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Abstract

Multiple-input multiple-output (MIMO) relaying system has attracted the attention of cooperative network researchers,
due to its advantage over the conventional single antenna system, in terms of system capacity and spatial diversity.
Precoder design is a processing scheme implemented at a source and relay node to improve system performance.
We propose a linear precoder design for non-orthogonal amplify-and-forward MIMO relaying systems based on the
minimum mean square error (MMSE) criterion. We analyze an upper bound of MMSE using a convenient expression to
determine the structure of precoding matrices using the singular-value decomposition technique. Simulation results
demonstrate that the proposed precoded scheme outperforms both unprecoded and existing precoded schemes.
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1 Introduction
Relaying techniques in cooperative wireless networks in-
crease a network’s coverage area and data rate and reduce
transmission power [1, 2]. Generally, improving the per-
formance of cooperative networks can be achieved by re-
laying protocols such as the decode-and-forward (DF) [3,
4] and amplify-and-forward (AF) [5–7] schemes. The DF
scheme is complex because the relay node must first de-
code the signal received from a source and then transmit
the re-encoded signal to the destination. In contrast, the
AF scheme is simple to implement because the relay node
only needs to transmit an amplified version of the received
signal. Among different AF schemes, half-duplex
non-orthogonal AF (NAF) relaying [8, 9] has been consid-
ered a superior scheme. With NAF relaying, received colli-
sion and the broadcast range can be maximized because
the relay and source nodes can transmit signals simultan-
eously in both cooperative and broadcasting phases.
Furthermore, the capacity of cooperative networks can

be increased using multiple antennas at the transceiver,
i.e., multiple-input multiple-output (MIMO) relaying
techniques [10, 11]. Recently, seminal studies into MIMO
relaying systems have concentrated on a transceiver

precoding design with orthogonal or conventional AF
schemes [12–14]. A transceiver precoding design is a pro-
cessing technique that exploits channel state information
(CSI) by weighting information streams at the transmitter
to achieve transmit diversity. Mo and Chew [12] proposed
two schemes of precoding design for AF MIMO relay net-
works under minimum mean square error (MMSE) criter-
ion and QoS requirements, i.e., optimal joint source and
relay precoding (OJSRP) and suboptimal relay only pre-
coding (SROP) schemes. They proved that the OJSRP
scheme outperforms the SROP scheme in terms of MSE
performance and capacity, which shows that precoding at
both source and relay nodes achieves an improved
(higher) performance compared to precoding only at the
relay nodes. To optimize the power distribution between
the source and relay nodes in the OJSRP scheme, a joint
precoder design and node power allocation based on the
MSE criterion in AF MIMO relay networks has been con-
sidered [13]. This approach demonstrated that the most
efficient method to allocate node power is adjusting the
noise level of the receiver nodes. A detailed investigation
of the diverse linear precoder designs for AF MIMO relay
networks based on MMSE, zero-forcing (ZF), and max-
imum information rate (MIR) criteria can be found in the
literature [14]. In that study, the results showed that the
MMSE criterion achieves near-optimal performance
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advantage compared to the ZF and MIR criteria when
channel coding with a low coding rate is applied jointly
across the source antennas.
Motivated by the above advantages of the MMSE cri-

terion in AF MIMO networks, we propose a linear pre-
coder design for half-duplex NAF MIMO relaying
networks based on the MMSE criterion. To the best our
knowledge, such a precoder design for non-orthogonal
AF MIMO relay schemes has not been proposed. Some
studies [15, 16] have investigated precoder designs for
three-node NAF relaying systems where all nodes are
equipped with a single antenna. The optimal precoder
detectors based on MMSE and minimum bit error rate
(MBER) criteria have also been proposed in [15]. That
study concluded that the proposed detectors outper-
formed other optimal detectors, i.e., channel inversion,
maximum ratio combining, and biased maximum likeli-
hood detectors. Compared to an MBER detector [15],
the MMSE detector cannot achieve full diversity; how-
ever, the computational complexity of the MMSE de-
tector is stable relative to the constellation size of the
modulation schemes, while the MBER detector increases
significantly [16] in terms of bit error rate (BER) per-
formance. Our main contributions and solutions in this
paper can be summarized as:

� A precoder design for non-orthogonal AF MIMO
relay schemes using the MMSE criterion

� A simpler suboptimal solution to the optimization
problem of the precoder design by optimizing the
transmit power from source and destination

� An analysis of the system performance of the proposed
scheme for unprecoded and precoded NAF MIMO
relaying systems.

