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Abstract

In this article, design of preamble for channel estimation and pilot symbols for pilot-assisted channel estimation in
orthogonal frequency division multiplexing system with null subcarriers is studied. Both the preambles and pilot
symbols are designed to minimize the l2 or the l∞ norm of the channel estimate mean-squared errors (MSE) in
frequency-selective environments. We use convex optimization technique to find optimal power distribution to the
preamble by casting the MSE minimization problem into a semidefinite programming problem. Then, using the
designed optimal preamble as an initial value, we iteratively select the placement and optimally distribute power
to the selected pilot symbols. Design examples consistent with IEEE 802.11a as well as IEEE 802.16e are provided to
illustrate the superior performance of our proposed method over the equi-spaced equi-powered pilot symbols and
the partially equi-spaced pilot symbols.

Keywords: Orthogonal frequency division multiplexing (OFDM), Channel estimation, Semidefinite programming
(SDP), Convex optimization, Pilot symbols, Pilot design

I. Introduction
Orthogonal frequency division multiplexing (OFDM) is
an effective high-rate transmission technique that miti-
gates inter-symbol interference (ISI) through the inser-
tion of cyclic prefix (CP) at the transmitter and its
removal at the receiver. If the channel delay spread is
shorter than the duration of the CP, ISI is completely
removed. Moreover, if the channel remains constant
within one OFDM symbol duration, OFDM renders a
convolution channel into parallel flat channels, which
enables simple one-tap frequency-domain equalization.
To obtain the channel state information (CSI), training

OFDM symbols or pilot symbols embedded in each
OFDM symbol are utilized. Training OFDM symbols or
equivalently OFDM preambles are transmitted at the
beginning of the transmission record, while pilot sym-
bols (complex exponentials in time) are embedded in
each OFDM symbol, and they are separated from infor-
mation symbols in the frequency-domain [1-3]. If the
channel remains constant over several OFDM symbols,
channel estimation by training OFDM symbols may be
sufficient for symbol detection. But in the event of chan-
nel variation, training OFDM symbols should be

retransmitted frequently to obtain reliable channel esti-
mates for detection. On the other hand, to track the fast
varying channel, pilot symbols are inserted into every
OFDM symbol to facilitate channel estimation. This is
known as pilot-assisted (or -aided) channel estimation
[2,4,5]. The main drawback of the pilot-assisted channel
estimation lies in the reduction of the transmission rate,
especially when larger number pilot symbols are inserted
in each OFDM symbol. Thus, it is desirable to minimize
the number of embedded pilot symbols to avoid exces-
sive transmission rate loss.
When all subcarriers are available for transmission,

training OFDM preamble and pilot symbols have been
well designed to enhance the channel estimation accu-
racy, see e.g., [6] and references therein. If all the sub-
carriers can be utilized, then pilot symbol sequence can
be optimally designed in terms of (i) minimizing the
channel estimate mean-squared error [1,3]; (ii) minimiz-
ing the bit-error rate (BER) when symbols are detected
by the estimated channel from pilot symbols [7]; (iii)
maximizing the lower bound on channel capacity with
channel estimates [8,9]. It has been found that equally
spaced (equi-distant) and equally powered (equi-pow-
ered) pilot symbols are optimal with respect to several
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In practice, not all the subcarriers are available for
transmission. It is often the case that null subcarriers
are set on both the edges of the allocated bandwidth to
mitigate interferences from/to adjacent bands [10,11].
For example, IEEE 802.11a has 64 subcarriers among
which 12 subcarriers, one at the center of the band (DC
component) and at the edges of the band are set to be
null, i.e., no information is sent [12]. The presence of
null subcarriers complicates the design of both the
training preamble for channel estimation and pilot sym-
bols for pilot-aided channel estimation over the fre-
quency-selective channels. Null subcarriers may render
equi-distant and equi-powered pilot symbols impossible
to use in practice.
In the literature, several pilot symbols design techni-

ques for OFDM systems with null subcarriers have been
studied [11,13-16]. In [11], a method that assigns equal
power to all pilot subcarriers and utilizes the exhaustive
search method to obtain the optimal pilot set is pro-
posed. However, the approach in [11] optimizes only
pilot placements of the equally powered pilot symbols.
The design of pilot symbols should take into account
the placements as well as power loading. Moreover, the
exhaustive search becomes intractable for large number
of pilot symbols and/or active subcarriers even if the
search process is carried out during the system design
phase. To address the exhaustive search problem, the
partially equi-spaced pilot (PEP) scheme, which will be
referred as PEP in this article, is discussed in [13]. The
algorithm in [13] is novel as it can be employed to
design pilot symbols for both the MIMO-OFDM as well
as SISO-OFDM systems. Furthermore, the design con-
siders both the placements and power distribution to
the pilot symbols. However, the method does not guar-
antee better performance for some channel/subcarriers
configuration.
In [14], equi-powered pilot symbols are studied for

channel estimation in multiple antennas OFDM system
with null subcarriers. However, they are not always opti-
mal even for point-to-point OFDM system. Also in [15],
a proposal was made that employs cubic parameteriza-
tions of the pilot subcarriers in conjunction with convex
optimization algorithm to design pilot symbols. How-
ever, the accuracy of cubic function-based optimizations
in [15] depends on many parameters to be selected for
every channel/subcarriers configuration which compli-
cates the design. Pilot sequences designed to reduce the
MSE of the channel estimation in multiple antenna
OFDM system are also reported in [13,16] but they are
not necessarily optimal.
In this article, we optimally allocate power to the pre-

