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Existence of a scaling relation in continuous 
cultures of Scheffersomyces stipitis: the steady 
states are completely determined by the ratio 
of carbon and oxygen uptake rates
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Abstract 

Background: Recently, we showed that steady-state continuous cultures of S. stipitis follow the principles of growth 
on mixture of two complementary substrates. More precisely, when such cultures are fed with progressively higher 
concentrations of glucose sf at fixed dilution rate D = 0.1 h−1, oxygen mass-transfer coefficient kla = 50 h−1, and 
oxygen solubility c∗o , they transition from glucose- to oxygen-limited growth through an intermediate dual-limited 
regime in which both glucose and oxygen are limiting, and ethanol is produced without loss of glucose. It is, there-
fore, of considerable interest to characterize the dual-limited regime. We found that the dual-limited regime occurs 
precisely when the operating parameters D, sf, kla, and c∗o satisfy the relation Yos < Dsf/

(

kla · c
∗
o

)

< Y
′
os , where Yos and 

Y
′
os denote g of glucose consumed per g of oxygen consumed in the carbon- and oxygen-limited regimes. In this 

work, our goal was to determine if the above characterization of the dual-limited regime holds over a wider range of 
D, kla, and to understand why the dual-limited regime is determined by the dimensionless ratio Dsf/

(

kla · c
∗
o

)

.

Results: To this end, we performed the foregoing experiments at three additional dilution rates (D = 0.07, 0.15, and 
0.20 h−1) and one additional mass-transfer coefficient (kla = 100 h−1). We find that the above characterization of the 
dual-limited regime is valid for these conditions as well. Furthermore, the boundaries of the dual-limited regime are 
determined by the dimensionless ratio Dsf/

(

kla · c
∗
o

)

 , because the steady-state concentrations are completely deter-
mined by this ratio. More precisely, if the steady-state concentrations of biomass, glucose, oxygen, and ethanol are 
suitably scaled, they collapse into a single curve with Dsf/

(

kla · c
∗
o

)

 as the independent variable.

Conclusion: The dual-limited regime is characterized by the relation Yos < Dsf/
(

kla · c
∗
o

)

< Y
′
os over the entire range 

of operating condition 0.07 h−1 ≤ D ≤ 0.20 h−1 and 50 h
−1

≤ kla ≤ 100 h
−1 . Since the effect of all operating param-

eters is embedded in the single parameter Dsf/
(

kla · c
∗
o

)

 , the dimensionless plot provides a powerful tool to compare, 
with only a handful of data, various ethanol-producing strains over a wide range of operating conditions.
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Background
Pretreatment of lignocellulosic biomass yields glucose 
and various pentoses [1]. Simultaneous consumption of 
hexoses and pentoses is therefore essential for one-step 
fermentation of sugars derived from lignocellulosic bio-
mass. Among the best pentose-fermenting microbes are 
the yeasts Candida shehatae, Pachysolen tannophilus, 
and Scheffersomyces stipitis (referred to earlier as Pichia 
stipitis [2]). S. stipitis is of particular interest, because it 
gives a high ethanol yield, produces almost no by-prod-
ucts, and requires minimal addition of vitamins to stimu-
late fermentation [3–5].

In spite of the foregoing desirable properties, S. stipi-
tis is not the organism of choice for large-scale ethanol 
production. This is primarily because it grows and fer-
ments only in a narrow range of dissolved oxygen con-
centrations: under aerobic conditions, it grows but does 
not ferment, and under anaerobic conditions, it ferments 
but grows poorly [6–9]. This has led to the conclusion 
that production of ethanol by S. stipitis is not robust and, 
therefore, unsuitable for large-scale production [10, 11].

Although ethanol production by S. stipitis is not robust, 
it would be useful to quantify this in a manner that is 
useful for systematic process and strain improvement. 
This could be done by growing the cells in a chemostat 
and determining the parametric sensitivity of ethanol 
production, i.e., the range of the operating parameters 
(rather than dissolved oxygen concentrations) that sup-
port ethanol production. The key operating parameters 
for the system are the dilution rate D, the feed concentra-
tion of the carbon source sf, the mass-transfer coefficient 
of oxygen kla (determined primarily by the stirrer speed 
and gas flow rate), and the solubility of oxygen in the 
aqueous medium c∗o (determined primarily by the oxygen 
content of the gaseous stream). Although there are sev-
eral studies of ethanol production by continuous cultures 
of S. stipitis [8, 12–15], the parametric sensitivity of etha-
nol production has not been quantified.

Recently, we reported a method for quantifying the 
parametric sensitivity of ethanol production by S. stipitis 
[15]. Our method was based on the principles that govern 
the manner in which a culture transitions from growth 
limited on one substrate to another substrate that is com-
plementary to it. Examples include the transition from 
carbon- to nitrogen- or phosphorus- or magnesium-
limited growth. These transitions are generally studied 
by feeding steady-state continuous cultures with progres-
sively higher concentrations of the carbon source while 
keeping the feed concentrations of all other nutrients at 
a constant value [16, 17], although the same informa-
tion can also be obtained by changing the feed concen-
tration slowly [18]. Under these conditions, the culture 
undergoes a transition from carbon-limited growth at 

low feed concentrations of the carbon source to limita-
tion by another nutrient at high feed concentrations of 
the carbon source [19]. It was widely believed, since the 
time of Liebig that this transition occurred abruptly, i.e., 
there existed a feed concentration of the carbon source at 
which the culture switched abruptly from carbon limita-
tion to limitation by another nutrient. In 1991, Egli ana-
lyzed the data from a wide variety of papers, and showed 
that the transition did not occur abruptly [19]. There was 
a range of feed concentrations over which the culture was 
limited by both nutrients, and both nutrients were com-
pletely consumed in this dual-limited regime.

