larger asNS grows.
Also, from the definitions of λ̃

(u)
S,CSA, λ̃

(u)
S,CSA, and λ̃

(u)
P , we

can infer that P (γi ≥ u) in (12) decays as NS and NP get
larger.

5 Simulation results
Next, we present numerical simulation results to vali-
date our analytical results. Unless otherwise stated, we set
αP = αS = 4, PP = 20 dBm, σ 2 = − 120 dBm, N = 128,
NP = 30, λ(u)

P = 3 × 10−4/m2, λ(u)
S = 6 × 10−4/m2,

and Pmax = ∞. Figure 3 examines the CDFs of the trans-
mit power at a SU for different values of β , λP, and τ . First
of all, we observe that our analytical result in (7) is per-
fectly matched by the simulation results. Since the degree
of repulsion among the locations of PBSs gets bigger as
β increases, the locations of PBSs tend to be distributed
more evenly when β is large. In this regard, the distance
between a SU and its nearest PBS becomes smaller as β

grows, and thus the transmit power at the SU decreases
when β becomes higher as shown in Fig. 3. In addition,
as expected from (1) and (7), the transmit powers at SUs
decay when λP increases and τ gets smaller. This phe-
nomenon can also be explained by the fact that an increase
of λP results in a decrease of the distance between a SU
and its closest PBS.

Fig. 3 CDF of transmit powers at SUs

In Fig. 4, we present the total average SU achievable rate
Ĉ in (11) when λP = 5 × 10−5/m2, NS = 10, and the
DSA is adopted. From Fig. 4, we infer that our analytical
result predicts well Ĉ. Since a larger λS leads to a smaller
distance between a typical SU and its associated SBS, Ĉ
gets higher when λS grows. On the other hand, from (1),
the SINR γi (3) is an increasing function of τ , and thus
Ĉ becomes larger when τ increases as observed in Fig. 4.
Note that, since transmit power at a SU is a decreasing
function of β , both PS,o and {PS,x} in (3) get higher as β

decays, and thus it is difficult to analytically identify the
impact of β on Ĉ. Instead, under the assumption that the
influences of β on PS,o and {PS,x} are the same, we can
infer that the SINR γi in (3) will be decreased with β . From
Fig. 4, it is seen that Ĉ decays as the degree of repulsion
among the PBSs grows, i.e., β → 1.
Figure 5 illustrates the total average SU achievable rate

Ĉ in (11) for different values of Pmax and αP when λP = 5×
10−5/m2, NS = 10 and the DSA is employed. It is shown
that Ĉ is enhanced when Pmax or αP becomes bigger since
the transmit powers at SUs are increased with Pmax and
αP . Also, we can observe that Ĉ is sensitive to Pmax when
αP is large as the SUs are more likely to use the maximum
transmit power Pmax when αP is high.
Figure 6 demonstrates the total average SU achievable

rate Ĉ in (11) for the case where β = 1, λP = 5×10−5/m2,
and λS = 10−4/m2. First, it is shown that Ĉ is enhanced
when the CSA method, which mitigates the interferences
from other SUs, is applied at the SN. As the total SU
achievable rate Ĉ is the sum of capacities for each subcar-
rier as seen in (6), Ĉ grows as the number of subcarriers
for each SU NS increases. On the other hand, the desired
signal is more likely to collide with signals from other SUs
as NS becomes higher. Hence, when NS is large, Ĉ is sen-
sitive to the subcarrier allocation methods, i.e., the gap

Fig. 4 The total average SU achievable rate Ĉ as a function of τ when
the DSA is applied at the SN
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Fig. 5 The total average SU achievable rate Ĉ as a function of τ when
the maximum transmit power constraint is considered

between the capacities with the CSA and the DSA gets
bigger as NS grows.
In Fig. 7, we evaluate the total average SU achievable rate

Ĉ in (11) for difference values of λP when β = 1, λS =
10−4/m2, and NS = 10. From Fig. 7, we can infer that
our analytical results are well matched with the simulated
results and the performance is improved when the CSA is
adopted at the SN. As observed from Fig. 3, the transmit
powers at SUs decay when λP is large. Moreover, since λ̃

(u)
P

in (13) is a non-decreasing function of λP, the interference
from PUs increases as λP becomes larger. In this regard,
the SU achievable rate Ĉ gets lower as λP grows.

6 Conclusions
This paper studied an underlay OFDM-based CRN where
the locations of PBSs are modeled as a β-GPP. The sce-
nario where the SUs control their transmit powers to

Fig. 6 The total average SU achievable rate Ĉ as a function of τ when
the spatial distribution of PBSs follows a β-GPP (β = 1)

Fig. 7 Impact of the intensity of PBSs λP on the total average SU
achievable rate Ĉ

alleviate the inferences at the PBSs is considered. Also,
two types of subcarrier allocation techniques are consid-
ered depending on whether the subcarriers for the SN
are allocated in a centralized manner or not. First, we
have identified the characteristics of the transmit pow-
ers at SUs. Then, we have derived approximations of the
total average SU achievable rate and verified the tightness
of the approximations via numerical simulations. In addi-
tion, from simulations, we have observed that the transmit
power at SUs and the SU achievable rate become smaller
as the degree of repulsion among the PBS increases,
and that the SU achievable rate is enhanced when the
centralized subcarrier allocation method is applied at
the SN.

