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The paper is devoted to the study of an initial boundary value problem for a linear second-order
differential system with constant coefficients. The first part of the paper is concerned with the
existence of the solution to a boundary value problem for the second-order differential system, in
the strip Qu = R x (0, A), where A is a suitable positive number. The result is proved by means
of the same procedure followed in a previous paper to study the related initial value problem.
Subsequently, we consider a mixed problem for the second-order constant coefficient system,
where the space variable varies in Q4 and the time-variable belongs to the bounded interval ]0, T,
with T sufficiently small in order that the operator satisfies suitable energy estimates. We obtain
by superposition the existence of a solution u € L*([0,T] x [0, A], H*(R*)), by studying two
related mixed problems, whose solutions exist due to the results proved for the Cauchy problem
in a previous paper and for the boundary value problem in the first part of this paper.

1. Introduction

Consider the second-order linear differential operator

d d-1d-1
Q[1=10} - S8y — > F*0u+ 3. > E%0,05 + E*9% - G. (1.1)
a=1 a=1 p=1

The coefficients of the operator Q satisfy the following assumptions:
(i) Ais a positive real number;
(ii) foralla, p=1,...,d, S, F*,G, E*P ared x d symmetric matrices with real entries;

(iii) for every v € C%,Re(Gv, ) > cgl||v||?, where c¢ is a positive constant;
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(iv) for all v € C4,(Sv,v) € R,(Fiv,v) € R; in addition, there exist two positive
constants cs and ¢, such that for every v € C%,(Sv,D) > cs||v|?, and (Fiv, D) >
calloll’;

(v) for every ¢ = 1,...,d, for all v € C4,Re(E**v,D) > Caallvl?, With cpq positive
constant.

We will denote by x a point of R, by v the first d — 1 coordinates of x, and by ¢ the
time variable.

Let A be a positive real number, and denote by Q 4 the subset of R, Q4 =R41% (0, A).
In the first section of the paper we will be concerned with the following boundary value
problem

Q[u] = ](x/ t)/ X € QA/ te R/
dd _ d-1 (1.2)
E“°u(y,0,t) = g(y,t), yeR, teR,

where u is the unknown vector-valued function, whereas | and g are given functions, which
take values in R and are defined in Q4 x R and R%! x R, respectively.

Under suitable assumptions on the functions | and g and on the coefficients of the
operator Q, we will prove that, in the case where the positive real number A is sufficiently
small, there exists a functionu € LY (R xR, H?(]0, A[))nL*([0, A], H*(R*! xR)), which
provides a solution to the boundary value problem (1.2). The existence of the solution is
established by means of the techniques applied in [1] to prove that the initial value problem
for the system Q[u] = J, admits a solution u € L?*([0,T], H*(R%)): the main result of [1]
states that if the assumptions (i)—(iv) listed above along with other suitable conditions are
tulfilled (see Proposition 3.1), then the adjoint operator of Q satisfies a priori estimates, which
allow proving the existence of the solution to the Cauchy problem, through the definition of
a suitable functional and a duality argument. As we will explain below, the boundary value
problem (1.2) can be regarded exactly as an initial value problem. For this reason, the result
of Section 2 does not represent any significant advance with respect to the results proved in
[1].

The main novelty of the paper is represented by the study of a mixed problem in
the third section. The interest in this kind of problems relies on the fact that they appear
frequently as physical models: mixed problems for second-order hyperbolic equations and
systems of equations occur in the theory of sound to describe for instance the evolution of
the air pressure inside a room where noise is produced, as well as in the electromagnetism
to describe the evolution of the electromagnetic field in some region of space (the system of
Maxwell equations accounts for this kind of phenomenon).