amble as well as design pilot symbols to estimate the

channel in OFDM systems with null subcarriers. Even
though there is no closed form expression relating pilot
placement with the MSE, we propose an algorithm that
takes into account both the pilot placements and power
distribution. Our design criteria are the l2 norm as well
as the l∞ norm of the MSE of channel estimation in fre-
quency-domain. Contrary to [15], where it is stated that
l∞ is superior over l2, we verify that there is no signifi-
cant difference in performance between the two norms.
To find the optimal power allocation, we first show

that the minimization problem can be casted into a
semidefinite programming (SDP) problem [17]. With
SDP, the optimal power allocation to minimize our cri-
terion can be numerically found. We also propose an
iterative algorithm that uses the designed optimal pre-
amble as an initial value to determine the significant
placement of the pilot symbols and power distribution.
Finally, we present design examples under the same

setting as IEEE 802.11a and IEEE 802.16e to show the
improved performance of our proposed design over the
PEPs and the equi-spaced equi-powered pilot symbols.
We also made comparisons between our proposed
design, PEP, and the design proposed by Baxley et al. in
[15] for IEEE 802.16e. We demonstrated that our pro-
posed design can be used as a framework to design pilot
symbols for different channel/subcarriers configurations,
and it is crucial to optimally allocate power to the pilot
symbols to improve the MSE and BER performances. It
is also verified that, the conventional preamble of IEEE
802.11a is comparable to the optimally designed
preamble.

II. Preamble and pilot symbols for channel
estimation
We consider point-to-point wireless OFDM transmis-
sions over frequency-selective fading channels. We
assume that the discrete-time baseband equivalent chan-
nel has FIR of maximum length L, and remains constant
in at least one block, i.e., is quasi-static. The channel
impulse response is denoted as {h0, h1,..., hL-1}. Since we
basically deal with one OFDM symbol, we omit the
index of the OFDM symbol for notational simplicity.
Let us consider the transmission of one OFDM sym-

bol with N number of subcarriers. At the transmitter, a
serial symbol sequence {s0, s1,..., sN-1} undergoes serial-
to-parallel conversion to be stacked into one OFDM
symbol. Then, an N-points inverse discrete Fourier
transform (IDFT) follows to produce the N dimensional
data, which is parallel-to-serial converted. A CP of
length Ncp is appended to mitigate the multipath effects.
The discrete-time baseband equivalent transmitted
signals un can be expressed in the time-domain as
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un =
1√
N

N−1∑
k=0

ske
j
2πkn
N , n ∈ [0,N − 1]. (1)

Assume that Ncp is greater than the channel length L
so that there is no ISI between the OFDM symbols. At
the receiver, we assume perfect timing synchronization.
After removing CP, we apply DFT to the received time-
domain signal yn for n Î [0, N - 1] to obtain for k Î [0,
N - 1]

Yk =
1√
N

N−1∑
n=0

yne
−j
2πkn
N = Hksk +Wk, (2)

where Hk is the channel frequency response at fre-
quency 2πk/N given by

Hk =
L−1∑
l=0

hle
−j
2πkl
N , (3)

and the noise Wk is assumed to be i.i.d. circular Gaus-
sian with zero mean and variance σ 2

w.
For simplicity of presentation, we utilize a circular

index with respect to N where the index n of a sequence
corresponds to n modulo N. Let K be a set of active
subcarriers (i.e., non-null subcarriers), then the cardinal-
ity of a set K can be represented as |K|.
Take WLAN standard (IEEE 802.11a), for example,

where 64 subcarriers (or slots) are available in the
OFDM symbol during data transmission mode. Out of
which 48 are utilized as information symbols, 4 as pilot
symbols, while the rest except for the DC subcarrier
serves as spectral nulls to mitigate the interferences
from/to OFDM symbols in adjacent bands. Thus, K =
{1,2,..., 26, 38, 39, ..., 63} and |K| = 52.
The detailed structure of the OFDM packet in a time-

frequency grid is shown in Figure 1. At the beginning of
the transmission, two long OFDM preambles are trans-
mitted to obtain CSI (see [[18], p. 600]). In IEEE
802.11a standard, the first part of the preamble consists
of 10 short pilot symbols in 12 subcarriers equally
spaced at 4 subcarriers interval, which is not shown in
Figure 1. The second part of the preamble initiation,
which corresponds to the first two OFDM symbols of
Figure 1, requires the transmission of two columns of
pilot symbols in all active subcarriers in order to make
precise frequency offset estimation and channel estima-
tion possible [18].
For channel estimation, we place Np(≤ |K|) pilot

symbols {p1, ..., pNp } at subcarriers
k1, k2, ..., kNp ∈ K(k1 < k2 < · · · < kNp), which are
known at the receiver. We assume that Np ≥ L so that

the channel can be perfectly estimated if there is no
noise, and we denote the index of pilot symbols as
Kp = {k1, ..., kNP }.
Let diag(a) be a diagonal matrix with the vector a on

its main diagonal. Collecting the received signals having
pilot symbols as

Ỹ = [Yk1 , . . . ,YkNp
]T, (4)

we obtain

Ỹ = DHpp + W̃, (5)

where DHp is a diagonal matrix with its nth diagonal
entry being Hkn such that

DHp = diag(Hk1 , . . . ,HkNp
), (6)

and p is a pilot vector defined as

p = [p1, . . . , pNp ]
T. (7)

From Ỹ , we would like to estimate channel frequency
responses for equalization and decoding. (In this article,
we consider only channel estimation by one OFDM sym-
bol but the extension to multiple OFDM symbols could
be possible). Let us define Ks as an index set specifying
the channel frequency responses to be estimated. In
other words, Hk for k ∈ Ks have to be estimated from Ỹ .
In a long training OFDM preamble, all subcarriers in

K can be utilized for pilot symbols so that Kp = K. On
the other hand, in pilot-assisted modulation (PSAM) [4],
a few known pilot symbols are embedded in an OFDM
symbol to facilitate the estimation of unknown channel.
Thus, for PSAM, we have Ks = K\Kp where\represents
set difference.