In our recent work, we showed that the transition 
from carbon to oxygen limitation also follows the above-
mentioned pattern of growth even though oxygen is an 
electron acceptor rather than a nutrient [15]. Specifi-
cally, we showed that if the concentration of glucose fed 
to a continuous culture of S. stipitis was progressively 
increased at fixed D = 0.1 h−1 and kla ≈ 50 h−1, the result-
ant steady states showed three distinct and well-defined 
growth regimes. At low feed concentrations of glucose 
( sf < sf ), growth was carbon-limited, dissolved oxygen 
was in excess, and no ethanol was produced. At high 
feed concentrations of glucose ( sf > s̄f ), growth was oxy-
gen-limited and ethanol was produced, but the residual 
glucose concentration was high and led to significant 
loss of unused glucose. At intermediate feed concentra-
tions of glucose ( sf < sf < s̄f ), growth was dual-limited, 
i.e., both glucose and oxygen were limiting, and ethanol 
was produced without loss of glucose. Thus, we found 
that at fixed D and kla, it is desirable to operate the che-
mostat in the dual-limited regime sf < sf < s̄f . We then 
developed simple unstructured mathematical models to 
understand what determines the boundaries, sf and s̄f , of 
the dual-limited regime. The models yielded the expres-
sions sf = Yoskla · c∗o/D and s̄f = Y ′

oskla · c∗o/D , where Yos 
and Y ′

os denote g of glucose consumed per g of oxygen 
consumed in the carbon- and oxygen-limited regimes, 
respectively. The boundaries predicted by these expres-
sions agreed well with the boundaries observed in our 
experiments performed at D = 0.1  h−1 and kla ≈ 50  h−1. 
Analysis of the model also showed that the chemostat 
is in the dual-limited regime (and ethanol is produced 
without loss of glucose) precisely when the key operating 
parameters are such that Yos < Dsf/

(

kla · c∗o
)

< Y ′
os , i.e., 

the dual-limited regime is completely determined by the 
dimensionless ratio Dsf/

(

kla · c∗o
)

.
In this work, our first goal was to test the valid-

ity of the above expressions for sf and s̄f over a range 
of D and kla. To this end, we performed the foregoing 
experiment at three additional dilution rates (0.07, 0.15, 
and 0.20  h−1) and an additional mass-transfer coeffi-
cient (100  h−1). We found that the values of sf and s̄f 
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decreased with D and increased with kla in a manner 
consistent with the above expressions. Our second 
goal was to understand why the dual-limited regime 
is completely determined by the dimensionless ratio 
Dsf/

(

kla · c∗o
)

 . We found that this occurs because the 
steady-state concentrations of biomass, residual glu-
cose, dissolved oxygen, and ethanol, when suitably 
scaled, are completely determined by Dsf/

(

kla · c∗o
)

 . In 
other words, when the data obtained at various D and 
kla are suitably scaled and plotted against Dsf/

(

kla · c∗o
)

 , 
every measured concentration collapses into a single 
curve. We show that this dimensionless plot provides 
a powerful tool for comparing, without significant data 
acquisition, the performance of different strains over a 
wide range of operating conditions.

Model for carbon‑ and oxygen‑limited growth of S. stipitis 
in a chemostat
In our continuous culture experiments, we meas-
ured the steady-state concentrations of biomass (x), 
residual glucose (s), dissolved oxygen (co), and ethanol 
(p) obtained when sf was varied at fixed D, kla, and c∗o . 
These steady-state concentrations satisfy the mass bal-
ance equations:

where μ, rs, ro, and rp represent the specific rates of bio-
mass growth, glucose consumption, oxygen consump-
tion, and ethanol formation, respectively. It follows that 
the non-trivial steady states (x > 0) satisfy the equations:

which will provide the steady-state concentrations after 
we specify the rates μ, rs, ro, and rp.

(1)0 =
dx

dt
= −Dx + µx,

(2)0 =
ds

dt
= D(sf − s)− rsx,

(3)0 =
dco

dt
= kla

(

c∗o − co
)

− rox,

(4)0 =
dp

dt
= −Dp+ rpx,

(5)µ = D,

(6)D(sf − s) = rsx,

(7)kla
(

c∗o − co
)

= rox,

(8)Dp = rpx,

Steady states of carbon‑limited regime
We assume that carbon-limited growth can be 
described by the single quasi-reaction:

where μ(s) is the specific growth rate, μm is the maximum 
specific growth rate, and Ks is the saturation constant. It 
follows that the specific rates of glucose consumption, 
oxygen consumption, and ethanol formation are given by 
the expressions:

where Ysx, Yox, and Ypx are the yields of biomass on glu-
cose, oxygen, and ethanol, respectively.

If the dilution rate is sufficiently small, almost all the 
substrate entering the reactor is consumed. Substitut-
ing (9)–(12) in (5)–(8) then yields

where Ysp ≡ Ysx/Ypx denotes g of ethanol produced per 
g of glucose and Yos ≡ Yox/Ysx denotes g of glucose con-
sumed per g of oxygen. It follows from Eq. (16) that if sf 
is increased at a fixed D, kla, and c∗o , the dissolved oxygen 
concentration decreases linearly becoming zero at

which provides a good approximation to the feed concen-
tration at which the cells transition from carbon- to dual-
limited growth. It should be noted that in reality, co does 
not become zero at the transition point sf = sf . Instead, it 
reaches sub-critical levels, which are so small that co = 0 
is a good approximation to the concentration at the tran-
sition point.

(9)

YxsS + YxoO2
µ(s)
→ X + YxpP + YxcCO2,

µ(s) = µm
s

Ks + s
,

(10)rs = Yxsµ(s) =
µ(s)

Ysx
,

(11)ro = Yxoµ(s) =
µ(s)

Yox
,

(12)rp = Yxpµ(s) =
µ(s)

Ypx
,

(13)s = Ks
D

µm − D
≪ sf,

(14)x = Ysx(sf − s) ≈ Ysxsf,

(15)p = Ysp(sf − s) ≈ Yspsf,

(16)
co

c∗o
= 1−

(D/Yox)x

kla · c∗o
≈ 1−

(

D

Yoskla · c∗o

)

sf,

(17)sf = sf ≡
Yoskla · c∗o

D
,
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Steady states of oxygen‑limited regime
We assume that oxygen-limited growth can be described 
by the single quasi-reaction:

where µ′(co) denotes the specific growth rate, and Ko 
denotes the critical dissolved oxygen level. It follows 
that the specific rates of glucose consumption, oxygen 
consumption, and ethanol production are given by the 
expressions:

where Y ′
sx , Y ′

ox , and Y ′
px are the yields of biomass on 

substrate, oxygen, and product under oxygen-limited 
conditions.