The existence results, stated both for the initial value problem in [1] and for the
boundary value problem in Section 2 of this paper, turn out to be the backbone in proving
the existence of the solution to the following mixed problem in the strip Q4, as the time
variable t belongs to the bounded interval [0, T], where T is a suitable positive real number:

Q[ZU] =](x/t)/ XEQA/ te [O/T]/
Ed’dw(y, 0,t) =g(y.t), ye R, te[0,T], (1.3)
w(x,0) = h(x), x€Qqy.
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We will assume that the vector-valued function J belongs to the space L*([0, A],
H?(R%1xR)), while, as for the initial data, we suppose that g € H*(R"!xR) and h € H3(R%).
Let us notice that in the problem (1.3) an initial value for the unknown vector field u# and a
Dirichlet boundary condition only are prescribed. Due to the a priori estimates that we will
derive for the operator Q, it is not required in problem (1.3), in contrast with classical mixed
problems for hyperbolic second-order systems, that the first-order derivatives of u satisfy
a prescribed condition at the boundary of the domain ©,4x ]0, T[. This lack of information
about the initial value of the first-order derivatives results in a possible nonuniqueness of the
solution to (1.3). The existence result of Section 3 will be achieved by means of the definition
of two mixed problems related to (1.3): the existence of the solution to the former will be
established similarly to the result obtained in [1], while the latter will be studied like the
boundary value problem considered in Section 2. Subsequently, thanks to the linearity of the
operator Q, a solution to (1.3) belonging to the space L*([0,T] x [0, A], H*(R4™!)) will be
determined by superposition of the solutions to the preliminary mixed problems.

2. Boundary Value Problem

By adopting the same strategy of [1] to prove the existence of the solution to the initial value
problem, let us determine the existence of a solution to (1.2) through a duality argument, by
proving energy estimates.

Let us denote by Q* the adjoint operator of Q:

d d-1d-1
Q*[u] = \oju + Sdu + > F*d,u+ > > E“Po,0pu + E*d%u - Gu. (2.1)
a=1 a=1 p=1

Foralla,f=1,...,d-1,let C¢,C% C* C* be the norms of the matrices G, S, F*, E*#,
respectively.

Proposition 2.1. Consider the operator Q defined in (1.1) and the corresponding adjoint Q*. Let
the conditions (i)—(iv), listed in the Introduction, be fulfilled. In addition, assume the sums 1y =
ca/2-C¥ /2,1 =cc-CS/2-X91C*/2-1/2, 0= A= C5/2, and for every a = 1,...,d -1,
Na = Cau —C*/2 - Zg;la,pﬂ C*P to be positive real numbers. Moreover, denote by 6 the sum & =
>S4 Ca /24C6 /24CS /2+C441 /2, and suppose that, as long as the positive number A is sufficiently
small, min{m, o, 2 :a=1,...,d -1} — 6e°4 > 0.

Define the linear space

2a= {(i) ‘R¥xR—R%: ¢ ECZ(R"Z”),
(2.2)
supp||¢|| compact subset of R"Hx] - oo,A[ xR; Yy, Vt, ¢(y,0,t) = 0}.

Then, for all functions ¢ € X 4, the following estimates hold:

2 N 2
”¢”LZ([O,A],H’Z(Rd*IXR)) S C1”Q [¢] ||L2([0,A],H*3(Rd*1xR))’ (2.3)
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2 % 2
||ad¢(0)”H*3(Rd*1xR) < CzeﬁA”Q [¢] ||L2([O,A],H*3(Rd*1xR))’ (2.4)

where Cq, Cy are suitable positive constants.

Proof. Consider a vector function ¢ € C?(R%*!), with compact support in the subset R%!x | -
o, A] x R. Applying the Fourier transform with respect to both the tangential variable y
and the time variable ¢, we can obtain a priori estimates, which, by substituting x, for t and
carrying out similar calculations, turn out to be like the estimates obtained in [1] for the initial
value problem. Subsequently, assuming the function ¢ belongs to >4, we deduce the a priori
estimates (2.3) and (2.4) for the adjoint operator Q*.

Due to (2.3) and (2.4), by means of a duality argument, we can prove the existence
result for the solution to the boundary value problem (1.2). O

Proposition  2.2. Consider  the  boundary  value  problem  (1.2), and let the

assumptions  of  Proposition 2.1 ~ be satisfied. ~ Furthermore, suppose  that ] €
L%([0,A], HX(R*! x R)) and ¢ € HP}®R*!' x R). Then, the boundary wvalue
problem (1.2) has a solution u € L2 (R x R,H?(]J0,A[)) n L*([0,A],

H3(R*1! x R)).