8.125MHz

0

-8.125MHz

fre
qu
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cy

time
Figure 1 The time-frequency structure of an IEEE 802.11a
packet. Shaded subcarriers contain pilot symbols.
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If we can adopt equally spaced (equi-distant) pilot
symbols with equal power for channel estimation and
symbol detection, then it can be analytically shown that
the channel mean-squared estimation error [1,3] as well
as the BER [7] are minimized, while the lower bound on
channel capacity [8,9] is maximized. But the optimality
of equi-distant and equi-powered pilot symbols does not
necessarily hold true when there are null subcarriers.
In this article, for a given K, we use convex optimiza-

tion technique to optimally distribute power to these
subcarriers. Then, we propose an algorithm to deter-
mine pilot set Kp with significant power to be used for
PSAM.

III. Mean-squared channel estimation error
Let us define F as an N × N DFT matrix, the (m + 1, n
+ 1)th entry of which is e-j2πmn/N. We denote an N × L
matrix

FL = [f0, . . . , fN−1]
H (8)

consisting of N rows and first L columns of DFT
matrix F, where H is the complex conjugate transpose

operator. We also define an Np × L matrix Fp having fHkn
for kn ∈ Kp as its nth row. Then, we can express (5) as

Ỹ = DpFph + W̃, (9)

where the diagonal matrix Dp and channel vector h
are respectively defined as

Dp = diag(p1, . . . , pNp), (10)

and

h = [h0, . . . , hL−1]T. (11)

Let a vector having channel responses to be estimated,
i.e., Hk for k ∈ Ks, be

Hs = [Hk1 , . . . ,Hk|Ks |]
T. (12)

Similar to Fp, we define a |Ks| × L matrix Fs having fHkn
for kn ∈ Ks as its nth row, where kn <kn’ if n <n’. Then,
we obtain

Hs = Fsh. (13)

We assume that the mean of the channel coefficients
is zero, i.e., E{h} = 0 and the channel correlation matrix
is

Rh = E{hhH}, (14)

where E{·} stands for the expectation operator. Then,
since (9) is linear, the minimum mean-squared error
(MMSE) estimate Ĥs of Hs is given by [19]

Ĥs = E{HsỸ
H}

(
E{ỸỸH}

)−1
Ỹ. (15)

It follows from (9) and (13) that

E{HsỸ
H} = FsRhF

H
p DH

p , (16)

and

E{ỸỸH} = DpFpRhF
H
p DH

p + σ 2
w I. (17)

We utilize the notation A � 0 (or A ≻ 0) for a sym-
metric matrix A to indicate that A is positive semidefi-
nite (or positive definite). Let us assume Rh ≻ 0 for the
simplicity of presentation.
If we define the estimation error vector Es as

Es = Ĥs − Hs, (18)

then, the correlation matrix Re of Es can be expressed
as [19]

Re = E{EsEH
s } = Fs

[
R−1
h +

1
σ 2
w
FHp �pFp

]−1

FHs , (19)

where Λp is a diagonal matrix given by

�p = DH
p Dp = diag(λ1, . . . ,λNp), (20)

with λn = |pkn |2 for kn ∈ Kp.
On the other hand, the least squares (LS) estimate of

Hs is found to be Fs (DpFp)
†
Ỹ , where (·)† stands for

the pseudo-inverse of a matrix. The LS estimate does
not require any prior knowledge on channel statistics
and is thus widely applicable. In contrast, the second
order channel statistics Rh = E{hhH} and the noise var-
iance σ 2

w are essential to compute the MMSE estimate.
When the signal-to-noise ratio (SNR) gets larger, i.e.,
σ 2
w gets smaller for a given signal power, the MMSE

estimate converges to the LS estimate. In general, the
LS estimate can be easily obtained from the MMSE
design by setting Rh = 0 and σ 2

w = 1. Thus, to avoid
possible duplications in the derivations, we only con-
sider the MMSE estimate.
In place of the channel frequency responses, one may

want to estimate the channel coefficient h directly. Simi-
lar to (15) and (19), the MMSE estimate ĥ of and h the
error correlation matrix are found to be

ĥ = E{hỸ
H

}
(
E{ỸỸH}

)−1
Ỹ, (21)

and

E
{[

ĥ − h
] [

ĥ − h
]H}

=
[
R−1
h +

1
σ 2
w
FHp �pFp

]−1

. (22)
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If FHs Fs = cI for a non-zero constant c, then from (19),

E{||Es||2} = cE{||ĥ − h||2}, where ||·|| denotes the Eucli-

dean norm. The equation FHs Fs = cI is attained if all
pilot symbols have the same power and are uniformly
distributed in an OFDM symbol. But, this is not always
possible if there are null subcarriers in the OFDM sym-
bol. As shown later, even with null subcarriers, the
minimization of E{||ĥ − h||2} becomes possible.
Now, our objective is to find the optimal pilot symbols

that minimize a criterion function. Two important cri-
teria are considered. One is the l2 norm of the mean-
squared channel estimation errors {rk}k∈Ks at data sub-
carriers, which is defined as

η2 =

⎛
⎝∑

k∈Ks

rk

⎞
⎠
1
2

= (trace Re)

1
2 , (23)

Where

rk = E{|Ĥk − Hk|2}. (24)

The other is the maximum of {rk} defined as

η∞ = max
k∈Ks

rk, (25)

which is the l∞ norm of {rk}k∈Ks. It should be
remarked that η2

2 = E{||Ĥs − Hs||2} �= cE{||ĥ − h||2} if

FHs Fs �= cI. To differentiate them, we call the former the
frequency-domain channel MSE and the latter the time-
domain channel MSE.
In the long preamble of IEEE 802.11a standard, equi-

powered pilot symbols are utilized but may not be opti-
mal due to the existence of null subcarriers. Equi-pow-
ered pilot symbols are also investigated for channel
frequency response estimation in multiple antenna
OFDM system with null subcarriers [14]. To reduce the
sum of channel MSE for multiple antenna OFDM sys-
tem, pilot symbol vector p has been designed to satisfy
FHp �pFp = Ip in [16]. However, such pilot sequence does

not always exist. In addition, the necessary and sufficient
condition for its existence within the active subcarrier
band has not yet been fully established.