If the dilution rate is sufficiently small, the dissolved oxy-
gen level is small compared to saturating levels. Substitut-
ing (18)–(21) in (5)–(8) then yields

where Y ′
op ≡ Y ′

ox

/

Y ′
px denotes the g of ethanol produced 

per g of oxygen consumed, and Y ′
os ≡ Y ′

ox

/

Y ′
sx denotes 

the g of glucose consumed per g of oxygen consumed. It 
follows from Eq. (25) that if sf is increased at fixed D, kla, 
and c∗o , the concentration of residual glucose increases 
linearly. Letting s = 0 in Eq. (25) yields

(18)

Y
′

xsS + Y
′

xoO2
µ′(co)
→ X + Y

′

xpP + Y
′

xcCO2,

µ′(co) = µm
co

Ko + co
,

(19)r′s = Y ′

xsµ
′(co) =

µ′(co)

Y ′
sx

,

(20)r′o = Y ′

xoµ
′(co) =

µ′(co)

Y ′
ox

,

(21)r′p = Y ′

xpµ
′(co) =

µ′(co)

Y ′
px

,

(22)
co

c∗o
=

Ko

c∗o

D

(µm − D)
≪ 1,

(23)x =
Y ′
oxkla

(

c∗o − co
)

D
≈

Y ′
oxkla · c∗o

D
,

(24)p =
Y ′
opkla

(

c∗o − co
)

D
≈

Y ′
opkla · c∗o

D
,

(25)s = sf −
Y ′
oskla

(

c∗o − co
)

D
≈ sf −

Y ′
oskla · c∗o

D
,

(26)sf = s̄f ≡
Y ′
oskla · c∗o

D
,

which provides a good approximation to the feed concen-
tration of glucose at which the cells transition from the 
dual-limited to the oxygen-limited regime.

Results
The concentration profiles are qualitatively similar at all D 
and kla
Recently, we showed that if the concentration of glucose 
fed to a chemostat was increased at fixed D = 0.1  h−1 
and kla ≈ 50 h−1, cultures of S. stipitis transitioned from 
carbon- to oxygen-limited growth via an intermedi-
ate dual-limited regime [20]. In this work, our goal 
was to study the effect of D and kla on the steady-state 
concentration profiles. To this end, we repeated the 
foregoing continuous culture studies by (a) varying D 
( D = 0.07, 0.15, 0.20  h−1) at fixed kla ≈ 50 h−1 (Fig. 1), 
and (b) varying kla ( kla ≈ 50, 100  h−1) at fixed D = 0.1 
 h−1 (Fig. 2). As we show below, there were three distinct 
and well-defined growth regimes in all the experiments, 
and the concentration profiles in each regime were quali-
tatively similar.

At low feed concentrations of glucose, growth was 
carbon-limited. Under these conditions, no glucose and 
ethanol were detected in the effluent stream. When the 
feed concentration of glucose was increased, the biomass 
concentration increased linearly, and the dissolved oxy-
gen level decreased linearly until it became near-zero at a 
sufficiently large value of the glucose feed concentration 
denoted sf.

When the feed concentration of glucose was increased 
beyond sf , growth was both carbon- and oxygen-limited. 
In this dual-limited regime, the dissolved oxygen levels 
were immeasurably low, which implies that the oxygen 
transfer rate kla ·

(

c∗o − co
)

 had reached the maximum 
(mass-transfer-limited) level kla · c∗o . Yet, additional glu-
cose fed to the chemostat was completely consumed and 
led to the synthesis of additional biomass. The additional 
glucose was presumably channeled into fermentation, 
since its consumption was accompanied by production 
of ethanol. The dual-limited regime persisted until the 
glucose feed concentration increased to sufficiently large 
value denoted s̄f.

When the glucose concentration in the feed was 
increased beyond s̄f , dissolved oxygen levels remained 
undetectable and the residual glucose levels increased 
dramatically, which indicates that growth was now oxy-
gen-limited. In this regime, ethanol and biomass con-
centrations remained constant, but the effluent glucose 
levels increased linearly with the glucose feed concen-
tration. This suggests that glucose uptake had saturated 
in this regime—the additional glucose supplied sim-
ply exited the reactor without any consumption by the 
cells.
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Although the concentration profiles were qualita-
tively similar at all D and kla, there were quantitative 
differences. In what follows, we shall describe these dif-
ferences and show that they can be explained in terms 
of the model. However, before doing so, it is necessary 
to check the validity of the model.

The yields observed in carbon‑ and oxygen‑limited growth 
are nearly constant
Our models of carbon- and oxygen-limited growth are 
based on two assumptions:

1. The specific growth rates during carbon- and oxy-
gen-limited growth, denoted μ and μ′, are functions 

of the glucose and dissolved oxygen concentrations, 
respectively.

2. The biomass yields during carbon- and oxygen-lim-
ited growth, denoted Ysx, Yox, Ypx and Y ′

sx , Y ′
ox , Y ′

px , 
respectively, are constant.

The validity of the first assumption was demonstrated 
above: in the carbon-limited (resp. oxygen-limited) 
regime, the concentration of glucose (resp. dissolved 
oxygen) was immeasurably small, while that of dissolved 
oxygen (resp. glucose) was large. It remains to verify the 
validity of the second assumption.

Given the steady-state concentrations at various oper-
ating conditions (Figs.  1, 2), the steady-state mass bal-
ance equations  (1)–(4) can be used to calculate the 
corresponding specific rates of glucose uptake, oxygen 

Fig. 1 Variation of the steady-state concentrations of a biomass, b ethanol, c dissolved oxygen and residual glucose with respect to the feed 
concentration of glucose at fixed kla ≈ 50 h−1 and four dilution rates, namely, 0.07 h−1 (yellow), 0.10 h−1 (blue), 0.15 h−1 (green), and 0.20 h−1 
(violet). The arrows point in the direction of increasing D. The lines in the carbon- and oxygen-limited regimes are best fits to Eqs. (14)–(16) and 
(23)–(25), respectively. The lines in the dual-limited regime are obtained by linearly interpolating the end points of the carbon- and oxygen-limited 
regimes. The inset in c shows the dissolved oxygen levels
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consumption, and ethanol formation. In the carbon- and 
oxygen-limited regimes, these rates are independent of 
the glucose feed concentration and the oxygen mass-
transfer coefficient (Additional file  1: Figure S1), and 
increase linearly with the dilution rate (Additional file 1: 
Figure S2), which in turn equals the specific growth rate. 
It follows that the yields in the carbon-limited regime 
(Ysx, Yox, Ypx) and oxygen-limited regime ( Y ′

sx , Y ′
ox , Y ′

px ) 
are essentially constant (Table 1).