Proof. The result can be proved by means of the same tools used to establish the existence
result for the initial value problem in [1]. For the sake of completeness, let us sketch the
proof. Because of the a priori estimate (2.3), the operator Q* is one-to-one on the linear space
2. Let ¢ € 24, and define the following linear functional on the space Q*(Z):

2Q W) = [ D odxa (8.0 0) s @9

The functional £ turns out to be well defined, since Q* is injective on X 4. Moreover, £
is continuous with respect to the norm of the space L?([0, A], H3(R%! x R)), because of the
energy estimates proved in Proposition 2.1. Due to the Hahn-Banach Theorem, the functional
£ can be extended to the space L2([0, A], H3(R%! x R)). Let us denote by _/ this functional.

By the Riesz Theorem, there exists a function u, which belongs to the dual space
L2([0, A], H}3(R%! x R)), so that for every v € L2([0,A],H3R%! x R)), M(v) =
fg‘ (u,v) 3, y-+dx,. In particular, in the case where ¢ € X4,

A A
[ Qoo = [0t = (8,000 26)

Hence, since for every ¢ € CF(R%"'x ]0, A[ xR)

A A
[ QW= [ 8o 27)

0

the function u turns out to be a solution of the system (1.2) in the sense of distributions.
In order to prove that the boundary condition is satisfied, by adopting the same
strategy followed in [1], we have to study the regularity of the solution u. For this purpose,
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let us extend the functions u and J by zero outside the interval [0, A]. By means of an
approximation argument, we construct a sequence of smooth functions v, € C*(R% x R) N
L*(R, H3(R%! x R)), so that (v,),, turns out to be convergent to the function u, with respect
to the norm of the space L*(R, H?(R%! x R)). We define the approximating sequence in such
a way for all n € N, v, vanishes outside a compact neighbourhood of [0, A], for example,
[-1,A+1].

Moreover, let us denote by P the differential operator P[-] = 10? — S3; — X%_] F*3, +
Sl ot EP0,0p — G. Therefore, Q-] = E%10,04 — F%d4 + P[-]. Set forall n € N, J, =

E449,404v, — F1940, + P[v,]. Let ¢ € CF(R¥x ] -1, A[). Thus,

A+l A+1
f f <Ed'd6§vn ~ F9,40,, ¢>dy dt dx, = f f (~Plvg] + Ju, ¢)dy dt dx,.
-1 R4-1xR -1 RI-1xR
(2.8)

Since the sequence (v,), is convergent to the function u with respect to the norm of
L*(R, H*(R%! x R)), integrating by parts, we obtain

A+l

lim J‘ <]nr (i))dy dt dxd
R4-1xR

n—ow ) 4

= JAll Ld-] R<<P[u],qb> + <Ed'du, a§¢> + <qu, ad¢>>dy dt dx, (2.9)

_ jA;l IRMXR< T, d)dy dt dxg.

As a result, the sequence of functions (J,),, is weakly convergent to the function J in
the space L*(R%! x [-1, A + 1] x R). Hence, the sequence (J,), turns out to be bounded in
L2(R4! x [-1,A+1] xR).

Let us consider again the system E%19,04v, — F40 v, = =P[v,] + J,, for every n € N.

By means of integration on the interval [-1, a], with a < A + 1, we obtain

EY“9,40,(a) — Flu,(a) = J (-P[v,] + J)do. (2.10)
-1
Let us estimate the L>-norm of the r.h.s. of (2.10). We deduce that
A+l a 2
f f <J‘ (-P[v,] + ]n)do> dydtda < (A +2)*const. (2.11)
-1 JRrexr \J 1

Since there exists a suitable constant such that, for all n € N, ||[F?v,|| [2(RA1x[-1,A+1]xR) <

const., the sequence (34v,,),, turns out to be bounded in L*(R*! x [-1, A + 1] x R). Thus, the
sequence of functions (02 ,Un), also turns out to be bounded in L>(R%1 x [-1,A+1] xR).
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Leta = 1,...,d - 1. Differentiating with respect to x, or to t both members of (2.10),
we have

E*49,0,40,(a) — F0,v,(a) = f Ox(—=P[v,] + J)do. (2.12)
-1

The sequence (8,v,),, is convergent to O,u in L>(R41x] -1, A + 1] xR).