IV. Pilot power distribution with SDP
For any prescribed energy to be utilized for channel esti-
mation, we normalize the sum of pilot power such that

∑
k∈Kp

|pk|2 =
Np∑
k=1

λk = 1. (26)

Then, our problem is to determine the optimal

λ = [λ1, . . . ,λNp ]
T, (27)

that minimizes h2 in (23) or h∞ in (25) under the con-
straint (26).
We first consider the minimization h2. The optimal

power distribution can be obtained by minimizing the
squared h2 in (23) with respect to l under the con-
straints that

[1, . . . , 1] λ = 1, λ � 0, (28)

where a � 0 (or a ≻ 0) for a vector signifies that all
entries of a are equal to or greater than 0 (or strictly
greater than 0). As stated in the previous section, analy-
tical solutions could not be found in general. As in [20],
we will resort to a numerical design by casting our
minimization problem into a SDP problem.
The SDP covers many optimization problems [17,21].

The objective function of SDP is a linear function of a
variable x Î RM subject to a linear matrix inequality
(LMI) defined as

F(x) = A0 +
M∑

m=1

xmAm � 0, (29)

where Am Î RM × M. The complex-valued LMIs are
also possible, since any complex-valued LMI can be
written by the corresponding real-valued LMI. Since the
constraints defined by the LMI are convex set, the glo-
bal solution can be efficiently and numerically found by
the existing routines.

By re-expressing the nth row of Fp as f̃
H
n
, our MSE

minimization problem can be stated as

min
λ

trace

⎡
⎣(

R−1
h +

1
σ 2
w

NP∑
n=1

λn f̃n f̃
H
n

)−1

R

⎤
⎦

subject to [1, . . . , 1] λ ≤ 1, λ � 0,

(30)

where R = FHs Fs. This problem possesses a similar form
as the transceiver optimization problem studied in [22],
which is transformed into an SDP problem. Similar to the
problem in [22], our problem can be transformed into an
SDP form. Now let us introduce an auxiliary Hermite
matrix variable W and consider the following problem:

min
W,λ

trace (W R)

subject to [1, . . . , 1] λ ≤ 1, λ � 0
(31)

W �
(
R−1
h +

1
σ 2
w

NP∑
n=1

λn f̃nf̃
H
n

)−1

. (32)
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It is reasonable to assume that the number of
data carriers is greater than the channel length,
i.e., |Ks| > L, so that R ≻ 0. For R ≻ 0,

if W �
(
R−1
h +

1
σ 2
w

∑NP

n=1
λn f̃nf̃

H
n

)−1

, then

R

1
2W R

1
2 � R

1
2

(
R−1
h +

1
σ 2
w

∑NP

n=1
λnf̃nf̃

H
n

)−1

R

1
2 [[23],

p. 470]. From [[23], p. 471] it can be shown that

trace (R

1
2W R

1
2 ) ≥ trace

⎡
⎣R

1
2

(
R−1
h +

1
σ 2
w

NP∑
n=1

λn f̃nf̃
H
n

)−1

R

1
2

⎤
⎦ ,

Which is equivalent to

trace(W R) ≥ trace

⎡
⎣(

R−1
h +

1
σ 2
w

NP∑
n=1

λn f̃n f̃
H
n

)−1

R

⎤
⎦ . (33)

It follows that the minimization of trace(W R) is

achieved if and only if W =
(
R−1
h +

1
σ 2
w

∑NP

n=1
λn f̃nf̃

H
n

)−1

,

which proves that the minimization of trace (W R) in
(31) is equivalent to the original minimization problem
in (30). Similarly, it has been proved in [[23], p.472] that⎡

⎣R−1
h +

1
σ 2
w

∑NP
n=1 λnf̃nf̃

H
n I

I W

⎤
⎦ (34)

is positive definite if and only if R−1
h +

1
σ 2
w

∑NP

n=1
λn f̃nf̃

H
n � 0

and W �
(
R−1
h +

1
σ 2
w

∑NP

n=1
λn f̃nf̃

H
n

)−1

Thus, the constraint

(32) can be rewritten as shown in (36) below. Finally,
we reach the following minimization problem which is
equivalent to the original problem:

min
W,λ

trace(W R)

subject to [1, ..., 1] λ ≤ 1, λ � 0
(35)

⎡
⎣R−1

h +
1
σ 2
w

∑Np
n=1 λn f̃n f̃

H
n I

I W

⎤
⎦ � 0. (36)

This is exactly an SDP problem where the cost func-
tion is linear in W and l, and the constraints are con-
vex, since they are in the form of LMI. Thus, the global
optimal solution can be numerically found in polyno-
mial time [17,21].
We have discussed the design of pilot symbols mini-

mizing the frequency-domain channel estimate MSE
and are in general more preferable than pilot symbols
minimizing the time-domain channel estimate MSE.
Pilot symbols minimizing the time-domain channel esti-
mate MSE can be obtained by just replacing R with I in