Since both assumptions of our model are valid, we can 
proceed to analyze the data in terms of the model. Before 
doing so, however, we note that

That is, the amount of biomass produced per g of glu-
cose is higher when carbon is limiting, and the amount 
of biomass produced per g of oxygen is higher when oxy-
gen is limiting. In other words, the efficiency of biomass 

(27)Ysx > Y ′

sx, Y ′

ox > Yox.

synthesis with respect to a particular factor is highest 
when that factor is limiting. Equation  (27) then implies 

Fig. 2 Variation of the steady-state concentrations of a biomass, b ethanol, c dissolved oxygen and residual glucose with the feed concentration of 
glucose at fixed D = 0.1 h−1 and two mass-transfer coefficients, namely, kla ≈ 50 h−1 (blue) and kla ≈ 100 h−1 (red). The arrows point in the direction 
of increasing kla. The lines in the carbon- and oxygen-limited regimes represent best fits to Eqs. (14)–(16) and (23)–(25), respectively. The lines in 
the dual-limited regime are obtained by linearly interpolating the end points of the carbon- and oxygen-limited regimes. The inset in c shows the 
dissolved oxygen levels

Table 1 Yields obtained during  carbon- and  oxygen-
limited growth of  continuous cultures of  S. stipitis.  The 
biomass yields shown in rows 1–3 were obtained by fitting 
the  data (Additional file  1: Figure S2), and  were used 
to calculate the remaining yields shown in rows 4–5, which 
appear in the dimensionless Eqs. (36), (37)

Carbon‑limited regime Oxygen‑limited regime

Ysx 0.44 g g−1
Y
′
sx 0.15 g g−1

Ypx ∞ Y
′
px 1.11 g g−1

Yox 0.55 g g−1
Y
′
ox 0.91 g g−1

Yos = Yox/Ysx 1.25 g g−1
Y
′
os = Y

′
ox

/

Y
′
sx

6.06 g g−1

Yop = Yox/Ypx 0
Y
′
op = Y

′
ox

/

Y
′
px

0.82 g g−1



Page 7 of 15Maitra and Narang  Biotechnol Biofuels           (2019) 12:19 

that Yos < Y ′
os , and it follows from Eqs.  (17) and (26), 

implying that sf < s̄f.

The variation of the concentration profiles with D and kla 
is consistent with the model
Our next goal is to explain, in terms of the model, the 
variation of the concentration profiles with sf for various 
D and kla ( c∗o was not varied, since we used the air in all 
the experiments).

Carbon‑limited regime
In this regime, the cell density increases linearly with 
the feed concentration of glucose regardless of D and kla 
(Figs. 1a, 2a), whereas the ethanol concentration is always 
negligible. This is consistent with Eqs.  (14), (15), which 
reflect the fact that at steady state, the biomass and etha-
nol efflux rates Dx, Dp equal the respective biomass and 
ethanol generation rates μx, rpx which, under carbon-
limited conditions, are proportional to the maximum 
glucose consumption rate Dsf, that is

It follows from (28) that x is proportional to sf —it is 
independent of kla since the biomass efflux and genera-
tion rates are independent of kla, and independent of D 
since both rates are proportional to D. Equation  (29) 
implies that p = 0 since Crabtree-negative yeasts do not 
ferment under aerobic conditions (Ysp = 0).

At fixed D and kla, the dissolved oxygen concentra-
tion decreases linearly with the feed concentration 
(Figs. 1c, 2c). The linear dissolved oxygen concentration 
profile rotates about the point (0, 100) clockwise if D is 
increased at fixed kla (Fig.  1c) and counter-clockwise if 
kla is increased at fixed D (Fig. 2c). These trends are con-
sistent with Eq.  (16) which follows from the fact that at 
steady state, the oxygen transfer rate kla ( c∗o − co) equals 
the oxygen consumption rate rox, which, under carbon-
limited conditions, is proportional to the maximum glu-
cose consumption rate Dsf, that is

It follows that if sf is increased at fixed D and kla 
(Figs. 1c, 2c), or D is increased at fixed kla and sf (Fig. 1c), 
the oxygen demand Yso · Dsf increases—due to enhanced 
biomass concentration x ≈ Ysxsf in the first case and 
enhanced specific oxygen consumption rate (ro = DYxo) in 
the second case—and since kla is constant, the dissolved 
oxygen level decreases to meet the enhanced oxygen 
demand. Conversely, if kla is increased at fixed D and sf 

(28)
Dx = µx = (Ysxrs)x = Ysx · D(sf − s) ≈ Ysx · Dsf.

(29)
Dp = rpx =

(

Ysprs
)

x = Ysp · D(sf − s) ≈ Ysp · Dsf.

(30)
kla

(

c∗o − co
)

= rox = (Ysors)x = Yso · D(sf − s) ≈ Yso · Dsf.

(Fig. 2c), the dissolved oxygen level increases, because kla 
increases at constant oxygen demand.

Oxygen‑limited regime
In the oxygen-limited regime, the biomass and etha-
nol concentrations are constant whenever D and kla 
are fixed. However, these constant levels decline if D is 
increased at fixed kla (Fig.  1a, b), and increase if kla is 
increased at fixed D (Fig. 2a, b). These trends are consist-
ent with Eqs.  (23), (24) which follow from the fact that 
at steady state, the biomass and ethanol efflux rates, Dx 
and Dp, are equal to their respective production rates, μx 
and rpx, but under oxygen-limited conditions, both pro-
duction rates are proportional to the maximum oxygen 
uptake rate kla · c∗o , that is

It follows that x and p are constant at fixed D and kla. 
However, when D is increased at fixed kla (Fig. 1a, b), the 
biomass and ethanol concentrations decrease, because 
the effluent is removed at a faster rate, while the bio-
mass and ethanol production rates, Y ′

ox

(

kla · c∗o
)

 and 
Y ′
op

(

kla · c∗o
)

 , are fixed. Conversely, if kla is increased at 
fixed D (Fig. 2a, b), the biomass and ethanol concentra-
tions increase, because the biomass and ethanol produc-
tion rates increase, while the effluent flow rate remains 
fixed.

At fixed D and kla, the residual glucose concentration 
increases linearly with the feed concentration of glucose 
(Figs.  1c, 2c). However, the residual glucose concentra-
tion profile shifts up if D is increased at fixed kla (Fig. 1c), 
and shifts down if kla is increased at fixed D (Fig.  2c). 
These variations are consistent with Eq.  (25) which ulti-
mately expresses the fact that at steady state, the net 
glucose influx rate equals the glucose consumption rate, 
which under oxygen-limited conditions, is proportional 
to the maximum oxygen consumption rate kla · c∗o , that is

It follows when D and kla are fixed, sf − s is a constant 
equal to s̄f , i.e., s lies at a distance s̄f vertically below the line 
s = sf. If D is increased at fixed kla (Fig. 1c), sf − s decreases, 
since the flow rate is increased, while the substrate con-
sumption rate is constant; conversely, if D is increased at 
fixed kla (Fig. 2c), sf − s increases, since the substrate con-
sumption rate increases, while the flow rate is constant.

(31)
Dx = µx =

(

Y ′

oxro
)

x = Y ′

ox · kla(c
∗

o − co) ≈ Y ′

ox ·
(

kla · c∗o
)

,

(32)
Dp = rpx =

(

Y ′

opro

)

x = Y ′

op · kla(c
∗

o − co) ≈ Y ′

op ·
(

kla · c∗o
)

.