Due to the convergence of (v,), to u in L*(R,H*(R%! x R)), the sequence
(s P[v,]do), turns out to converge to [%, Plu]ldo in L*(R*'x] -1, A+ 1[ xR).

Furthermore, the sequence (au(jfl Plvy]do)), is weakly convergent in L2(R41x] -
1, A + 1[ xR). Therefore, it is bounded in the space L>(R%"!x] — 1, A + 1[xR). Similarly, the
sequence (%) 8,J,do), also turns out to be bounded in L*(R%'x] - 1, A + 1[ xR). Hence,
(0404vy), is bounded in L>(R4'x] - 1, A + 1] xR). Since the sequences of functions (621)”)"
and (0,04v,), are bounded in L>(R*'x] - 1,A + 1[ xR), the sequence (04vy,), turns out to
satisfy the assumptions of the Riesz-Fréchet-Kolmogorov theorem.

Thus the function u admits a first-order weak derivative with respect to x4 in
L2 (R¥'x] - 1,A + 1[xR). Therefore the function u belongs to the space L} (R4 x
R, H'(]0, A[)) N L*([0, A], H3(R% x R)).

If we introduce a new variable, the system (1.2) may be reduced to a first-order system
with respect to the variable x,. Let us denote by U the vector function U = (u, Ed'dadu)T and
by C; and C, the following differential operators

d-1d-1 d-1
Ci=-3 S EY0,05 - Ao} + S F0,+ S8 +G;  Cp=FUE% (2.13)
a:lﬂ:l a=1

Thus, the system (1.2) can be rewritten as

ol " 0 B ) 0 (2.14)
¢ Ed'dadl{ ¢ G Ed'dadu - J ‘ .

By setting C = (?ﬁ Ed2;1> and ¥ = (Oj" >, the system (1.2) becomes 04U = CU + ¥.

Because of the regularity properties of the function u, Cyu and C,u turn out to belong
to L2([0, A], LL_(R*! x R)).

Multiplying both members of the system by any function of the space
Ccy (R91x]0, A[ xR), we prove that the vector function U has a weak partial derivative with
respect to the variable x4. Thus u € L2 (R%! xR, H2(]0, A[)) N L*([0, A], H*(R%"! x R)) and
Qlu] = J, a.e. in R*1x ]0, A[ xR.

Since u belongs to L, (R x R, H?(]0, A[)), the traces of u and d4u are well-defined
on the hyperplane x; = 0, and belong to L? (R*! x R,H*?(]0,A[)) and L (R x
R, H'/2(]0, A[)), respectively.
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Let us consider a function ¢ € Cg"(Rd’lx ] = o0, A[ xR), which, in a neighbourhood of
x4 = 0 has the form ¢(y, x4, 1) = xap(y, t), with ¢ € CP(R*! x R). Thus,

A A
2(Q"[#]) =f0 (@) 1 pg2%a = (05, (0)) s 1+ =j0 (1,Q"[]) g proda. (215)

Integrating by parts,

L{dl J: IR<Q[u],¢>dy dadt = fRdl J‘R<Ed’du(0)'q‘>dy dt

= ,[Rm f: IR<L<I>>dy dxq dt - del fR<g,</f>dy dt.

(2.16)

Hence, we obtain E*94(0) = g, a.e. in R4 x R. O

3. Mixed Problem

This section deals with the study of the initial boundary value problem (1.3). We will prove
the existence of the solution after solving two auxiliary problems: first we will determine the
solution of an initial value problem, by means of the techniques developed in [1]; next, we
will find the solution of a suitable boundary value problem, in accordance with the results
stated in the previous section. Since the operator Q is linear, the solution to the mixed problem
(1.3) will be determined by superposition. As a matter of fact, both auxiliary problems are
mixed problems, but, as we will explain below, the solution of the former will be found as
in the case of initial value problems, whereas the latter may be studied in the framework of
boundary value problems.
Let us define the first problem as follows:

Q[v] =0, xe€Qyu, te][0,T],
E%y(y,0,t) =0, yeR™, tel0,T], (3.1)
U(xlo) = h(x)/ X € QA/

where h € H3(R?).
We consider the Cauchy problem

Q[v] =0, xeR%, te[0,T],
(3.2)
v(x,0) = h(x), xeRY,
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and determine the solution by means of a duality argument through the procedure followed
in [1]. For this purpose, we have to assume conditions on the coefficients of the operator Q
in order for energy estimates to be satisfied. Furthermore, let us define the linear space

Fr = {¢ ‘RIxR—RI:¢e C2<Rd‘1 x [0, +oo] x [o,T]),
(3.3)
supp||¢|| compact subset of R x [0, +o0[ x ] — o0, T[; Vx, ¢(x,0) = O};

and quote from [1] the following result.

Proposition 3.1. Consider the operator Q defined in (1.1) and the corresponding adjoint Q*. Assume
the conditions (i)—(iv) listed in the Introduction to be fulfilled. In addition, let the sums cs/2 — A/2,

,,,,,

be positive real numbers. Moreover, we denote by C the sum C = Zi:l C*/2+CS/2+CS5+1/2and
suppose min{Cy,C,} — CeCT is positive, provided that T is small enough.
Then, the operator Q* satisfies the following estimates:

(a) for every u € ¥r,

2 2 2
a1z 0,71, -2 ey + MO 2 0,1 115 ey < €allQ7 [l 2 qo71 112 ey (34)

(b) forall u € ¥r,

18614 (0) 1175 ey < 26T NQ* [l I2 0,17, 115 reyy (3.5)

with c1, cp being positive constants that are independent of T.

By taking into account the energy estimates of Proposition 3.1, we establish the
following existence result.

Proposition 3.2. Consider the initial boundary value problem (3.1), and let the assumptions of
Proposition 3.1 be satisfied. If the function h € H®(R?), then the problem (3.1) has a solution
v € L2([0,T], H*(RY)) N L} (R, H*(]0,T[)).

loc

Proof. Let us define on Q*(¥r) the linear functional

A(Q*[¢]) = —A(h, 8:¢(0)) 115 15/ (3.6)

where ¢ € Fr.
Through the procedure followed in [1], we can prove there exists a function v €

L (R4, H?(]0,T[)) N L?([0,T], H3(R%)), such that for every ¢ € ¥, fOT (0, Q[P]) g ot =

loc

—(h, 3$(0)) o py-a-
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In addition, due to the results proved in [1], Q[v] = 0, a.e. x € R%, t €]0,T], and
v(x,0) = h(x), a.e. x € R%.

Moreover, since for all t € [0,T], the function v(-,t) € H? (ﬁA), the trace of v on
the boundary of Q4 belongs to L2([0,T], H*'/2(R9!)). Let us determine the trace of v on
x4 = 0. Let ¢ be a function of the space C?>(R4! x [0, +oo[ x[0,T]), such that supp||e|| is a

compact subset of (R*! x [0, A[ x ]0, T[). Therefore, ¢¢ € Fr and fOT (v, Q*[¢]) s ot = 0.
By integrating by parts,

fOT JQA<Q[U],<P>df dx

- f [ (B 000,00 410)) + (F10(0), 10) ) = (E¥00(0), 10) ) )y it = 0
(3.7)

Thus,
LT de_l ((E%0(0),04 ¢(0) ) + (F0(0), ¢(0) ) - (E%0,0(0), ¢:(0) ))dy dt =0.  (38)

Consider a vector function ¢, which, as long as x4 is nonnegative and sufficiently
small, has the form ¢ (y, x4,t) = xax(y,t), with y € C8°(Rd‘1>< 10, T[). Hence, we deduce by
means of a standard argument that E*?v(0) = 0, a.e. in R*1x ]0, T[. O

Let us define now the second auxiliary initial boundary value problem in order to
obtain by superposition a solution to (1.3):

Qlw]l=], x€Qpu, t>0,
Ed'dw(y, 0,t)=g, vye RTY >0, (3.9)

w(x,0)=0, xe€Qn.

We assume that | € L2([0, A], H?(R*! x R)), whereas g € H3(R%! x R).
The existence of the solution to (3.9) can be proved by means of the duality argument
and a procedure similar to the previous problem.