(30) (cf. (23) and (22)), and apply the same design pro-
cedure used for the pilot symbols minimizing the fre-
quency-domain channel estimate MSE.
Next, we consider the minimization of h∞ in (25), that

is,

min
λ

max
k∈Ks

rk,

subject to [1, ..., 1] λ ≤ 1, λ � 0.
(37)

The minimization is equivalent to

min
λ,ν

ν (38)

subject to (28) and

rk ≤ ν for all k ∈ Ks. (39)

It follows from (19) that

rk = fHk

[
R−1
h +

1
σ 2
w
FHp �pFp

]−1

fk. (40)

By using Schur’s complement, (39) can be written as⎡
⎣

(
R−1
h +

1
σ 2
w

∑NP
n=1 λn f̃n f̃

H
n

)
fk

fHk ν

⎤
⎦ � 0, for all k ∈ Ks. (41)

Since (41) is convex, the minimization problem in (38)
is also a convex optimization, and can be solved numeri-
cally. Compared to the minimization of the l2 norm, the
minimization of the l∞ norm have |Ks| − 1 constraints,
which lowers the speed of numerical optimization.

V. Pilot design
As we have seen, for a given set of subcarriers, the opti-
mal pilot symbols are obtained by resorting to numerical
optimization. In the OFDM preamble, all active subcar-
riers can be utilized for channel estimation so that we
have Np = |K|. On the other hand, in a pilot-assisted
OFDM symbol, we have to select pilot subcarriers and
allocate power to pilot and data subcarriers.
To determine the optimal set Kp having Np entries, i.e.,

the optimal location of Np pilot symbols, we have to enu-
merate all possible sets, then optimize the pilot symbols
for each set and compare them. This design approach
becomes infeasible as |K| gets larger. In [15], the pilot loca-
tion is characterized with a cubic function, and an iterative
pilot symbol design for LS channel estimation has been
developed by using the cubic function. The cubic parame-
terization can also be applicable to our optimization. How-
ever, the parameterization depends on several parameters
to be selected for every channel/subcarriers configuration,
and for each set of parameters, the objective function has
to be iteratively optimized which complicates the design.
In [20], another pilot selection scheme has been proposed
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and is reported in [15] that for some special cases, it does
not work well.
In this article, we improve the method of [20] by

introducing an iterative algorithm as follows. Let N(i)
r be

a positive even integer. First, we use a designed optimal

preamble with SDP and denote its lk as λ0
1, ...,λ

(0)
|K|, then,

we remove N(0)
r subcarriers with minimum power sym-

metrically about the center (DC) subcarrier, i.e., N(0)
r /2

on every side of the central DC subcarrier. Then, we
optimize the remaining pilot symbols. Similarly, for the
ith iteration, after removing subcarriers corresponding
to N(i)

r minimum power, we optimize pilot power for
the remaining set again with SDP. When the iterative
algorithm is completed, we will remain with only Kp

subcarrier indexes and its corresponding optimal power.
Our design procedure is as outlined by the pseudo-

code algorithm below:

1) Set i = 0.
2) Obtain the optimal preamble using convex optimi-

zation and initialize temporary set K(i)
p = K.

3) If Np < |K(i)
p |, remove from K(i)

p , N(i)
r subcarriers

with minimum power symmetrically with respect to
the DC subcarrier, else go to step 5.
4) Optimize the power of the remaining subcarriers
using SDP and go to step 3 after updating i ¬ i + 1.
5) Exit.

The value of N(i)
r (≥ 2) is not fixed. The number of

iterations can be reduced by increasing the value of N(i)
r .

However, when the number of removed subcarriers N(i)
r

is large, the proposed scheme may not work well for
some channel/subcarriers configuration as in [20],
where the significant Np subcarriers of the optimized
preamble are selected at once.
To obtain a better pilot set for any channel/subcar-

riers configuration, the number of removed subcarriers

N(i)
r should be kept smaller. There is a tradeoff between

the computational complexity and the estimation perfor-
mance of the resultant set. Since we can design pilot
symbols off-line, we can set the minimum for N(i)

r such

as N(i)
r = 2.

VI. Design examples
In this section, we demonstrate the effectiveness of our
proposed preamble and pilot symbols designs through
computer simulations. The parameters of the trans-
mitted OFDM signal studied in our design examples are
as in the IEEE 802.11a and IEEE 802.16e (WiMaX) stan-
dards. For IEEE 802.11a, an OFDM transmission frame

with N = 64 subcarriers is considered. Out of 64 subcar-
riers, 52 subcarriers are used for pilot and data trans-
mission while the remaining 12 subcarriers are null
subcarriers [[18], p. 600]. For IEEE 802.16e standard, an
OFDM transmission frame in [[24], p. 429] is consid-
ered. In a data-carrying symbol 200 subcarriers of the N
= 256 subcarrier window are used for data and pilot
symbols. Of the other 56 subcarriers, 28 subcarriers are
null in the lower-frequency guard band, 27 subcarriers
are nulled in the upper frequency guard band, and one
is the central null (DC) subcarrier. Of the 200 used sub-
carriers, 8 subcarriers are allocated as pilot symbols,
while the remaining 192 subcarriers are used for data
transmission.
In the simulations, the total power of each OFDM

frame is normalized to one, but power distribution
among pilot symbols is not constrained to be uniform.
The diagonal element of channel correlation matrix is
set to be E{hmh∗

n} = cδ(m − n)e−0.1n for m, n Î [0, L -
1], where δ(·) stands for Kronecker’s delta, and c is
selected such that trace Rh = 1.