The remainder of this paper is organized as follows. A
system model and the proposed precoder design with
NAF relaying are introduced in Sections 2 and 3, re-
spectively. Simulation results are provided in Section 4,
and a brief conclusion is presented in Section 5.

Notations: In this paper, matrices and vectors are in
boldface. ()H and IN denote the Hermitian transpose of a
vector and identity the matrix of size N, respectively, while
E(.) and tr (.) denote the expectation and trace functions,
respectively.

2 Proposed system model and problem formulation
2.1 Precoder for NAF MIMO relaying system
A three-node MIMO non-orthogonal relaying system
comprised a source (S), a relay node (R), and a destination
(D) shown in Fig. 1. This system is equipped with multiple
antennas, i.e., NS, NR, and ND, that cannot transmit or re-
ceive signals simultaneously. In other words, each node
communicates in half-duplex mode. The transmission
process of a non-orthogonal relaying system is divided
into broadcasting and cooperative phases.
In the broadcasting phase, S precodes the signal vector

s1∈£NB�1 linearly using a precoding matrix FS∈£NS�NB

where NB ≤min(NS,NR,ND) is the number of data
streams. Then, S transmits it to R and to D directly. The
broadcast signal vector received by both D and R can be
formulated respectively as follows:

yD;1 ¼ HSDFSS1 þ nD;1 ð1Þ

and

yR ¼ HSRFSS1 þ nR ð2Þ

Here, yD;1∈ℂ
ND�1 and yR∈ℂ

NR�1 are the received signal

vectors at D and R, respectively, while HSD∈ℂND�NS and
HSR∈ℂNR�NS are the complex Gaussian random MIMO
channel gain matrices of the S→D and S→R links, re-
spectively. The noise vector nD;1∈ℂND�1 and nR∈ℂNR�1

are the respective additive white Gaussian noise
(AWGN) samples at the receiving antennas of D and
R, respectively, which are assumed to have independ-
ent identically distributed (i.i.d) components with zer-
o-mean and covariance matrices E½nD;1nH

D;1� ¼ σ2n;dIND

Fig. 1 Half-duplex non-orthogonal MIMO relaying system
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and E½nRnH
R � ¼ σ2n;rINR , where σ2n;d and σ2n;r are the noise

variances at D and R, respectively.
In the cooperative phase, R linearly multiplies the re-

ceived signal in (2) by a precoding matrix FR∈£NR�NR

and transmits this amplified signal vector to D. By as-
suming a non-orthogonal cooperative system, R commu-
nicates with the destination and S transmits the signal
vector s2∈£NB�1 to D. Thus, D receives the signal vectors
from S and D as follows:

yD;2 ¼ HRDFRyR þHSDFSS2 þ nD;2

¼ HRDFRHSRFSS1 þHSDFsS2 þ HRDFRnR þ nD;2
� �

;

ð3Þ

where HRD∈£ND�NR is the complex Gaussian random
MIMO channel gain matrix of the R→D link. The noise
vector nD;2∈£ND�1 is the AWGN samples at the receiving
antennas of D with zero-mean and covariance matrix
E½nD;2nH

D;2� ¼ σ2
n;dIND . The two received signal vectors at

D, i.e.,yD, 1 and yD, 2, can be combined into a single vector
denoted as yD∈£

2ND�1 . Thus, (3) and (1) can be rewritten
as follows:

yD ¼ yD;1
yD;2

� �
¼ HFSsþ n ð4Þ

where

H ¼ HSD 0
HRDFRHSR HSD

� �
; s ¼ s1

s2

� �
and n ¼ nD;1

HRDFRnR þ nD;2

� �
:

2.2 MMSE receiver and related MSE matrix
In this subsection, we experimentally investigate a linear
precoder design in terms of the MMSE criteria. Here,
we consider that a weighting matrix, W∈£ND�NB , is used
to detect the received data stream at D.

ŝ ¼ WHyD ð5Þ

Under the assumption that CSI is available at all
nodes, FS, FR, andW can be adjusted to each channel
recognition to increase the performance of the NAF
MIMO relaying systems. The MSE matrix, which indi-
cates the covariance matrix of the symbol detection
error of the data streams, is expressed as follows:

M ¼ E ŝ−sk k2� �
: ð6Þ

The transmitted symbol s is assumed to be i.i.d with
zero-mean and covariance matrix Rss ¼ E½ssH � ¼ 2σ2s INB ,
with E½s1sH1 � ¼ E½s2sH2 � ¼ σ2s INB , where σ2s is the power
of the transmitted symbols. The covariance matrix of the
equivalent noise vector in (4) can be written as follows:

Rnn ¼ E nnH
� 	 ¼ σ2n;dIND 0

0 σ2
n;rHRDFRFH

RH
H
RD þ σ2

n;dIND

" #
:

ð7Þ

By substituting (5) into (6) and starting with comput-
ing the squared error, the optimal estimator can be
expressed as follows:

W ¼ 2σ2s 2σ2sHFS F
H
S H

H þ Rnn
� �−1

HFS; ð8Þ

where E½yDyHD � ¼ 2σ2sHFS FH
S H

H þ Rnn is the covariance
matrix of the received symbol vector at D. Given W in
(8), the MSE of the estimate symbols in (6) can be writ-
ten as:

ŝ ¼ 2σ2sH
H FH

S 2σ2sHFS FH
S H

H þ Rnn
� �−1

yD: ð9Þ

By substituting (9) into (6), and minimizing and per-
forming the matrix inversion lemma [17], the MMSE is
formulated as follows:

Mmin ¼ tr Af g ¼ tr 2σ−2s INB þ AR þ AS
� �−1n o

; ð10Þ

where

AR ¼ FH
S H

H
SRF

H
RH

H
RD σ2n;rHRDFRF

H
RH

H
RD þ σ2n;dIND


 �−1
�HRDFRHSRFS

ð11Þ

and

AS ¼ 2σ−2n;d F
H
S H

H
SDHSDFS: ð12Þ

The functions AR and AS account for the MMSE in
the relay link and the direct link in both phases.

2.3 Problem formulation
As we can see in (10), the MMSE formula is the function
of precoding matrices FR and FS. Our next task is to de-
sign these two precoding matrices so that the MSE in
(10) can be minimized. The optimization problem can
be formulated as follows:

min
FS ;FR

tr Af g ¼
XNB

i¼1

A i;ið Þ

s:t: PS þ PR≤Ptotal

ð13Þ

where
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A ¼
2σ−2s INB þ

FH
S H

H
SRF

H
RH

H
RD

σ2
n;rHRDFRFHRH

H
RD þ σ2n;dIND


 �−1
�HRDFRHSRFS|{z}

:−AR

þ2σ2
n;d F

H
S H

H
SDHSDFS|{z}

:−AS

0
BBBBBBBBBB@

1
CCCCCCCCCCA

−1

:

ð14Þ

The function Ptotal is the total transmission power at S
and R, while PS and PR are the respective transmit pow-
ers from S and R expressed as follows:

PS ¼ tr FSE ssH
� 	

FH
S

� � ¼ 2σ2
s tr FS F

H
S

� �
; ð15Þ

PR ¼ tr E FRyRy
H
R FHR

� 	� �
¼ tr FR σ2n;rINR þ σ2sHSRFS FH

S H
H
SR


 �
FH
R

n o
:

ð16Þ

The inequalities in (13) show that the precoders have
to fulfill the transmit power constraints at both the relay
and the source node. From (13)–(16), we can immedi-
ately conclude that the solution is not a convex
optimization. Moreover, the cost function implicates a
series of matrix inversions and multiplications; it is a
complex and nonlinear function of FS and FR. We will
propose a method, which is depicted below, to resolve
these problems.

3 Linear precoder design with MMSE criterion
3.1 Proposed approach
The linear MMSE precoder can be achieved analytically
using an MSE matrix diagonalization procedure [18]. In-
spired by this procedure, in this section, we propose to
carry out similar matrix diagonalization in our design.
The trace operation in (13) can be performed easily if
error matrix A can be diagonalized and the entire prob-
lem can be shorted. First, we consider singular-value de-
composition (SVD) for the MIMO channel matrices in
all links:

HSD ¼ Usd

X
sd
VH

sd; ð17Þ

HSR ¼ Usr

X
sr
VH

sr ; ð18Þ

HRD ¼ Urd

X
rd
VH

rd; ð19Þ

where Usd∈£ND�ND , Usr∈£NR�NR , and Urd∈£ND�ND are the
orthonormal left singular matrices of HSD, HSR ,
and HRD, respectively;

P
sd∈i

ND�ND ,
P

sr∈i
NR�NR , andP

rd∈i
ND�ND are the diagonal singular-value matrices of

HSD,HSR, and HRD, respectively; and Vsd∈£NS�NS , Vsr∈

£NS�NS , and Vrd∈£NR�NR are the unitary right singular
matrices of HSD, HSR, and HRD, respectively.
By using the procedure described in the literature [18],

we can determine the following:

FR ¼ Vrd

X
r
Ur ¼ Vrd

X
r
UH

sr ; ð20Þ

FS ¼ Vsr

X
S
US: ð21Þ

After some calculations and manipulations by substi-
tuting (17)–(21) into (14), we obtain the MSE in (13) as
follows:

tr Af g ¼ tr 2σ−2s INB þ ΣH
s Σ

H
srΣ

H
r Σ

H
rd

��
σ2
n;rΣrdΣrΣ

H
r Σ

H
rd



þσ2n;dIND

�−1
ΣrdΣrΣsrΣs

þ2σ−2n;dΣ
H
s VsdV

H
srΣ

H
sdΣsdV

H
sdVsrΣs

�
−1�

¼ tr P−1� �
−tr P−1ΣH

s Q−1 þ ΣsP
−1ΣH

s

� �−1
ΣsP

−1

 �

;

ð22Þ

where

P ¼ 2σ−2
s INB

þΣH
s Σ

H
srΣ

H
r Σ

H
rd σ2

n;rΣrdΣrΣ
H
r Σ

H
rd þ σ2n;dIND


 �−1
ΣrdΣrΣsrΣs

ð23Þ

and

Q ¼ 2σ−2n;d
XH

S
VsdVH

sr

XH

sd

X
sd
VH

sdVsr

X
s
: ð24Þ

Using the matrix inverse lemma [18] to diagonalize
matrix Q, the MSE in (22) is as follows:

tr Að Þ≤ tr P−1� �
−tr P−1

XH

s
Q−1 þ

X
s
P−1
XH

s


 �−1X
s
P−1

� 

¼
XNB

i¼1

1

2σ−2s þ σ2
s;iσ

2
sr;iσ

2
r;iσ

2
rd;i

σ2n;rσ
2
rd;iσ

2
r;i þ σ2

n;d

þ σ2s;i Q
−1 i; ið Þ� �−1 ;

ð25Þ

where σ2s;i and σ2r;i are the transmit power of nodes S and
R, respectively. The result admits that the upper bound
of the MSE function in (25) is a much simpler form than
the original MSE in functions (13)–(14). Then, we
achieve the precoder design by minimizing (25). Here,
let σ2s;i ¼ ps;i and σ2r;i ¼ pr;i , and the optimization of the
MMSE criterion in (13) can be formulated as follows:
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min
ps;i; pr;i;

i ¼ 1;…;NB

XNB

i¼1

1

2σ−2
s þ ps;iσ

2
sr;ipr;iσ

2
rd;i

σ2
n;rσ

2
rd;ipr;i þ σ2

n;d

þ ps;i Q
−1 i; ið Þ� �−1

s:t
2σ2

s

XNB

i¼1

ps;i|{z}
PS

þ
XNB

i¼1

pr;i σ2
n;r þ σ2s σ

2
sr;ips;i


 �
≤Ptotal|{z}

PR

ps;i≥0; pr;i≥0; ∀i∈ 1; 2;…;NBf g: ð26Þ

3.2 Power optimization
Furthermore, the optimization problem in (26) is a
non-convex problem either, and its optimum solution is
difficult to solve. Previously, the iterative water-filling
technique was employed to find the optimal solution for
the MMSE design [18]. In this paper, we propose a sim-
pler suboptimal solution to the optimization problem of
the precoder in (26). The proposed precoding method is
determined by optimizing the transmit power from S
and R, i.e., ps, i and pr, i, that can satisfy minimization of
the upper bound of the MSE.
To minimize the MSE function in (26), we consider a

constant function λ for different indexes of i:

λ ¼ 2σ−2s þ ps;iσ
2
sr;ipr;iσ

2
rd;i

σ2
n;rσ

2
rd;ipr;i þ σ2n;d

þ ps;i Q
−1 i; ið Þ� �−1

: ð27Þ

While maximizing λ, the optimal solution to (26) satis-
fies (27); therefore, we suggest the relay transmit power
as follows:

pr;i ¼
Γ

σ2
sr;i

∀i ¼ 1; 2;…;NBf g; ð28Þ

where Γ is a coefficient set to satisfy the total transmis-
sion power Ptotal in (26). This coefficient can be obtained
by substituting (28) into (26) as follows:

Γ ¼ 2 Ptotal−PSð Þ

2σ2n;r
XNB

i¼1

σ−2sr;i þ PS

: ð29Þ

By substituting (28) into (29), we obtain the source
transmit power as follows:

ps;i ¼
λ

Γσ2rd;i
σ2n;rΓσ

−2
sr;iσ

2
rd;i þ σ2n;d

þ Q−1 i; ið Þ� �−1 : ð30Þ

The constant in (27) can be rewritten as a function of
the total source transmit power by substituting ps, i in
(30) into (26) as follows:

λ ¼ PS

2σ2s
XNB

i¼1

Γσ2rd;i
σ2n;rΓσ

−2
sr;iσ

2
rd;i þ σ2

n;d

þ Q−1 i; ið Þ� �−1 !−1 :

ð31Þ

4 Simulation results
In this section, we discuss the simulations conducted to
estimate the performance of the proposed scheme for an
NAF MIMO relaying system. To achieve perfect
synchronization, we assume that all CSI’s links are
known at all nodes with Rayleigh flat fading distribution.
Here, we use a quaternary phase-shift keying modulation
scheme. Furthermore, we consider a symmetric MIMO
relay system, i.e., NS =NR =ND = 4.
Firstly, we compare the simulation results for AF and

NAF MIMO relaying systems. Figure 2 shows a compari-
son of BER for the AF-based MMSE precoded scheme in
[18] and the NAF MIMO relaying systems with and with-
out precoded MMSE. As can be seen, our proposed
scheme, i.e., the NAF-based MMSE precoded, outper-
forms both the AF precoded and NAF unprecoded
schemes. It was expected because our design for NAF
MIMO relaying scheme is determined by optimizing the
transmit power from S and R, i.e., ps, i and pr, i. Besides
that, both source and relay nodes are permitted to trans-
mit their precoded signal simultaneously in both the co-
operative and broadcasting phases. In contrast, with the
AF MIMO relaying system [18], only relay nodes transmit
their precoded signal in the cooperative phase.
Here, we compare BER versus the average SNR per-

formance of the existing unprecoded/precoded scheme
for NAF MIMO relaying system. Figure 3 shows the
BER comparison for (1) an NAF MIMO relaying system
with ZF unprecoded scheme, (2) an NAF MIMO relay-
ing system with precoded based on the ZF criterion [14],
(3) an unoptimal NAF MIMO relaying system-based
MMSE unprecoded scheme, and (4) the proposed pre-
coded system, i.e., NAF MIMO relaying system based on
the MMSE criterion. As can be seen, our proposed pre-
coded scheme outperforms the ZF unprecoded scheme
significantly and the previous proposed precoded system
[14] slightly. Note that the implementation of ZF preco-
der scheme in Reference [14] only considered for
two-hop AF MIMO system. For a fair comparison, we
incorporate the direct link at the destination when per-
forming the MMSE criterion in the simulation process.
The superiority of the proposed scheme compared to
the unprecoded system is due to the additional source
and relay precoder design with the power allocation
method, which improves the performance of the NAF
MIMO relaying system.
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Finally, we combine the curves in previous simulation
results for the comparison of the unprecoded/precoded
NAF and AF MIMO relaying system performances.
Figure 4 shows the BER comparison for (1) an NAF
unprecoded scheme with the ZF criterion, (2) an NAF
precoded scheme based on the ZF criterion [14], (3) an
NAF precoded scheme based on the MMSE criterion,
(4) an NAF unprecoded scheme based on the MMSE

criterion, and (5) an AF precoded scheme based on the
MMSE criterion [18]. From this figure, we can see that
our proposed precoded scheme, i.e., an NAF precoded
system based on the MMSE criterion, outperforms not
only the unprecoded scheme but also the ZF precoded
system in [14]. It is because our proposed scheme incor-
porates an optimal MMSE precoder design that per-
formance can be enhanced even if the direct link is not

Fig. 2 The performance comparison of NAF with MMSE unprecoded/precoded and AF precoded MMSE in MIMO relaying systems

Fig. 3 The performance comparison of NAF MIMO relaying system with MMSE and ZF unprecoded/precoded
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considered. Besides that, the precoded scheme for
AF-based MMSE criterion [18] outperforms both
NAF-based ZF precoded [14] and unprecoded schemes.
It is due to the MMSE criterion used, in this case, to
minimize the total power transmit both from the source
and the relay node. So, the performance of the precoded
systems with MMSE criterion will be the best among all
unprecoded and ZF precoded systems with the same
total power transmit.

5 Conclusions
In this work, we have proposed a joint design for a linear
precoder scheme in a half-duplex non-orthogonal AF
MIMO relaying system based on the MMSE criterion.
Since MMSE is a detector scheme with high complexity,
we obtain an MMSE upper bound using a convenient ex-
pression to determine the construction of the precoding
matrices using the SVD technique. Simulation results
show that the proposed precoded scheme outperforms the
unprecoded scheme. By allocating an additional proper
power at the source and relay nodes, the proposed scheme
increases the performance of the NAF MIMO relaying
system compared to ZF and AF precoded schemes.
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