(33)
D(sf − s) = rsx =

(

Y
′

osro

)

x

= Y
′

os · kla(c
∗

o − co) ≈ Y
′

os ·
(

kla · c
∗

o

)

.
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The variation of the growth boundaries with D and kla 
is consistent with the model
Our next goal is to compare the experimentally deter-
mined boundaries of dual-limited growth with the 
model predictions.

For each set of the data sets in Figs.  1 and 2, we 
determined the lower and upper boundaries of dual-
limited growth as follows. The lower boundary of the 
dual-limited regime sf = sf was determined by fitting 
the dissolved oxygen concentration profile in the car-
bon-limited regime to the one-parameter linear equa-
tion  (16), and the upper boundary of the dual-limited 
regime sf = s̄f was determined by fitting the residual 
glucose concentration profile in the oxygen-limited 
regime to the one-parameter linear equation  (25). The 
fits of the dissolved oxygen and glucose concentration 
profiles in Fig. 1 show that both sf and s̄f decrease when 
D increases from 0.07 to 0.20 h−1 at fixed kla ≈ 50 h−1, 
and these trends are illustrated in Fig.  3a by the open 
and closed circles, respectively. The fits of the dissolved 
oxygen and glucose concentration profiles in Fig.  2 
show that both sf and s̄f increase when kla increases 
from 50  h−1 to 100  h−1 at fixed D = 0.1  h−1, a trend 
illustrated in Fig.  3a by the open and closed triangles, 
respectively.

The variations of sf and s̄f in Fig.  3a are consist-
ent with the model. Indeed, Eqs.  (17) and (26) can be 
rewritten as Dsf = Yoskla · c∗o and Ds̄f = Y ′

os · kla · c∗o , 
and it follows that

1. When kla and c∗o are fixed, sf and s̄f are inversely pro-
portional to D (solid and dashed curves in Fig.  3a), 
a result which agrees with the experimentally deter-
mined values of sf and s̄f at kla ≈ 50  h−1 (open and 
closed circles in Fig. 3a) Stated differently, given any 
kla · c∗o , the lower and upper boundaries of dual-
limited growth are completely determined by the 
glucose influx rate—they are given by the equations 
Dsf = 0.47 g  L−1  h−1 and Ds̄f = 3.2 g  L−1  h−1. Conse-
quently, the dashed and solid curves of Fig. 3a reduce 
to points on the kla · c∗o − Dsf plane (open and closed 
circles in Fig. 3b).

2. When D and c∗o are fixed, sf and s̄f are directly pro-
portional to kla, which agrees with the experimen-
tal data, since the values of sf and s̄f obtained at 
D = 0.1 h−1, kla ≈ 50 h−1 (open and closed circles in 
Fig.  3a) are half the values of sf and s̄f obtained at 
D = 0.1 h−1, kla ≈ 100 h−1 (open and closed triangles 
in Fig. 3a). The boundaries corresponding to the lat-
ter experiment appear on the kla · c∗o − Dsf plane as 
points, represented by open and closed triangles in 
Fig. 3b, with double the coordinates corresponding to 
the former experiment.

Thus, we have shown that the observed boundaries 
of the dual-limited regime shown in Fig. 3a agree quan-
titatively with those predicted by the model, and these 
boundaries can be represented more concisely on the 
kla · c∗o − Dsf plane (Fig. 3b)—the lower boundary is the 
line Dsf = Yoskla · c∗o separating the carbon- and dual-
limited regimes, and the upper boundary is the line 
Dsf = Y ′

oskla · c∗o separating the dual- and oxygen-limited 
regimes.

It follows from Fig. 3b that the dual-limited regime is 
characterized by the relation Yos < Dsf/

(

kla · c∗o
)

< Y ′
os . 

In earlier work, we showed that this characteriza-
tion was plausible, because in the dual-limited regime, 
Dsf/

(

kla · c∗o
)

 equals the ratio of glucose to oxygen con-
sumption rates, which increases from the value Yos at 
the left boundary coinciding with the carbon-limited 
regime to the value Y ′

os at the right boundary coincid-
ing with the oxygen-limited regime [20]. However, 

Fig. 3 Variation of the boundaries of the dual-limited regime with 
the operating parameters. a At fixed kla ≈ 50 h−1, the experimentally 
determined values of sf (open circle) and s̄f (closed circle) are inversely 
proportional to D. The dashed and solid curves, which represent 
the best fits to the data, satisfy the equations Dsf = 0.47 g  L−1  h−1 
and Ds̄f= 3.2 g  L−1  h−1, respectively. At fixed D = 0.10 h−1, the values 
of sf and s̄f at kla ≈ 50 h−1, represented by open circle and closed 
circle, respectively, are half the values of sf and s̄f at kla ≈ 100 h−1, 
represented by open triangle and closed triangle, respectively. b 
Representation of the data in a on the kla · c∗o ,Dsf-plane
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the characterization was experimentally validated 
only at D = 0.1  h−1 and kla ≈ 50  h−1. We have now 
shown that the characterization is valid over the range 
0.07 h−1

≤ D ≤ 0.20 h−1 and 50 h−1
≤ kla ≤ 100 h−1.

The steady‑state concentrations are completely 
determined by the ratio Dsf/

(

kla · c
∗
o

)

We have shown above that the boundaries of the dual-
limited regime are determined the dimensionless ratio:

Since the boundaries of the dual-limited limited regime 
are ultimately determined by the points at which the 
concentrations of dissolved oxygen and residual glucose 
become vanishingly small, it seems plausible that the 
boundaries are determined by ρ because these concentra-
tions are determined by ρ. We show below that the model 
implies, and the experiments confirm, that the concen-
trations of not only dissolved oxygen and glucose, but 
also biomass and ethanol, are completely determined by 
ρ, provided the concentrations are suitably scaled.

To this end, define the dimensionless concentrations:

Then, Eqs.  (13)–(16) imply that in the carbon-limited 
regime, the dimensionless steady-state concentrations 
are

and Eqs.  (22)–(25) imply that in the oxygen-limited 
regime, the dimensionless steady-state concentrations 
are

The model, therefore, implies that for a given strain, 
and hence given yields, the dimensionless steady-state 
concentrations in the carbon- and oxygen-limited 
regimes are completely determined by ρ.

Thus far, we have shown that the observed concen-
tration profiles are consistent with the model, which 
in turn implies that suitably scaled concentrations are 
functions of ρ. One, therefore, expects that the meas-
ured concentrations obtained at various D, sf, kla will 
also collapse into a single curve, provided that they are 
scaled in accordance with Eq.  (35), and plotted against 
the dimensionless parameter ρ calculated from measured 
values of the operating parameters. Figure 4 shows that 

(34)

ρ ≡
Dsf

kla · c∗o
=

Maximum glucose consumption rate

Maximum oxygen consumption rate
.