A. Preamble design
First, we start with the design of preamble where all
active subcarriers are considered as pilot symbols. For a
given channel length L, to design an OFDM preamble,
we optimize all active subcarriers by minimizing the l2
norm or the l∞ norm of MSEs {rk}k∈Ks using convex
optimization package in [25]. Figure 2 depicts the opti-
mal power distribution to the IEEE 802.11a preamble
designed by l2 norm when the SNR is 10 dB and the
channel length L = 4. We omit the power distribution
by l∞ norm, since it is nearly identical to that of the l2
norm-based design. Unlike the standard preamble where
equal power is allocated to all the subcarriers, our opti-
mized preamble distribute power to the subcarriers such
that the channel estimate MSE is minimized.
We also consider a case when the channel length L =

8. The results in Figure 3 show the optimized preamble
at 10 dB. Again, there is no significant difference
between the design with l2 norm and the design with l∞
norm. However, the computational complexity of the
design with l2 norm is quite lower than the computa-
tional complexity of the design with l∞ norm, thereby
making the former more preferable to the latter. Even
though the design process is usually done in off-line,
such minor advantage may be an important factor when
designing preambles and pilot symbols for an OFDM
frame with a large number of subcarriers.
Figures 2 and 3 show that the designed preambles

are symmetric around 0. This is due to the symmetric
nature of our objective function and its constraints.
There are differences in power distribution to the
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Figure 2 Power of the preamble and pilot symbols designed by the l2 norm for L = Np = 4 at 10 dB (IEEE 802.11a).
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designed preambles when L = 4 and L = 8, this sug-
gests that in the preamble design, equi-powered sub-
carriers may not necessarily be optimal when there are
null subcarriers. This may not be well encapsulated in
the overall channel estimate MSE. However, when con-
sidering the channel estimate in each subcarrier, there
is a slight difference between the proposed designs and
the standard preamble especially at the edges of the
active band.
To verify this, we compare frequency-domain chan-

nel MSE h2 obtained by the l2 and l∞ norm-based
design with the standard IEEE 802.11a preamble. By
varying the channel length L, from 1 to 16, we numeri-
cally obtain the channel estimate MSE for each L. Fig-
ure 4 presents the frequency-domain channel MSE h2,
against channel length L at 10 dB. From the plot, it is
obvious that there is no significant difference between
the three designs, which suggests that the standard
preamble is almost optimal in the l2 sense even if
there are null subcarriers. This is not so surprising
since in the absence of null subcarriers, equi-powered
preamble is optimal. Through our design approach, we
numerically corroborate that for IEEE 802.11a, the
standard preamble is nearly optimal.
To demonstrate the versatility of our method, we

minimize the LS channel estimate MSE to design

preambles for the IEEE 802.16e standard. Figure 5
shows the designed preamble of IEEE 802.16e for L =
16. Similar to 802.11a, the distribution of power to the
active subcarriers is not uniform. This further suggests
that equi-powered preambles are not necessarily optimal
for the OFDM systems with null subcarriers.

B. Pilot design
We employ the algorithm developed in Section V to
design pilot symbols for PSAM. Similar to the preamble
design, total power of the pilot symbols are normalized
to one. First, we consider an OFDM symbol with 64
subcarriers and 4 pilot symbols, i.e., Np = 4. This com-
plies with the IEEE 802.11a standard pilot symbols,
where four equi-spaced and equi-powered pilot symbols
are adopted.
In general, within an OFDM symbol, the number of

pilot symbols in frequency domain should be greater
than the channel length (maximum excess delay), which
is related to the channel delay spread (i.e., Np ≥ L) [2].
When Np >L, the MSE performance will be improved as
long as the power of pilot symbols is optimally distribu-
ted, but the capacity (or data rate) will be degraded.
Thus, in our simulations, we use Np = L. However, it
should be remarked that except for some special cases,
it still remains unclear what value of Np is optimal.
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Figure 4 Frequency-domain channel MSE h2 of preamble at 10 dB (IEEE 802.11a).
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Figure 2 shows the pilot symbols designed by l2 norm
at 10 dB when Np = L = 4. The designed pilot symbols
are almost equi-spaced (Kp = {±8, ±24)}, and the exist-
ing standard allocates the equi-powered pilot symbols at
(Kp = {±7, ±21}). For OFDM systems with null subcar-
riers, equi-spaced pilot symbols having the same power
are not necessarily optimal. In our proposed design, the
optimized power allocated to the pilot symbols is not
uniformly distributed, which suggests that in the pre-
sence of null subcarriers, equi-powered pilot symbols
may not necessarily be optimal. This may not be well
encapsulated in the total channel estimate MSE, but is
more clearer when considering the channel estimate in
each subcarrier.
We also illustrate the performance of our proposed

algorithm by designing pilot symbols for Np = L = 8.
Figure 3 presents the power distribution to the designed
pilot symbols at 10 dB. The pilot power distribution is
found to be symmetric around 0. This is due to the
symmetric nature of our objective functions and the fact
that pilot positions are obtained by removing the mini-
mum power subcarriers symmetrically. The eight pilot
symbols are located at the subcarriers Kp = {±4, ±12,
±19, ±26}. Pilot symbols are well distributed within the
in-band region, which ensures nearly constant estima-
tion in all subcarriers.