Appendix A Proof of Lemma 1
From the definition of PS in (1), the CDF of PS is derived
as follows:

FPS (x) = P (PS ≤ x) (17)
= P

(
rP ≤ (x/τ)1/αP

)

= 1 − P
(∀yk ∈ �P, ‖yk‖ > (x/τ)1/αP

)

= 1 − P
(∀yk ∈ �P, ‖yk‖2 > (x/τ)2/αP

)

(e)= 1 −
∞∏

k=1

(
βP(BP,k ≥ (x/τ)2/αP ) + 1 − β

)

(f )= 1 −
∞∏

k=1

(
1− β

�(k)
γ
(
k,

πλPx2/αP
βτ 2/αP

))
,

where (e) follows from the fundamental property of the
β-GPP and (f ) comes from the fact that the CDF of a
gamma random variable X ∼ G(a, b) is P(X < x) =
γ (a, x/b)/�(a).
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By differentiating FPS (x) in (17) with respect to x, we
obtain the PDF of PS:

fPS (x) =∂FPS (x)
∂x

= − ∂(1 − FPS (x))
∂x

= − ∂

∂x

{∞∏

k=1
ak(x)

}

= −
∞∏

k=1
ak(x)

∂

∂x

{

ln
( ∞∏

k=1
ak(x)

)}

=2β
αP

exp
(

−πλP
β

(x/τ)2/αP
) ∞∏

k=1
ak(x)

×
∞∑

k=1

1
ak(x)�(k)

(
πλP

βτ 2/αP

)k
x2k/αP−1,

where ak(x) � 1 − β
�(k) γ

(
k,πλPx2/αP/(βτ 2/αP )

)
.

Appendix B Proof of Lemma 2
Note that, in the uplink scenario, ‖y‖ is not always smaller
than the distances between the tagged SBS and interfer-
ing SUs, i.e., ‖x − y‖ for x ∈ �

(u)
S,i \ o. In addition, since

the transmit powers at SUs (PS,o and PS,x) depend on the
distribution of PBSs �P , the average power of the desired
signal PS,o‖y‖−αS is not always larger than the average
interference power PS,x‖x − y‖−αS for x ∈ �

(u)
S,i \ o. In

such a scenario, deriving the exact expression forLIS,i(t) is
intractable. To circumvent this difficulty, we assume that
the weighted Voronoi cell of the tagged SBS for the typi-
cal SU is a ball with radius PS,o‖y‖−αS , i.e., PS,o‖y‖−αS >

PS,x‖x − y‖−αS for x ∈ �
(u)
S,i \ o. Then, an approximation

of IS,i is expressed as follows:

IS,i ≈
∑

x∈�
(u)
S,i

PS,xhx,i‖x − y‖−αS (18)

× 1
(
PS,o‖y‖−αS > PS,x‖x − y‖−αS

)
.

Our approximation (18) only takes into account the
interfering signals whose powers are larger than the power
of the desired signal, and thus the approximation can be
interpreted as a lower-bound of IS,i.
By leveraging the approximation in (18), the following

derivations can be established:

LIS,i (t)

(g)≈ E

⎡

⎢⎢
⎣exp

⎛

⎜⎜
⎝−t

∑

x∈�
(u)
S,i

PS,xhx,i‖x − y‖−αS

×1
(
pr−αS > PS,x‖x − y‖−αS

)

⎞

⎟
⎟
⎠

⎤

⎥
⎥
⎦

(h)= E

⎡

⎢⎢
⎣exp

⎛

⎜⎜
⎝−t

∑

x∈�
(u)
S,i

PS,xhx,i‖x‖−αS

×1
(
pr−αS > PS,x‖x‖−αS

)

⎞

⎟
⎟
⎠

⎤

⎥
⎥
⎦

(i)≈ E
�

(u)
S,i

⎡

⎢⎢
⎣
∏

x∈�
(u)
S,i

×EPS,x

[
1

1+tPS,x‖x‖−αS1
(
pr−αS >PS,x‖x‖−αS

)

]]

= E
�

(u)
S,i

⎡

⎢⎢
⎣
∏

x∈�
(u)
S,i

×
∫ ∞
0

1
1+tq‖x‖−αS1

(
pr−αS > q‖x‖−αS

) fPS (q)dq
]

(j)≈ exp
(

− 2πλ̃
(u)
S,CSA

×
∫ ∞
0

∫ ∞
0

x
1 + xαS

tq1
(
pr−αS>qx−αS

)
dxfPS (q)dq

⎞

⎟⎟
⎠

= exp
(

− 2πλ̃
(u)
S,CSA

×
∫ ∞
0

∫ ∞
r
( q
p
)1/αS

x
1 + xαS/(tq)

dxfPS (q)dq

⎞

⎠

(k)= exp

⎛

⎝−2πλ̃
(u)
S,CSAt

2/αSη

∫ ∞
r
(
1
tp
)1/αS

y
1 + yαS

dy

⎞

⎠ ,

where (g), (h), and (i) follow from the approximation
in (18), the stationarity of the homogeneous PPP and the
assumption that the transmit powers {PS,x} are indepen-
dent, respectively. Also, (j) and (k) are due respectively
to the PGFL of the homogeneous PPP and the variable
change y = x(tq)−1/αS , where η �

∫∞
0 q2/αS fPS (q)dq.

Endnote
1 In this paper, non-random NP and NS are considered

for analytical tractability. An extension to networks with
randomly varying NP and NS is outside the scope of this
paper and represents an interesting problem.
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