(35)σ ≡
s

sf
, ω ≡

co

c∗o
, χ ≡

Dx

kla · c∗o
, π ≡

Dp

kla · c∗o
.

(36)σ ≪ 1, ω = 1−
ρ

Yos
, χ = Ysxρ, π = Yspρ,

(37)ω ≪ 1, σ = 1−
Y ′
os

ρ
, χ = Y ′

ox, π = Y ′

op.

this is indeed the case, and the trends agree well with 
those predicted by Eqs. (36), (37) with the experimentally 
measured yields shown in Table  1. In the carbon-lim-
ited regime, the dimensionless biomass concentration χ 
increases linearly with ρ (Fig. 4a), the dimensionless etha-
nol concentration π is negligible (Fig. 4b), and the dimen-
sionless dissolved oxygen level ω decreases linearly with 
ρ (Fig.  4c). In the oxygen-limited regime, the data are 
considerably more scattered for reasons discussed below, 
but the general trend is clear—the dimensionless ethanol 
and biomass concentrations, π and χ, are approximately 
constant (Fig.  4a, b), and the dimensionless glucose 
concentration σ increases, albeit non-linearly (Fig.  4c). 
Importantly, even though the operating parameters D, 
kla, and sf were varied several fold, most of the dimen-
sionless concentrations are within 20% of the values pre-
dicted by Eqs.  (36), (37) with no adjustable parameters, 
since all the yields were obtained from experimental data 
(Table 1).

The data are more scattered in the dual- and oxygen-
limited regimes due to the occurrence of excessive foam-
ing despite the use of automatic foam control, a problem 
that has also been reported by other researchers [21, 22]. 
The foaming also led to a marked decline in the closure 
of the carbon balance (Additional file 1: Figure S3). Our 
recent studies suggest that the usual strategy of adding 
anti-foam in response to foam formation is not effective. 
It is better to add anti-form periodically, thus preventing 
the formation of foam, rather than attempting to control 
it after it has formed [23].

Discussion
Kinetics of dual‑limited regime
We have shown above that the dimensionless concen-
trations in the carbon- and oxygen-limited regimes are 
completely determined by the dimensionless parameter 
ρ. It is relevant to ask if this conclusion is also valid in the 
dual-limited regime.

It is evident that our models of carbon- and oxygen-
limited growth are not valid in the dual-limited regime. 
Indeed, these models represent growth as single quasi-
reactions which imply that the ratio of reaction rates 
of any two species such as glucose and oxygen are 
constant (rs/ro = Yos, r′s

/

r′o = Y ′
os ), but the dual-limited 

regime is characterized by increasing ratio of glucose 
to oxygen consumption rates Dsf/

(

kla · c∗o
)

 . Although 
our models are not valid in the dual-limited regime, 
the dimensionless variables are still well-defined and 
physically meaningful. In particular, χ ≡ Dx/

(

kla · c∗o
)

 
and π ≡ Dp/

(

kla · c∗o
)

 are approximately equal to the 
yields of biomass and ethanol on oxygen. Figurse  4a, 
b, which suggest that χ and π are functions of ρ in the 
dual-limited regime, therefore, implies that the yields 
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of biomass and ethanol are functions of ρ. This result is 
consistent with the literature [24]. Indeed, von Stockar 
and Birou formulated a mathematical model which 
assumes that the kinetics of the dual-limited regime are 
the outcome of not one, but two, independent quasi-
reactions, namely, respiration and fermentation [24]. 
The model implies that in the dual-limited regime, the 
biomass and ethanol yields are functions of the aero-
bicity Ω ≡ kla · c∗o/(DsfYso) = 1/(ρYso) , and hence also 
functions of ρ, which is consistent with the data in 
Fig.  4a, b. Their experiments with Kluyveromyces fra-
gilis also confirmed that the variation of the observed 
biomass and ethanol yields with Ω agreed with their 
model predictions. However, we could not determine if 
our data are quantitatively consistent with their model, 
since it requires anaerobic growth yields, but S. stipi-
tis grows very poorly under anaerobic conditions. We 
are currently acquiring more data in the dual-limited 
regime, and exploring methods for extracting the 

parameters of fermentative growth without subjecting 
the cells to anaerobic growth.

Implications of the existence of the dimensionless plot
The existence of the dimensionless plot provides a pow-
erful tool for comparing the parametric sensitivities of 
different strains. Indeed, since the effects of D, sf, kla, and 
c∗o are embedded in the single parameter ρ, superimpos-
ing the dimensionless plots for two strains immediately 
reveals not only the range of operating parameters that 
support ethanol production without loss of the carbon 
source, but also their performance as ethanol producers. 
The dimensionless plot would be particularly useful for 
comparing S. stipitis with the benchmark strain Saccha-
romyces cerevisiae, an effort that is already under way in 
our lab.

Although the dimensionless plot is a powerful tool for 
comparing parametric sensitivity of strains, it is of lim-
ited use if it requires extensive data at multiple D, sf, kla, 

Fig. 4 Variation of the dimensionless concentrations of a biomass, b ethanol, c dissolved oxygen and residual glucose with the dimensionless 
operating parameter ρ. The different symbols represent data obtained at various kla and D, i.e., kla = 50 h−1 and D =  0.07 h−1 (yellow), 0.10 h−1 
(blue), 0.15 h−1 (green), 0.20 h−1 (violet); and kla = 100 h−1 and D = 0.1 h−1 (red). The lines represent the model predictions from Eqs. (36), (37) with 
the experimentally determined yields shown in Table 1, and the shaded regions represent ± 20% deviation from the model predictions
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and c∗o . It is, therefore, convenient that the very existence 
of the dimensionless plot implies that it can be generated 
by only a few experiments. For instance, we can measure 
the steady-state concentrations at any one set of fixed D 
and kla (Figs.  1 and 2), but if we plot these data in the 
dimensionless form (Fig. 4), the graph obtained captures 
the data over an entire range of the operating parameters. 
In fact, it is not necessary to hold D and kla at fixed val-
ues—any combination of D and kla can be used to gener-
ate the dimensionless plot, since the variations of these 
parameters are automatically normalized by the dimen-
sionless concentrations and parameter ρ. This is useful, 
since it is practically quite difficult to maintain constant 
values of kla. Indeed, the values of kla attained in our 
experiments differed from the desired values of 50  h−1 
and 100  h−1 by up to ± 15%, but the dimensionless plot 
automatically corrects for these variations. Thus, only 
one set of data, even if it is obtained at varying D and kla, 
provides information about the steady states obtained 
over a range of operating conditions.