We make a comparison of our proposed design, the
PEPs scheme and the equi-spaced equi-power design
which we will refer to it as a reference design. Figure 6
shows the designed pilot set for each of the three meth-
ods. Both of the proposed and PEP design allocate some
pilot subcarriers close to the edges. For the reference
design, the equi-spaced and equi-powered pilot symbols
are allocated at ±3, ±9, ±15, and ±21. There are no pilot
subcarriers close to the edges of the active band. The
lack of the pilot subcarriers at the edges of the OFDM
symbol may lead to higher channel estimation errors for
the active subcarriers close to the null subcarriers.
To demonstrate the effectiveness of the pilot symbols

in Figure 6, we plot the channel estimate MSE for each
active subcarrier. The total power allocated to the pilot
symbols is the same for all three designs. Figure 7
shows the channel estimate MSE of the three designs.
From the results, it is clear that, both of our proposed
and the PEP design outperform the reference design,
and there is no significant difference between the pro-
posed design and the PEP design. The reference (equi-
spaced equi-powered) design does a poor job of estimat-
ing channel close to the null subcarriers, this is due to
the lack of pilot subcarriers at the edges of the OFDM
symbol. Channel estimation via extrapolation results
into higher errors at the edges of the OFDM symbols if
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Figure 5 Power of the preamble and pilot symbols designed by the l2 norm for L = Np = 16 (IEEE 802.16e).
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there is no pilot subcarriers with significant power at
the edges of the OFDM symbols. This suggests that
both the pilot power and the placements need to be
carefully considered in the design.
We also compare the average channel estimate MSE

of our proposed design with the PEP design for different
channel length L. We evaluate the channel estimate
MSE of our proposed designs as well as the PEP
scheme, by varying the channel length L, from 1 to 16.
Figure 8 presents the average channel MSE against
channel length L at 10 dB. The proposed designs, (l2
and l∞) exhibit lesser channel MSE than the PEP sym-
bols except for the trivial case when L = 1. This verifies
the potential of our proposed designs over the PEP
scheme.
Figure 8 shows that the two design criteria (l2 and l∞)

exhibit nearly the same h2 for different channel lengths
L. This is contrary to [15], where it is stated that the l∞
norm-based design outperforms the l2 norm-based
design. Our results suggest that any of the two design
criteria can be used to design pilot symbols. However, it
should be noted that l2 norm-based design has less
computational complexity as compared with the l∞.
Since the results obtained by the two proposed methods
are almost similar for both the preamble and the pilot
symbol design, then it is reasonable to adopt the l2

norm-based design for the preamble as well as for the
pilot symbol design.
Next, we consider pilot symbol design for IEEE

802.16e by minimizing the LS channel estimate MSE.
Figure 5 shows the designed pilot symbols for L = Np =
16. Similarly, the pilot symbols are well distributed
within the active subcarrier band, and the power distri-
bution to the pilot symbols is not uniform. The result
emphasizes on adopting non-uniform power distribution
for an OFDM frame with null subcarriers. Furthermore,
the result underlines the potential of our proposed
scheme in designing pilot symbols for OFDM systems
with different number of subcarriers, channel length,
and dedicated number pilot subcarriers. We have pro-
vided the results based on the LS estimator to verify
that, in designing pilot power and placement, minimiza-
tion of both the LS and the MMSE channel estimate
MSE, perform almost equally well.
Figure 9 illustrates the power distribution to the pilot

symbols for the PEP, the method in [15], which we will
refer to it as Baxley and the proposed designs. Similar
to the results in Figure 6 for IEEE 802.11a, the place-
ment of pilot symbols for the PEP and our proposed
design are almost same. However, there is a noticeable
difference in power distribution between the PEP and
the proposed design for L = Np = 16. This suggests that
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Figure 8 Comparison of the channel estimate MSE h2 between the proposed designs and the PEP at 10 dB (IEEE 802.11a).
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the MSE performance of the two designs will be differ-
ent. For Baxley’s method, both the pilot placement and
the power distribution are comparable to our proposed
design. The design in [15], uses exhaustive grid search
to obtain pilot set with minimum channel estimate
MSE. The placement of the pilot symbols depends on
the searching granularity over the predetermined
domain of some optimizing parameters. The main chal-
lenge in [15] lies in the adjustment of several parameters
to obtain reasonable pilot positions. With the proper
selection of the optimizing parameters of the cubic
function, the performance of Baxley’s method is com-
parable to our proposed design.
The prominence of optimal power distribution to the

pilot symbols is further depicted in Figure 10, where for
the designed pilot symbols in Figure 9, we plot the nor-
malized channel estimate MSE for each active subcar-
rier. The total power allocated to the pilot symbols is
the same for all the three designs. Figure 10 depicts the
channel estimate MSE of the three designs. From the
results, it is clear that, both of our proposed and the
Baxley designs outperform the PEP design, and there is
no significant difference between the proposed design
and the Baxley design. Unlike the results depicted in
Figure 7, where the performance of the PEP design are

comparable to our proposed method, here the PEP
design does a poor job of estimating the channel close
to the null subcarrier zone. This is not due to the lack
of pilot subcarriers at the edges of the OFDM symbol,
but due to insignificant power allocated to the pilot
symbols close to the null subcarriers. The results sug-
gest that, considerable MSE performance improvements
can be realized by the proper distribution of power to
the pilot symbols.
Similarly, we make a comparison of the frequency-

domain channel MSE between the PEP, the Baxley
method, and our pilot symbol designs for IEEE 802.16e.
Figure 11 presents the channel estimate MSE of the
IEEE 802.16e for Np = 16. From the results, it is clear
that there is a significant improvement in MSE perfor-
mance between our proposed and the PEP designs. This
further substantiates the superior performance of our
proposed method over PEP for different channel/subcar-
riers configurations. The Baxley method performs
equally well as our proposed design, which suggests that
the method in [15] can be used for pilot symbol designs
as well. However, the cubic parameterization technique
adopted in the Baxley method obtains pilot placement
for a given set of successive active subcarriers. Thus, for
the case where some subcarriers within the active band
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are reserved for other applications, the method cannot
be easily adopted. For example, to avoid the cubic para-
meterization from selecting the central DC subcarrier,
additional constraint is introduced. This implies that,
cubic parameterization techniques call for some modifi-
cations whenever active subcarriers are not consecutive.
Unlike [15], our proposed design can be easily employed
to obtain significant pilot set for any given set of active
subcarriers.
A good example is in [26,27], where tone reservation