Proposition 3.3. Consider the initial boundary value problem (3.9), and let the assumptions of
Proposition 2.1 be satisfied. If ] € L*([0, A], H*(R*! x R)) and g € H3(R* x R), then there
exists a function w € L*([0, A], H* (R x R)) n L (R4 x R, H?(]0, A[)), which provides a
solution to (3.9).

Proof. We consider the boundary value problem

Q[w]:]/ XEQA/ t>0/
y . (3.10)
E%%(y,0,t) =g, yeRT t>0.
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Since the operator Q satisfies the assumptions of Proposition 2.1, energy estimates can
be proved for the adjoint operator Q*. Let us define the linear space

Ga={¢p:RIxR—R?:peC? (R x[0,A] x [0, +00] ),

supp||¢|| compact subset of R*™ x [0, A[ x[0,+oo[; Yy, Vt, ¢(y,0,t) = 0}.
(3.11)

For every ¢ € G4, consider the following functional:

BN = [ 0Bt (5,000 1 312

As proved in the previous section, the functional turns out to be well defined
and continuous as a consequence of the energy estimates. Furthermore, the functional
can be extended to the space L2([0, A], H3(R¥! x R)), and there exists a function w €

L2([0, A], H3(R! x R)), so that for every ¢ € Ga, f5 (J,§) 2 yadxa = (8, 0a(0)) s s =
fg‘ (w, Q*[P]) 12 py-dxa. After studying the regularity properties of the function w as in
the previous section and in [1], we can prove that w € leoc(R"l‘1 x R, H?(]0, A])) N
L2([0, A], H}3(R%! x R)), Q[w] = J, a.e. in R%1x]0, A[ xR, and w satisfies the boundary
condition.

The function w will be a solution to the mixed problem (3.9) after proving that the
initial condition is satisfied. First of all, we have to remark that, since w € L*([0, A], H3(R% " x
R)), for all x; € [0, A], the trace of w(-,x4,-) on R¥! x {0} turns out to belong to the
space H2(R4™!). Thus, w(-,0) € L*([0, A], H*(R%™!)). Consider a function ¢ € G4, such that
supp [|p]| € (R*1x 10, A[ x[0, +oo[). Hence, [y (J, §) gz py2dxa = [ (w0, Q*[]) g2 ps 2.

By integrating by parts, we have

f: f f (Qlw], ¢)dt dy dxa - f: f Mew(0),3:(0) )dly dxg
(3.13)

A \ .
+J1) _[ | M0rw(0),$(0))dy dxa = _[0 jR fo (J,¢)dt dy dxg,
whence
4 A
J‘ f Mw(0),0:¢(0))dxa dy—J‘ f M{80(0), $(0))dxy dy = 0. (3.14)
0 JRa1 o Jris

By means of a suitable choice of the function ¢, we prove that w(x,0) = 0, a.e. in
R4 1% 10, A[. Therefore, the function w turns out to be a solution to (3.9). O

Finally, both the solution v to the auxiliary problem (3.1) and the solution w to (3.9)
belong to the space L2([0, T] x [0, A], H3(R%)). Denote by u the sum u = w +v. The function
u € L2([0,T] x [0, A], H*(R%)), and, due to the previous results, u has second-order partial
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derivatives with respect to t and x4, which belong to leoc(R”H x]0, A[ x ]0,T[). Hence, u turns
out to be a solution to the initial boundary value problem (2.3). To avoid inconsistencies in the
auxiliary mixed problems (3.1) and (3.9) as well as in (1.3), we have to require that the data
g and h satisfy compatibility conditions: if g and h are smooth functions up to the boundary,
we assume that, for every y € R%!, h(y,0) = g(y,0) = 0.

Let us state now the main result.

Theorem 3.4. Consider the initial boundary value problem (1.3). Suppose that the hypotheses of
Propositions 3.2 and 3.3 are satisfied. If ] € L*([0, A], H*(R%! x R)), ¢ € H*(R! x R), and
h € H3(R%), then there exists a function u € L2([0, T]1x[0, A], H3(R*)), which provides a solution
to (1.3).
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