Comparison with data in the literature
In our experiments, the feed concentration sf was varied 
at fixed D, kla, and c∗o which led to the concentration pro-
files shown schematically in Fig.  5a. In contrast, all the 
experiments reported in the literature were performed 
such that D, kla, or c∗o was varied, and the remaining three 
parameters were held fixed. Since Eqs.  (13)–(16) and 
(22)–(25) capture the variation of the steady states even 
when D, kla, or c∗o are varied (Fig. 5b–d), we can compare 
the data in the literature with the model predictions.

D varied at fixed sf , kla , and c∗o
In this case, the model predicts the profile shown in 
Fig.  5b. In the carbon-limited regime, the cell density 
remains constant, and the dissolved oxygen concentra-
tion declines linearly to sub-critical levels. In the oxygen-
limited regime, the concentration of the carbon source 
increases non-linearly, and the concentrations of biomass 
and ethanol are inversely proportional to D.

We are aware of only one study in which this class of 
experiments was performed, and these data are consist-
ent with the picture shown in Fig.  5b. Slininger et  al. 
reported the variation of the biomass concentration with 

Fig. 5 Schematic diagrams illustrating the predicted steady-state concentration profiles of biomass x, ethanol p, dissolved oxygen co and residual 
carbon source s in continuous cultures operated, such that a sf is varied at fixed D, kla, c∗o , b D is varied at fixed sf, kla, c∗o , c kla is varied at fixed D, sf, 
c
∗
o , d c∗o is varied at fixed D, sf, kla. The concentration profiles in the carbon- and oxygen-limited regimes are based on Eqs. (13)–(16) and (22)–(25), 

respectively. The concentration profiles in the dual-limited regime are obtained by linearly interpolating the end points of the concentration profiles 
in the carbon- and oxygen-limited regimes
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the dilution rate in oxygen-limited continuous cultures 
of S. stipitis operated at various kla ranging from 1.0 to 
4.6  h−1 [15]. The biomass concentrations declined with 
the dilution rate in a manner consistent with the picture 
in Fig. 5b. In fact, the equation describing the variation 
of the biomass concentration derived by Slininger et  al. 
reduces to Eq. (23) if one neglects cell death and loss of 
dissolved oxygen via the effluent liquid stream.

kla varied at fixed D , sf , and c∗o
In this case, the model predicts that the oxygen- and car-
bon-limited regimes occur at small and large kla, respec-
tively (Fig. 5c). In the oxygen-limited regime, the biomass 
and product concentrations increase linearly, and the 
residual carbon source concentration decreases linearly. 
In the carbon-limited regime, the biomass and etha-
nol levels are constant, and the dissolved oxygen level 
increases non-linearly.

We are aware of only one study in which this class of 
experiments was performed. Grootjen et  al. varied kla 
at fixed D, sf, and c∗o in steady-state continuous cultures 
of S. stipitis, but they did not report the variation of the 
concentrations with kla [8]. Instead, they reported the 
variation of the glucose consumption rate, the biomass 
formation rate, and ethanol formation rate with the oxy-
gen consumption rate. However, we can still compare 
their data to Fig.  5c, because D was constant in their 
experiments, which implies that the glucose consump-
tion rate D(sf − s), biomass formation rate Dx, and etha-
nol formation rate Dp are proportional to sf −  s, x, and 
p, respectively. Moreover, since ethanol was produced 
even at the highest oxygen consumption rates reported 
in their experiments, their data were obtained under oxy-
gen- or dual-limited conditions under which the oxygen 
consumption rate is approximately kla

(

c∗o − co
)

≈ kla · c∗o 
which is proportional to kla, since c∗o was constant. 
Given these facts, their data are consistent with Fig. 5c: 
At low oxygen consumption rates, D(sf − s), Dx and Dp 
increased linearly with the oxygen consumption rate 
kla · c∗o until glucose was exhausted, and beyond this 
point, Dx increased and Dp decreased in a manner con-
sistent with the trends for the dual-limited regime.

c
∗
o varied at fixed D , sf , and kla

In this case, the model predicts concentration profiles 
that are formally identical to those obtained when kla is 
varied, the only difference being that co increases linearly 
in the carbon-limited regime (Fig. 5d).

To our knowledge, this class of experiments has only 
been performed with microbes such as K. aerogenes 
and K. fragilis, that, unlike Crabtree-negative yeasts, 
grow and ferment even under anaerobic conditions 

[24–26]. Interestingly, there is no evidence of oxygen-
limited growth in these studies, since growth is dual-
limited when c∗o   =  0. Indeed, glucose is completely 
consumed when c∗o = 0, and when c∗o increases beyond 
zero, the biomass concentration increases, and the 
fermentation product concentration(s) decreases in a 
manner consistent with the trends expected from the 
dual-limited, rather than the oxygen-limited, regime 
(Fig.  5d). It follows that if such strains are studied by 
varying sf at fixed D, kla, and c∗o (Fig.  5a), the oxygen-
limited regime will not be attained even at arbitrarily 
large sf, an intriguing result that remains to be verified.

We note finally that Weusthuis et  al. studied the 
steady states attained by Candida utilis and S. cerevi-
siae by varying both sf and c∗o simultaneously [24–26], 
an experiment that is easier to visualize by appealing 
to Fig. 3b. Despite the operational difference, their data 
agreed with those described above. The Crabtree-nega-
tive yeast C. utilis yielded carbon-, dual-, and oxygen-
limited regimes, but the oxygen-limited regime was not 
observed with S. cerevisiae, which, like K. fragilis and K. 
aerogenes, grows well anaerobically.

Taken together, the above analysis shows that our 
model predictions are consistent with experiments in 
which D, kla, or c∗o (rather than sf) was varied. Moreo-
ver, we have confined attention to studies concerned 
primarily with ethanol production, but it might be use-
ful to examine the existence of the scaling relation in 
the production of other compounds such as 2,3-butan-
ediol, since the kinetics of these processes agree with 
our model [25].

Conclusions
Recently, we showed that when a continuous culture 
of S. stipitis operated at D = 0.1  h−1 and kla ≈ 50  h−1 
was fed with progressively higher concentrations of 
glucose, the transition from carbon- to oxygen-limited 
growth occurred via a well-defined intermediate region 
of dual-limited growth, characterized by the relation 
Yos < Dsf/

(

kla · c∗o
)

< Y ′
os , in which ethanol was pro-

duced without loss of glucose [20]. Here, we wished to 
check if the above characterization is valid over a range 
of operating conditions and to understand why the 
dual-limited regime is determined by the dimensionless 
ratio ρ ≡ Dsf/

(

kla · c∗o
)

 . To this end, we performed con-
tinuous culture experiments at three additional D and 
one additional kla. We found that

1. The above characterization of the dual-limited regime 
is valid over the range 0.07 h−1

≤ D ≤ 0.20 h−1 and 
50 h−1

≤ kla ≤ 100 h−1.
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2. The boundaries of the dual-limited regime are deter-
mined by the dimensionless parameter ρ because 
more generally, all the steady-state concentrations, 
when suitably scaled, are determined by ρ. The 
boundaries of the dual-limited regime are merely 
special points of the dimensionless oxygen and resid-
ual glucose concentrations, namely, the points at 
which these concentrations intersect the ρ-axis.