(TR) technique is adopted for peak-to-average power
ratio (PAPR) reduction. For a system that utilizes TR
method to mitigate PAPR, the transmitter sends dummy
symbols in some selected subcarriers within the active
band [26,27]. These reserved subcarriers change the
orientation of the data subcarriers in the active band
and thereby limit direct application of the cubic parame-
terization techniques in designing pilot symbols. Unlike
cubic parameterization method, PEP as well as our pro-
posed method can be easily adopted even when some
subcarriers within the active band are restricted.
Another example is in [13], where PEP scheme is used
to design pilot symbols for both the MIMO-OFDM as
well as the SISO-OFDM systems. Like PEP, our pro-
posed method can be easily adopted in the design of the

disjoint pilot symbols for MIMO-OFDM systems. For
MIMO-OFDM systems that utilizes pilot symbols, to
reduce interference between the pilot symbols trans-
mitted from different antennas, it is necessary for the
pilot symbols to be orthogonal. The orthogonality of the
pilot sequences for MIMO-OFDM can be established by
ensuring that the pilot symbols of one transmit antenna
are disjoint from the pilot symbols of any other transmit
antenna or by using phase-shift (PS) codes. Baxley
method cannot be directly applied to design disjoint
pilot sets for MIMO-OFDM systems while our method
be can easily applied.
In the following, we explore the BER performance

gains that could be realized if the pilot symbols in IEEE
802.16e are designed to conform with the proposed
method. We demonstrate the efficacy of our proposed
method by comparing the BER performance of the pro-
posed, PEP, the Baxley and the reference design. The
frequency-selective channel with L = Np taps is consid-
ered. Each channel tap is i.i.d. complex Gaussian with
zero mean and the exponential power delay profile is
given by the vector r = [r0 ... rL - 1] where ρl = Ce−1/2,

and C is a constant selected such that
∑L−1

l=1
ρl = 1.
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Figures 12 and 13 depict the BER performance of the
OFDM system when using PSK modulation. For Np = 8,
we made a comparison between the proposed design,
PEP, the Baxley, and the reference design. It is noted
that conventional standard utilizes equi-spaced equi-
powered pilot symbols. Figure 12 depicts the BER per-
formance of the four designs for QPSK modulation. The
PEP, the Baxley, and the proposed design outperform
the reference design. The results show that, at high
SNR, there is a slight improvement in BER performance
of the proposed design over the PEP and the Baxley
design.
To demonstrate the flexibility of our proposed design,

we provide two comparable BER curves, Proposed 1 and
Proposed 2, where the former is the BER performance
of our designed pilot symbols and the latter is the BER
performance of our pilot symbols optimized when we
reserve subcarriers KTR = {±100, ±76, ±47, ±14} for TR.
This verifies that, even for discontinuous data subcar-
riers, our proposed design can still be used to design
significant pilot symbols, while the Baxley design cannot
be directly applicable to this configuration.
For Np = 16, we only consider PEP, the Baxley, and

the proposed design as it is impossible to have 16

equally spaced pilot symbols within 200 active subcar-
riers. Figure 13 depicts the BER performance for QPSK,
16-PSK, and 64-PSK. The results verify that the pro-
posed design provides improved BER performance over
the PEP design. This performance gap is a result of the
PEP design having insignificant power distribution to
the pilot symbols at the edges of the active subcarrier
band that leads to poor estimate of the channels. The
performance of the Baxley design is similar to the pro-
posed design for QPSK-modulated data. However, for
16-PSK and 64-PSK modulation, our proposed design
outperforms the Baxley design. Also, for 16-PSK and
64-PSK modulation, there is a slight improvement in
BER performance of the Baxley method over the PEP
design. The gain attained by our proposed method over
the PEP and the Baxley design together with the flexibil-
ity of the proposed technique in designing pilot symbols
for different channel/subcarriers configurations pro-
motes our proposed design to be a candidate for pilot
symbols design in OFDM systems with null subcarriers.

VII. Conclusion
We have addressed the design of optimal preamble as
well as suboptimal pilot symbols for channel estimation
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in OFDM systems with null subcarriers. First, we have
formulated the channel estimate MSE minimization pro-
blem for a determined subcarrier set as an SDP, then
we have employed convex optimization techniques to
obtain near optimal power distribution to a given sub-
carrier set. Design examples consistent with IEEE
802.11a standard show that in terms of channel estimate
MSE, the long OFDM preamble with equi-powered
active subcarriers is nearly optimal.
In designing the pilot symbols, we have considered

pilot placement as well as power allocation. We have
proposed an iterative algorithm to determine pilot place-
ments and then distribute power to the selected pilot
symbols by using convex optimization techniques. Sev-
eral examples consistent with IEEE 802.11a and IEEE
802.16e have been provided which show that the pro-
posed methods can be used to design preamble as well
as pilot symbols for channel estimation in OFDM sys-
tems with different frame size. We have also verified
that our proposed method is superior over the equi-
spaced equi-powered pilot symbols as well as the PEP
and slightly outperforms the Baxley design.

VIII. Abbreviations
CP: cyclic prefix; CSI: channel state information; IDFT:
inverse discrete Fourier transform; ISI: inter-symbol
interference; LMI: linear matrix inequality; MMSE: mini-
mum mean-squared error; MSE: mean-squared errors;
OFDM: orthogonal frequency division multiplexing;
PAPR: peak-to-average power ratio; PEP: partially equi-
spaced pilot; PSAM: pilot-assisted modulation; SDP:
semidefinite programming; SNR: signal-to-noise ratio;
TR: tone reservation.
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