3. The existence of the dimensionless relation provides 
a powerful tool for systematically comparing differ-
ent ethanologenic strains without significant acquisi-
tion of data.

Methods
Strain and media
Wild-type S. stipitis CBS 6054 was used in all experi-
ments. The yeast was maintained on solid YPD (yeast 
extract peptone dextrose) medium at 4  °C for regular 
use. All the experiments were done with glucose as car-
bon source in defined medium described previously [20]. 
The maximum specific growth rate μmax of S. stipitis in 
the defined minimal medium is 0.45 ± 0.03 h−1 (Table S2, 
Supplementary, [20]).

Chemostat setup
The reactor design and operating conditions were the 
same as mentioned previously [20]. The impeller speed 
was varied between 500 and 700 rpm to maintain kla in 
a definite range (45–55 h−1, 95–110 h−1). Online profiles 
of the dissolved oxygen, temperature, pH, impeller speed, 
and off-gas  (O2 and  CO2) were obtained from the App-
likon control unit using BioXpert software. For data anal-
ysis, three steady-state samples were taken at an interval 
of 6–8 h at each feed glucose concentration.

Chemostat cultivation conditions
A colony of pure S. stipitis culture was grown overnight 
in YPD (1% yeast extract 2% peptone 2% dextrose) liquid 
medium at 30  °C in a shake flask. 1 mL of this primary 
culture was washed and inoculated in another shake flask 
containing 500 mL of defined minimal medium the same 
as used in bioreactor. The secondary culture was grown 
for 6–8 doublings. An aliquot (5–10  mL) of secondary 
culture was inoculated aseptically into reactor vessel with 
a working volume of 1 L to obtain an initial optical den-
sity  (OD600) of 0.1. The reactor vessel was maintained at 
30  °C before inoculation. 1  mL of sterile anti-foaming 
agent was added to prevent foaming during batch cul-
ture. The cells were grown in batch until late log phase. 
Chemostat mode was initiated by connecting feed and 
outlet pump to the reactor vessel.

Estimation of biomass concentration
A known volume of culture was washed twice with water 
and filtered through a cellulose nitrate membrane filter 
(0.2  μm) with the help of a vacuum pump. The filtered 
cells were dried at 80 °C until the mass became constant. 
The detection limit of Sartorius Analytical balance used 
for weighing filtered cells was 0.1 mg with a repeatability 
of ± 0.3 mg.

Estimation of sugar and fermentation products
Fermentation broth was filtered and analyzed for sugar 
and fermentation products. Glucose was estimated by 
high-performance liquid chromatography (HPLC). With 
standards, the lowest concentration of glucose detected 
by HPLC system was 5  mg  L−1, but with fermentation 
broth, the background noise was too large for precise 
measurement of the glucose concentrations, specifically, 
when the samples had less than 80  mg  L−1 of glucose. 
A given sample was  varied by ± 0.05  g  L−1 on multiple 
injection. Ethanol and acetic acid were analyzed by gas 
chromatography (GC-FID). The limit of detection for 
ethanol and acetic acid was 0.05 g  L−1 and 0.005 g  L−1, 
respectively, with a repeatability of ± 0.5 mg  L−1 for etha-
nol and ± 0.1  mg  L−1.The analysis was done using the 
same equipment and conditions as those described previ-
ously [20].

Determination of mass‑transfer coefficient kla and specific 
uptake rate ro of oxygen
Two distinct methods were used for the analysis under 
carbon-limited regime and oxygen-limited regime. 
Dynamic out-gassing and steady-state difference meth-
ods were used for carbon- and oxygen-limited regimes, 
respectively, as reported previously [20]. The details of 
the two methods are given below:

Dynamic out‑gassing method
For determining kla of the culture growing at steady state, 
the air supply of the culture growing at steady state was 
stopped briefly. Specifically, the dissolved oxygen level 
was allowed to fall to no less than 30–35% of saturation, 
so that the cells do not experience oxygen limitation. As 
soon as the DO level reached 30–35%, the air supply was 
resumed. The DO level then increases gradually and sta-
bilizes at steady-state level. The initial linear decrease of 
the DO to 30–35% yields the oxygen uptake rate, and the 
later temporal increase of DO yields kla and c∗o (Figure S1, 
Supplementary [20]).
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Steady‑state method
The steady-state method is based on the mass balance 
for oxygen in the air stream

where Fg,in, Fg,out are the molar flow rates of the inlet and 
outlet air streams, and yo,in, yo,out are the mole fractions 
of oxygen in the inlet and outlet air streams. In the dual- 
and oxygen-limited regimes, co ≪  c∗o and measurement of 
Fg,in, Fg,out, yo,in, yo,out yields kla · c∗o . To calculate kla, we 
assumed that the value of c∗o in dual- and oxygen-limited 
regime was the same as that determined in the carbon-
limited regime.

Additional file

Additional file 1. Additional figures.
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(g  L−1); t: time (h); x: steady-state biomass concentration (gdw L−1); yo,in, yo,out: 
mole fractions of oxygen in the inlet and outlet air streams; Yop, Y ′op: yield of 
ethanol on oxygen in C- and O-limited regime (g g−1); Yox, Y

′
ox: yield of biomass 

on oxygen in C- and O-limited regime (gdw  g−1); Ysc, Y ′sc: CO2 produced per g 
of glucose in C- and O-limited regime (g  g−1); Yso, Y ′so: oxygen consumed per 
g of glucose in C- and O-limited regime (g  g−1); Ysp, Y ′sp: ethanol produced per 
g of glucose in C- and O-limited regime (g  g−1); Ysx, Y

′
sx: biomass produced per 

g of glucose in C- and O-limited regime (g  gdw−1); μ, μ′: specific growth rates 
in C- and O-limited regime  (h−1); μm: maximum specific growth rate  (h−1); π: 
steady-state dimensionless ethanol concentration; ρ: steady-state dimension-
less ratio of operating parameters; σ: steady-state dimensionless concentration 
of residual glucose; χ: steady-state dimensionless concentration of biomass; ω: 
steady-state dimensionless concentration of dissolved oxygen.
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